A&A, 690, A86 (2024)
https://doi.org/10.1051/0004-6361/202449611
© The Authors 2024

tronomy
Astrophysics

Learned infinite elements for helioseismology

Learning transparent boundary conditions for the solar atmosphere

D. Fournier'*®, T. Hohagez’l ,J. Preuss>*®, and L. Gizon"*

! Max-Planck-Institut fiir Sonnensystemforschung, Justus-von-Liebig-Weg 3, 37077 Gottingen, Germany

2 Institut fiir Numerische und Angewandte Mathematik, Georg-August-Universitit, Lotzestr. 16-18, 37083 Géttingen,
Germany

3 University College London, Department of Mathematics, Gower Street, London WC1E 6BT, UK

4 Institut fiir Astrophysik und Geophysik, Georg-August-Universitit Gottingen, Friedrich-Hund-Platz 1, 37077 Géttingen,
Germany

Received 14 February 2024 / Accepted 3 August 2024

ABSTRACT

Context. Acoustic waves in the Sun are affected by the atmospheric layers, but this region is often ignored in forward models because
it increases the computational cost.

Aims. The purpose of this work is to take the solar atmosphere into account without significantly increasing the computational cost.
Methods. We solved a scalar-wave equation that describes the propagation of acoustic modes inside the Sun using a finite-element
method. The boundary conditions used to truncate the computational domain were learned from the Dirichlet-to-Neumann operator,
that is, the relation between the solution and its normal derivative at the computational boundary. These boundary conditions may be
applied at any height above which the background medium is assumed to be radially symmetric.

Results. We show that learned infinite elements lead to a numerical accuracy similar to the accuracy that is obtained for a traditional
radiation boundary condition in a simple atmospheric model. The main advantage of learned infinite elements is that they reproduce
the solution for any radially symmetric atmosphere to a very good accuracy at low computational cost. In particular, when the boundary
condition is applied directly at the surface instead of at the end of the photosphere, the computational cost is reduced by 20% in 2D
and by 60% in 3D. This reduction reaches 70% in 2D and 200% in 3D when the computational domain includes the atmosphere.
Conclusions. We emphasize the importance of including atmospheric layers in helioseismology and propose a computationally

efficient method to do this.

Key words. methods: numerical — Sun: atmosphere — Sun: helioseismology

1. Introduction

An accurate forward-modelling of the wave propagation is an
essential step in the interpretation of solar oscillations. The mod-
elling of acoustic waves requires appropriate boundary condi-
tions. The surface boundary conditions are especially important
at high frequencies for waves that are not trapped in the interior.
These evanescent waves can propagate into the atmosphere, but
are also reflected in the interior because the temperature in the
chromosphere increases strongly, which leads to a signature in
the time-distance diagram (see e.g. Jefferies et al. 1997; Fournier
et al. 2017). The importance of the atmosphere is not limited to
high-frequency waves because the eigenfrequencies are also sig-
nificantly affected far below the acoustic cut-off (see e.g. Morel
et al. 1994).

The most common boundary condition used in helioseis-
mology is the free-surface boundary condition, such that the
Lagrangian perturbation of the pressure vanishes at the surface.
This assumption ensures the self-adjointness of the adiabatic
equations of stellar oscillations (Lynden-Bell & Ostriker 1967).
It is commonly used in helioseismology, but does not allow for
the treatment of high-frequency waves. The boundary condition
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can be improved considering an isothermal atmosphere, which
allows waves above the acoustic cut-off frequency to propagate
into the atmosphere (see e.g. Unno et al. 1989). This type of
atmosphere is often used to compute the eigenvalues of solar
oscillations (Christensen-Dalsgaard 2008; Townsend & Teitler
2013) and has been extensively studied (Fournier et al. 2017,
Barucq et al. 2018; Barucq et al. 2020) for the simplified scalar
problem,

_V.(lw,)z s, 1)
o

where ¢ = pc?V - £ is proportional to the divergence of the
wave displacement €. In this equation, p is the density, c is the
sound speed, and 0> = w? + 2iwy is the complex frequency. This
equation is obtained from the equations of stellar oscillations
(Lynden-Bell & Ostriker 1967) without gravity and background
flows. Barucq et al. (2018) derived boundary conditions that are
relatively easy to implement and often offer sufficient accuracy
for applications in time-distance helioseismology (Fournier et al.
2017).

However, all these boundary conditions are tied to a partic-
ular model of the atmosphere, which needs to be simple enough
for the boundary conditions to be derived analytically. In this
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paper, we overcome this restriction by using learned infinite ele-
ments (LIE) (Hohage et al. 2021), which emulate a boundary
condition for any type of radially symmetric profile in the atmo-
sphere. They allow us to truncate the computational domain at
any height (above which we are not interested in the solution,
for example the measurement height) even when the background
parameters still vary. Thus, any 1D model of the atmosphere
can be used in addition to a background solar model without
significantly increasing the computational cost.

The traditional approaches to derive the boundary conditions
for Eq. (1) are presented in Sect. 2, and the new approach using
LIE is explained in Sect. 3. The advantages of this approach are
numerically illustrated in Sect. 4, and some possible extensions
of this work are sketched in Sect. 5.

2. Scalar wave equation and transparent boundary
conditions

2.1. Capability of the scalar equation

We build on the computational framework for local helioseis-
mology from Gizon et al. (2017), in which the gravity term was
neglected in the equations of solar oscillations (see also Jensen &
Pijpers 2003, for a derivation). Under this assumption, the cross-
covariance and the power spectrum (for high-degree modes) are
close to those in the observations (see Figs. 9 and 13 in Gizon
et al. 2017). This model is highly simplified, but still captures
most of the physics of acoustic modes and presents a realis-
tic laboratory for solving the numerical challenges that occur
in helioseismology. The resolution is computationally expensive
for 2D (axisymmetric) problems and becomes highly challeng-
ing for 3D problems because of the strong stratification and
thus small wavelengths near the surface. Moreover, this costly
resolution has to be repeated many times to solve nonlinear
inverse problems in order to image strong perturbations (see e.g.
Miiller et al. 2024, for an application in this setup). The approach
presented in this paper reduces the computational burden by
truncating the computational domain as early as possible.

However, it is not only a toy model, and this setup has already
proven to be useful for helioseismic applications. We present two
examples. The detection of active regions on the far side of the
Sun has been an active field of research for decades because
of its application for space weather. It is routinely performed
using helioseismic holography, which was initially proposed by
Lindsey & Braun (1997). The computation of the holograms
requires a Green function, which usually only takes the back-
ground sound speed into account. The Green function of Eq. (1)
has led to a significant improvement of our capability to detect
active regions on the far side of the Sun (Yang et al. 2023a,b).
The imaging of flows in the solar interior is another main goal
of helioseismology because they are important for the solar
dynamo. Differential rotation has been successfully inverted
using global helioseismology (see e.g. Schou et al. 1998), but
the eigenfrequencies have only a limited (second-order) sensi-
tivity to meridional circulation. This large-scale flow can be
imaged using time-distance helioseismology (Giles 1999), and
the observed travel times from the Michelson Doppler Imager
(MDI), the Helioseismic and Magnetic Imager (HMI), and the
Global Oscillation Network Group (GONG) were inverted by
Gizon et al. (2020) using the forward model given by Eq. (1). The
structural errors that result from neglecting gravity only affect
the mean travel times between two points and not the difference
travel times that are used to image flows.
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Fig. 1. Background medium considered in this study. In the solar inte-
rior (up to r,), it is characterised by its density, sound speed, attenuation,
and sources that can depend on the 3D vector r. In the atmosphere
(r, £ 1r < 1,), the background medium is radially symmetric and does
not contain sources. The boundary condition is usually applied at r,, but
can be directly applied at r, using learned infinite elements.

While this equation is relevant for important applications, we
wish to emphasise that it leads to a shift in the computed eigen-
frequencies, which are the main input of global helioseismology,
and it should not be used to infer structural changes. For exam-
ple, Gizon et al. (2017) modified the eigenvalue solver ADIPLS
(Christensen-Dalsgaard 2011) in order to neglect gravity and
obtained a frequency of 3.222 mHz without gravity, compared
to 3.216 mHz for the full equations when ¢ = 85 and n = 8.
This difference is far larger than the measurement noise (of the
order of 0.1 pHz, Korzennik et al. 2013). Whereas the discrep-
ancy reduces as ¢ increases (see e.g. Fig. 11 in Pham et al. 2024,
for £ = 400), care should be taken when this simplified setup is
used for low-degree modes. The adaptation of the method pre-
sented in this paper to take into account gravity is the subject of
future works and is discussed in Sect. 5.

2.2. Main numerical steps for solving the wave equation

We would like to solve Eq. (1) in the geometry sketched in Fig. 1.
In the interior (r < ry), all the coefficients of Eq. (1) can depend
on the 3D vector r. On the other hand, the atmosphere (r, < r <
ry) is assumed to be source-free and spherically symmetric (no
background flow). This greatly simplifies the solution of Eq. (1)
in this region. We introduce the ansatz

_[¥
v={"

and decompose the solution in the exterior into spherical
harmonics,

U 0,0) = D Wi (rW5, (DYF(0, ). 3)

&m

forr <r,,

@)

forr, <r<r
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Here, zpi{,m(ra) are the coefficients in the spherical harmonics
expansion of /' at r = r,, that is,

Wlimr, = ) W)Y/ (6, 9). @)
tm

The continuity of ¥ decomposed as in Eq. (2) is ensured at » = 7,
when we require

Yen(ra) = 1. ®)

By inserting ansatz (3) for ¢ into Eq. (1), because p and ¢ are
radially symmetric, we obtain the ordinary differential equation
(ODE)

O'2 e
- (C_2 - kﬁ) lﬁ[m -

We used here that the source s vanishes in the atmosphere and
introduced the horizontal wavenumber k;, := VE(£ + 1)/r. It is
only possible to derive a similar equation for ¢! in the interior
when the assumption of spherical symmetry is extended to the
entire Sun, which is usually not possible because the Sun is
heterogeneous.

Before we provide further details of how Eq. (6) is solved,
we discuss the problem of matching the interior solution ' and
exterior solution ¢° in a meaningful way. To do this, we require
that the normal derivatives 0, (radial derivative in the case of a
spherical star) match at the interface, that is,

p d (r_2 Ay,

e 5 dr):o’ ry <r<r. 6)

-0 = —0,y° atr = r,. (7)

In view of Eq. (3), this means that

~@ s, = Y dine Y, (r)Y] = DN, ®)
tm
where Dt is called the Dirichlet-to-Neumann operator, and
d (
fing =~ om ©)
dr

are its coefficients on the basis of spherical harmonics. Eq. (6)
does not depend on m, which implies that dtn is a function of £
only.

To summarize, in order to solve Eq. (1) in the geometry of
Fig. 1, we proceeded as follows:

— We solve Eq. (6) with the boundary condition given in
Eq. (5) to determine DA/, that is, the complex numbers
dtn,. This task is discussed in Sect. 2.3 in more detail.

— Then, we solve Eq. (1) for ¢ = y' with the boundary
condition given by Eq. (8). We discuss this task in Sect. 2.4.

2.3. Atmospheric model

To solve Eq. (6), we first discuss the atmospheric model. A com-
monly used model is an isothermal atmosphere with a constant
sound speed and an exponentially decreasing density. We refer
to this model as Atmo (Fournier et al. 2017). However, this model
does not take the strong increase in the temperature in the transi-
tion region into account, which results in an increase in the sound
speed by one order of magnitude. We therefore used the empir-
ical VAL-C model of the atmosphere (Vernazza et al. 1981). For
the interior, we used the standard solar model S (Christensen-
Dalsgaard et al. 1996). A smooth transition between the two

models was used between 400 and 600 km above the surface (see
Fig. 2 in Fournier et al. 2017). We chose this model to validate
our approach, but the method presented in this paper is general
and can be applied to any radially symmetric atmospheric model.
We first discuss the Atmo model in more detail. In this case,
the atmosphere is not bounded, that is, r; = co. However, the
computational domain needs to be truncated for this problem to
be solved numerically. To derive outgoing solutions, it is use-
ful to recast Eq. (6) into a Schrodinger-type equation using the
change in the variable ¢¢ = rp~'/?y¢ . Equation (6) becomes

d2¢7m o? - wg 2| e
where w, is the cut-off frequency, defined as

21 dH 4H
- |1-2—/—4+ = 11
2 4H? ( &y )’ (b
and H is the density scale height,

dinp\™'
H= —( np ) . (12)
dr

The cut-off frequency is an important quantity because waves
with frequencies above w, propagate into the atmosphere, while
those below this frequency are mostly reflected into the Sun. The
study of waves above the cut-off frequency requires an appropri-
ate treatment of the boundary conditions, but we show below that
lower frequencies are also affected by the choice of atmosphere.

In the special case of the Atmo model, an analytic expression
of the dtn was obtained by Barucq et al. (2019) in terms of the
Whittaker functions W,

w’ (=2ikr,)
- 1 1 i £+) a
din = (— + —) Y ol e SR (13)
r, 2H W—i/(2k1—1),€+%(_2’kra)
where the wavenumber k is
o? 1
K== -—. 14
¢z 4H? (14)

The Whittaker functions are defined as the outgoing solutions of

B 1/4 —;12
dr?

>W,, 1 «
’ _— 15
* ( 4 r r? (1)

Jo -

and can be evaluated with libraries such as arb (Johansson
2017).

It is not possible to provide an explicit formula for dtngAL_c
corresponding to the VAL-C model. In this case, we have to
solve Eq. (6) numerically on the interval [r,, r,]. As the data for
the VAL-C model stop at about 2.5Mm above the surface, the
right end r; of the interval is finite. We imposed a homogeneous
Dirichlet boundary condition at r; to complement the boundary
condition (5) at r,. Due to the strong increase in the tempera-
ture in the transition region, waves do not reach the end of the
domain, and the choice of boundary condition applied after the
end of the VAL-C model does not cause significant differences
in the obtained solutions. Equation (6) is a two-point boundary
value problem that can be solved in various ways (see e.g. Keller
(1992)). We used the finite-element method (FEM) since it is
already employed to discretise the solar interior and allows for a
convenient evaluation of the derivative of Y, at the r, required

to obtain L[tn‘;AL_C via Eq. (9).
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2.4. Implementing the DtA\_ condition

We now discuss the implementation of the boundary condition
given in Eq. (8) for Eq. (1). We briefly discuss the special case
of a spherically symmetric background before we describe the
general setting.

2.4.1. Spherically symmetric background

In a spherically symmetric background, we can also decompose
the interior solution ' into spherical harmonics analogously to
Eq. (3) and derive the following ODE for its coefficients:

2 2 4 i
g 2\ i p d (r-dy,, _
- (c_2 - kh) Yo — 23 (;F) =pSim, 0Zr<r, (16)
where sy, are the coefficients of the source term s in spherical
harmonics. This allows an exact implementation of the boundary
condition in Eq. (8) of the form

dj’" (ra) = ding b, (1)

a7

2.4.2. General background

When the background is not spherically symmetric, for example
because of background flows, an exact implementation of Eq. (8)
is no longer feasible. We have to replace DtA[ in Eq. (8) by a
simpler expression that approximates its action on the spherical
harmonics as well as possible, that is, DAY} = din, Y}' . To do
this, a fairly popular choice is

DNy = ay' - BArY,

for some «, 8 € C, where —Ar is the horizontal Laplacian on the
boundary I' := {r, ||r|| = r,}, fulfilling

(18)

—ArY" = Y (19)
for A, = £(€ + 1)/r2. This expression is easy to implement using
the FEM. Upon multiplying Eq. (1) by a test function ¢' and
integrating by parts, the normal derivative —d,¢' on I' appears
naturally,

1 : . 0'2 .o 1 . .
f (—V¢‘V¢‘——2wl¢l) av - f —9,0'¢ ds = f s'av.
p pc J P

{r<rq}

(20)

It can then be replaced using the approximation —d,y' =~

Dtﬂ\[owi. This amounts to replacing the second integral in
Eq. (20) by

1
f (@ + BV dS. @1
I

We note that —Ar was integrated by parts, leading to the surface
gradients Vi = (I —n-n")V.

The constants @ and 8 should be determined such that the
affine function A, — ditn) in
DAY = den Y7,

dtn) = a + A, (22)
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Fig. 2. Comparison of dtn approximations provided by different trans-
parent boundary conditions at 3.0, 5.2, and 8.0 mHz for the Atmo model
at r, = 510 km. The reference is given by Eq. (13), and the boundary
conditions S-HF-1a and SAI-1 from Barucq et al. (2020) are recalled in
Egs. (23) and (24). The LIE boundary conditions for N = 0 and N =1
are obtained by solving the minimisation problem defined in Eq. (29).

fits the exact function dtn, in Eq. (9) optimally. The two choices
for the Atmo model derived in Barucq et al. (2020) are

_HF-1: 1 1 i
L[t S—HF-1a - _ i -k 2
" Ta - 2H) ! * kHr, |’ (23)
11 1\
T R [ S NPT S
L e y=d Bk K2HT,
i 1\
+ i (1 - 1(2—117‘61) Ag. 24)

A representation of the exact dtn and these two approximations
is given in Fig. 2 for three typical frequencies: below, around, and
above the cut-off frequency. The S-HF-1a boundary condition is
of order 0 and does not depend on the harmonic degree (8 = 0),
while SAI-1 is an affine approximation of the dtn and scales
as {(¢ + 1). For low harmonic degrees £ < 100, both boundary
conditions yield good approximations to the dtn, but for higher
values of ¢, an affine approximation is necessary. While for fre-
quencies below and above the cut-off frequency the affine model
is a very good approximation of the exact dtn, this is not the
case around the cut-off frequency for high values of £. However,
the affine approximation is very good for ¢ < 300, which is the
range often considered in helioseismology to study large-scale
flows (see e.g. Gizon et al. 2020, for meridional flow).

Finally, we would like to point out that the derivation of the
conditions given in Egs. (23) and (24) is based on the assumption
that the sound speed and density scale height are constant in
the atmosphere, which is only valid in the isothermal case. The
derivation of analytical expressions for the coefficients @ and 8
in Eq. (18) for other atmospheric models such as VAL-C is gen-
erally not possible. We would therefore need to resort to meshing
the entire atmosphere for these models, that is, place the bound-
ary I at r = r; instead of r = r,. This results in a dramatic
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increase in the computational cost and memory requirements as
the wavelength is small in the atmosphere because the sound
speed is low. An infinite atmosphere (r, = co) cannot be treated
using the FEM, which requires the computational domain to be
finite.

3. Learned infinite elements

The method of LIE was introduced by Hohage et al. (2021)
to allow an accurate and efficient approximation of the exact
DtA. boundary condition given in Eq. (8). It generalises the
approach introduced in Sect. 2.4.2 in two aspects. Firstly, it
allows us to obtain optimal parameters @ and S in Eq. (22)
for any radially symmetric model of the atmosphere, as we
describe in Sect. 3.1. Secondly, it permits us to efficiently imple-
ment rational approximations of d#n, that is, we can replace
Eq. (22) by

DAY = diny Y (25)
where cftn]; is a rational function of A, with N simple poles. The
superior approximation qualities of rational functions allow us
to obtain a very accurate fit of dtn even when its behaviour as a
function of Ay is fairly complicated. We explain this advantage in
detail in Sect. 3.2.

3.1. Affine approximation

We recall that the objective is to find parameters o and § that

minimise the deviation | aftn? —dtng| = la + BA, — dtn,| across a
range of 0 < ¢ < L for some L > 1. To do this, it seems natural
to set up a least-squares fit. Moreover, it is common practice in
helioseismology to apply filters that localize in £ over a certain
range of primary interest. We can take this into account here by
additionally multiplying the deviation with some non-negative
weights w,. Hence, we wish to find «, 8 € C by minimising

b wy wodg wo L{tn()
HA(g)—b ,forA=|: b= 1 |, (@6
2 wy wpAdy wy, K{tﬂL
where || - ||» denotes the Euclidean norm. The minimum norm
solution is given by
a
= A'b, 27
# e

where AT := (A*A)"'A* denotes the pseudo-inverse of A. The
explicit expression of the coefficients o and 8 as a function of wy
and dtn; is given in Appendix B.

3.2. Rational approximation

It is straightforward to generalise the least-squares approach
introduced in the previous section to the rational approximation
of dtn announced in Eq. (25). A rational function of 1, with N
simple poles is given by

N 2

(Agj + ABy;)

dtn? = Agg + ABog — Y —L— 7
11[ 00 00 jz; Ajj+/1

(28)

provided Ag; # Bg;A;; at j =1,...,N holds. This ansatz is jus-
tified by the result established in Preu3 (2021, Proposition 3.13),

2 L
—23[ — B
[~ ma™ ] (30 mHy]
l | | |
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Fig. 3. Exact dtn for the VAL-C atmospheric model and its approxi-

mations using LIE for N = 0 and 1. The boundary condition is applied
directly at the solar surface r, = R;.

which ensures that complex numbers A;; and B;; exist such that

the deviation |c[tn[[v —dtn,| for £ < L decreases exponentially
fast as N increases. In analogy with Sect. 3.1, we obtain A;; and
B, in practice by minimising the least-squares functional

L

1

3 > w}l deny — din . (29)
=0

We recognise that the problem (29) reduces to the problem (26)
for N = 0, and the solution (Agg, Boo) = (a,B) is given by
Eq. (27). For N > 0, on the other hand, problem (29) becomes
non-linear and no longer allows an explicit solution. The Lev-
enberg—Marquardt algorithm (see e.g. Nocedal & Wright 2006)
is a popular option for solving problems like this iteratively. In
practice, it is observed to perform well for minimising Eq. (29).
For example, Fig. 2 compares the affine (N = 0) and first-order
rational approximation (N = 1) to the established approxima-
tions for the Atmo model. The affine approximation (N = 0)
obtained by solving the least-squares problem can at least repro-
duce the accuracy of the SAI-1 condition. To achieve a better
fit of dtn, the rational approximation (N = 1) can be used. The
improvement in accuracy is clearly visible at 3.0 and 5.2 mHz.
The great advantage of LIE is that it is applicable to any
spherically symmetric exterior model (by changing the data vec-
tor b in (26)), whereas the radiation boundary conditions from
Barucq et al. (2018) are tied to the Atmo model. A representation
of the dtn operator for the VAL-C model applied directly at the
solar surface (r, = Ry) is shown in Fig. 3. Its behaviour is more
complicated than that for the isothermal atmosphere (Fig. 2) and
it cannot be approximated by a low-order boundary condition.
The LIE with N = 0 only give a crude approximation of the dtn,
and at least N = 1 is necessary to represent the variations with £.

3.3. Infinite elements

We call the method based on the rational DA™ approximation
in Eq. (25) with dtn" obtained from solving the minimisation

A86, page 5 of 11
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Fig. 4. Schematic illustration of LIE. The domain is meshed in the solar
interior (up to I'), and the degrees of freedom are defined at the bound-
ary I" as for classical finite elements. For N > 0, additional degrees of
freedom are located in the exterior (see more details in Appendix A).

problem in Eq. (29) the learned infinite elements. The term
’learned’ describes the process of acquiring the coefficients
A;; and B;; of the rational approximation from the given data
describing the atmosphere, that is, the numbers dtn, determined
by Eq. (6). The term ‘infinite elements’ refers to the algebraic
structure that arises when Eq. (25) is implemented in the context
of the FEM. The main idea is illustrated in Fig. 4. For N = 0,
we added the surface integral in Eq. (21) involving the degrees
of freedom (DOFs) on I' weighted by the coefficients Agy and
Byo. For N = 1, we duplicated the DOFs of I' and added them
in the form of an additional layer to the existing discretisation.
The corresponding matrix entries were determined from surface
integrals like in Eq. (21), weighted with the coefficients A;; and
Bj;;. This approach is computationally efficient as it preserves the
sparsity structure of the finite elements, and only very few addi-
tional such layers (typically N < 5, and often N = 1) are required
to achieve high accuracy. We refer to Appendix A for a detailed
description of the implementation in the context of FEM and to
Sect. 4.5 for a discussion of computational costs.

4. Numerical experiments

In order to test the accuracy of the proposed boundary conditions
in terms of physical quantities relevant in helioseismology, we
compare power spectrum, cross-covariance, and travel times. We
first explain how the Green function is computed before we show
its relation to the power spectrum using the setup from Gizon
et al. (2017).

4.1. Green’s function

The reference Green function is obtained as described in
Sect. 2.4.1, where the source is a delta function 6(r — rg) located
at the surface ry = Ry. The attenuation model is based on the
observed line widths and follows the power law from Gizon et al.
(2017). To obtain the exact boundary condition, we used dtn, =
dtny™ (Eq. (17)) for the Atmo model and dtn, = din}*" " for the
VAL-C model. The different transparent boundary conditions
were realised by replacing the exact dtn, numbers in Eq. (17) by

. . . . S—HF-12 SAI-1
their respective approximations, that is, dtn; *, din, or

[[tn?/. For the approximations of the Atmo model, we applied the
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boundary condition at r, = Ry + 510 km as the radiation bound-
ary conditions were derived under the hypothesis of constant
sound speed and density scale height. On the other hand, LIE
can be applied at any height above which the medium is radially
symmetric and without sources. Thus, we applied the boundary
condition directly at the solar surface (r, = Ry) for the VAL-
C atmosphere, which drastically reduced the computational cost
(see Sect. 4.5).

4.2. Power spectrum

When the sources in the Sun are equipartitioned, Gizon et al.
(2017) showed that the power spectrum is related to the imagi-
nary part of the Green function,

II(w)

Pr(w) = Wlm [Ge(ro, ro, w)] Fe, (30)

where ry is the observation height. The function Il(w) controls
the frequency distribution of the sources and was chosen as

2 -1
79V | with2? =33 mHz, 2% = 0.6 mHz,
21 21

M(w) = (1 +(

Jo

(3D

so that the distribution of the power spectrum with frequency
(3¢ Pe(w)) matched the observations reasonably well. Similarly,
Fr was chosen so that the distribution of the power spectrum
with the harmonic degree (3, P(w)) agreed with the HMI
power spectrum. We fit a polynomial of order 4,

4
Fo= D St/ L) (32)
i=0

where Ly,x = 1000 is the maximum harmonic degree used in
this study, and the coefficients f; were fy = 0.97, fi = —1.65,
f=-1.14, f3 =3.86,and fi = -2.02.

A representation of the power spectrum is given in Fig. 5
with the exact boundary condition for the Atmo model. As
already emphasised in Gizon et al. (2017), the hypothesis of
source equipartition leads to a power spectrum that compares
well with the observations for frequencies below the cut-off. In
particular, the high-power peaks are close to the observed eigen-
frequencies, with only a small shift due to the surface effect
(Rosenthal et al. 1999). For frequencies below the cut-off fre-
quency, the power spectra obtained with the different boundary
conditions are similar, even though some differences are already
visible by eye for Dirichlet. Above the cut-off frequency, the
radiation boundary conditions and LIE perform well, but the
Dirichlet boundary condition is not adapted. More surprisingly
at first sight, the most challenging task is approximating the
boundary condition around the cut-off frequency. For £ > 500,
differences with the exact dtn are visible for low-order radia-
tion boundary conditions and for LIE with N = 0. High-order
LIE are necessary to emulate the wave behaviour around the cut-
off properly, which can be understood by the complex behaviour
of the dtn as shown in Fig. 2. These frequencies are interesting
as they give information about the lower atmosphere (Vorontsov
et al. 1998).
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Dirichlet boundary condition (blue) for different values of the harmonic
degree €.

4.3. Importance of the atmospheric model for the power
spectrum and the eigenfrequencies

Before we assess the efficiency of the LIE, we recall the impor-
tance of the atmosphere for helioseismic (and asteroseismic)
studies. The structure of the atmosphere is one of the compo-
nents that is usually advocated to explain the ‘surface effect’
(Rosenthal et al. 1999). To reduce the differences between the
observed and simulated frequencies, a common approach is to
patch an atmospheric model (empirical or from an average of
3D numerical simulations) to a standard solar model in the inte-
rior (see e..g Morel et al. 1994; Ball et al. 2016). We used a
free-surface boundary condition, an isothermal atmosphere, and
the empirical VAL-C model to present our results. We computed
the power spectrum with the different boundary conditions and
measured the frequencies of the resonances by fitting Lorentzian
functions to the peaks. The differences with the eigenfrequencies
obtained using the VAL-C model (considered as the reference)
are shown in Fig. 6. As expected, the frequency shifts are strong

and far exceed the measurement error (depending on the mode
but of order 0.1 uHz Korzennik et al. 2013). The order of
magnitude of the differences in our simplified setup (neglect-
ing gravity) is similar to those that we obtained using GYRE
(Townsend & Teitler 2013) between an isothermal atmosphere
and a free-surface boundary condition.

4.4. Accuracy of the LIE

In the previous section, we showed that the atmosphere plays
a significant role in the observed spectrum. In this section, we
show that the VAL-C atmosphere can be emulated with sufficient
accuracy using LIE. We refer to Appendix C for a similar accu-
racy test for the Atmo model. We computed the Green function
using LIE of different orders applied directly at the solar surface
and compared them with a reference obtained by applying the
exact dtn from Eq. (6). The error on the eigenfrequencies for the
different approximation levels is shown in Fig. 7. The approxi-
mation of order 0 is sufficient for frequencies lower than 3 mHz,
and a condition of order 1 is necessary for higher frequencies to
obtain an error below the measurement error.

For applications in time-distance helioseismology, we esti-
mated the accuracy of the boundary condition in terms of travel
times. To do this, we first defined the expectation value of the
cross-covariance function. This was obtained by summing the
harmonic coefficients of the power spectrum

CO.w) =) 2€4+ L F(@)Pr)Py(cosb), (33)

7 T

where 6 is the angular distance between the two observation
points that are cross-correlated. P, are the Legendre polynomials
of degree ¢, and F; corresponds to a filter to select a certain range
of frequencies or type of waves, for example a phase-speed filter.
We applied Gaussian frequency filters centred at different fre-
quencies and with a standard deviation o-/27r = 0.6 mHz in order
to study the error in different frequency bands. Similar filters
have been applied to compute frequency-dependent travel times
for meridional flow measurements (Rajaguru & Antia 2020),

A86, page 7 of 11
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Fig. 7. Error in the location of the peaks of the modes for different
values of the harmonic degree ¢ and for different boundary conditions
for the VAL-C atmospheric model.

even though the interpretation remains difficult due to systematic
effects (Chen & Zhao 2018). From the filtered cross-covariance,
travel times between the reference and the approximate cross-
covariances were computed using the linear formula from Gizon
& Birch (2002).

Figure 8 shows the travel-time difference between the refer-
ence solution and approximate boundary conditions using LIE
of different orders. For frequencies below 4 mHz, the LIE with
N = 0 are sufficient to reduce the error to about 0.01 s, which
is smaller than the observation noise (Liang et al. 2017). Above
4 mHz and in particular around the cut-off frequency, LIE of
order 1 should be used to guarantee an error smaller than 0.01 s.
Higher-order (N=2) LIE drastically reduce the error (around
107% s). The behaviour of the error is similar for the Atmo model
(see Fig. C.1). In this case, however, the LIE with N = O are
always sufficient to keep the error below 0.01 s.

4.5. Computational cost

The previous section showed that the accuracy provided by LIE
placed at the surface r, = Ry using at most N = 2 is already suf-
ficient to incorporate the response from the complicated VAL-C
atmosphere into the simulations. In this section, we discuss the
incurred computational cost and provide a comparison with a tra-
ditional approach in which the mesh is extended to include the
entire atmosphere. To do this, we considered a conforming finite-
element discretisation of Eq. (1) in three dimensions (3D) or in
an axisymmetric setting (2.5D; see Gizon et al. (2017) for details)
up to the surface r, = Ry using 10 DOFs per wavelength as ref-
erence. Table 1 shows the relative increase in the DOFs when
LIE of degree N are added to this discretisation. For compar-
ison, the last two columns list the increase when the mesh is
extended to the end of model S (+0.5 Mm above the surface) and
to the end of the VAL-C model (+2.5 Mm), respectively. The
table clearly demonstrates that using LIE is significantly more
efficient than meshing the entire atmosphere. The latter would
increase the number of DOFs by over 200% in three dimen-
sions, whereas LIE provide sufficient accuracy for an increase
smaller than 14%. Moreover, the increase is already significant
(around 60%) when the mesh is extended until the end of model
S (+0.5 Mm), which is necessary to apply the radiation boundary
conditions from Barucq et al. (2018) for the Atmo model. Thus,
applying LIE with N = 1 directly at the surface, for instance, is
clearly preferable as it only leads to an increase of around 7%.
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Table 1. Relative increase in the DOFs when LIE are added to solve
Eq. (1) or when the computational domain is extended.

N=0 N=1 ~N=2 +05Mm +2.5Mm
25D 0.0% 43% 8.5% 19.6% 72.9%
3D 0.0% 69% 13.8% 59.3% 203.4%

Notes. The comparison was made between adding LIE of degree N
and a naive approach of extending the volumetric mesh to +0.5 Mm or
+2.5 Mm above the surface (last two columns).

5. Conclusions and outlook

Helioseismology often relies on the solution of a wave equation
in the solar interior with simplified models of the atmosphere
(free surface or isothermal). We showed that the choice of the
atmospheric model affects the position of the eigenvalues and
generates artificial travel-time shifts even for waves at frequen-
cies far below the acoustic cut-off. However, extending the com-
putational domain to take the atmosphere into account leads to a
significant increase in the computational cost. For example, the
number of degrees of freedom is multiplied by 3 for 3D computa-
tions, which renders them unfeasible. We proposed to circumvent
this problem by using LIE, which emulate the behaviour of a 1D
atmosphere without having to extend the computational domain.
This approach is accurate and computationally efficient. It allows
us to place the computational boundary directly at the observa-
tion height. Placing the boundary condition at the solar surface
instead of 500 km above decreases the degrees of freedom by
about 50% for 3D computations. This is a significant improve-
ment in this computationally challenging task of simulating wave
propagation in a 3D medium with a realistic solar stratification.

The high flexibility of LIE renders them a suitable candidate
to be employed in inversions for the solar atmosphere. The exact
dtn in the minimisation problem (Eq. (29)) could be replaced
by observational constraints such as the solar power spectrum.
In this case, the synthetic power spectrum generated by solving
Eq. (1) would be as close as possible to the observed one. We
showed that a general model of the atmosphere such as VAL-C
could be emulated with only a few degrees of freedom, and thus,
the inversion would have to recover only a few parameters. This
makes this method very attractive.

We did not consider background flows in this paper. The
method presented here can be applied when flows are confined
to the solar interior (e.g. meridional circulation), but they can-
not be present in the atmosphere as it breaks the separability of
the horizontal and radial variables, which is an essential prop-
erty in the current design of LIE. This is an important limitation
as it prevents us from treating rotation. First steps have been
taken in Preuf3 (2021, chapter 8) for an axisymmetric medium
considering only an azimuthal order m = 0, but additional work
in this direction is necessary.

We applied the LIE to a simplified scalar equation represen-
tative of the propagation of p-modes in the solar interior. The
next step is the extension to a more general form of the equation
of stellar oscillations as introduced by Lynden-Bell & Ostriker
(1967). The well-posedness of this equation was proven by Halla
& Hohage (2021), and recent works have studied appropriate dis-
cretisations of this problem (Chabassier & Duruflé 2018; Aleman
et al. 2022; Halla et al. 2022). These efforts should be com-
bined with a suitable transparent boundary condition. Radiation
boundary conditions for an isothermal atmosphere have been
proposed by Barucq et al. (2021), who transformed the vector
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problem into a scalar equation. The general case of a spherically
symmetric atmosphere was considered in Halla (2022). Therein,
the authors used the Cowling approximation to derive a scalar
equation in the atmosphere and coupled it to the vector equation
in the interior. This coupling paves the way for using LIE in the
equations of Lynden-Bell & Ostriker (1967).

Data availability

The source code to reproduce this research is available at https:
//zenodo.org/doi/10.5281/zenodo.13271496
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Appendix A: Implementation in context of FEM

We sketch the implementation of the boundary conditions cov-
ered in this article for the FEM. We refer to Hohage et al. (2021);
Preuf (2021) for more details . Let us suppose that the discreti-
sation of the first term in Eq. (20), that is, excluding terms on T,
leads to a linear system of the form

Ly Ly s
Lrl Llnl l!/ Ei{ll .

Here, we partitioned the DOFs as % belonging to the interior of
the domain and a vector %r of DOFsonT".

(A1)

A.1. The ideal boundary condition

Let y; for i = 1,...,nr denote the basis functions of the FEM
with support on I'. Further, let M and K denote mass and stiffness
matrices of the FEM, that is,

1 1
Mij=f—l/fj¢id5, Kij=f—vr¢jvrl//id5- (A.2)
rpP rpP

Ideally, one would add a matrix representation M DIN®* of the
second term in Eq. (20) to (A.1), which implements the exact
boundary conditions given in (8). This would lead to a linear

system of the form
8

L[] ¢
[ LM+ MDtNe"‘] [l// (A-3)

Ly

This approach is, however, not practical as it leads to many
issues. Foremost, DIN**' will be a dense matrix which is com-
putationally very expensive to assemble and incorporate into the
otherwise sparse linear system of the FEM.

A.2. Affine approximation

According to Eq. (21), the affine approximation DA of DN
leads to a linear system of the form

Llr v 8
L +L1T l,l/r - E}m

for Lrr = aM + BK. Comparing with (A.3), this corresponds to
the approximation Lrr ~ M DtN®*,

[L” (A.4)

Lry

A.3. Rational approximation

As described in Sect. 3.3 and Fig. 4, we implement the ratio-

nal approximation DN of DA by introducing additional
DOFs zp in the exterior. The linear system to be solved is then

of the form
L]] L[r 0 lp[ £I
Lr] Lmt + er LFE ﬂr = §i§t (AS)
0 LEr Lee v, 0
where
Lee Lre| _ p oM+ BoK. (A.6)
Legr  Lgg
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Here, ® denotes the Kronecker product of matrices and

[Ago Aot Aon

Byy  Boi -+ Boy
A()l 0 By 1 0
A=l ,B=| : :
S0 =0 :
[Aow Anw Bon !

where the non-zero matrix entries are obtained from solving
the minimisation problem given in Eq. (29). By eliminating the
exterior DOFs w it is possible to rewrite the linear system of
Eq. (A.5) in the ¢ compressed form

Ly Lir

i s -1
for
DINY := M~ (Lrr - LrgLgpLer), DNV~ DIN™.  (A8)

Comparing with the affine approximation, we see that the term
Lrr approximating M DIN®™' has been enriched by the Schur
complement with respect to the exterior DOFs. Note that in
practice, it is preferable to solve the sparse system (A.5) rather
than (A.7) which contains the dense block M DtNy on the
interface I'.

Finally, let us explain why Eq. (A.8) corresponds to a rational
approximation of DtA(. In analogy with Eq. (19), let ¥, denote
the discrete eigenfunctions of the horizontal Laplacian, which
fulfill KY, = A,MY, for discrete eigenvalues 4, = A;. Then it
has been s shown in (Hohage etal. 2021, Proposmon 2.1) that

DINVY, = din} Y,, (A.9)

where L[tnév is the rational function from Eq. (28). That is, DNV

emulates the rational @tﬂ\[N operator of Eq. (A.9) at the discrete
level.

Appendix B: Optimal weights of the LIE for N = 0

The least-square problem to obtain the optimal coefficients @ and
B for the LIE of order 0 can be solved analytically. The pseudo-
inverse AT is defined as
AT = (ATA) AT D. (B.1)

The matrix AT A can be computed and inverted analytically and
we obtain

L L

- L
1
= |ATA| Z w%/lg Z Wy dtng — Z w?/lf Z IU?/Q ([tng} s
(=1 (=1

=1 =1

(B.2)
1 [ L L L L
B=rax Diwiay Y w ding =" w} Y wid, ding|, (B.3)
| & =1 =1 =1
where
IATA| = (Z wﬁ) [Z w%] - [Z wgag] : (B.4)
(=1 =1



Fournier, D., et al.: A&A, 690, A86 (2024)

Appendix C: Accuracy of the boundary conditions
for the Atmo model

Cross-covariance

T AT A A
A
A
¢ ¢ ¢
®
3
? -
%*
\\*\\

4 52 6 7 8

A Dirichlet ¢ S-HF-la x SAI-1
O N=0

N=1 % N=2

Fig. C.1. Cross-covariance for different boundary conditions and resulting error in travel-time measurements. Left: cross-covariance obtained
after applying a frequency filter around 6.0 mHz for different approximate boundary conditions of the Atmo model. Right: associated travel time
perturbation using frequency filters centered at different frequencies for a separation distance 6 = 30° between the two observation points (the
perturbations for the N = 1 and N = 2 conditions are smaller than 107°s for frequencies below 4 mHz and higher than 6 mHz and therefore not

visible in the plot).

This appendix presents the error in terms of the location of
the eigenfrequencies and travel times using approximate bound-
ary conditions for the Atmo model. Figures C.1 and C.2 are the
equivalent of Figs. 8 and 6 for the Atmo model instead of VAL-C.

Figure C.2 shows the error on the eigenvalues between an
approximate boundary condition and the exact dtn. The frequen-
cies of the resonances are measured by fitting a Lorentzian to the
power spectrum for the different boundary conditions. For all
the boundary conditions the error is increasing with frequency
and harmonic degree. Contrary to the VAL-C model (Fig. 6),
the low-order radiation boundary condition SAI-1 or the LIE of
order 0 already give errors below the measurement uncertainty.

107

S-HF-1a SAI-1 N=0
o 1=100 A 1=300 o 1=500 9 1=800
10° ¢ °
4 o
0 ° s §3
10721 ° a )
— 9o A 23 8 A
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= 1074 g o "¢ A § o
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I o © o
106 %o ° o “
o o
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g o [u] o
10-8
1010 . . . . : r
2.5 3.0 35 4.0 45 5.0

Frequency [mHz]

Fig. C.2. Error in the location of the peaks of the modes for different
values of the harmonic degree ¢ and for different boundary conditions
for the Atmo model.

The error in terms of travel times is shown in Fig. C.1. Travel
times in different ranges of frequencies are obtained by applying
a Gaussian filter with standard deviation o-/27 = 0.6 mHz. The
conclusions are similar to the study of the error in the eigenval-
ues, that is, the SAI-1 boundary condition or the LIE of order
0 are sufficient to obtain an error smaller than 0.01 s which
is below the measurement error for for example meridional
circulation measurements (Liang et al. 2017).
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