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ABSTRACT

Context. There exists a zoo of different astrophysical fluid dynamics solvers, most of which are based on an explicit formulation and
hence stability-limited to small time steps dictated by the Courant number expressing the local speed of sound. With this limitation,
the modeling of low-Mach-number flows requires small time steps that introduce significant numerical diffusion, and a large amount
of computational resources are needed. On the other hand, implicit methods are often developed to exclusively model the fully incom-
pressible or 1D case since they require the construction and solution of one or more large (non)linear systems per time step, for which
direct matrix inversion procedures become unacceptably slow in two or more dimensions.
Aims. In this work, we present a globally implicit 3D axisymmetric Eulerian solver for the compressible Navier–Stokes equations
including the energy equation using conservative formulation and a fully simultaneous approach. We use the second-order-in-time
backward differentiation formula for temporal discretization as well as the κ scheme for spatial discretization. We implement different
limiter functions to prohibit the occurrence of spurious oscillations in the vicinity of discontinuities. Our method resembles the well-
known monotone upwind scheme for conservation laws (MUSCL). We briefly present efficient solution methods for the arising sparse
and nonlinear system of equations.
Methods. To deal with the nonlinearity of the Navier–Stokes equations we used a Newton iteration procedure in which the required
Jacobian matrix-vector product was reconstructed with a first-order finite difference approximation to machine precision in a matrix-
free way. The resulting linear system was solved either completely matrix-free with a combination of a sufficient Krylov solver and an
approximate Jacobian preconditioner or semi-matrix-free with the incomplete lower upper factorization technique as a preconditioner.
The latter was dependent on a standalone approximation of the Jacobian matrix, which was optionally calculated and needed solely for
the purpose of preconditioning.
Results. We show our method to be capable of damping sound waves and resolving shocks even at Courant numbers larger than one.
Furthermore, we prove the method’s ability to solve boundary value problems like the cylindrical Taylor-Couette flow (TC), including
viscosity, and to model transition flows. To show the latter, we recover predicted growth rates for the vertical shear instability, while
choosing a time step orders of magnitude larger than the explicit one. Finally, we verify that our method is second order in space by
simulating a simplistic, stationary solar wind.

Key words. hydrodynamics – methods: numerical

1. Introduction

Most popular astrophysical fluid dynamics (AFD) solvers
that are Lagrangian or Eulerian use an explicit approach
to time integration (Springel 2010, Stone et al. 2008, 1992,
Mignone et al. 2007, Benítez-Llambay & Masset 2016).
This does not come as a surprise, since explicit methods
require only information from the last time step and allow for
an intuitive solution procedure for the Navier–Stokes equations
(NSEs). Implicit methods, on the other hand, require informa-
tion from the next time step in their solution procedure and
hence necessitate the solution of a set of (non)linear systems of
equations. To solve them, dedicated solvers are needed, which
are generally more difficult to implement and to parallelize than
explicit solution methods. Computational complexity and mem-
ory consumption is by construction much higher for implicit
methods and extensibility is more difficult to provide. On the
other hand, implicit methods are unconditionally stable, and thus
not limited by the Courant condition (CFL), especially not by
that imposed through the local speed of sound (CFLcs) and the
viscosity (CFLvis). Hence, they allow for time steps that are
orders of magnitude larger than what one is used to from explicit
methods.

Because of this, typical use cases for implicit methods are
incompressible flows in which pressure is calculated from the
pressure-Poisson equation. In the regime of weakly compress-
ible and high-viscosity flows as well as for low-Mach-number
flows in stellar interiors, only a few dedicated implicit solvers
exist (Viallet et al. 2011, Hujeirat et al. 2008, Almgren et al.
2010, Leidi et al. 2022). The present work lies in the same
category. We present a novel, fully implicit, compressible hydro-
dynamic solver in which the focus is on the extensibility and
flexibility of the developed code as well as the reduction of com-
putational complexity, both of which are achieved by a (semi-)
matrix-free approach, as is outlined in Sect. 3. With our method,
it is easily possible to modify equations already implemented in
the code or to add new equations, while at the same time taking
advantage of the method’s implicitness.

Because of the outstanding importance of (angular) momen-
tum conservation in astrophysics, we decided to implement the
conservative formulation of the NSE, solving the momentum
equations with momentum instead of velocity as the primitive
variable and the energy equation for internal energy instead of
specific internal energy. For the same reason, combined with
the included flexibility of the utilized grid structure, we decided
to implement the finite volume method (FVM), which in turn
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favors the use of a staggered grid, including the additional advan-
tageous property of prohibiting momentum pressure odd-even
decoupling (Harlow & Welch 1965). As the interpolation method
to cell faces, we used the upwinding method, of which we imple-
mented three different schemes. We implemented Cartesian,
cylindrical, and spherical coordinate systems, enabling calcu-
lations in 1D, 2D, and 3D axisymmetry. Time integration was
done with the first-order backward Euler method (BDF-1) or the
second-order 3–4–1 backward Euler method (BDF-2). Details
are given in Sect. 2.

Instead of solving one system per equation, we solved all
equations simultaneously in one larger system. Because of the
nonlinearity of the NSE and the resulting system of equa-
tions, we used Newton’s method in which multiple inversions
of the Jacobian matrix are needed, making the need for efficient
solution methods even more imperative. Since the exact deter-
mination of all components making up the Jacobian Matrix is a
highly nontrivial task, we decided to implement the right precon-
ditioned and restarted generalized method of residuals (GMRES)
and the right preconditioned biconjugate gradient stabilization
method (BiCGSTAB) in a matrix-free way. In addition, we
opened up the possibility of using the incomplete lower-upper
factorization technique (ILUT) implemented by Guennebaud
et al. (2010), for which we calculated the explicitly needed
Jacobian matrix elements only approximately.

2. Discretization

In this section, we provide a comprehensive overview of the fun-
damental components and numerical techniques employed in our
code. We begin by presenting a detailed description of the NSEs
in their conservative formulation in a Cartesian, cylindrical, and
spherical coordinate system, followed by our implementation of
the FVM, making use of the staggered grid discretization. We
give an overview of the implemented upwinding schemes as
well as the time stepping methods and conclude this section
by explaining the transition from the discretized equations to
a linear algebraic system of equations required for the implicit
solution of the NSE.

2.1. The equations solved

The NSEs in their conservative formulation and differential form
are given by

∂ρ

∂t
+ ∇ · (ρu) = 0, (1)

∂m
∂t
+ ∇ · (m⊗ u) = −∇P + ∇ · τ̂ − ρ∇Φg, (2)

∂Etotal

∂t
+ ∇ ·

(
Etotalu

)
= −∇ · (Pu) , (3)

where ρ is the density, u the velocity vector, m the linear-
momentum vector, P the pressure, τ̂ the viscous stress tensor,
Etotal the total internal energy density, and Φg the gravitational
potential. To close the system one has to relate momentum to
velocity and pressure to the conserved variables, either with an
appropriate equation of state in the (weakly) compressible case
or a pressure-Poisson equation in the incompressible case. Our
default here is to use the caloric equation of state, P = (γ − 1)E,
with E = ρe, which is a reasonable approximation for low-
Mach-number flows; in this case, Eq. (3), which consequently

simplifies to

∂E

∂t
+ ∇ · (Eu) = −P∇u. (4)

In Sect. 4.2, we show a case where an equation of state includ-
ing the kinetic term P =

(
Etotal − 1

2ρu · u
)

(γ − 1), together with
Eq. (3), has to be used. We did not include the viscous heating
source term, S vis = ∇ · (u · τ̂) in Eq. (3). Although we imple-
mented this term in our code, its effect is problem-dependent
and not negligible for the test problems in this work where only
low viscosity flows in the low- to mid-Mach-number regime are
studied. All further considerations in this work ignore viscous
heating.

Since we solved the system in either 1D or 2D for Cartesian,
cylindrical, or spherical coordinates, or in 3D axisymmetry for
cylindrical or spherical coordinates only, we ignored derivatives
in the φ direction arising in the divergence, gradient, and the ten-
sor divergence. Furthermore, we imposed the transformation θ =
θ′ − π2 in the spherical case, allowing for an intuitive formulation
of the discretized equations, with θ = 0 at the equatorial plane.
The resulting equations describing the gradient, divergence, and
tensor divergence operators can be found in the Appendix (see
also e.g., Bird et al. 2006 or Kuo & Acharya 2012).

The outer product, (m ⊗ v) = (v ⊗ m) = ρ(v ⊗ v), is indepen-
dent of the used coordinate system but its divergence is not. Kley
(1998) has shown that for the conservation of angular momentum
it makes sense to exchange the equation for linear momentum in
the φ direction with the expression for angular momentum since
it has the advantage of vanishing source terms in the φ com-
ponent. In the following, we distinguish the linear momentum,
mi = ρ · vi, from the angular momentum,

mθ = ρvθ → l = ρ vθR︸︷︷︸
v̂θ

(Cylindrical),

mφ = ρvφ → l = ρ vφr cos θ︸   ︷︷   ︸
v̂φ

(Spherical). (5)

The viscous stress tensor appearing in Eq. (2) is defined as

τ̂ = µ
(
∇u + (∇u)T

)︸            ︷︷            ︸
τ(1)

−

(
3
2
µ − κ

)
(∇ · u)δ︸               ︷︷               ︸

τ(2)

, (6)

with shear viscosity, µ, diagonal unit tensor, δ, and bulk viscos-
ity, κ, which we assume to be zero in the following (Newtonian
fluid). The second term on the right-hand side is determined by
the velocity divergence and vanishes in the incompressible case.
In components, the first term on the right-hand side is symmet-
ric and also given in the appendix, where again the derivatives
in the z, θ, φ direction are set to zero.

2.2. Finite volume method

With the FVM, the spatial domain in which the NSEs are solved
is expressed as a finite number of sub-cells termed control vol-
umes (CVs) (Ferziger & Perić 2002). The primitive variables
are defined as averages on the cell’s volume and the Gauss the-
orem is used to express the arising volume integrals for the
advection term in the form of fluxes through each CV’s surfaces.
The fluxes are then summed to obtain the total flux of every
quantity in or out of each CV. By definition, the flux of a quan-
tity through an interface is this quantity at the interface times the
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Fig. 1. Illustration of staggered grid. Scalar properties are defined at the
locations of the red dots in the center of each cell. The x,R, r component
of the velocity is located at the interfaces marked with blue arrows and
the y, z, θ component of the velocity is calculated at the interaces marked
by green arrows. Counting is indicated by the index k in the vertical or
polar direction and j in the horizontal or radial direction. The location
of variables at cell centers is expressed with integer indices and at cell
faces with the integer ± 1

2 notation.

velocity orthogonal to the interface. Because of this, it makes
sense to calculate and store the velocity components directly at
the interface, while scalar quantities are stored at cell centers. A
grid expressing this approach is called a staggered grid.

The staggered grid has the advantages of prohibiting the
decoupling of pressure gradients and velocities as well as pro-
hibiting the need for velocity interpolations to cell faces for flux
calculations. In the 2D axisymmetric case, where vφ is also cal-
culated but no according derivatives are needed, vφ and l are
treated as scalar quantities and are located at cell centers, too.
The schematic setup of the staggered grid is shown in Fig. 1,
where the positions of cell averages of the scalar quantities
are indicated by red dots and those of vectorial components by
arrows.

2.3. Discretization and interpolation

For the spatial discretization, we distinguished between source
terms and advective terms, and between variables defined at cell
centers and at cell faces. In the following, we use the generic
variable, q ∈

[
ρ,E,m, n, l

]
, as a placeholder, where m is the lin-

ear momentum in the x,R, and r direction ( j direction) and n is
the linear momentum in the y, z, or θ direction (k direction). l is
the angular momentum as defined in the previous section. We
express the advective term as

∇ · (qu) | j,k =
u j+ 1

2 ,k
[
q
]

j+ 1
2 ,k
− u j− 1

2 ,k
[
q
]

j− 1
2 ,k

x j+ 1
2 ,k
− x j− 1

2 ,k

+
v j,k+ 1

2

[
q
]

j,k+ 1
2
− v j,k− 1

2

[
q
]

j,k− 1
2

y j,k+ 1
2
− y j,k− 1

2

,

(7)

where [q] j± 1
2 ,k

is the interpolated (upwinded) value of q to the
respective interface between cells j and j± 1. Equally, [q] j,k± 1

2
is

the upwinded value of q to the interface between k and k+ 1. The
velocities, u and v, were computed from their linear momentum

counterparts, obtained from the momentum equations as

u j± 1
2 ,k
=

m j± 1
2 ,k

ρ j± 1
2 ,k

and v j,k± 1
2
=

n j,k± 1
2

ρ j,k± 1
2

, (8)

where we used the directly known values of m j± 1
2 ,k

and n j,k± 1
2

as
well as the density values interpolated as

ρ j± 1
2 ,k
=
ρ j,k + ρ j±1,k

2
and ρ j,k± 1

2
=
ρ j,k + ρ j,k±1

2
. (9)

In cylindrical coordinates, the advection term is

∇ · (qu) | j,k =
R j+ 1

2 ,k
u j+ 1

2 ,k
[
q
]

j+ 1
2 ,k
− R j− 1

2 ,k
u j− 1

2 ,k
[
q
]

j− 1
2 ,k

1
2

(
R2

j+ 1
2 ,k
− R2

j− 1
2 ,k

)
+
v j,k+ 1

2

[
q
]

j,k+ 1
2
− v j,k− 1

2

[
q
]

j,k− 1
2

z j,k+ 1
2
− z j,k− 1

2

,

(10)

and in spherical coordinates (see e.g., Shadab et al. 2019, Wang
& Johnsen 2017)

∇ · (qu) | j,k =
r2

j+ 1
2 ,k

u j+ 1
2 ,k

[
q
]

j+ 1
2 ,k
− r2

j− 1
2 ,k

u j− 1
2 ,k

[
q
]

j− 1
2 ,k

1
3

(
r3

j+ 1
2 ,k
− r3

j− 1
2 ,k

)
+

1
r j,k

r j,k+ 1
2

cos θ j,k+ 1
2
v j,k+ 1

2

[
q
]

j,k+ 1
2
− r j,k− 1

2
cos θ j,k− 1

2
v j,k− 1

2

[
q
]

j,k− 1
2

sin θ j,k+ 1
2
− sin θ j,k− 1

2

.

(11)

In the staggered grid approach, the cells for the momenta in the
j and k directions are shifted half a cell in the respective direc-
tion and the advection equations take a slightly different form.
For the momentum, m, in the j direction, we have in Cartesian
coordinates

∇ · (mu) | j− 1
2 ,k
=

u j,k [m] j,k − u j−1,k [m] j−1,k

x j,k − x j−1,k

+
v j− 1

2 ,k+
1
2

[m] j− 1
2 ,k+

1
2
− v j− 1

2 ,k−
1
2

[m] j− 1
2 ,k−

1
2

y j− 1
2 ,k+

1
2
− y j− 1

2 ,k−
1
2

,

(12)

where the values of u and v are defined as

u j,k =
1
2

m j− 1
2 ,k
+ m j+ 1

2 ,k

ρ j,k
and (13)

v j− 1
2 ,k+

1
2
=

1
2

 n j−1,k+ 1
2

1
2

(
ρ j−1,k + ρ j−1,k+1

) + n j,k+ 1
2

1
2

(
ρ j,k + ρ j,k+1

) . (14)

The procedure for the momentum in the k direction is equivalent,
as are the expressions in cylindrical and spherical coordinates.

The upwinding method is equivalent for scalar variables and
momentum components. We implemented the constant interpo-
lation and first-order-accurate donor cell (DC) scheme,

q j− 1
2
=

q j−1 , v j− 1
2
> 0

q j , v j− 1
2
< 0,

(15)
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as well as the generalized upstream-biased κ scheme,

q j− 1
2
= qc +

1
4

[
(1 − κ) (qc − qu) + (1 + κ) (qd − qc)

]︸                                             ︷︷                                             ︸
σκ

j− 1
2

,

(qd, qc, qu) =


(
q j, q j−1, q j−2

)
, v j− 1

2
> 0(

q j−1, q j, q j+1

)
, v j− 1

2
< 0,

(16)

where, for example, for κ = −1 the second-order-accurate linear
upwind scheme (LUS; Price et al. 1966) and for κ = 1

2 the third-
order-accurate quadratic upwind interpolation scheme (QUICK)
(Leonard 1979), are recovered. σκ

j− 1
2

is the inferred slope at the

j − 1
2 interface.
The velocities for upwinding (v or u) are taken at the respec-

tive interfaces of the variable cells. It becomes obvious that one
has to take care of the nonlinearities present, especially in the
equations of momenta, since the condition for the direction in
which upwinding is conducted is dependent on the result of the
upwinding. We address this issue, as well as the general implicit
solution procedure, in the next section. From the interpolation
methods, Eqs. (15) and (16), only the DC scheme is total varia-
tion diminishing (TVD). To prevent the occurrence of spurious
oscillations in the vicinity of discontinuities (see Sect. 4.2), we
implemented various slope-limiters (see e.g., Zhang et al. 2015
and references therein) but used the superbee limiter throughout
this work. The final flux at the left interface of a cell, j, is then
given as

[q] j− 1
2
= qDC

j− 1
2
−

1
2
Φ(r j− 1

2
)
(
qDC

j− 1
2
− qκ-scheme

j− 1
2

)
(17)

= qDC
j− 1

2
+ Φ(r j− 1

2
)σκ

j− 1
2
. (18)

The resulting flux, f j− 1
2
= [q] j− 1

2
v j− 1

2
, is given by the interpolated

variable times the velocity at that position. The superbee limiter
is given by

Φ(r j− 1
2
) = max

(
0,min(1, 2r j− 1

2
),min(2, r j− 1

2
)
)
, (19)

with the ratio of successive gradients

r j− 1
2
=

σκ
j− 3

2

σκ
j− 1

2

. (20)

Usually one would express Eq. (18) as a function of the left
state at an interface, qL

j− 1
2
, and the corresponding right state at

the same interface, qR
j− 1

2
as

[
q
]

j− 1
2
= f (qL

j− 1
2
, qR

j− 1
2
). The left and

right states correspond in this notation to the upwinded and
downwinded states at the interface. We omit the superscripts
in Eq. (18) because we use either qL

j− 1
2

or qR
j− 1

2
, depending on

the direction of the flow, and never both at the same time such
that f (·, ·) itself is an upwinding operator. The obtained scheme
is generally similar to the monotone upwind scheme for con-
servation laws (MUSCL; van Leer 1979) and equivalent for
κ = 1

2 .

2.4. Time stepping

Temporal discretization is much simpler than spatial discretiza-
tion, yet its implications are much more complicated. We
implemented the first-order-accurate Euler scheme (BDF-1),

∂q
∂t
⇒

qn+1 − qn

∆t
, (21)

and the second-order-accurate 3-4-1 Euler scheme (BDF-2; e.g.,
Hai 1993),

∂q
∂t
⇒

3qn+1 − 4qn + qn−1

2∆t
, (22)

where the first time step of every simulation run is always carried
out using the BDF-1 scheme. We implemented different modes
for the time step size calculation. The first is an a priori config-
ured constant time step and the second an exponentially growing
time step,

∆tn+1 =

{
α · ∆tn, ∆tn ≤ ∆tmax,

∆tn else
(23)

with α being the growth factor, which we usually set as 1 < α <
1.1. The third option is a dynamic time step proposed by Dorfi
(1997), where

∆tn+1 =


1
2∆tn, s > smax

∆tn, 1
2 smax ≤ s ≤ smax

3
2∆tn, s < 1

2 smax

, (24)

with

s =
|xn+1 − xn|

|xn|
, (25)

and where xn is the vector containing all variables at time step, n,
and smax ≈ 0.1, typically. As ∆t0, we usually selected a time step
that is ∆t ∼ 102∆texplicit of the explicit time step, defined via the
speed of sound, or found one that is sufficient by trial and error.
In addition, we opened up the possibility of limiting all time step
sizes to a Courant number of one given by the advection velocity
(CFLadv), ignoring the condition imposed by the speed of sound
(CFLcs), since we noticed that too-large time steps increase the
numerical diffusion in a similar way as small time steps do.

One has to note here that both Courant numbers are cal-
culated by our code as CFL= max(umax,vmax)∆t

∆x . The only way of
distinguishing between CFLcs and CFLadv is the size of ∆t itself.
When ∆t is such that cs∆t

∆x > 1, we observe the filtering of sound
waves (Sect. 4.1) and the sound speed is not represented in
max(umax, vmax) used by the code. We hence can be sure that we
are using

CFL =
{

CFLadv if ∆t > ∆texplicit

CFLcs else.
(26)

2.5. System construction

In the implicit method, we are solving the fluxes and source
terms in dependence of the as-yet-unknown properties at the
next time level, n + 1. For a single linear equation in 1D, this
is straightforward; for example, the continuity equation in a
semi-discrete form for a time-independent velocity vector is

ρn+1 + ∇ ·
(
ρn+1u

)
∆t = ρn (BDF-1), (27)

3
2
ρn+1 + ∇ ·

(
ρn+1u

)
∆t =

4
2
ρn −

1
2
ρn−1︸          ︷︷          ︸

known

(BDF-2). (28)

When spatially discretized with the methods outlined in the pre-
vious section, we can utilize two different formulations for the
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fully discretized NSE. We can either formulate them in operator
form for every cell, which we denote as

Lρ(ρn+1) = rhs, (29)

or in the form of a linear system with the systems matrix, Aρ, as

Aρρn+1 = rhs, (30)
⇒ Aρ = αI + ∆tBρ. (31)

Here, I is the identity matrix and Bρ is the matrix that is defined
by the advection and source term and that depends on the uti-
lized upwinding scheme. For the BDF-1 scheme, α = 1, and
for BDF-2, α = 3

2 . The subscript, ρ, indicates that the system
represents the continuity equation. Although we used only the
continuity equation as an example, equivalent formulations exist
for the other equations in the operator form, LE, Lm, Ln, and Ll,
as well as in the matrix form, AE, Am, An, and Al.
In the 1D case, the matrices, Aq, are tridiagonal for DC and pen-
tadiagonal for LUD and QUICK, as one can easily verify looking
at the stencil of the respective schemes. The 2D and 3D axisym-
metric cases are more complicated, since one needs to decide the
ordering of j and k when constructing the system matrix as well
as the systems vector, Lq.

It makes sense to either order all j for every k or all k for
every j. In both cases, far off-diagonal elements are introduced
into the system matrices. Hujeirat & Rannacher (1998) used the
first approach because of the radial dominance of the considered
flows and the resulting advantage of keeping the radial coupling
terms close to the main diagonal in their defect-correction-
solution approach. Although this is of limited importance in our
matrix-free approach, we chose the same ordering, since it is
in our case advantageous to have larger coupling terms close
to the main diagonal for one of the preconditioners that we
implemented (see Sect. 3.3.2).

Further complexity arises from the need to solve multi-
ple interdependent equations concurrently. Different strategies
have been explored to tackle this challenge, including sequen-
tial approaches, where each equation is solved one after the
other, and simultaneous approaches, where all of the equations
are collectively formulated into a single system. Various com-
binations of these approaches have been investigated in prior
work (Hujeirat 2005, Hujeirat & Rannacher 1998). Although our
implementation allows for flexibility in incorporating different
combinations of sequential and simultaneous parts, we focused
exclusively on the fully simultaneous case where for each cell,
represented by indices j and k, a vector of length N (the number
of equations solved) was utilized to store the solved variables.
For the NSE, the vector of a single cell is then

cell j,k =


ρ j,k
E j,k
m j,k
n j,k
l j,k

 ∈ RN , L j,k =


Lρ(ρ,E,m, n, l) j,k
LE(ρ,E,m, n, l) j,k
Lm(ρ,E,m, n, l) j,k
Ln(ρ,E,m, n, l) j,k
Ll(ρ,E,m, n, l) j,k

. (32)

This fills K lines, each of length J, as

linek =


cell0,k
cell1,k
...

cellJ−2,k
cellJ−1,k

 ∈ RN×J , Lk =


L0,k
L1,k
...
LJ−2,k
LJ−1,k

 , (33)

which in turn make up the final systems vector,

x =


line0
line1
...

lineK−2
lineK−1

 ∈ RN×J×K , L =


L0
L1
...
LK−2
LK−1

 . (34)

The consequence of such a multivariate systems vector with cou-
pled variables is that the structure of the systems matrix changes
from a line-diagonal matrix to a block-diagonal matrix, because
for every cell ( j, k) there now exists an N × N block instead of a
single entry. Since the goal of the code is to solve the NSE in an
implicit way, we need to solve

A(xn+1)xn+1 = xn (35)

for xn+1. It is noteworthy at this point that the arising sys-
tem is very sparse, contains far off-diagonal elements, is non-
symmetric, nonlinear, and not necessarily positive-definite or
diagonally dominant, but also non-singular and diagonalizable
in real space (hyperbolicity of the NSE). These properties make
it a) possible to solve the system and b) particularly difficult to
do so in an efficient way.

One may notice that we introduced the construction for the
system matrix instead of for the Jacobian matrix of the system.
We did this because the definition of the system matrix is more
intuitive and with the definition A = ∂Lq

∂x and J = ∂(Lq−rhs)
∂x the

matrices are equivalent. In the following, we rely only on the
Jacobian matrix, as is outlined below.

3. Solution procedure

To solve the large, sparse, and nonlinear system mentioned
above, one needs to linearize the system first (Eq. (36)) by using
a kind of Newtons method or a defect-correction approach (e.g.,
Auzinger 1987) or by employing a dedicated method for non-
linear systems like, for example, the full approximation scheme
(FAS) based on the multigrid method (see e.g., Henson 2003).
We chose the more traditional approach of linearizing the sys-
tem first and then applying a linear solver iteratively to obtain a
solution. In the following section, we briefly describe our overall
solution method before we go into detail on the different modules
incorporated.

3.1. General approach

We started by linearizing the system, summarizing all NSEs
on the complete solution domain in Eq. (35) with the Newtons
method. In this approach, the Jacobian matrix of the residual
function for the system is utilized to calculate approximations
to the solution vector of the system. Except for the nonlinearity,
the other properties – especially the sparsity and invertability –
of the system matrix are inherited by the Jacobian matrix. To
ensure distinguishability, we refer to the nonlinear system in the
operator form as L and to the linearized version as L. By lin-
earized, we refer here to the fact that in the advection term of the
momentum equations we made the transition (in a semi-discrete
form)(
mn+1 ⊗ un+1

)
⇒

(
mi ⊗ ui−1

)
, (36)

using i as the Newton iteration step index (see Sect. 3.2). Fur-
ther, we distinguish between the nonlinear residual function,
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R = L − b, and the linearized residual function, R = L − b,
where b is the right-hand-side vector (see Eq. (29)). The
Jacobian, JR, is always calculated from R.

Because of the large size and the high degree of sparsity of
JR, direct dense solution methods, such as for example Gauss
elimination, are not feasible. Luckily, dedicated solution meth-
ods for sparse linear systems exist as direct methods (LU, QR,
Cholesky, etc.), iterative methods (e.g., Jacobi, Gauss-Seidel,
SOR, and Krylov methods), and multigrid methods (see Barrett
et al. 1994). The first class of direct methods is only attractive
in the 1D case where JR is (block)-diagonal and only matrix ele-
ments close to the main diagonal exist. Since we are dealing with
the more general 2D case where far-off diagonal elements also
exist, we focus on iterative methods, especially Krylov subspace
methods (Sects. 3.3.1 and 3.3.2). These methods find a solution
iteratively by spanning for the residual function, r0 = rhs − Ax0,
the Krylov subspace, Km = {Ar0, A2r0, ...., Am−1r0}, and hence
only rely on matrix-vector products to find the solution, which
is particularly practical because we can express the matrix vector
product in operator form, as is described in Sect. 2.5. This allows
for the solution of the linear system in a matrix-free way, which
is not possible when incorporating the Jacobi or Gauss-Seidel
methods – or any derivatives of them – since they explicitly
rely on individual matrix components. It should be noted that by
the term matrix-free, no reference to the internal storing scheme
of matrix components is made. It means that no free standing
matrix is calculated and information about the matrix is only
present implicitly through the matrix-vector product.

At this point, we want to stress that the usage of a matrix-free
approach is not only useful because it allows one to compute the
matrix-vector product on the fly, and thus offers the possibility to
save storage. In fact, we did not notice a huge difference in mem-
ory consumption in our implementation. The far more important
aspect is that for the Newtons method it is advantageous to
have as exact a Jacobian matrix-vector product as possible to
guarantee good convergence behaviour, and hence calculate the
Jacobian matrix exactly, too. This task is very difficult to achieve
when the matrix is expressed by components and very easy to
achieve when the matrix-vector product is approximated by a
finite difference approach.

3.2. Newton’s method

Methods building on the Newton method for linearization and
using a Krylov subspace method for the solution of the consecu-
tive equation are called Newton–Krylov methods. The multivari-
ate Newton method can be expressed as

xi+1 = xi +

[
∂Ri

∂xi

]−1

·R
i

= xi +
[
JR(xi)

]−1
·R

i︸           ︷︷           ︸
µ

, (37)

where µ is the correction per iteration step and i is the iteration
step. Dropping the superscript i, the linear system to be solved
once per Newton iteration step is then

JRi (x)µ = R ≡ L(x) − b. (38)

The need for the calculation of the Jacobi matrix here is quite
obvious. The calculation can be done in three different ways,
with the first being manually calculating the coefficients and
writing them in a sparse matrix. This can be computationally

extremely fast but comes at the cost of the manual determination
of each nonzero matrix element, making the development diffi-
cult and the approach much less flexible. The second approach is
automatic differentiation, which is also relatively fast but which
requires intimate knowledge of the sparsity pattern of the result-
ing matrix and imposes some implementation constraints. Both
approaches have the disadvantage of having to store the complete
and exact Jacobian matrix with all its elements but at the same
time the advantage of being able to make use of efficient point
methods.

The third method is the finite difference method, which
requires the storage of only a single vector, as opposed to indi-
vidual matrix elements. In this method, the Jacobian cannot be
calculated as a stand-alone but only as a matrix-vector product,
JRx. This is both an advantage, since it allows for a matrix-free
solution procedure with a Krylov solver – which is less mem-
ory intense, easier to compute, faster, and easier to parallelize
than other approaches – and a disadvantage, since it prohibits
the use of methods requiring single elements of the matrix like,
for example, Jacobi, Gauss-Seidel, and SOR, etc. The biggest
advantage of the finite difference method is that the Jacobian
matrix-vector product can be approximated to good accuracy
without much effort.

Overall, we see the highest potential in using the finite dif-
ference approach with which we can write the first-order matrix-
free vector product in dependence on the linearized operator,
L, as

JRi (xi)µ =
L(xi + ϵmµ, xi−1) − L(xi, xi−1)

ϵm
(39)

using the machine-precision epsilon, ϵm. Strictly speaking, this
formulation yields Broyden’s method (the secant method) for
finite ϵ, but when solved to machine precision, both methods are
equivalent in practice. The difficulty is to find the correction, µ,
by iteratively finding a solution to the inversion problem,

L(xi + ϵmµ) − L(xi)
ϵm

= L(xi) − b (40)

⇔ µ =
L−1

[
ϵm ·

(
L(xi) − b

)
+ L(xi)

]
− xi

ϵm
. (41)

In the following section, we describe methods of finding solu-
tions for µ.

We note that the term matrix-free does not merely refer to
an implementation detail of the method in terms of program-
ming. In applied mathematics, this term refers to the fact the
desired matrix-vector product is evaluated through a vector-
valued function rather than a matrix-vector multiplication, and
thus describes the method itself. In our case, this function is
given by the right-hand side in Eq. (39), while the left-hand
side in that equation describes the matrix-based method. In our
method, xi−1 and xi, and consequently the result of L(xi, xi−1),
are fixed points calculated once per Newton iteration step. L(xi +
ϵmµ, xi−1) is evaluated multiple times in every Newton step to
find µ such that Eq. (40) is satisfied (see Sect. 3.3). In a matrix-
based method, the equivalent to this form of updating would
be to recalculate the Jacobian matrix after every linear solver
iteration step, based on the value of the last iterate. In matrix-
free methods, this approach is included by construction, and all
variables and interpolations described in Sect. 2.3 are evaluated
at the most recent linear-solver step of the most recent Newton
iteration step. In this respect, matrix-based methods are more
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flexible, since they allow the Jacobian matrix to be evaluated
once per linear solver step (equivalent to our approach), once per
Newton step (the Newton–Raphson method), or even only once
per time step (yielding a defect-correction approach). We sacri-
ficed this flexibility in order not to be dependent on the expensive
and difficult construction of the Jacobian matrix.

Independent of its matrix-free or matrix-based formulation,
Newton’s method is based on an updating step, as is given by
Eq. (37), and may not converge for nonlinear problems using
large advective Courant numbers (e.g., CFLadv ≳ 2 for the Sod’s
shock tube in Sect. 4.2). To counter this, we implemented the
possibility of using damping (e.g., Nowak & Weimann 1992),
where instead of Eq. (37), the update is performed as

xi+1 = xi + λdampµ, (42)

where 0 < λdamp ≤ 1 is the damping factor. µ was calculated
without change to the undamped case using Eq. (41).

3.3. Solvers

Since we defined Eq. (39) in a matrix-free way, a matrix-free
solver was needed to solve for µ. The only possibilities were
either to use an appropriate Krylov subspace method directly or
a geometric method (meaning domain decomposition and geo-
metric multigrid methods) built around one. In the following, we
give a brief and very qualitative overview of the solvers that we
implemented, in which our goal is to present the possible options
for a solution pathway instead of giving a detailed description
of every individual solver. For this, the reader is referred to
Saad (2003) and references within as well as to the individual
references within the section.

3.3.1. Krylov methods

Krylov subspace methods obtain a solution by iteratively eval-
uating matrix-vector products and consequently spanning a
Krylov subspace. A popular and very efficient choice for ellip-
tical problems is the conjugate gradient (CG) method, which
we unfortunately cannot use because it is valid only for sym-
metric and positive-definite systems, which for the hyperbolic
system we are dealing with is not the case. For the more general
nonsymmetric and not necessarily positive-definite hyperbolic
system we are dealing with, biconjugate gradient stabilization
(BiCGSTAB) or the generalized method of residuals (GMRES)
can be applied (Saad & Schultz 1986).

Although BiCGSTAB has a small scaling factor, it makes
use of two matrix-vector calculations per iteration as opposed to
GMRES, which has a scaling factor that grows with the number
of iterations but makes use of only one matrix-vector product
per iteration. Additionally, convergence is not guaranteed for
BiCGSTAB, while for a system of size N × N GMRES becomes
a direct method after N iterations and monotonic convergence
is guaranteed (see Saad 2003 for details). We implemented
both methods and oriented our implementations on the work by
Guennebaud et al. (2010) in the C++ eigen package.

It is a well-known fact that convergence of both meth-
ods can be accelerated a great deal in terms of necessary
iterations and numerical stability by using a suitable precondi-
tioner (van der Vorst 2003, Pearson & Pestana 2020). Because
GMRES only needs one matrix-vector product, and hence one
preconditioning cycle per iteration, and has guaranteed conver-
gence, we focus on the usage of GMRES in the following. We
implemented a matrix-free, correctly preconditioned version of
restarted GMRES, making use of Eq. (39) and paying attention
to the flexibility of using different preconditioners.

3.3.2. Preconditioners

One of the implemented and most-used preconditioners was
ILUT, in which we calculated the required matrix coefficients
only approximately by hand a priori and only once per Newton
iteration step. We followed the philosophy here that an exact
Jacobian matrix in components is difficult to compute and an
approximation of it is easy to find, which from our experience is
indeed the case. To compute the matrix components for ILUT, we
treated the derivatives in the viscous terms especially loosely and
always approximated the derivatives from the advection terms as
if they would arise from the DC scheme.

The most important components that should be recovered
rather exactly are the diagonal entries arising from the time
derivative since they ensure non-singularity of the matrix and
the pressure gradient term. The latter was incorporated into the
Jacobian matrix through the equation of state. Despite its great
acceleration properties, there are two main drawbacks to the
usage of ILUT. The first is its inherent sequentiality when com-
puted, which for larger systems becomes an obvious issue. The
second drawback is its dependence on individual components of
the Jacobian matrix that make a complete matrix-free operation
mode impossible and reduce the flexibility of our solver a great
deal.

To prohibit this, we also implemented operation modes of
GMRES and BiCGSTAB without preconditioning (an identity
preconditioner) and with an approximate Jacobian precondi-
tioner where only the advection term of each equation was con-
sidered and advection was treated as if it was done by first-order
upwinding. In this case, the complete preconditioner becomes a
prefactor 1

1+ ∆t
∆x |vx, jk |+

∆t
∆y |vy, jk |

. Although this preconditioner reduces

the GMRES iterations in our test cases by only about 10%, its
low computational cost justifies its usage nevertheless.

Although there exists a variety of more dedicated matrix-free
preconditioners such as polynomial preconditioners (see e.g.,
Choquet 1995) or multigrid preconditioners (Hackbusch 1985,
Bastian et al. 2019), their implementation is beyond the scope of
this paper and will be the subject of future work.

3.4. Boundary conditions

The most common choices for boundary conditions (BCs)
in astrophysics are periodic, reflective, and inflow or outflow
boundaries as well as, sometimes, constant boundaries. In our
implementation of all of these types of boundaries, each bound-
ary consists of two cells to model; for example, inflow problems
to the second order.

The representation of our boundary scheme in the x or radial
direction is shown in Fig. 2 for the inner (left) and outer (right)
ends of the simulation domain. The blue arrows indicate veloc-
ities belonging to the boundary cells and the black ones those
to the outermost domain cell. The vertical arrows represent
the vertical velocity components and the horizontal ones the
radial components. The boundary scheme in the k direction is
equivalent, with the only difference being the rotation of 90◦
counterclockwise and the change of the vertical arrows to the
other end of the respective cell.
We do not give a detailed description of every type of BC but
mention a few peculiarities about the implementation of BCs
with implicit methods that apply likewise to Dirichlet and von
Neumann BCs. The first is the treatment of the innermost veloc-
ity component of the domain represented by the horizontal black
arrow on the left-hand side of Fig. 2. For reflective BCs, this
value is kept zero at all times despite being inside the solution
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Fig. 2. Boundary (gray) cells and the last cell in the domain in the
respective direction for opposite sides of the domain. This depiction
is equivalently valid in Cartesian, cylindrical, and spherical coordinates
in both the j and k directions. The blue arrows indicate the position of
velocities belonging to the boundary cells, and the black arrows those
belonging to the outermost domain cell.

domain. There are three ways to deal with this. The first is to reg-
ularly solve the whole domain, as is described in Sect. 3.2, and to
overwrite the value at every boundary update. The second option
is to take the component out of the solution procedure and, for
example, drop the respective index from Eq. (41) altogether. The
third option is to keep the component but set the value of µBC to
zero and xi+1

BC = xi
BC for all time steps, thus keeping the velocity

value constant to the initial value.
The first option has proven in our experience to decrease the

stability of the solution method substantially, since it causes a
decoupling of the used value for the boundary velocity from the
solved one. The second option is technically difficult to imple-
ment and neglects the coupling to the boundary velocity, which
also destabilizes the solution procedure. The third method does
not come with these disadvantages, since on the one hand the
velocity is kept constant as a result of the solution procedure
itself and coupling to the boundary velocity is included. A more
detailed description of this approach can be found, for example,
in Keil (2010).

An additional difficulty is the positioning of the boundary
update in the solution procedure. One can update the boundaries
once after every time step, once after every Newton itera-
tion step, or once after every linear solver step (GMRES or
BiCGSTAB iteration step). For a qualified choice, not only com-
putational cost has to be considered. In the cases where not only
the domain values depend on the BCs but also the BCs depend
on the domain values – as is the case for reflective BCs – an
additional cross dependency is introduced to the solution method
when the BCs are updated inside the Newton or the linear solver
steps, which in principle has to be resolved through an additional
iteration loop. In practice, we observed this to not be necessary,
and we also did not observe a noticeable difference in compu-
tational speed but very much so in the consequent stability of
the solver. Because of this, the BC update was done inside every
linear solver step.

Furthermore, one has to consider the dependence on the
upwinding procedure on the BCs. While the DC scheme requires
information only from one boundary cell, LUD and QUICK
would require two boundary cells when the flow comes out of
the boundary. To still be able to use only one boundary cell, we
fall back to the DC scheme in the direct vicinity of the bound-
ary cells. Lastly, the incorporation of the BCs in the Jacobian
matrix is essential. In our realization through the finite difference
approximation and boundary update inside the linear solver step,
this is already included. For matrix-based methods, this is not
the case and can cause substantial numerical limitations if not

done correctly. In principle, we are required to consider bound-
ary effects when ILUT is utilized and matrix components are
computed, but we found in practice that we can neglect them
when the Courant number of the flow is not too large.

To summarize this section, a visual representation of the
main steps and loops of the MATRICS solver routine is given in
Fig. 3. The expression “Update Reference Jacobian” in step 12
describes the process of updating the vector, L(xi, xi−1), in
Eq. (39). Similarly, step 9, “Update Jacobian Matrix-Vector
Product”, is equivalent to the evaluation of the full right-hand
side expression in Eq. (39). This requires the preceding update
of xi+1 = xi + ϵmµ, making an additional variable update inside
the Newton iteration step superfluous.

4. Test problems

We conducted test cases for every component of our code where
in Cartesian coordinates we performed 1D tests to 1) illus-
trate the code’s ability to resolve sound waves when the chosen
Courant number is sufficiently small and to average the waves
out when a higher time step is chosen and 2) to show that we can
reproduce analytic results for a physical problem. For the lat-
ter, we chose the well-studied shock tube problem by Sod (1978)
where our focus is not on demonstrating shock-capturing capa-
bilities of the numerical method but on demonstrating the code’s
capability to model high-Mach-number flows.

To test our implementation of viscosity and the equations
in cylindrical coordinates in 3D axisymmetry, as well as our
boundary scheme, we simulated the flow between two rotat-
ing concentric cylinders known as the Taylor–Couette flow, for
which analytic studies describing the onset of instability exist.
With the reproduction of the analytic results, we proved the accu-
racy of the aforementioned components. The implementation in
spherical coordinates alongside the implementation of gravity
was tested with simulations of the vertical shear instability (VSI)
where we reproduced growth rates obtained by Manger et al.
(2020).

4.1. Propagating sound wave

We started by testing the compressible 1D Euler equations in
Cartesian coordinates, considering thermal energy only using
the caloric equation of state

P = (γ − 1)E = (γ − 1)ρe, (43)

for an ideal gas with γ = 1.4 and specific internal energy, e. We
chose a constant density profile, ρ = 1, which is distorted by
a small amplitude sinusoidal profile, ρ′0(x) = 10−4 · sin(x), giv-
ing ρ0(x) = ρ + ρ′0(x) as an initial condition for density. In the
adiabatic case, density and pressure are related via

P = Kργ, (44)

where we set the constant, K = 1. From Eqs. (43) and (44), we
calculated the specific internal energy and initialized the internal
energy, E0(x) = ρ0(x)e0(x). With the adiabatic speed of sound,

cs =
√
γ P
ρ
=

√
γ(γ − 1)e, we obtained the initial fluid velocity

for the sound wave and closed the set of initial conditions with
the momentum,

m0(x) = cs,0(x) · ρ0(x). (45)
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Fig. 3. Schematic depiction of the main steps taken in the solution pro-
cedure of MATRICS.

We applied periodic BCs and set the integration domain to x ∈
[0, 2π) with 100 grid points. We solved the continuity, momen-
tum, and energy equations simultaneously and tested different
time steps, and hence different CFL numbers. In Fig. 4, we
show the time evolution of the density amplitude for different
CFL numbers where we used the LUD scheme for spatial and

Fig. 4. Evolution of the density perturbation in the sound wave test for
different CFL numbers using 100 grid points, solving with the LUD and
BDF-1 schemes.

the BDF-1 scheme for temporal integration solving with ILUT
preconditioned GMRES restarted after 20 iterations.

The first features that one may notice are the sinusoidal oscil-
lations present, which are small in amplitude and which can be
explained with the setup of our initial conditions, where we made
use of Eq. (45) to calculate momentum at x j− 1

2
=

x j+x j−1

2 , but

in the code we used m(x j− 1
2
) = m(x j)+m(x j−1)

2 , m( x j+x j−1

2 ). One
can work out the difference in momentum easily and obtain
O(m0,ics − m0,code) = 10−5, which is in perfect agreement with
the order of the oscillations observed here.

The noteworthy phenomenons are the overall trends observ-
able for the different CFL numbers where for the CFL< 1 cases,
the diminishing in the density fluctuation is linear and can be
explained by the inherent and expected dissipation of the uti-
lized upwinding scheme. The decrease is clearly superlinear for
the CFL> 1, where the averaging out of the fluctuations for
CFL≈ 12 is reached faster than for CFL≈ 1.2. In Fig. 5, the den-
sity fluctuations are plotted at t = 50, where the averaging-out of
the density fluctuations is even more obvious.
With this, we proved our code’s capability to resolve sound
waves when the chosen Courant number is smaller than one, and
also its ability to operate in the CFL> 1 regime, where sound
waves are averaged out with time in dependence of the time step
size.

4.2. Sod’s shock tube

Although shock modeling is not our primary concern, shocks
can be used as a stress test to illustrate the limitations of our
code. Sod’s shock tube problem (SSTP) is a well-studied prob-
lem with a known analytic solution (here taken from Toro 2009).
Since a shock is by definition a high-Mach-number flow, kinetic
energy cannot be neglected relative to thermal energy and has to
be included in the energy equation as

∂Etotal

∂t
+ ∇ ·

(
Etotalu

)
= −(P∇ · u + u · (∇P)), (46)
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Fig. 5. Density perturbation at t = 50 in code units for the sound wave
test where time integration was done at different CFL numbers. The
simulation was done with 100 cells, second-order upwinding, BDF-1
time integration, and periodic BCs.

where the total energy is Etotal = E +
ρ
2u · u, giving the ideal gas

equation of state for compressible flows,

P =
(
Etotal −

1
2
ρu · u

)
(γ − 1). (47)

Reconstruction of the quadratic velocity term was done in
accordance with Eq. (36) as

u · u→
ui

j− 1
2 ,k
+ ui

j+ 1
2 ,k

2

ui−1
j− 1

2 ,k
+ ui−1

j+ 1
2 ,k

2

+

vi
j,k− 1

2
+ vi

j,k+ 1
2

2

vi−1
j,k− 1

2
+ vi−1

j,k+ 1
2

2
+ wi

j,kw
i−1
j,k ,

(48)

where i refers to the current Newton iteration step and i − 1 to
the previous one. v is the velocity in the vertical direction and w
the velocity perpendicular to the simulation plane. In this case
of a 1D problem, only the first component (velocity u in the
x direction) was considered. The difference between the total
equation of state and the thermal equation of state used to model
the SSTP can be seen in Fig. 6, from which it becomes obvious
that the kinetic term cannot be neglected when no other entropy-
generating terms such as von Neumann–Richtmyer (Landshoff)
viscosity (VonNeumann & Richtmyer 1950, Landshoff 1955) are
employed.
The initial conditions for the SSTP for density, thermal energy,
and momentum on the domain, x ∈ [0, 1], were

ρ(x, 0) =
{

1.0, x <= 0.5
0.125, x > 0.5

, (49)

Etotal(x, 0) =

 1.0
γ−1 , x <= 0.5
0.1
γ−1 , x > 0.5

, (50)

mx(x, 0) = 0. (51)

Fig. 6. Comparison of the specific internal energy using total energy and
thermal energy in the SSTP. 1000 grid cells were used and integration
was done using the QUICK and BDF-1 schemes at a CFL number of
∼0.5, where GMRES with ILUT preconditioning was used as solver.

We solved the Euler equations with the equation of state
in Eq. (47) and γ = 1.4, integrated to t = 0.2 using the
BDF-1 scheme. The comparison for internal energy and veloc-
ity between the non-slope-limited QUICK, the slope-limited
QUICK, and the DC schemes is shown in Fig. 7, where for
reference the analytic solution from Toro (2009) is also shown.

With the fully simultaneous implicit approach we were able
to model the SSTP with Courant numbers > 1, as we show in
Fig. 8 for simulations with slope-limited QUICK using Courant
numbers of up to four. 1000 domain cells were used in all cases.
The cases with CFL numbers below two were solved using the
standard Newton method and the CFL=4 case was obtained
using Newton’s method with a damping factor of λdamp =

1
2 . On

the one hand, the choice of λdamp < 1 extends the convergence
radius of Newton’s method, but on the other hand can result in
a higher number of iterations needed for convergence. It can be
seen in Fig. 8 that as a function of Courant number, the numerical
diffusion of the numerical scheme grows. This effect becomes
especially prominent beyond CFLadv > 1, indicating that this is
a reasonable constraint to self-impose.

This becomes even more obvious when looking at Fig. 9,
where instead of QUICK we used the DC scheme and an other-
wise equal setup to reach a higher Courant number of CFLadv =
14.5. The stronger diffusion compared to the smaller Courant
number can clearly be seen and is also present for more dedicated
shock-capturing methods, as for example in Fig. 6 by Fraysse &
Saurel (2019), where a ten-times-higher spatial resolution was
used with different time step sizes. The effect appears to be the
same as for sound waves, meaning that not only sound waves are
averaged out when CFLcs > 1 but also macroscopic flows when
CFLadv > 1. We thus imposed the condition CFLadv ≤ 1 on all
our following runs.

An order evaluation of the slope-limited schemes is given in
Table 1 using the average of the L1 loss function over the whole
domain as a measure of the spatial error. For the density, this
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Fig. 7. Specific internal energy (top) and velocity (bottom) for SSTP
with 200 grid cells at time t = 0.2, integrated with BDF-1. The spatial
scheme is indicated in the legend.

average is defined as

⟨L1(ρ)⟩ =
1

Nx

Nx∑
0

∣∣∣(ρSimulated − ρAnalytic

) ∣∣∣, (52)

where Nx is the count of cells. The obtained slope in the log-log-
space is with ∼ − 1.7 close to minus two, as one would expect
for the combination of the respective schemes and the superbee
limiter, but due to the first-order component at the discontinuity
not quite −2. We also show the solution to Sod’s shock using
the same initial conditions – except a shift by 0.5 in the positive
R direction – integrated using a spherical coordinate system in
Fig. 10 in 3D axisymmetry for density and in Fig. 11 in the radial
direction only for density, velocity, and pressure. The results for

Fig. 8. Density and specific internal energy of SSTP with 1000 grid
cells at time t = 0.2, integrated with backward Euler and different CFL
numbers. The slope-limited version of QUICK was used.

density, velocity, and pressure are very similar to those obtained
by Balsara et al. (2020), who used a spherical geodesic mesh to
model the problem, and to those of Omang et al. (2006), who
solved the problem using a Lagrangian method.

4.3. Taylor–Couette flow

TC is the flow between two concentric and independently rotat-
ing cylinders. It is generally characterized by the radius ratio,
η = ri

ro
, the gap width, d = ro − ri, as well as the Reynolds num-

bers, Rei/o =
Ωi/ori/od
ν

, and aspect ratio, Γ = h
d , for the height of the

simulation domain, h, as well as the inner radius, ri, and outer
radius, ro, respectively. Based on these properties, Andereck
et al. (1986) describe different flow regimes where the laminar
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Fig. 9. Specific internal energy density simulation of the SSTP with
1000 cells for two different CFL numbers. A total equation of state was
used in both cases with first-order upwinding and the BDF-1 scheme.
GMRES was selected as the solver.

Table 1. Comparison of average L1 errors with respect to density for
the slope-limited version of QUICK and LUD, respectively, for different
spatial resolutions.

∆x QUICK ⟨L1(ρ)⟩ LUD ⟨L1(ρ)⟩

1/100 0.2392 0.2485
1/200 0.0414 0.0427
1/400 0.0101 0.0100
1/800 0.0029 0.0029

base flow (Couette flow) has the well-known analytical solution

vθ(r) = A · r +
B
r
,

A = Ωi
Ωo/Ωi − η

2

1 − η2 ,

B = Ωir2
i

1 −Ωo/Ωi

1 − η2 .

(53)

The transition from Couette to Taylor vortex flow is dependent
on the rotation relation between the inner and outer cylinders.
In the case of a stationary outer cylinder, Rayleigh’s criterion is
violated and the stability of the flow depends on the stabilizing
effect of viscosity, which is usually expressed in terms of the
Reynolds number. Since the original expression derived by
Taylor (1923) (Schrimpf et al. 2021) of the critical Reynolds
number (Recrit) in the small gap limit,

Recrit = 41.2 ·
√
η

1 − η
, (54)

many other approximations of the Taylor number as a sta-
bility criterion have been calculated and/or experimentally
obtained (e.g., by Snyder 1968, Recktenwald et al. 1993, and

Fig. 10. 3D axisymmetric solution of Sod’s shock tube integrated in
spherical coordinates to a dimensionless time of 0.2. 2002 cells and an
advective CFL number of 0.5. The slope-limited QUICK scheme and
the BDF-1 scheme were used. GMRES was selected as the solver.

Fig. 11. Solution of Sod’s shock tube integrated in spherical coordinates
to a dimensionless time of 0.2. 200 cells and an advective CFL number
of 0.5. The slope-limited QUICK scheme and the BDF-1 scheme were
used. GMRES was selected as the solver.

Esser & Grossmann 1996) for different radius ratios. The aim
of our test here was to reproduce the critical Reynolds numbers
found in the literature to verify our implementation of axisym-
metric cylindrical coordinates using viscosity and centrifugal
terms, employing reflective and periodic BCs. For simplicity, we
fixed the inner radius to ri = 1 and the kinematic viscosity to ν =
10−3 in code units. We kept the wall of the outer cylinder at rest
(Ωo = 0) and varied only the rotation, Ωi, of the inner cylinder.

As initial conditions, we set the angular momentum accord-
ing to Eq. (53) and the other momentum components to zero
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Fig. 12. Contour lines of pressure, angular momentum, radial momentum, and vertical momentum together for the Taylor vortex flow after 1.5
viscous timescales. The plots were created from our test run with a resolution of 100 × 200 and an inner rotation of Ωi = 0.1 as well as the radius
ratio, η = 0.5, and aspect ratio, Γ = 4, using periodic BCs in the vertical direction.

plus a small random fluctuation ∼O(10−5). From the equilibrium
of pressure and centrifugal forces,

ρ
v2θ
r
= −∇P, (55)

together with the thermal equation of state (43), we solved for
the specific internal energy, e = e(r), with the density set to ρ =
ρ0 = 1 and obtained

e(r) = C1 +

A2r2

2 + 2AB log(r) − B2

2r2

γ − 1
, (56)

with γ = 1.4. We chose C1 = 105 to obtain weak compress-
ibility. This marks a difference to the theoretical descriptions,
which assume full incompressibility, but from our experiments
we observe density fluctuations in the order of the numerical
accuracy we set (10−8) of the initial value of unity and no quan-
titative difference when compressibility is reduced through an
increase in the initial specific internal energy, or even when the
continuity equation is deactivated altogether.

We enforced reflective boundaries in the radial direction,
where we kept Ωi, and hence vφ,i fixed and solved the NSEs
Eqs. (1) and (2), combined with the energy Eq. (4), ignor-
ing viscous heating. We note that the problem can be modeled
isothermally and the use of an energy equation is not manda-
tory. We included it here only for testing purposes. In the vertical
direction, we chose periodic BCs, which seem to us most suited
to model the case of an infinitely long cylinder, as we aim to
do. We chose an aspect ratio, Γ = 4, giving a cell aspect ratio of
Γcell = 2 and a radius ratio of η = 0.5, and conducted simulations
with resolutions 20 × 40, 50 × 100, 100 × 200 and 200 × 400, to
find a good compromise between accuracy and computational
time to conduct further runs with.

Following Recktenwald et al. (1993), the onset of instabil-
ity for the chosen radius ratio can be expected with Ωin ≈ 0.68,
corresponding to Recrit ≈ 68. We chose a slightly larger value of

Ωi = 0.1 and used a time step of ∆t = 0.2 such that it can be
used for all runs at CFLadv < 1, which, depending on the res-
olution, is 104–106 that of the CFL number one would obtain
when considering the sound speed. Time integration was done
using BDF-2 and spatial integration using the QUICK scheme.
We show typical results for the contours of the pressure, density,
and the momentum components for this configuration in Fig. 12,
where pressure and density have roughly the same shape. The
difference is due to the fact that the GMRES accuracy was cho-
sen to be 10−8, and hence in the order of the observed density
changes.

In Fig. 13, we show the temporal evolution of the maximal
velocity inside the domain to t = 1.5τvis of the viscous timescale,
τvis =

d
ν
. One can clearly see the steep growth for all resolutions

starting at 0.4τvis < t < 0.75τvis, with the lowest resolution start-
ing slightly earlier. The growth phase is followed by a phase of
relaxation at 0.75τvis < t < τvis and finally convergence to equi-
librium at t > τvis. We saw the evolution tracks for the different
resolutions converging relatively quickly, and thus decided to
continue using the 50 × 100 resolution.

In Fig. 14, we tested different aspect ratios at the chosen
radial resolution and cell aspect ratio of Γcell = 2. Once can
again see the solution converging for larger aspect ratios, as was
expected since we approach the case of an infinitely long cylin-
der. A clear outlier is the Γ = 2 case where not only the velocity
growth sets in at a later time but also the observed overshoot
shortly before relaxation is much higher. Both effects may be
due to the supposedly uneven count of modes in the simula-
tion domain. We conclude that a too-small domain aspect ratio
as well as a too-small resolution artificially destabilize the flow
and are not suited for our determination of the critical Reynolds
number. Likewise, a larger domain aspect ratio with a higher
resolution is computationally much more expensive.

As a compromise, the aspect ratio of Γ = 4 with a resolu-
tion of 50 × 100 seems sufficient for our main runs where we
conducted for the radius ratios, η = {0.3, 0.5, 0.7, 0.8, 0.9, 0.975},
multiple runs each to obtain the respective critical Reynolds
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Fig. 13. Temporal evolution of maximal velocity in the simulation
domain for constant aspect ratio and different resolutions in the TC test
problem. The QUICK and BDF-2 schemes were used and ILUT pre-
conditioned GMRES was selected as the solver.

Fig. 14. Temporal evolution of maximal velocity in the simulation
domain for resolution and different aspect ratios in the TC test problem.
The QUICK and BDF-2 schemes were used and ILUT preconditioned
GMRES was selected as solver. The resolution was selected as 50×100.

number approximately through manual iterations. We obtain
Recrit for each radius ratio by choosing Ωi in the vicinity of
the value predicted by Recktenwald et al. (1993), integrating
to t = 2τvis, and checking if considerable growth of the max-
imal velocity inside the domain can be observed. We increase
or decrease Ωi until we have one run where we have a largest
Ωi, where we see no growth and the smallest Ωi where there is
growth.

Fig. 15. Experimentally derived ranges for the critical Reynolds
numbers in the TC test problem for different radius ratios using
high-resolution simulations to two viscous timescales (blue) and low-
resolution simulations to 2000 viscous timescales (orange) in compari-
son to predictions by Recktenwald et al. (1993) (solid line) and Taylor
(1923) (dotted line). The orange area marks the range where instability
is obtained exclusively from the lower-resolution runs and no instabil-
ity for the higher-resolution runs was found. The red crosses mark the
position of the lowest value of the critical Reynolds number for the
respective radius ratio that was obtained.

The results of our simulations are depicted in Fig. 15 where
the theoretical predictions by Recktenwald et al. (1993) and
Taylor (1923) are also plotted. The blue area is constrained by
the criterion explained above. For the orange area, we chose a
much smaller resolution of 20 × 40, integrated to t ≈ 1000τvis,
and checked if the velocity inside the domain had vanished,
which below the orange area is the case and inside it is not.
The red crosses mark the radius ratios where we conducted our
simulations.

As one can see, our runs with qualified guesses about the
required resolution and aspect ratio to model the case of an
infinitely long cylinder (blue) are in perfect agreement with the-
oretical predictions by Recktenwald et al. (1993) and for the gap
width approaching the small gap limit also with those by Taylor
(1923). As was expected from the first tests, the smaller resolu-
tion runs (orange) exhibit a more unstable behaviour while still
being in agreement with theory.

Given the observed sensitivity of the test problem to small
variations in viscosity, rotation, and chosen BCs, we conclude
the accuracy of our implementations of the utilized physical
terms.

4.4. Vertical shear instability

The VSI (Urpin & Brandenburg 1998, Nelson et al. 2013) is
believed to be a driver of turbulence in protoplanetary discs
(PPDs), appearing in vertically stratified PPDs with a radial
variation in its temperature profile and sufficiently short cool-
ing time. For the modeling, initial conditions following Nelson
et al. (2013) and Manger & Klahr (2018) were set up in equi-
librium such that centrifugal forces exactly counter pressure and
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gravitational forces in the radial direction and pressure counters
gravity in the vertical direction. The midplane (z = 0) density
and temperature are assumed to follow the radial profile

ρ(R,Z = 0) = ρ0

(
R
R0

)p

, (57)

T (R,Z = 0) = T0

(
R
R0

)q

. (58)

Combining these equations with the balance of forces, one can
work out the density and rotation profiles using the adiabatic
pressure density relation, P = c2

sρ, to

ρ(R,Z) = ρ0

(
R
R0

)p

exp
[

GM
cs(R)2

(
1
r
−

1
R

)]
, (59)

Ω(R,Z) = ΩK(R)
[
1 + q −

qR
r
+

Rcs(R)2 · (q + p)
GM

]1/2

, (60)

with Keplerian rotation, ΩK =

√
GM
R3 , spherical radius, r =

√
R2 + Z2, gravitational constant, G, central mass, M, and sound

speed, cs(R)2 = c2
0

(
R
R0

)q
. The angular momentum was set as

L(R,Z) = ρ(R,Z) · Ω(R,Z)R2 and a small random fluctuation on
the order of 10−5 was added to it. Radial and vertical momenta
were set to zero and parameters equivalent to Manger et al.
(2020) and Klahr et al. (2023) were chosen as q = −1, p = −1.5
and GM = 1.

We defined a quadratic simulation box in spherical coor-
dinates of one pressure scale height (H = cs

Ω
) in size that is

located at one scale height above the midplane and radially
centered at R0 = 1 using spherical coordinates with reflective
no-slip BCs, as was done in a similar way by Klahr et al. (2023).
We solved Eqs. (1) and (2), deactivating viscosity and clos-
ing the system with the isothermal pressure density relation
P(R) = ρ(R)c2

0

(
R
R0

)q
, setting c0 = 0.1. The energy Eq. (3) was

deactivated in our runs and the time step was chosen such that
the convective Courant number does not exceed unity. The ini-
tial time step for the low-resolution runs is dt = 1 and for the
high-resolution runs a factor of five lower. We conducted runs
with different resolutions ranging from 82 to 2562, as depicted in
Fig. 16.
The two lower-resolution runs appear to have a slightly steeper
growth rate of Γ ≈ 0.4 than the two higher-resolution runs with
Γ ≈ 0.32 that also appear to have fully converged. In addition,
settlement to steady state with vmax/cs,0 = 0.1 can be observed
for all runs, which is equal to that found by Manger et al. (2020).
In Fig. 17, we show the field of the θ component of the veloc-
ity for six different orbital times for our highest-resolution run
(2562) and also see the expected typical VSI pattern building up
in the first few orbits and decaying into larger scales with time.
We also observe the formation of vortices starting at less than
50 orbits, similar to those in Klahr et al. (2023).

Our results are in very good agreement with previous work
using the well-tested PLUTO code as well as with analyti-
cal considerations validating our implementation in spherical
coordinates including central gravity.

4.5. Solar wind

Last, we wanted to verify the order of our spatial reconstruc-
tion in spherical coordinates. We proceeded similar to Balsara
et al. (2020), using a simple model of a stationary solar wind

Fig. 16. VSI growth rates for different resolutions as a function of the
number of orbits covered in comparison to Γ = 0.36 growth. A fit to
the 1282 and 2562 runs yields a growth rate of Γ = 0.32 and for the
two lower-resolution runs, Γ = 0.4. In all cases, the QUICK and BDF-2
schemes were used.

introduced by Parker (1965). The model expresses a balance
of pressure gradient, central gravitational, and inertial force.
The radial component of the stationary continuity equation in
spherical coordinates is with the radial velocity, u,

1
r2

∂
(
r2ρu

)
∂r

= 0 (61)

⇔ −u
∂ρ

∂r
= ρ
∂u
∂r
+

2ρu
r

(62)

⇒ ρ = ρ0

(u0

u

) ( r0

r

)2
, (63)

where the last step was obtained by separating the variables from
the integration. The momentum equation using the described
equilibrium assumptions is

1
r2

∂
(
r2ρu2

)
∂r︸         ︷︷         ︸ = −∂P∂r − ρ∂Φg∂r . (64)

= uρ
∂u
∂r

(using Eq. (62))

Adopting a polytropic equation of state, P = Kργ with ∂rP =
γργ−1∂rρ, dividing Eq. (65) by ρ, and radially integrating yields

u2 − u2
0

2
= −

γ

γ − 1

(
ργ−1 − ρ

γ−1
0

)
+GM

(
1
r
−

1
r0

)
. (65)

Equation (44) can then be used to find a density-independent for-
mulation of the momentum equation. Setting all constants except
the polytropic index to unity, in other words ρ0 = r0 = 1, we
obtain u0 = cs =

√
γ and arrive at

u2

2
+
γ

γ − 1
u1−γr2−2γ −

GM
r
−
γ

γ − 1
−
γ

2
+

3
2
= 0. (66)
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Fig. 17. Visualization of the vertical velocity component in the 2562 resolution run for the VSI at different orbital times. The QUICK and BDF-2
schemes were utilized and GMRES was selected as the solver.

Together with Eq. (63) and the polytropic equation of state, this
closes the system.

We solved the continuity equation as well as the momen-
tum equation in spherical coordinates and the radial direction
only, using the BDF-2 scheme as well as our slope-limited κ
scheme with κ = −1 (LUD). Similar to Balsara et al. (2020),
we chose the domain r ∈ [2, 3.5] and used a numerical solu-
tion to Eq. (66), which we obtained by using the Pythons
SymPy package (Meurer et al. 2017) to calculate ICs for radial
velocity and density. We chose γ = 1.4 as well as GM = 1.
Equation (66) admits two solutions in the chosen radial domain,
one corresponding to a radially decreasing velocity and the other
to a radially increasing velocity. Since the former is unphysical,
we selected the latter solution where the velocity is supersonic
throughout the domain.

We chose the outer boundary as free-flow (inflow and out-
flow allowed with continuative or zero-gradient approximation)
and the inner boundary as constant in time. After some initial
numerical relaxation, no transient time evolution is expected. At
sufficiently large times, all information about the initial condi-
tions (except those that are engraved in the constant boundary)

Table 2. Comparison of average L1 errors (see Eq. (52)) and resulting
spatial order with respect to density for the slope-limited LUD (κ = −1)
for different spatial resolutions.

∆x LUD ⟨L1(ρ)⟩ O(∆x)

1/100 1.37 × 10−5 –
1/200 3.2 × 10−6 2.1
1/400 8.14 × 10−7 1.975

is lost and the problem is completely defined by the condi-
tions imposed in the constant boundary. We chose a convective
CFL number of 0.5 and integrated to the dimensionless time
of tend = 2.5, corresponding to two sound crossing times. The
results of the error are shown in Table 2, where we show that
the implemented scheme is second order. Here, the error is
expressed in terms of the average L1 loss function over the whole
domain. The obtained density and radial velocity alongside their
semi-analytic values are shown in Fig. 18.
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Fig. 18. Semi-analytic solution (black lines) and simulated data points
(squares) for the solar wind test problem at t = 2.5. BDF-2 was used for
temporal integration alongside the LUD scheme for spatial discretiza-
tion. The simulation was conducted with 200 cells, from which every
fourth was used for plotting. The density corresponds to the left axis
and the radial velocity to the right axis.

5. Summary and outlook

In this work, we present our novel, globally implicit, time-unsplit
and versatile, upwinding-based, finite-volume hydrodynamic
solver, MATRICS. We illustrate the numerical spatial discretiza-
tion schemes used and outline the time integration methodology
with the incorporated linear system solvers relying on a matrix-
free formulation of the system. The matrix-free approach in
combination with the described Newton–Krylov method guar-
antees easy expandability as well as easier implementation of
BCs in the code, which has traditionally been difficult in implicit
methods. With tests in different implemented coordinate systems
and dimensionalities, we illustrate the operability, accuracy, and
correctness of our code and our implementation of the physi-
cal mechanisms considered, as well as the inherent strength of
the implicit time integration method in not being limited by the
Courant number.

In Sect. 4.1, we prove that our code damps sound waves
at high Courant numbers but resolves them at lower ones. In
Sect. 4.2, we show that our method is able to resolve shocks
without producing spurious oscillations close to second order
and that, similar to the damping of sound waves, shocks can
be damped at high advective Courant numbers. Furthermore,
we conducted Sod’s test in spherical coordinates and reproduced
results from the literature. With 3D axisymmetric simulations in
cylindrical coordinates using resolutions high enough to model
the considered physics correctly and including kinematic viscos-
ity, we prove the applicability of our method with moderate com-
putational effort in the example of the TC flow in Sect. 4.3. In
Sect. 4.4, we successfully reproduced the isothermal growth rate
of the VSI in 3D axisymmetric spherical coordinates at a time
step beyond that needed to resolve sound waves. We obtained the
expected physical results, which don’t rely on resolving sound

waves. Finally, in Sect. 4.5, we performed a 1D test in spherical
coordinates to prove the second-order accuracy of our method as
well as its correctness in spherical coordinates.

The next step in the development process is to improve
the parallelization of our solver, where we focus in the short
term on OpenMP. After doing so, we will utilize our solver for
the modeling of the VSI using long cooling times, which has
shown to be problematic using explicit time integration schemes
(Manger et al. 2021). We also plan on applying our solver in
the context of stellar interiors, starting with modeling of the
Goldreich–Schubert–Fricke instability in the radiative zone of
stars.
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Appendix A: Useful identities in axisymmetry

Appendix A.1: Operators in different coordinates

The expression for the gradient used is

∇q =
∂q
∂x

ex +
∂q
∂y

ey (Cartesian), (A.1)

∇q =
∂q
∂R

eR +
∂q
∂z

ez (Cylindrical), (A.2)

∇q =
∂q
∂r

er +
1
r
∂q
∂θ

eθ (Spherical), (A.3)

the expression for the divergence is

∇ · (qu) =
∂qvx
∂x
+
∂qvy
∂y

(Cartesian), (A.4)

∇ · (qu) =
1
R
∂ (qvR)
∂R

+
∂qvz
∂z

(Cylindrical), (A.5)

∇ · (qu) =
1
r2

∂
(
r2qvr

)
∂r

+
1

r cos θ
∂ (qvθ cos θ)
∂θ

(Spherical) ,

(A.6)

and that for the tensorial divergence is

∇ · T =
(
∂Txx

∂x
+
∂Txz

∂z

)
ex

+

(
∂Tzx

∂x
+
∂Tzz

∂z

)
ez

+

(
∂Tyx
∂x
+
∂Tyz
∂z

)
ey,

(A.7)

in Cartesian coordinates,

∇ · T =
(

1
R
∂(R · TRR)
∂R

+
∂TRz

∂z
−

Tφφ
R

)
eR

+

(
1
R
∂(R · TzR)
∂R

+
∂Tzz

∂z

)
ez

+

(
1
R
∂(R · TφR)
∂R

+
∂Tφz

∂z
+

TRφ

R

)
eφ,

(A.8)

in cylindrical coordinates, and

∇ · T =(
1
r2

∂(r2 · Trr)
∂r

+
1

r cos θ
∂(cos θ · Trθ)

∂θ
−

Tθθ + Tφφ
r

)
er

+

(
1
r2

∂(r2 · Tθr)
∂r

+
1

r cos θ
∂(cos θ · Tθθ)

∂θ
+

Trθ

r

)
eθ

+

(
1
r2

∂(r2 · Tφr)
∂r

+
1

r cos θ
∂(cos θ · Tφθ)

∂θ
+

Trφ

r

)
eφ

−
Tφφ · tan θ

r
eθ +

Tθφ · tan θ
r

eφ,

(A.9)

in spherical coordinates.

Appendix A.2: Components of the viscous stress tensor in
different coordinates

The nonzero components of the viscous stress tensor arising
from the expression µ

(
∇u + (∇u)T

)︸            ︷︷            ︸
τ(1)

(see Equation 6) are

τ(1)
xx = 2µ

∂vx
∂x
, τ(1)
yy = 0, τ(1)

zz = 2µ
∂vz
∂z
, (A.10)

τ(1)
xy = µ

∂vy

∂x
, τ(1)
yz = µ

∂vy

∂z
, τ(1)

zx = µ

(
∂vx
∂z
+
∂vz
∂x

)
(A.11)

in Cartesian Coordinates,

τ(1)
rr = 2µ

∂vR
∂R
, τ(1)
φφ = 2µ

vR
R
, τ(1)

zz = 2µ
∂vz
∂z
, (A.12)

τ(1)
Rφ = µR

∂

∂R

( vφ
R

)
, τ(1)
φz = µ

∂vφ

∂z
, τ(1)

zr = µ

(
∂vR
∂z
+
∂vz
∂R

)
(A.13)

in cylindrical coordinates, and

τ(1)
rr = 2µ

∂vr
∂r
, τ(1)
θθ = 2µ

(
1
r
∂vθ
∂θ
+
vr
r

)
, (A.14)

τ(1)
φφ = 2µ

vr − vθ tan θ
r

, τ(1)
rθ = µ

(
r
∂

∂r

(
vθ
r

)
+

1
r
∂vr
∂θ

)
, (A.15)

τ(1)
θφ = µ

cos θ
r
∂

∂θ

( vφ
cos θ

)
, τ(1)
φr = µr

∂

∂r

( vφ
r

)
(A.16)

in spherical coordinates.
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