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ABSTRACT

Context. Linear polarization of spectral lines, commonly known as the Goldreich-Kylafis effect within the star formation community,
is one of the most underutilized techniques for probing magnetic fields in the dense and cold interstellar medium.

Aims. In this study, we implement linear polarization of molecular spectral lines into the multilevel, non-local thermodynamic equi-
librium radiative transfer code PYRATE.

Methods. Difterent modes of polarized radiation are treated individually, with separate optical depths computed for each polarization
direction. Our implementation is valid in the so-called strong magnetic field limit and is exact for either a system satisfying the large-
velocity-gradient approximation, and/or for any system with a uniform magnetic field. We benchmark our implementation against
analytical results and provide tests for various limiting cases.

Results. In agreement with previous theoretical results, we find that in the multilevel case the amount of fractional polarization de-
creases when compared to the two-level approximation, but this result is subject to the relative importance between radiative and
collisional processes. Finally, we post-process an axially symmetric, nonideal magnetohydrodynamic chemo-dynamical simulation
of a collapsing prestellar core and provide theoretical predictions regarding the shape (as a function of velocity) of the polarization

fraction of CO during the early stages in the evolution of molecular clouds.
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1. Introduction

The magnetic field is one of the key ingredients required in
our efforts to understand the dynamical evolution of molecu-
lar clouds and prestellar cores (Mouschovias & Ciolek 1999).
Observationally, our knowledge of the magnetic field in molecu-
lar clouds mostly stems from polarized thermal dust emission
(e.g., Ward-Thompson et al. 2017) and dust-induced starlight
polarization (e.g., Panopoulou et al. 2016). Both of these tech-
niques probe the orientation of the plane-of-sky (POS) com-
ponent of the magnetic field, while its strength can be
measured under certain assumptions regarding the equiparti-
tion between the kinetic and magnetic energy (Davis 1951;
Chandrasekhar & Fermi 1953; see also Skalidis & Tassis 2021
and references therein).

On the other hand, the line-of-sight (LOS) component
of the magnetic field can be probed by Zeeman circular
polarization measurements of molecular spectral lines (e.g.,
Troland & Crutcher 2008; Falgarone et al. 2008). The Zeeman
effect remains the only available method that can directly yield
the strength of the magnetic field (as well as its direction) and it
is therefore extremely valuable. However, due to the very high
signal-to-noise ratio required, robust measurements of the Zee-
man effect can be extremely challenging, often requiring as much
as ~10 hours of integration time per pointing (Crutcher et al.
2009).

On the subject of radio observations of molecular spectra,
one of the most under-explored techniques for probing the direc-
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tion of magnetic fields is linear polarization of spectral lines.
Linear polarization of molecular spectral lines in interstellar
clouds can arise when the magnetic sublevels are unequally pop-
ulated due to an anisotropic radiation field. This effect is com-
monly known as the Goldreich-Kylafis (“GK”) effect within the
interstellar medium community (Goldreich & Kylafis 1981), but
it is important to note that it is a very well-known effect in
physics (see, e.g., Lamb & Ter Haar 1971; Happer 1972) and
solar physics (see, e.g., House 1970; Landi Degl’Innocenti 1978;
Stenflo et al. 1980). For this effect to arise, the optical depth of
the line needs to be moderate and anisotropic and the radia-
tive rates need to be comparable to the collisional ones for
excitation and de-excitation. Therefore, linear polarization in
spectral lines caused by anisotropic radiation pumping arises
only under non-local thermodynamic equilibrium (non-LTE)
conditions. Linear polarization of spectral lines is also shown
to arise in masers (Goldreich et al. 1973; Deguchi & Watson
1990; Lankhaar & Vlemmings 2019), in circumstellar envelopes
through directional continuum emission in evolved stars
(Morris et al. 1985), and in star-forming regions via direc-
tional collisions (Lankhaar & Vlemmings 2020b). Finally, lin-
early polarized radiation can be transformed to circular polar-
ized through the so-called anisotropic resonant scattering effect
(Houde et al. 2022 and references therein).

In the context of solar physics, linear polarization of spectral
lines arising due to the anisotropy of the radiation field within
the solar photosphere and chromosphere has been observed for
decades (e.g., Stenflo et al. 1980; Stenflo & Keller 1997). In the
presence of a magnetic field, this linear polarization caused by
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anisotropic radiation pumping is modified by the Hanle effect
(Hanle 1924), which typically produces depolarization and rota-
tion of the plane of polarization, depending on the angle of
scattering and the magnetic field (see Fig. 1 of Trujillo Bueno
2001 for a comprehensive description of all the different cases).
Many spectropolarimetric observations have been used to infer
information on the magnetic field in the solar atmosphere (see
the review by Trujillo Bueno & del Pino Aleméan 2022; for a
detailed presentation of the quantum theory of polarization in
spectral lines, see Landi Degl’Innocenti & Landolfi 2004).

In the prestellar phase of molecular clouds, only a handful of
observational surveys of linear polarization of molecular spectra
have been reported to date Lai et al. (2003), Girart et al. (2004),
Cortes et al. (2005), Forbrich et al. (2008), Cortés et al. (2021),
Barnes et al. (2023). However, on the theoretical front, the theo-
retical formalisms for modeling polarization in spectral lines were
developed more than five decades ago (Lamb & Ter Haar 1971;
Landi Degl’Innocenti 1978; Goldreich & Kylafis 1981, 1982;
Kylafis 1983; Landi Degl’Innocenti 1983; Deguchi & Watson
1984; Landi Degl’Innocenti & Landolfi 2004; Cortes et al. 2005;
Yang & Lai 2010; Huang et al. 2020). Lankhaar & Vlemmings
(2020a) recently developed the PORTAL (POlarized Radiative
Transfer Adapted to Line) radiative-transfer code, which builds
upon the non-polarized results from the LIME (Line Modeling
Engine; Brinch & Hogerheijde 2010) radiative-transfer code to
yield the polarization fraction. However, in PORTAL, only the
anisotropy of the total radiation is considered, instead of the two
polarization modes of the radiation being considered individu-
ally. Even though Lankhaar & Vlemmings (2020a) demonstrated
the validity of their approximation in specialized cases where
they found deviations from the results by (Goldreich & Kylafis
1981) only for high optical depths, it remains ambiguous how
well their approximation performs in the general case. PORTA
(Stépan & Trujillo Bueno 2013), which is primarily used within
the solar physics community, is another radiative-transfer code
capable of modeling both the linear polarization of spectral lines
(in different regimes with respect to magnetic-field strength and
morphology) and the Zeeman effect.

Here, we modify the PYRATE (Python Radiative Trans-
fer Emission) code (Tritsis et al. 2018) to include linear polar-
ization of molecular lines following the theoretical formal-
ism by Deguchi & Watson (1984). Under this multilevel for-
malism, the different modes of polarized radiation are consid-
ered individually. In contrast to other radiative-transfer codes
(e.g., RADEX; van der Tak et al. 2007), the optical depth in
PYRATE is computed more accurately by taking into account
variations in all relevant physical quantities, that is, the H;
number density, the molecular number density, the temperature,
and the velocity structure of the physical system under con-
sideration!. We note, however, that a more general non-LTE
theoretical formalism than that by Deguchi & Watson (1984)
for the generation and transfer of polarized radiation in the
presence of arbitrary magnetic fields is the one described in
Landi Degl’Innocenti & Landolfi (2004).

This study is organized as follows. In Sect. 2, we outline
the theoretical background and basic equations. In Sect. 3, we
benchmark our code by performing various tests for limiting

' Dust is not included as a source of optical depth while computing
the level populations. At radio frequencies and for column densities rel-
evant for the early phases of molecular-cloud evolution, this is a rea-
sonable approximation as the dust extinction coefficient is typically >5
orders of magnitude lower than the line extinction coefficient.
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cases and by comparing our numerical calculations against ana-
lytical results. In Sect. 4, we present polarized line radiative-
transfer calculations from a nonideal magnetohydrodynamic
(MHD) simulation of a collapsing prestellar core, where the
number density of CO is computed on the fly using a non-
equilibrium chemical model. Finally, we summarize our results
and conclude in Sect. 5. In order to maintain focus to the phys-
ical aspects of the effect, we defer the discussion of numerical
details to Appendix B.

2. Basic equations and implementation

Figure 1 schematically depicts all the processes that need to
be considered for a linear molecule with three rotational lev-
els, when the magnetic sublevels are considered individually.
Here, we have separated between spontaneous emission, absorp-
tion and stimulated emission, and collisional excitation and de-
excitation processes. Compared to the case where the population
densities are (2J+1) times degenerate, the level of complication
increases substantially. Specifically, we need to consider all the
spontaneous and stimulated emission and absorption processes
allowed by the selection rules (AJ = 1, |Am| = 0, 1) separately.
Additionally, for collisional processes we need to consider all the
possible transitions between every sublevel. Most significantly
however, for each pair of rotational levels J and J—1 (henceforth
denoted as J’), two sets of escape probabilities need to be com-
puted (one for each polarization mode), instead of one. To make
matters even more complicated, the escape probability associ-
ated with the specific intensity polarized parallel to the magnetic

field (I'}g ) depends upon the angle between the direction of prop-
agation of radiation with the magnetic field (henceforth denoted
asvy).

In the following, the net radiative rates associated with tran-
sitions with Am = 0 and |Am| = 1 are denoted, respectively, with
Ry and U, . For the rest of the quantities, we follow the nota-
tion by Deguchi & Watson (1984). The quantities R, and U
are given by

dQ . A
Ry = 3Bim o f 2 Sy f dvg(v = vl (€, (1a)
3B m—J' .m’ dQ
ﬂJ,J' = # f_ de¢(V - VJ’Jr)
2 4
{17, (Q) + cos? ylﬂJ,(Q)}, (1b)

where v and v;; are, respectively, the frequency, and the rest
frequency of the line. Furthermore, € is the unit vector of the
direction of propagation of the radiation, By, , is the Ein-
stein B coefficient for stimulated emission, ¢(v —v; ) is the nor-
malized profile function, and ij » denotes the specific intensity
of radiation polarized perpendicular to the magnetic field.
Under the large-velocity-gradient (LVG) approximation
(Sobolev 1960; Castor 1970; Lucy 1971), we have that

B
de¢(V - VJ,J’)Izjr = S(;"/r(l _ﬁfjj"//) + Eﬁflf"]" (2)

where ¢ =|| or L, B is the probability that a photon escapes
the cloud, and S 3, I is the source function. The second term
on the right-hand side of Eq. (2) represents the contribution
due to external photons penetrating the cloud. Here, we assume
that the only external radiation is due to the cosmic microwave
background (CMB; henceforth denoted as Bcyp). Following
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Fig. 1. Schematic representation of all the processes considered for a molecular species with three rotational energy levels, when the magnetic
sublevels are considered independently. Absorption and stimulated emission associated with Am = 0 are marked with red, while the corresponding

transitions associated with |[Am| = 1 are marked in green.

Cortes et al. (2005), a compact external continuum source can
also be added to the code by setting B = Beyp + S(€2) where

S(©) = (1 = ¢™)By(Tsource)- 3)

In Eq. (3), By(Tsource) and Tsource are, respectively, Planck’s func-
tion and the temperature of the continuum source, and 7. is the
optical depth for continuum emission from the source. For fur-
ther details on adding an external continuum source, we refer the
reader to Cortes et al. (2005). The escape probability is related to
the optical depth of the line as 87 , = (1 + e 1)/ 79, ; (Mihalas
1978; de Jong et al. 19802). Although, in strict terms, the latter
equation holds true only under the LVG approximation, one can
still physically expect that an escape probability can be defined
even when the velocity gradients in the physical system of inter-
est are not large enough for the LVG to be valid. In the interest
of consistency throughout all of our numerical results presented
herewith, we make use of the latter equation both for physical
systems that satisfy the LVG approximation (see Sect. 3) and for
non-LVG systems (see Sect. 4). In turn, the optical depth of the
radiation polarized parallel and perpendicular to the magnetic
field can be computed by integrating the absorption coefficient
&4, ;» which is given by

1
K.J/_’,J = §¢(V_ VJ,J’) Z Ky’ —Jm (4a)

Am=1

| )
K JI ;=@ —vyp)(sin”y Z Ky = Im
Am=0

2 For a comparison of the escape probability computed as a function
of the optical depth under different assumptions for the geometry of the
cloud, we refer the reader to van der Tak et al. (2007). The code can be
easily modified to make use of different equations relating the escape
probability to the optical depth.

1
+ 508y D Ky i) (4b)
Am=1
In Eqgs. (4a) and (4b), k- jm is computed as
3, ¢ \2
Ky —Jm = 8_(_) Aoy MAX(G 1> G17 )
TVy )
(nl’,m' - nJ,m): (5)

where ¢ is the speed of light, g;,, is the statistical weight,
Ajmy o is the Einstein A coefficient, and nj ,, and ny,, are
the level populations of the lower and upper energy sublevels,
respectively. The level populations can be computed by solving
the detailed balance equations (see Appendix A). While solv-
ing the detailed balance equations and throughout the code, we
impose that nj,, = n;_, (for m # 0). The term max(g . g n)
that appears in Eq. (5) ensures, however, that every process that
needs to be considered twice (e.g., (2,]2]) — (1,[1]) or in other
words, from level (2,2) to (1, 1) and from level (2, -2) to level
(1,-1)), is correctly being done so. Finally, the source functions
S 3’ » that appears in Eq. (2) are given by

_ ZAmzl KJ’,m’—>J,mSJ,m—>J’,m’

1
Sy = ) (6a)
DiAm=1KJ = Jm
(a2
S_],J/ =|\sm7y KJ’,m’—>J,mSJ,m—>J’,m’
Am=0
! 2
+ = cos K S
2 Y J' ' —=ImP Im—J  m’
Am=1
.2 1 2 -1
(SIH Y Z Ky m'—Jm + z cos™y Z KJ’,m’—»J,m) 5
Am=0 Am=1
(6b)
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where

3
hvu,

SJ,m—>J’,m’ =5
C

n
— @
n]’,m’ - nJ,m
In Eq. (7), h is Planck’s constant.

The optical depth, 1'3,‘ ;» for each polarization direction for a
grid point (i’, j’, k’), is calculated by adding the absorption coef-
ficient of the grid points for which their velocity difference with
grid point (7, j’, k") is less than the thermal linewidth (see also
the discussion in Appendix C). For instance, the optical depth in
the x* and x~ directions is

g.x* K?’,J,[’j’k' A q th
ra =75t Zl Ky il Vi e = vijre 1< Avgj 1| Ax
i=i'+ (8a)
K, 0
‘rz/x] = [% + Z Kz,!j,ijk“ Vi ke — Vi 1< Avf?,k,]] Ax,
i=i'—1 (Sb)

where N, is the size of our grid in the x direction, Ax is the size
of the cell in the same direction, v is the velocity, and Av™" is the
thermal linewidth. An identical process is adopted for the y and

z directions as well as for all the secondary diagonals (“dy; .. ,.”)

and anti-diagonals (* dxy oy ) in each grid point (i.e., the direc-

tions defined by the unit vectors (1/ V2, 1/ V2, 0), (-1/V2, 1/ V2,
0), (1/V2, =1/V2, 0), (=1/V2, —1/V2, 0) and so on and so
forth). Consequently, for each pair of rotational levels, J, J’, we
compute 18 optical depths for each polarization direction. Then,
we numerically solve the integrals in Egs. (1a and 1b) by com-
puting a value for the optical depth for every direction, Q, as

| IZ Tl( Dulcos™ (Q - d,) < 90])
n=1
— = , ©)
@ (@ dyleos (@ dy) < 90])
n=1

where o, are the unit vectors along the principle axes, secondary
diagonals and anti-diagonals (both directions) and 7, are the val-
ues of the optical depth along these directions. As an example,
in Fig. 2 we show the interpolated values of the optical depth in
every direction © for arbitrary choices 7, along each of the 18
directions described above.

For the Einstein A coefficient that first appeared in Eq. (5),

Deguchi & Watson (1984) reference Townes & Schawlow
(1955) and adopt
(J+1)?—m?
> Ay, forA 0
Ao = Gl o (10)
ey As-rsforlAm| =1,

where the value of A;_,; can be found in databases for molecu-
lar spectroscopy such as the LAMBDA database (Schoier et al.
2005). However, the expression given in Eq. (10) is not cor-
rect and should not be used as it leads to non-negligible linear
polarization (on the order of a few %) even under LTE condi-
tions. Instead, the Einstein A coeflicient should be computed as
(Stenflo 1994)

VA

AJmH]'m’ - (2J+ 1)( -m m-m m

an

A]H]”

A7S, page 4 of 18

¢

S+ ’\ 1.0
0.8
-
x+ y+
0.6
X"y~
Z+
0.0
-
y~ x* -0.2
y*x”

Fig. 2. Interpolated values of the optical depth inside a single
cell, based on Eq. (9), along each direction Q. In this example
the values of the optical depth in the directions x*,x7, y Y,
& dhdyd . dy,d s, d o d g, dY 5 dY,, and doy, are

equal to 14, 7, 6, 0.5, 7, 5,2, 15,5, 13,9, 6,9, 8, 4, 3, 10 and 3,
respectively.

o
S
log10(T)

where the term in the brackets is the Wigner 3j symbol®. For the
transition J = 1 — 0, Eq. (11) gives that A; 900 = A1.+1-00 =
A0, meaning that spontaneous transitions between all three
sublevels are equally likely*. On the other hand, Eq. (10) gives
AI,OHO,O = %Alﬂo and Al,ilﬁo,o = %A]HO. Clearly, adopting
Eq. (10) instead of Eq. (11) will lead to the magnetic sublevels
of J = 1 having unequal populations, even without stimulated
processes taken into account.

For the collisional coefficients, we follow Deguchi & Watson
(1984) and adopt

Cisr

Qr+1) (12

CJ,m—>J’,m’ =

Eq. (12) implies that the collisional processes for each mag-
netic sublevel are treated equally. Finally, given that we have no
knowledge regarding the collisional coefficients between mag-
netic sublevels (hereafter denoted as C; _, ), we assume that
C o = Cimoynw for all of our tests, unless otherwise stated.
However, in our numerical implementation, the collisional coef-
ficients between magnetic sublevels can be scaled as C;,_, , =
Jok X Crm—y ., Where fgk is a user-defined variable.

Finally, once the level populations are calculated, we com-
pute the specific intensity for every frequency and position (/, b)
on the front face of the simulation (i.e., the “plane of the sky”)
by integrating the radiative-transfer equation for all points “k”
along the line of sight

(e_TkC+1

‘qukn +S

—rNJ? 959 4
R e e (13)
1 +&4
where 7€ is the optical depth for continuum emission and S is
a function of the source function for dust-continuum emission,
and the optical depth and absorption coefficient for continuum
(see Eq. (4) from Tritsis et al. 2018). For more details on the

3 The Wigner 3 symbol is calculated using the SYMPY PYTHON pack-
age (Rasch & Yu 2003).

4 The same however is not true for the transition J = 2 — 1 where,
for instance, the transition (2, 2]) — (1,[1]) is twice as likely than the
transition (2, [1]) — (1, [1]).



Tritsis, A. and Kylafis, N.: A&A, 692, A75 (2024)

dust model used, we refer the reader to Tritsis et al. (2018). The
quantities & and £ are defined as

q
-
v=n (14
£ = E(e M) (15)

where the optical depth for line emission 77 is calculated by inte-
grating the absorption coefficient between points “k” and “k + 1”
and for the normalized profile function we use

) i i
1 (v7v1‘1,<1+7LOSL. LVLEN

= o Avi ik
AV," ik ﬁ
where @ og is the unit vector that defines the LOS direction, v; j x

is the velocity of grid point (i, j, k) and Av; j4 is the thermal width
in frequency units, defined as

¢ (16)

2kpT; jx

2
MimolC

Avi = Vi a7

where, in turn, kp is the Boltzmann constant and 1, is the mass
of the emitting species.

The formalism presented above is valid under the so-called
strong magnetic field limit (Goldreich & Kylafis 1981, 1982)
where the magnetic precession rate exceeds the collisional and
radiative rates. For a linear molecule such as CO with a g value
(not to be confused with the statistical weight g;,,) of ~0.27
(Meerts et al. 1977) the magnetic precession rate is, at least,
3—4 orders of magnitude larger than the collisional and radia-
tive rates throughout the isothermal phase of molecular clouds
(e.g., ny, = 300—10'° cm3). Therefore, this condition is always
very well satisfied. For a 3D non-LTE radiative transfer code that
can model linear polarization when this condition is not satisfied
we refer the reader to PORTA (Stépan & Trujillo Bueno 2013).

In the present formalism we have also implicitly assumed
that Stokes U is zero (see Eqgs. 44-46 in Goldreich & Kylafis
1982). This is a rigorous assumption for a uniform magnetic field
or for a system satisfying the LVG approximation given there is
one-to-one correlation between frequency or velocity and physi-
cal space. However, as we show in Appendix D, even for a non-
LVG system with a varying magnetic field along the LOS, the
errors introduced are marginal. As was already noted in Sect. 1,
a more powerful theoretical formalism for modeling the transfer
of polarized radiation in the presence of arbitrary magnetic fields
is that developed by Landi Degl’Innocenti & Landolfi (2004).

3. Benchmarking

For our initial radiative-transfer tests, we use as input a 2D cylin-
drical, isothermal, nonideal MHD chemo-dynamical simulation
of a collapsing prestellar core. The initial and physical condi-
tions of this MHD simulation were presented in Tritsis et al.
(2023) (see also Tritsis et al. 2022 for a detailed description of
the methodology followed for performing such MHD chemo-
dynamical simulations). We use a model with a temperature of
T = 10 K, visual extinction of A, = 10, and a standard cosmic-
ray ionization rate ({ = 1.3 X 10717 s7!; Caselli et al. 1998). The
initial density was uniform and set equal to ny, = 300 cm™,
which, given the dimensions of the cloud (max = Zmax = 0.75
pc), translates to a total mass of ~45My. The initial mag-
netic field was constant everywhere and aligned to the axis of

symmetry, and its strength was set equal to 15 puG. Conse-
quently, the initial mass-to-flux ratio (normalized to the criti-
cal value; Mouschovias & Spitzer 1976) was 1/2 (see Table 1
of Tritsis et al. 2023). Finally, the cloud had initially zero kinetic
energy.

We post-process this chemo-dynamical simulation when the
central density is ng, = 5x 10* cm™. At this evolutionary stage,
the strength of the magnetic field in the central high-density
regions of the cloud is ~36 uG whereas at the outskirts it remains
at 15 pG. Such values are consistent with the range of values
found in the diffuse and higher-density regions in Taurus (e.g.,
Chapman et al. 2011). In Fig. 3 we show the H, and CO num-
ber densities in the left and right panels, respectively. The orange
streamlines overlaid on top of the H, number density show the
magnetic field lines and the color-coded blue vectors show the
velocity field®. The velocity field observed in the left panel of
Fig. 3 is a result of the cloud rebounding after the initial thermal
relaxation phase (see Tritsis et al. 2022; Kunz & Mouschovias
2010 for more details). Given the hourglass morphology in our
MHD simulation, the magnetic-field direction can exhibit vari-
ations of ~10° with respect to the LOS. In the following, we
use r and z when we refer to the actual computational region
of the chemo-dynamical simulation (i.e., the set of coordinates
that can be translated to 3D space) and R and Z to denote coor-
dinates after ray-tracing through our computational region (i.e.,
the POS).

The nonideal MHD chemo-dynamical simulation described
above was used as an input to PYRATE for the radiative-transfer
simulations presented in Sect. 3.1, Sect. 3.2, and Sect. 4. In the
same sections as well as in Sect. 3.4, we adopt the Einstein and
collisional coefficients, as well as rest frequencies, provided by
the LAMBDA database (Schoier et al. 2005). For the radiative-
transfer simulations presented in Sect. 3.3, alternative values are
adopted for the Einstein and collisional coefficients and for the
rest frequency, to align with previous studies. The underlying
physical model used for the radiative-transfer simulations pre-
sented in Sect. 3.3 and in Sect. 3.4 is described in Sect. 3.3.

In Table 1 we present a summary of the correspondence
between the underlying physical model used in each section and
the radiative-transfer simulations, as well as the values of the
coeflicients used in each case.

3.1. Two-level molecule under local thermodynamic
equilibrium

The aim of our first numerical experiment to test our imple-
mentation is to ensure that no spurious linear polarization is
present in our calculations in cases where the linear polariza-
tion should be zero (i.e., under LTE conditions). Additionally,
we want to ensure that in limiting cases our calculations revert
back to the “fiducial” case where the magnetic-sublevel popula-
tions are degenerate. To do so, we compare the level populations
when the magnetic sublevels are considered individually with
the level populations computed under the fiducial case. For this
numerical test, we only consider two energy levels, J = 0—1, and
the contribution from the CMB in Eq. (2) is taken into account.
In the left panel of Fig. 4 we show the residual between
the population of the zeroth rotational level computed when
all magnetic-sublevel populations are degenerate, defined as ng
(that is without a second subscript to denote the magnetic quan-
tum number), with the population of the zeroth rotational level

5 This specific output of the MHD simulation is provided together with
the code in order to help potential users get started.
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Fig. 3. H, and CO number densities (left and right panels, respectively) from a nonideal MHD chemo-dynamical simulation. Orange streamlines
in the left panel depict the magnetic field lines and the color-coded vectors show the velocity in the cloud. This simulation is used as the underlying

physical model in Sect. 3.1, Sect. 3.2, and Sect. 4.

Table 1. Summary of the correspondence between the underlying physical model used in each section and the radiative-transfer simulations.

Section  Input physical model Radiative-transfer output Coefficients
Sect. 3.1 Fig. 3 Figs. 4,5 LAMBDA
Sect. 3.2 Fig. 3 Fig. 6 LAMBDA
Sect. 3.3 Fig. 7 Fig. 8 Cio0=94x10""2cm?s7!
Ao =18x% 1077 57!
Vio0 = 115.3 GHz
Sect. 3.4 Fig. 7a Fig. 9 LAMBDA
Sect. 4 Fig. 3 Figs. 10, 11 LAMBDA

Notes. In the last column, we provide the values of the radiative-transfer coefficients used in each case.
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Fig. 4. Comparison of the level populations throughout the simulated core shown in Fig. 3, under LTE conditions. When the level populations
are designated without a second subscript to denote the magnetic quantum number all sublevel populations are degenerate. In the opposite case,
the magnetic sublevels are explicitly considered in the detailed balance equations. As was expected, under LTE conditions, the numerical result is

noo =npand njp =ny . = %nl, irrespective of the local physical conditions. Note that the differences are in units of 107!,

computed when the magnetic sublevels are explicitly consid-
ered in the detailed balance equations. As was expected, the
numerical result is ny = npg, throughout the simulated core
and irrespective of the physical conditions in each cell down to
numerical accuracy. In fact, the maximum difference between
ny and ngp is 4.4 x 107!, In the middle and right panels we
show the residuals between the populations of the three mag-
netic sublevels of the first rotation level (n; and n; ., respec-
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tively) and the population of the first rotational level when
there is no external magnetic field (n;). The code correctly
produces nyo = Nz = %nl with a maximum error in both
cases on the order of ~3.8 x 107'°. Finally, given the fact that
the contribution from the CMB is taken into account during
the calculation of the level populations, this numerical experi-
ment also demonstrates that isotropic radiation cannot lead to
unequal populations in the different magnetic sublevels (see
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Fig. 5. Comparison of the spectrum (in antenna temperature units) com-
puted when the magnetic-sublevel populations are degenerate (solid
black line) under LTE conditions, with the spectra polarized perpendic-
ular and parallel to the magnetic field (dash-dotted red and dotted blue
lines, respectively), computed when the magnetic sublevels are explic-
itly considered in the detailed balance equations. All spectra are from
the central cell (R = Z = 0). The green points show the polarization
fraction (right y axis). With the dashed black line we mark a lenient
detection limit of 0.1% polarization. As was expected, under LTE con-
ditions, I, = I = lio1/2 and the polarization fraction is zero to numer-
ical accuracy (note that the right y axis is in logarithmic scale spanning
twenty-one orders of magnitude). The underlying physical model used
for these radiative-transfer simulations is shown in Fig. 3.

Sect. 1 for the conditions required for linear polarization to
arise).

In Fig. 5 we show spectra in antenna temperature units
from the center of the core computed for each of the two cases
described above. With the solid black line we show the spectrum
when the magnetic-sublevel populations are degenerate. With
the dash-dotted red and dotted blue lines we show, respectively,
the spectra polarized perpendicular and parallel to the magnetic
field. As was expected, under LTE conditions, lio@/2 = I, = I}.
Additionally, the polarization fraction defined as

IL—I”

_ 18
P=1+1,-B (18)

is plotted with green squares with values corresponding to the
right y axis. Any spurious polarization because of numerical
noise is <1074% or, in other words, thirteen orders of magni-
tude less than a lenient detection limit of 0.1% polarization.

3.2. Multilevel molecule under local thermodynamic
equilibrium

Here, we extend the calculations performed in the previous
section for a multilevel molecule with four rotational energy lev-

els (J = 0 — 3). For four rotational levels, we need to compute
the level populations for ten magnetic sublevels. Similarly to the
previous section, the contribution from the CMB is considered
in our calculations of the level populations.

In the left panel of Fig. 6 we show the population fraction of
the different magnetic sublevels at the center of the core. As was
expected, under LTE conditions, the magnetic sublevels of the
same rotational levels have equal level populations. In the right
panel of Fig. 6 we show the spectra from the COJ =1 — 0
(solid lines), J = 2 — 1 (dashed lines) and J = 3 — 2 (dash-
dotted) transitions. With the black lines we show the intensity
polarized perpendicular to the magnetic field and with the red
lines we show the intensity polarized parallel to the magnetic
field. Here, we also show the polarization fraction from each
transition, which once again is zero to numerical accuracy.

3.3. Two-level molecule under non-local thermodynamic
equilibrium

Now that we have established that no spurious linear polariza-
tion is present in our implementation, we proceed to test whether
the numerical results for the polarization fraction under non-LTE
conditions are in agreement with theoretical expectations. To do
so, we compare the numerical result for the fractional polariza-
tion at the rest frequency of the line (v;;) with the analytical
results of Kylafis (1983) for the polarization fraction as a func-
tion of the “mean” optical depth for 1D and 2D velocity fields.

For these numerical tests, we match the physical conditions
as well as the Einstein A and collisional coefficients adopted by
Kylafis (1983). Specifically, for the 1D velocity field, the only
non-zero velocity component is taken to be along the magnetic-
field direction with the velocity gradient being set equal to
Az = 107! 57! In the directions perpendicular to the field the
cloud is taken to be infinite or, in other words, the optical depths
are set to infinity. For the 2D velocity-field test, we set the veloc-
ity gradient in the directions perpendicular to the magnetic field
equal to A} = Ay = 107 s7!, A3 is equal to zero, and the optical
depth along the magnetic-field direction is infinity. The physical
models used are schematically shown in Fig. 7. These analytical
models were implemented in a Cartesian discretized grid con-
sisting by 8° cells. However, we note that given the nature of the
setup (LVG approximation) these calculations are by definition
independent of the resolution. That is, these calculations could
have been single-cell calculations (i.e., similarly to the original
calculations presented in Goldreich & Kylafis 1981).

In both these tests, the collisional and Einstein A coefficients
are set equal t0 9.4 x 10712 cm® s7! and 1.8 x 1077 s7!, respec-
tively, and the H, number density is set equal to 1.9 x 10* cm=,
such that Cny, /A is equal to one. For the rest frequency of the
CO (J =1 — 0) line we adopt v;, = 115.3 GHz (see also
Table 1). Finally in both these test cases, the temperature is set
equal to 30 K everywhere in our simulation grid and the con-
tribution from the CMB in Eq. (2) is ignored, as in the study
by Kylafis (1983). The LOS direction in both cases is perpen-
dicular to the magnetic field such that the amount of polar-
ization is maximum for the specific physical conditions under
consideration.

For the 2D-velocity field we also compare our calcula-
tions with the numerical results obtained by Goldreich & Kylafis
(1981) and Lankhaar & Vlemmings (2020a). For this compari-
son we adopt a temperature of T = 10 K and a number density
of ~4 x 10° cm™, such that Cny, /A = 0.212. Additionally, for
this particular comparison alone we adopt, v;, = 100 GHz, as
is also the case in these two studies.

A7S5, page 7 of 18
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Fig. 6. Our results for a multilevel molecule under LTE conditions. Left panel: Population fraction of the different magnetic sublevels at the center
of the core (r = z = 0) under LTE conditions. Similarly to the two-level approximation, the level populations of the magnetic sublevels of the same
rotational level are equal under LTE conditions. Right panel: Spectra of the different transitions toward the center of the cloud (i.e., R = Z = 0) and
the corresponding polarization fraction (right y axis; see legends for the definition of the different linestyles and colors). Once again, any spurious
polarization for any pair of rotational transitions is zero to numerical accuracy. The underlying physical model used for these radiative-transfer

simulations is shown in Fig. 3.

In the upper panel of Fig. 8 we show the polarization frac-
tion at the rest frequency of the line as a function of the “mean”
optical depth TAU, defined in Appendix B of Kylafis (1983) as

1 a1 1

= =— 19
TAU 4 v 3719 (19
where 7 is the optical depth as a function of direction and
2n1.1+n10
3,¢c 43 np— —5—-
= (=) Asmorw 20
70 = (5 ) Ao =4 (20)

where, in turn, A is the velocity gradient.

With red squares we plot our numerical results for Cny, /A =
1 and the solid black line shows the analytical results for the
same value of Cny,/A. As is evident, the numerical results fol-
low very well the analytical solution across all values of the
“mean” optical depth. Finally, with blue circles and green stars
in Fig. 8 we show our numerical results when Cny, /A = 1 but
with C/ | = 0.1 X Cyppw and C; . = 10 X Cypesyr s
respectively. Increasing or decreasing the collisional coefficient
between magnetic sublevels by a factor of ten leads to a signif-
icant decrease or increase in the polarization fraction. This is
to be expected, as collisions tend to populate different sublevels
equally and therefore the polarization fraction is inversely cor-
related to C; _, .. However, as is evident from Fig. 8, the effect
is non-linear. That is, decreasing the value of C;, _, , leads to an
increase in the polarization fraction by a factor of ~3, whereas
increasing the value of C/, _, . by the same factor has a more dra-
matic effect and leads to a decrease in the polarization fraction
by almost an order of magnitude.

In the bottom panel of Fig. 8 we show the polarization frac-
tion at the rest frequency of the line for a 2D velocity field. The
“mean” optical depth TAU is now defined as

1 dQ 1 2
TAU
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where 7¢ is once again given by Eq. (20). With the solid
black line we show again the analytical results by Kylafis
(1983) and with the red squares we plot our numerical
results for the same setup. Once again, our calculations fol-
low the analytical results very closely. Finally, with the dashed
black and dash-dotted magenta lines we show, respectively,
the numerical calculations by Goldreich & Kylafis (1981) and
Lankhaar & Vlemmings (2020a) for the physical setup first con-
sidered in Goldreich & Kylafis (1981) and described above. We
overplot our results with blue triangles. In contrast to POR-
TAL, our calculations follow the numerical results obtained
by Goldreich & Kylafis (1981) very closely across the entire
range of optical depths. We note, however, that for higher val-
ues of Cny, /A the error in PORTAL is reduced relative to the
original findings by Goldreich & Kylafis (1981) (see Fig. 8 by
Lankhaar & Vlemmings 2020a).

3.4. Multilevel molecule under non-local thermodynamic
equilibrium

We now explore how the polarization fraction is affected when
multiple rotational levels are considered in our calculations. To
this end, we consider a total of four rotational levels (J = 0 —
3). The underlying physical model for the calculations presented
here is identical to the one considered in the previous section for
a 1D velocity field and is schematically shown in the upper panel
of Fig. 7 i.e., A = A, = Oand A3 = 107" s71). However,
we now adopt again the collisional and Einstein coefficients from
the LAMBDA database (Schoier et al. 2005). The value of the H,
number density is set equal to 2.1 x 10?/103/10* cm~3, such that
Cny, /Ais0.1,1and 10, respectively. Finally, the value of C/, _, . is
set equal to Cj— v »v- As in the previous numerical experiment
the contribution from the CMB is not taken into account when
computing the population densities of the different sublevels.
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Fig. 7. Schematic representation of the physical models used to compare
our numerical results against analytical solutions and against previous
calculations (see Sects. 3.3 and 3.4). In the upper panel the velocity
field is set along magnetic-field lines and has a constant gradient of
A3 = 107" 571 In the lower panel the velocity field is perpendicular
to magnetic field lines and the velocity gradient in each direction is
Al = A2 = 1079 Sil.

In Fig. 9 we show the polarization fraction fromCOJ =1 —
0 transition in the two-level and multilevel cases for the three
different values of Cny,/A. The black points show our calcula-
tions for the two-level case and the red points when considering
multiple rotational levels. With triangles we show our results for
Cny, /A = 10, with stars we show our results for Cny, /A = 1 and
finally with the squares we show our results for Cny, /A = 0.1.
Blue hexagons show a multilevel case with Cny, /A = 1. How-
ever, in this numerical test, only the radiative processes between
the first two levels are taken into account whereas collisional
processes are considered between all sublevels.

As is evident from Fig. 9, considering more rotational levels
has a non-trivial effect in the fractional polarization. Specifically,
when considering multiple levels, the peak in polarization frac-
tion is observed at smaller “mean” optical depths. This is mostly
evident in the case when Cny,/A = 1 whereas for Cny,/A =
10 and 0.1 the peak in polarization fraction is for “mean” opti-
cal depths close to unity, as in the two-level case. Upon closer
inspection we found that this shift for the Cny, /A = 1 case is due
to the fact that the factor n; o — 1 .1, to which the polarization
fraction is proportional (e.g., Eq. (23) in Kylafis 1983), peaks
at smaller “mean” optical depths. This shift is in turn caused
by a change in the relative importance of the optical depths
ofthe / = 1 —- 0Oand J = 2 — 1 transitions. To demon-
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Fig. 8. Polarization fraction as a function of the “mean” optical depth (see
Sect. 3.3) for 1D (upper panel) and 2D (lower panel) velocity fields. A
schematic representation of the physical models used is shown in Fig. 7.
Upper panel: The solid black line shows the analytical results by Kylafis
(1983) for Cny, /A = 1 and red squares show our numerical results for the
same value of Cny, /A and with C; |, = Cj,,_ . Green stars and blue
circles show our numerical results when we alter the value of C; _, , afac-
tor of ten above and below C,,,,  ,» . Lower panel: The dashed black and
dash-dotted magenta lines show the results from Goldreich & Kylafis
(1981) and Lankhaar & Vlemmings (2020a) for Cny,/A = 0.212 and
T =10 K, and blue triangles show results obtained with PYRATE for
the same values of Cny, /A and T. Finally, the solid black line and red
squares show, respectively, the analytical results by Kylafis (1983) and
PYRATE'S results for Cny, /A = 1 and T = 30 K.

strate this we ignore all radiative processes for all transitions
with J > 2 whereas collisional processes are normally taken
into account between all sublevels (blue hexagons in Fig. 9).
As was expected, the peak in polarization is again at “mean”
optical depths of ~1. Additionally, the polarization fraction is
smaller compared to the multilevel case where all radiative pro-
cesses are taken into account. This is due to the fact that the
degeneracy between levels n; o and n; 4 is broken exclusively
by R0 and U, o without additional contributions by R,_,; and
U5, (and indirect contributions by R3_,», U3_,,). Finally, in the
case shown with blue hexagons in Fig. 9, the polarization frac-
tion is smaller compared to the two-level case. This is also to
be expected given the additional collisional quenching because
of the higher rotational levels. A very similar trend was also
obtained by Deguchi & Watson (1984) although the exact value
of the polarization fraction predicted here differs from theirs for
the same values of Cny, /A.

We should note however that there are a number of dif-
ferences between the numerical calculations presented here
and the calculations by Deguchi & Watson (1984). Firstly,
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Fig. 9. Polarization fraction as a function of the “mean" optical depth
for different values of Cny,/A for the multilevel and two-level cases
(red and black points, respectively). With triangles, stars and squares we
show the polarization fraction for Cny, /A = 10, 1 and 0.1, respectively.
With blue hexagons we show a multilevel case with Cny, /A = 1 where
we only consider the radiative processes between levels J = 1 — 0 (col-
lisional processes are considered between all sublevels). A schematic
representation of the physical model used for these radiative-transfer
simulations is shown in panel (a) of Fig. 7.

as was noted in Sect. 2, we use Eq. (11) instead of
Eq. (10) for computing the value of the Einstein A coeffi-
cient between all transitions (J,m) — (J’,m’). Additionally,
Deguchi & Watson (1984) ignore collisions between magnetic
sublevels whereas such interactions are taken into account for
the results presented in Fig. 9. Thirdly, for the collisional coeffi-
cients Cj,— ., Deguchi & Watson (1984) adopt their values
from Green & Chapman (1978), which differ from the values
used here by ~30%. Moreover, the “mean” optical depth in
Deguchi & Watson (1984) is defined only along the direction
of the velocity gradient. Finally, as Deguchi & Watson (1984)
do not explicitly quote the values they use for the Einstein
A,y coefficients, a one-to-one comparison between the differ-
ent implementations is unfortunately not possible®.

4. Linear polarization in a prestellar core

In this section, we present radiative-transfer simulations of linear
polarization of CO under non-LTE conditions for the physical
model shown in Fig. 3, considering four rotational energy lev-
els. The use of a nonideal MHD chemo-dynamical simulation

6 The detailed balance equations (see Eq. (A.1b)) can be divided
by Aju—ymw such that only remaining factor is Cny,/A. However,
Aoy e still explicitly appears in the calculation of the absorption
coeflicient (Eq. 5) which is then used to compute S j and S 9 - (Egs. 6a
& 6b). Therefore, the values of Einstein A;_,;» coefficients need to be
known explicitly to perform a one-to-one comparison.
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enables us to have more realistic physical and chemical con-
ditions for our radiative-transfer calculations. The contribution
from the CMB is taken into account when computing the pop-
ulation densities and C,,_, . is set equal to Cj;,_ . Finally,
the core is observed edge-on, such that the mean component of
the magnetic field is perpendicular to the line of sight and the
fractional polarization is maximum.

In Figs. 10 and 11 we present our results from our numeri-
cal calculations for the / = 1 — 0 and J = 3 — 2 transitions.
Results for the / = 2 — 1 transition are qualitatively very sim-
ilar to the / = 1 — O transition and are therefore not shown
here. In the upper row we show (in units of antenna tempera-
ture) the intensity of the line (fios = I, + 1)) in three different
slices through our synthetic Position-Position-Velocity (PPV)
data cube. The red contours show the actual density structure of
the core (see Fig. 3). The velocity of these slices is marked with
the dashed blue lines in the bottom row, where we additionally
show a spectrum through the center of the core. Finally, in the
middle row we show the fractional polarization in the entire core
for each velocity slice. The radiative-radiative transfer results
presented in Figs. 10 and 11 are converged with respect to the
resolution of the underlying chemo-dynamical simulation used
as input. Specifically, we considered two different resolutions
(128 x 128 and 256 x 256; see Appendix B for our convergence
test) in the underlying physical model used as input and found
practically identical outcomes.

As was expected, the fractional polarization is maximum at
the rest frequency for boththe J =1 — Oandthe J =3 — 2
transitions. Specifically, for the / = 1 — 0 transition the
polarization fraction is on the order of ~1.5%, whereas for the
J = 3 — 2 transition the polarization fraction toward the mid-
dle of the cloud is an order of magnitude less. Given the Ein-
stein A and collisional coefficients, the factor Cny,/A for the
J = 3 — 2 transition remains close to unity even in the inner
regions of the cloud as opposed to the / = 1 — O transition
where it reaches a maximum value of ~24. Hence, the fact that
the polarization fraction is higher for the / = 1 — 0 might
at first seem counter-intuitive. However, the J/ = 3 — 2 tran-
sition is more optically thick with typical values of the opti-
cal depth being at an excess of 200. Therefore, a lower frac-
tional polarization is to be expected especially considering that
in the multilevel case the peak in polarization fraction is found
at slightly smaller optical depths than the two-level case (see
Fig. 9). As a result, in neither of the two transitions the polar-
ized radiation comes from the inner regions of the core, but for
(mostly) different physical reasons, which are further explained
below.

Spatially, a small drop in the polarization fraction is observed
toward the axis of symmetry of the cloud forthe / = 1 — 0
transition (from 1.5% to 1.2%; see middle panel in the second
row in Fig. 10). This drop in polarization fraction is a combined
effect of two factors. Firstly, the H, number density increases
near the axis of symmetry and consequently Cny, /A increases,
leading to a decrease in polarization fraction. Secondly, and most
importantly, the optical depth increases near the axis of symme-
try leading to a further decrease in polarization fraction. This
can be intuitively understood given the fact that photons emitted
from regions of the cloud close to the axis of symmetry need to
travel a longer distance. In contrast to the J = 1 — 0 transition,
the polarization fraction in the J = 3 — 2 transition remains
relatively uniform in the inner regions of the cloud and only
increases to observationally detectable values toward the outer
regions of the core, where both Cny, /A and the optical depth are
low.
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Fig. 10. Results from our radiative-transfer simulation for the / = 1 — 0 transition for the chemo-dynamical simulation shown in Fig. 3. Upper
row: Slices through the simulated PPV data cube for the velocities marked with the dashed blue lines in the lower row where we additionally show
spectra at the center of the core. In each panel we have overplotted the actual density structure of the core with red contours. Middle row: Fractional
polarization in each velocity slice. Bottom row: Spectra toward the center of the core (see blue point in the upper left panel; R = Z = 0) together
with the polarization fraction (black squares) for this location in the cloud. With the black line we show the radiation polarized perpendicular to
the magnetic field and with the red line we show the radiation polarized parallel to the magnetic field. For the physical conditions of the cloud
shown in Fig. 3 the maximum fractional polarization is observed for the rest frequency of the line (middle panel in the second row).

At the rest frequency of the / = 1 — O transition, the
polarization fraction is positive through the entire core and only
becomes negative in the outer regions of the core for frequen-
cies close to ~one thermal linewidth away from the rest fre-
quency (left and right panels in the second row of Fig. 10). This
implies that, at the rest frequency of this transition, the polar-
ization is perpendicular to the magnetic field, but changes to
being parallel in the outer regions of the core for other veloc-
ity slices. The same is largely true for the / = 3 — 2 transi-
tion. However, in this case the polarization becomes parallel to
the magnetic field (negative polarization fraction) even for the
rest frequency of the line and for |z = 0.65 pc (middle panel
in the second row of Fig. 11). Such differences in the polar-

ization direction occur because the factor T}‘,’ I T@,! ; changes
sign in these regions of the cloud. While changes in polariza-
tion direction between different transitions of the same molecule
(and for the same region of the cloud) have been previously
pointed out in the literature (e.g., Cortes et al. 2005), not much
attention has been paid to variations in the polarization direction

for the same transition. However, such variations have poten-

tially been observed. For instance, Lai et al. (2003) found that
CO and dust polarization vectors where aligned in one region of
DR21(OH), whereas they were perpendicular in another region
(see their Fig. 1). Such observed variations in the polarization
direction, which can occur both between different transitions and
within the same transition, may offer new insights in relation to
the physical conditions inside molecular clouds. Specifically, in
combination with dust polarization observations and numerical
simulations (e.g., Bino et al. 2022), such variations in the polar-
ization direction can reveal how the factor Tj‘,‘ Ik Tﬂ,’ , changes
sign within different regions of the cloud. If so, such variations
could potentially be used to probe the velocity component on the
plane of the sky.

5. Summary and conclusions

We implemented a multilevel treatment of linear polarization of
spectral lines due to an anisotropic radiation field in the multi-
level non-LTE line radiative-transfer code PYRATE, a very well-
known effect in physics and astrophysics since many decades.
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Fig. 11. Same as Fig. 10 but for the J = 3 — 2 transition.

Different modes of polarized radiation are treated individu-
ally. The theoretical formalism followed was that developed by
Deguchi & Watson (1984), which is strictly valid for a uniform
magnetic field and when the magnetic precession rate exceeds
the collisional and radiative rates. A radiative-transfer code
that can model linear polarization of spectral lines when this
condition is not satisfied is PORTA (Stépan & Trujillo Bueno
2013), which uses the more general theoretical formalism by
Landi Degl’Innocenti & Landolfi (2004).

We tested our implementation for various limiting cases and
compared our numerical calculations against analytical results.
Firstly, we confirmed that under LTE conditions the fractional
polarization is zero to numerical accuracy, in both the two-level
and multilevel cases. Additionally, we confirmed that even when
the magnetic sublevels are explicitly considered, under LTE con-
ditions, our results are identical to the case where the magnetic-
sublevel populations are degenerate. We then compared our
numerical calculations for the fractional polarization as a func-
tion of the “mean” optical depth against analytical results and
found an excellent agreement.

Finally, we presented radiative-transfer simulations of linear
polarization of CO (/ = 1 — O and J = 3 — 2 transitions)
using as input a chemo-dynamical, nonideal MHD simulation of
a prestellar core when the central number density of the cloud
is nyg, = 5 x 10* cm™. At the rest frequency of the transitions,
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we found a relatively uniform polarization fraction throughout
the inner regions of the cloud on the order of 1.5% and 0.15%,
respectively.

With our new implementation, we can provide observation-
ally testable predictions for the polarization fraction for any set
of given physical parameters. Such predictions include the vari-
ation in the polarization fraction both spatially within an inter-
stellar cloud and as a function of velocity. This synergy between
simulations and observations can open new pathways for study-
ing magnetic fields in various stages during the star formation
process as well as potentially revealing the previously inaccessi-
ble POS component of the velocity field during the early stages
in the star formation process.

Data availability

The code is freely available to download at https://
github.com/ArisTr/PyRaTE.git.
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Appendix A: Statistical equilibrium equations

Below, we provide the statistical equilibrium equations that describe the interactions between all magnetic sublevels for a system
with an arbitrary number of rotational levels N

N J
Z Z gimMim = Mot = 0 (A.la)

J=0 m=0
di’lj m+1 grs1 m+1 J
m +1,m’ —AE/kgT
dt =0= g AJ+l,m'—>J,an+l,m' —Nim Z f(Ag)AJ,mAJ—l,m’ + nHz( Z Z gJ’,m’CJ’,m’—>J,m(nJ',m’ — Nyimeé ks )
Jm

m'=m-1 m’=m—1 J'>J m=0

¥
—AE/kgT
+ Z Z g]’,m’CJ’,m’—>J,m(nJ’,m’e [ksT _ nJ,m) + Z gm’c;n’—un(nj,m’ - n.l,m)) + RJ+1—»J(”J+1,m - nJ,m) - RJ—)J—I(”J,m - n]—l,m)

7<J m0 m#m
+ Z greda Urr1ss(getw = Ngm) — Z Mﬂjﬁ]—l(”ﬁm - ny-1m) (A.1b)
wrem 9Im wrzm 9Im
where
2, forAg=1
f(Ag) = (A.2)

1, otherwise,

where, in turn, Ag = gfinar — Giniriar- In Egs. (A.1a— A.1b) we have implicitly assumed that m and m’ > 0.

Appendix B: Numerical Aspects

Here, we present the numerical aspects of our implementation along with the fundamental design logic of our algorithm. The code
uses a ray-tracing approach to solve the radiative-transfer problem and an accelerated A-iteration to calculate the level populations.
The polarized version of PYRATE can handle 2D cylindrical and 3D Cartesian uniform grids. Adaptive mesh refinement (AMR)
grids are converted to uniform grids as described in Fig. 3 by Tritsis et al. (2018). To export results from AMR and uniform grids
we use the YT analysis toolkit (Turk et al. 2011), which can handle the majority of the commonly used astrophysical MHD codes’.
Spherical 1D grids are not supported by the polarized modules of PYRATE as this would imply V - B # 0. In fact, every spherically-
symmetric system can be problematic to post-process in the context of the effect studied here as in the center of the cloud the
velocity field would be isotropic and no polarization would occur.

In Fig. B.1 we show, in the form of a flow chart, the main design logic of PYRATE. Below, we outline key steps of the process
followed.

1. We begin by exporting the physical parameters from a dynamical MHD simulation. Such parameters include ny,, 1, (the
number density of the molecule in question), the three components of the velocity field, the three components of the magnetic
field and the temperature in the simulation. Additionally, we read the frequency, collisional and Einstein coefficients from
databases for molecular spectroscopy. At this stage, we also compute the collisional and Einstein coefficients between magnetic
sublevels following Eqgs. 11 & 12. The temperature dependence of the collisional coefficients is also stored in memory and used
to interpolate the value of collisional coefficient inside each grid point. Finally, we read the values of the azimuthal and polar
angles (¢10s, 0L0s) under which the cloud is observed.

2. In order to compute the level populations in each grid point, we assume an initial optical depth in the x*, y*, z*, sec-

ondary diagonal (“dy, ,,.”) and anti-diagonal (“d,, ,, .”) directions for each polarization direction and pair of rotational levels,

e
q-XY" 2 sdx,\*.xz,,\*:’dx,\.xz,yz

7. , along with an initial guess for the population densities. The initial values for the optical depths are such that
the escape probabilities for each pair of levels and in every direction are equal to unity. Therefore, we essentially initialize the
problem by assuming LTE conditions. The initial guess for the level populations (used as inputs to the MINPACK solver; see
also point 4 below) is obtained by creating linearly spaced values based on the number of magnetic sublevels and the molecular
number density in the grid point, while simultaneously ensuring that Eq. A.la is satisfied. These initial guesses are utilized for
the first grid point, while for subsequent grid points, the initial guesses are the solutions obtained at the preceding grid point.

3. Based on these initial guesses we numerically integrate Eqs. 1a & 1b. Integration is performed using the QUADPACK library
(Piessens et al. 1983). Using the angles ¢ & 6 passed to the integrating function in each integration step and the magnetic-field
components in the grid point in question, we calculate the angle y between the direction of propagation of radiation and the
magnetic field. We then compute the optical depth toward that direction using Eq. 9 and subsequently the escape probability
toward the same direction. Additionally, using the value for y in each integration step and the guesses for the level populations
we compute the source function and absorption coefficients following Egs. 4 - 7.

4. With the values for the net radiative rates computed, we then solve Eqgs. A.1. This system of non-linear equations is solved using
the MINPACK library. The MINPACK library uses Powell’s hybrid method (Powell 1964), which is an iterative optimization
algorithm. As such, step (3) is repeated for every iteration while solving Egs.A.1.

7 See https://yt-project.org/docs/dev/examining/index.html for a full list of supported MHD codes.
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Fig. B.1. Flow chart depicting the design logic of PYRATE. { Collisional coefficients are calculated according to Eq. 12. §{ Einstein coefficients
are calculated according to Eq. 11.  Temperature dependence of collisional coefficients. The value of the collisional coefficient used in each
grid point (i, j, k) is determined by interpolating based on 7¢, |, and 7 .  Integration is performed using the QUADPACK library (Piessens et al.
1983). * The non-linear system of Egs. A is solved using the MINPACK library (Moré et al. 1980).

5. Once the new values of n;, are computed for the first guess of the optical depths we proceed to update the values of

—+

+ o+ o+ I+ I~
(70 S N

T, . In order to take into account the change of the magnetic field direction along different sight-lines and in dif-
ferent regions of the cloud, we pre-compute the angles between the magnetic field in every grid point and the vectors uj,,. These
angles are used while calculating the absorption coefficients via Eqgs. 4, which are then used to calculate T(;,XJ e S Gy

using Eqs. 8. The process (steps 3-5) continues until the level populations 7, simultaneously satisfy some tolerances. Addition-
ally, in each new iteration “¢ + 2” during this A-iteration our new guess for 7, is wln’jj’nll + wzn’j’m. For the values w; and w, we
adopt 0.7 and 0.3, respectively (see also Fig. 2 in Tritsis et al. 2018 on the number of iterations required to converge using this
accelerated A-iteration). The fact that our numerical scheme can reach the true self-consistent solution for the sublevel popula-
tions, and thus the polarization, is demonstrated by the fact that we match the analytical solutions by Kylafis (1983). However,
by using our chemo-dynamical simulation, we verified that the same statement is also true for more complex non-LVG systems.
Specifically, we performed two separate calculations (with four rotational levels) in which the magnetic sublevels were explicitly

A7S5, page 15 of 18



Tritsis, A. and Kylafis, N.: A&A, 692, A75 (2024)

0.75 0.75 0.75
6 6 6
) o T v < T . <
£ 0.0 4= S 0.0 o 4= 2 0.0 S 4=
N iy N W iy N » iy
2 2 2
-0.7 ‘ ! -0.7 : ! -0.7 ‘ !
0 3.75 0.0 0.75 0 0.75 0.0 0.75 0 3.75 0.0 0.75
R [pc] R [pc] R [pc]
0.75 0.75 0.75
1
g g 0 3 )
2 0.0 2 0.0 S 2 0.0
N N -1 N
-2
-0.7 -0.7 -0.7
0 3.75 0 8.75 0.0 0.75 0 3.75
R [pc]
4F P 4F f 4F
— Iy i
R | .
3r . " 1.0 3r 1.0 3r 1.0
<2 — =2r = =2+ —_
o o o
- 05= - 0.5 - 05=
1+ ! 1t , 1+
0 J: L \ OO 0 J \i A OO o J L . 00
—0.5 0.0 0.5 -0.5 0.0 0.5 —0.5 0.0 0.5
v [km s71] v [km s71] v [km s71]

Fig. B.2. Same as Fig. 10 but considering a higher resolution (by a factor of two) in the underlying physical model (shown in Fig. 3). The cyan
line in the bottom row shows our results from Fig. 10.

considered. In the first, we initialized the level populations from LTE conditions, and in the second, we initialized them using

the non-LTE solution for the unpolarized case (e.g., see Fig. 2 and the discussion in Trujillo Bueno & Manso Sainz 1999). We

found almost identical results (relative error < 10~7) regardless of how we initialized the sublevel populations.

6. Steps 2-5 are repeated for all grid points in our computation box or region, and the final values of the level populations are also
stored for further use.

7. With the level populations computed we then define rays based on dx, dy, dz, x, y and z and the values for the polar and azimuthal
angles. The case where the LOS coincides with one of the principal axes of the grid (say, for instance, the z axis) is trivial. In
such a scenario the number and distance between rays is determined by dx and dy such that one ray passes through the center
of each grid point on the “POS” face of the cube. If on the other hand the polar angle is such that rays pass diagonally through
the grid (for simplicity the azimuthal angle is zero in this example), rays should begin at z,,i, — (Xpax — Xmin)/tanbrps in order to
ensure that rays are passing through the entire grid. Additionally, the distance between rays in the vertical POS axis should now
be dz/sinf;ps in order not to distort the true dimensions of the grid. The distance traveled by each ray inside each grid point is
then calculated by finding the intersection points of the unit vector of the rays (@ ps) with the faces of each cell. Finally, the
LOS velocity component and the angle y are calculated by a simple vector projection of v and B with @¢s.

1. In the final step, for each ray and for each frequency, we compute the specific intensity or radiation polarized parallel and
perpendicular to the field by integrating Eq. 13 for all grid points “k” along the LOS.

The code is parallelized using openmpi and various functions are also accelerated using NUMBA (Lam et al. 2015) for better
performance. To parallelize the code we use an “embarassingly parallel” technique (see also Fig. 4 from Tritsis et al. 2018) and
as such the code is only partially parallelized in memory. For instance, when computing the level populations, each processor
only handles part of the grid but still needs to have access over the entire arrays of velocity components in order to solve Eqs 8a
& 8b. Consequently, given the number of data that need to be stored in memory, the code can easily handle 3D grids of up to
2563 in standard computing nodes whereas for larger grid sizes, large-memory nodes may be required, depending on the specific
configuration and computing resources requested.
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Fig. C.1. Comparison between the population of J = 0 calculated using the approach described in Sect. 2 (ny) against the population of J = 0
calculated using the methodology described in Sect. C. In the latter case, the coupling between the level populations in different regions of the
cloud is explicitly taken into account by performing multiple iterations over the entire grid. The method described in Sect. 2 is accurate within 3%
while at the same time the code is ~10 times faster. In both cases, we use as input the physical model shown in Fig. 3 and use J < 5.

In Fig B.2 we present a convergence test for the radiative-transfer simulations presented in Fig. 10. For this test we use a
simulation with the same initial and physical conditions as the simulation presented in Fig. 3 but with a factor of two higher base
resolution (see Tritsis et al. 2022). Specifically, at the time of post-processing the resolution of the grid is 256x256. As is evident,
the qualitative and quantitative behavior in both the total intensity and polarization fraction is very similar.

Appendix C: Optical depth calculation

As was discussed in Sect. 2, in order to calculate the optical depth in each cell (i’, j*, k") of our computational grid, we add the
absorption coefficients from all cells (i, j, k) that fall within one thermal linewidth (see Eqs 8a & 8b). This is a physically driven
choice for physical systems where the LVG is not valid, as photons emitted from one region of such a system will interact with
another region that moves with approximately the same velocity. However, when adding the absorption coefficients of cells (i, j, k)
we use an estimate for their level populations based on the molecular abundance in those cells and the level populations calculated
in cell (7, j/,k’). To demonstrate that this approach does not introduce errors, but it instead drastically improves the accuracy of
the calculated level populations compared to the LVG case, we devise the following test for the unpolarized case. For the physical
system shown in Fig. 3 (for which the LVG approximation is not valid) we start by calculating the optical depth in each cell based on
the LVG approach; that is the optical depth is only subject to the local physical conditions within each cell. Based on this approach
we obtain an “initial set of level populations” over the entire computational grid. We then re-iterate over the entire grid and re-
calculate the optical depth in each cell (7', j, k) this time considering all grid cells (i, j, k) that are one thermal linewidth away. For
computing the absorption coefficient in cells (i, j, k) we consider their “initial set of level populations” from the previous iteration
while the level populations and local optical depth in the cell of interest (i, j’, k") are allowed to change. We repeat the process, until
we achieve convergence simultaneously over the entire grid. In this manner we essentially, consider the coupling between the level
populations over the entire grid.

In Fig. C.1 we compare the population of the J = 0 level using this iterative approach (denoted as n;) against the population of
the J = 0 level computed using the methodology described in Sect. 2. In the left panel, we show the ratio of the two populations
(n(/np) after the first iteration over the entire grid (i.e., LVG-calculated optical depth), in the middle panel, we show the ratio after
the second iteration, and in the right panel we show the ratio after the final iteration when the level populations of all rotational
levels (J < 5) over the entire grid have simultaneously converged (8 iterations with a relative tolerance of 107%). As is evident from
Fig. C.1, using the LVG optical depths leads to errors of more than 40% in the level populations. In contrast, the method described
in Sect. 2 is accurate within 3%, while at the same time the code is ~10 times faster.

Finally, for a physical system with large enough velocity gradients Eqs 8a & 8b clearly reduce to the appropriate limit and the
optical depths are calculated under the LVG approximation. That is, for such a system, the level populations in each cell will only
depend on the local conditions within the cell and no other cells will be considered in the calculation of the optical depth since they
will all be situated more than one thermal linewidth away.

Appendix D: Assessing errors for varying magnetic fields

As was already mentioned, the formalism presented in Sect. 2 is strictly valid for either an LVG system or for any system with
a uniform magnetic field. To assess the errors introduced for non-LVG physical systems with varying magnetic fields along the
LOS we perform the following numerical experiment. We utilize a 3D chemo-dynamical turbulent simulation of a molecular cloud
(Tritsis; private communication), with an Alfvén Mach number of My = 1.2. As such, the magnetic field in each grid cell along
the LOS is uncorrelated to the magnetic field inside every other grid cell along the LOS. We post-process this simulation using the
polarized and unpolarized versions of PYRATE when the “central” number density is 5 x 103 cm™ and produce CO (J = 1 — 0)
spectra, considering only two energy levels. We then compare our results for Stokes I between the polarized and unpolarized
radiative-transfer calculations. The reasoning behind this experiment is that should significant errors were introduced, we should
observe significant differences between Stokes I calculated using the two methods.

In Fig. D.1 we show spectra from four random different lines of sight (panels 1-4 from left to right). With the dash-dotted red
lines we show 1, , with dotted blue lines we show /) and with the solid black lines we show /,,;/2 from our unpolarized radiative-
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Fig. D.1. The first four panels show a comparison between the Stokes / calculated using the unpolarized modules of PYRATE (/,,,,; solid black
lines) with Stokes / calculated as I, + I, (dashed magenta, dash-dotted red and dotted blue lines, respectively) from radiative-transfer simulations
of linear polarization for different lines of sight. In the fifth panel we show a distribution of relative errors between I, and I, + 1. The Stokes
I between the two cases is nearly identical with only very minimal differences, indicating that no significant errors are introduced given our
formalism, even for varying magnetic fields along the LOS. In the last panel we show a distribution of relative errors between the polarization
fraction computed from /, and /; and the polarization fraction (p”) after accounting for the “missing” or the “excess” specific intensity of radiation.

transfer simulations. Finally, with the dashed magenta lines we show Stokes 1/2 = (I, + 1;)/2 from our polarized radiative-transfer
simulations. As is demonstrated in Fig. D.1, I, + I is always in very good agreement with /. In fact, from all sight-lines and for
all velocity channels in the interval [-0.9, 0.9] km s~! the relative error between I, (unpolarized simulations) and 1, + I (polarized
simulations) does not exceed 0.2%. A distribution showing the relative error in Stokes / is shown in the fifth panel of Fig. D.1.

The standard deviation of this distribution is o is just 0.07 %, whereas the standard deviation of the distribution of absolute
errors between I and I, + I is O jabs = 1 mK. Finally, to assess the errors in polarization fraction, we perform the following
calculation. We first add or subtract the difference between I 1 + I and Ly to or from I, and J assumlng random weights w and
1 —w, respectively, with 0 < w < 1. We then calculate anew the value of the polarization fraction p’ based on these corrected values
for I, and I and compute the relative error with respect to the initial value of the polarization fraction. The distribution of relative
errors in polarization fraction is shown in the right panel of Fig. D.1 and its standard deviation is ~13 %. Therefore, even in the case
where the magnetic field of the underlying physical system is highly varying, the errors introduced by our formalism are marginal.
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