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ABSTRACT

The vast improvement of the sensitivity of modern ground-based air Cherenkov telescopes, together with the sensitive flux measure-
ments at lower frequencies, requires accurate elaborations of the theoretical radiation models for flaring blazars. Here the flaring of
TeV blazars due to the synchrotron-self Compton (SSC) process is considered. We assume that, at the moment ¢ = #, a flare in the
emission knot occurs due to the instantaneous injection of monoenergetic (Ey) ultrarelativistic electrons. The ultrarelativistic elec-
trons are injected uniformly over the knot volume and at later times are subject to linear synchrotron radiation cooling in a magnetic
field whose strength remains constant during the time evolution of the relativistic electrons.The generated synchrotron photons are
subject to multiple Thomson-scattering off the cold electrons in the source giving rise to spatial photon diffusion. Optically thick
and thin synchrotron radiation intensities and photon density distributions in the emission knot as functions of frequency and time
are analytically determined. The synchrotron photons serve as target photons for the SSC process, which is calculated in the opti-
cally thin frequency range using the Thomson approximation of the inverse Compton cross section. It is shown that the optically
thick part of the synchrotron radiation process provides a negligible contribution to the resulting SSC intensity at all frequencies and
times.Because the high-energy TeV photons undergo no elastic multiple Compton scatterings, we neglect the influence of photon dif-
fusion in the calculation of the SSC intensity and fluence distribution with energy. The SSC fluence exhibits a break at E; = 15.8571/3

GeV from a OCE;1/4—p0wer law spectrum at lower photon energies E, < E; < Ef to a ocE;z[l — (E,/Ey)""*]-distribution at high en-
ergies Ey < E; < E. The application to the observed TeV fluence spectrum of the flare of PKS 2155-304 on July 28, 2006 yields
0b™'3 = 27.1 + 6.5. The emergent SSC light curve is independent of spatial photon diffusion and determined by the temporal vari-

ations on the relativistic electron density distribution and the synchrotron photon density. The comparison of the observed with the

theoretical monochromatic synchrotron light curve determines the photon escape distribution.
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1. Introduction

During the last years the sensitivity of modern ground-based air-
Cherenkov telescopes such as HESS, MAGIC and VERITAS,
operating at photon energies above 0.1 TeV, has been vastly im-
proved. For strong enough flaring blazar sources at cosmological
distances such as PKS 2155-304 (redshift z = 0.116) (Aharonian
et al. 2007) and Mrk 421 (z = 0.030) (Woo et al. 2005; Albert
et al. 2007), the observed high fluxes now allow the determi-
nation of accurate TeV photon spectra on time scales of min-
utes. It is anticipated that with the upcoming GLAST gamma-
ray satellite mission similar sensitivities will soon be reached in
the MeV-GeV energy range. Combined with the available sensi-
tive X-ray and optical observations, these data probe the internal
radiation mechanisms in BL Lac objects to unprecedented detail.

Clearly, the analysis of these data requires accurate elabo-
rations of theoretical radiation models for flaring blazars. The
combination of high observed luminosities with the observed
short time variability in blazar flares indicates that the pho-
ton emission in blazars originates in relativistic jet knots that
are beamed and Doppler-boosted towards the observer (e.g.
Schlickeiser 1996). Superluminal expansions observed with
VLBI (Piner & Edwards 2004) provide evidence for moder-
ate Doppler boosting factors in PKS 2155-304, although the

TeV variability time scales require the presence of much larger
Doppler factors in these jets. After accounting for the Doppler
time dilatation the intrinsic variability time scale #,, predomi-
nantly constrains the size R of the emitting source. However, the
intrinsic cooling time of the relativistic particles, generating the
nonthermal photons in the source, then also has to be smaller
than R/c. The cooling time of the radiating relativistic particles
controls the time dependence of the nonthermal radiation inten-
sity I(v, ) in the jet knot. The time dependence of the spectrum
of radiation emerging from the cloud is given by the product
Y(v, 1) = I(v, 1) P(t) where P(¢) is the frequency-independent dis-
tribution of photons over their time of escape from the emission
knot (Sunyaev & Titarchuk 1980, 1985).

In the specific case of the flare of PKS 2155-304 on 2006
July 28 the quasi-simultaneous spectral energy distribution pro-
vided by the Swift data reported in Foschini et al. (2007) sug-
gests that the main gamma-ray emission channel seems to be the
synchrotron-self Compton process whereas synchrotron radia-
tion provides the photons in the optical, UV and X-ray band. In
this work we therefore study the flaring of TeV blazars due to the
synchrotron-self Compton (SSC) process. Existing studies in the
literature of the variability of the SSC-process (e.g. Mastichiadis
& Kirk 1997; Dermer et al. 1997; Chiaberge & Ghisellini 1999;
Sokolov et al. 2004; Bottcher 2007) rely mostly on numerical
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computational models for the combined time evolution of the
emerging photons and the radiating particle energy distribution
function injected at the rate gy with an initial power law distri-
bution function between lower (ymin) and upper (ymax) cut-offs.
Flares due to impulsive changes of ymax, go and the magnetic
field strength in the emitting source then have been examined.
Our study here differs by its analytical approach, also allowing
different to power law injections, by the inclusion of spatial pho-
ton diffusion due to multiple Compton scattering off the cold
electron plasma in the emission knot, and by its emphasis on
TeV light curves.

In our study we assume that at the moment ¢ = 7, a flare
of the emission knot occurs due to the instantaneous injection
of monoenergetic ultrarelativistic electrons. The ultrarelativistic
electrons are injected uniformly over the knot volume. The emis-
sion knot itself moves with the relativistic bulk speed V with
respect to an observer. The emission knot is modeled as a spher-
ical magnetised plasma cloud of radius R which consists of cold
fully ionized electrons and protons of uniform density N, and a
magnetic field of constant strength B which is randomly oriented
on scales larger than the gyroradii of the injected ultrarelativistic
electrons. The existence of this magnetic field is necessary for
the SSC radiation and associated radiative cooling of the ultra-
relativistic electrons. The optical depth of the knot with respect
to Thomson scattering is Ky = o7 N.R. The Thomson scattering
results in the spatial diffusion of photons in the emission knot
after their generation.

The knot’s magnetic field may be generated from the in-
teraction of the relativistically moving knot with the surround-
ing ambient interstellar or intergalactic medium that also causes
the injection of ultrarelativistic charged particles by the rel-
ativistic pick-up process (Pohl & Schlickeiser 2000; Gerbig
& Schlickeiser 2007; Stockem et al. 2007). This interaction
is a prominent example of the relativistic collision of plasma
shells with different properties (temperature, density, composi-
tion etc.). Experimentally (Kapetanakos 1974; Tatarakis et al.
2003) and from numerous particle-in-cell (PIC) simulations (e.g.
Lee & Lampe 1973; Nishikawa et al. 2003; Silva et al. 2003;
Frederiksen et al. 2004; Sakai et al. 2004; Jaroschek et al. 2005;
Ng & Noble 2006) such collisions of plasma shells lead to the
onset of linear Weibel-type plasma instabilities perpendicular
to the flow directions in both unmagnetized and slightly mag-
netized plasmas. The PIC simulations of electron-proton and
electron-positron plasmas demonstrate that these instabilities
generate magnetic fields in the form of aperiodic fluctuations at
almost equipartition (eg =~ 0.1 typically for electron-proton plas-
mas) strength on the shortest plasma time scale. The aperiodic
magnetic fluctuations will isotropise the initially anisotropic par-
ticle distributions in the rest frame of the jet leading to an effi-
cient pick-up of nearly monoenergetic relativistic electrons and
protons (Schlickeiser et al. 2002).

Although other (than monoenergetic) injection energy spec-
tra of ultrarelativistic electrons and other (than instantaneous)
injection time profiles are physically plausible, the case of mo-
noenergetic instantaneous injection considered here is mathe-
matically very convenient, as the solution of the time-dependent
kinetic equation for the electrons for this case serves as Green’s
function for more complex injection energy spectra and time
profiles, as long as the electron synchrotron cooling is linear,
i.e. the magnetic field strength remains constant during the time
evolution of the relativistic electrons (Schlickeiser & Lerche
2007a). The solutions for more complex injection energy spectra
and time profiles Q(E,t) are then simply obtained by quadra-
tures involving the Green’s function solution calculated here.
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Adopting monoenergetic injection distributions of ultrarelativis-
tic electrons is also useful because the electron radiation losses
quickly quench any broad injected energy distribution into a
rather narrow energy distribution both in the linear (Kardashev
1962) and nonlinear (Schlickeiser & Lerche 2007b) cooling
cases.

The organization of the paper is as follows: in Sects. 2 and 3
we solve the time-dependent evolution of the volume-averaged
relativistic electron population inside the radiating source un-
der linear synchrotron cooling and provide the necessary intrin-
sic synchrotron radiation formulas, respectively. Intrinsic syn-
chrotron radiation intensities are calculated in Sect. 4. The emer-
gent synchrotron radiation flux is given by the combination of
the energy-independent photon escape time distribution, calcu-
lated in Appendix B, and by the energy-dependent synchrotron
intensity. In Sect. 5 the optically thin synchrotron self-Compton
emission is determined using the Thomson limit of the Klein-
Nishina cross section. The multiwavelength intensity distribu-
tion from the combination of the synchrotron and SSC inten-
sities is discussed in Sect. 6. By time-integration of the SSC
intensity we derive in Sect. 7 the SSC fluence distribution. In
Sect. 8 the light curves of the emerging synchrotron and SSC
fluxes are calculated. Section 9 summarizes the main results of
our investigation.

2. Linear electron synchrotron cooling

All physical quantities are calculated in a coordinate system co-
moving with the radiation source.

The competition between the instantaneous injection of ul-
trarelativistic electrons (yy > 1) at the rate Q(y,f) = qoo(y —
v0)0(t — ty) at the time ¢+ = fp and the electron synchrotron
energy losses implies for a time-dependent evolution of the
volume-averaged relativistic electron population inside the ra-
diating source (Kardashev 1962) given through

on(y,t) 0

— — [VIn(y. D] = qo6(y — y0)d(t — t0) (1)
ot ay
with the synchrotron energy loss rate
4 U
Wl = Doy, Do = ~ZL Uy =2.66- 10714 =2 | 5! )
3 m,c? mec?

n(y, t) denotes the volume-averaged differential number density.
Throughout we consider ultrarelativistic electrons (y > 1) so
that the relation p ~ m,cy is appropriate, implying the relation
N(p,t) = n(y, t)/m.c between the respective differential electron
densities.

In the case of linear cooling with constant energy density Up
the rate (2) is constant, and the solution of the kinetic Eq. (1) is

n(y,vo,1,t0) = qoHlyo — y16 (y = yL(1)) (3)
where H[x] denotes Heaviside’s step function and

Y
L) = : €

1+ Doyolt — 19)

3. Intrinsic synchrotron radiation formula

The pitch-angle averaged synchrotron power of a single electron
in vacuum is (Crusius & Schlickeiser 1986) P(v,y) = PovsW(x)
with

2 &)



R. Schlickeiser and C. Roken: SSC flaring. I.

and Py = 8.763 x 1072 erg Hz™! and v, = 3eB/(4nm.c) being
proportional to the electron gyrofrequency. The function W(x) is
well approximated by

W(x) = agx'Pe™ (6)

where ap = 1.151.

In an homogeneous source of radius R the synchrotron intensity
from relativistic electrons with the volume-averaged differential
density n(y, t) then is

101 = 220 11 exp(D(v. )]
u(v, 1)
jo, DR for D(v,1) < 1
~ { jon,t) f (7)
p(v) or D(v,1) > 1

in terms of the spontaneous synchrotron emission coefficient

. 1

](V, t) = 4_ f d’)/n()/» I)P(V, 7)7 (8)
T Jo

the synchrotron absorption coefficient

n(y.1 d

1 00
d
87rmv2f(; Y vz dy

and the synchrotron optical thickness

p1) = [ Peuy)], ©)

D, 1) = Ru(v, 1). (10)
With the approximation (6) we immediately derive
1/3
P
jonp = L0 (1)
7 \vs
~ -2/3 v
x f dy n(y, 1y exp[——z] (11)
0 VsY
and
-5/3
PoR
D(v,1) = Ru(v, ) = 2 (1)
8mmv, \ vy
« ,1) d
xf d)/&z)—[y‘mexp[— Vz”’ 12)
0 Yy dy VsY
respectively. Because
d | 43 v _
3v
—y3 -—1[1 13
y exp[ VY2H zw] (13)

is always positive, the synchrotron optical depth and the ab-
sorption coeflicient are also always positive, excluding the syn-
chrotron maser case in vacuum. With the identity (13) we derive
for Eq. (12)

_ agPoR ( v )‘5/3

b1 = 6mmy

Vs

X f dy n(y, tyy™>"?
0

3y v
1+ —— - - (14
e e e
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4. Synchrotron radiation intensities

We define the normalised time scale

7 = Doyo(t — 1) (15)

and insert the linear electron density distribution (3)

nr(y,v0,7) = goH[yo - 7]6(7 - 1?7) (16)

in the synchrotron emissivities (11) and (14).
In terms of the normalised frequency

v
w=—s;, a7

VsYo
we obtain after performing the y-integration for the spontaneous
emission coefficient (11)

P 1/3
jw.r) = LD 1412 exp[-w(l + 777 (18)
4r
and for the optical depth
PoqoR (1 +7)°?
D7) = PotOR (L+)
brmvyy, w /3
3 2 2
|1+ Sol+7) exp [-w(l +7)?]. (19)

The frequency normalisation (17) refers to the initial character-
istic synchrotron frequency

sy = 4.2 x 10°by3 Hz (20)

in terms of characteristic values of the initial electron Lorentz
factor o = 107y7 and magnetic field strength B = 1b Gauss.
The normalised frequency values w are smaller than unity at later
times.

It is convenient to define the characteristic frequency

3/5 3/5
PogoR R
MIE[L Oqos] :2.8><10-14(—qS ‘5) ;3 Q1)
61V my) b

for characteristic values of the electron injection rate gy = 10°gs
electrons cm™> and the source radius R = 10'°R;s cm. In terms
of the characteristic frequency (21) the optical depth (19) reads

5/3
D(w,7) = u(w, T)R = (%)

x |1+ %w(1+‘r)2 exp [-w(l +7)%]. (22)

The synchrotron optical depth and the optically thin and thick
synchrotron intensities are considered in Appendix A.
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4.1. Synchrotron intensity variation

The intensity variation for fixed frequencies as a function of time
has been already discussed for optically thin emission w > w;
by Schlickeiser & Lerche (2007a). The time-variation of the
transition intensity is given in Eqs. (112)—(113). It remains to
discuss the light curves at optically thick frequencies. From
Eq. (106) we obtain

5/3 -
I w
M_lz S ((1 + D)1 + %wﬂ + T>z])
0 w
_faso forr < w,'" 23)
'+ 20?1 forrs )P

At intermediate times 1 < 7 < w]_l/ ? the optically thick intensity
decreases inversely proportional to the normalised time, whereas

. ~1/3 . _
at large times 7 > w, 13 it decreases o772,

4.2. Synchrotron photon density distribution

In terms of the differential synchrotron photon number density
N(v, 1) the synchrotron intensity is

I0,1) = —hvN(v, ). (24)
4r
In terms of the normalised photon energy
h
e= (25)
mec
we derive
dv 4n mycte
N(,t) =Nwv,)— = —I|v = ,t]. 26
(e.) = N - hce(y : ) (26)
Recalling from Eq. (17) that v = vsy(z)a) we define
hvy?
€0 = 20 = 3 4py2 27)
MeC
so that
4
N(e, 1) = —"I(w = 5,;). (28)
hce €

With the synchrotron intensities (106) and (108) we obtain for
optically thin energies € > € = €w;

2/3 ;
4l 1

N(e > ,7) = o (M) exp [—£(1 +71)° 29)
hcey € € ]

and at optically thick energies
dnlow;”” € 3¢ 1!

N <€, 1) = 1+ —(1+1)? 30

<an=— e  ad+n| T2 7] (30)

4.3. Emergent synchrotron intensity

For the standard parameters adopted the energies of synchrotron
photons are nonrelativistic, see Eq. (48) below. The time depen-
dence of the spectrum of synchrotron radiation emerging from
the emission knot is then given by the product

Ys(v, 1) = L(v, ) P(0), €1y
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where P(?) is the distribution of nonrelativistic photons over their
time of escape from the emission knot (Sunyaev & Titarchuk
1980, 1985) and Ii(v,f) stands for the synchrotron intensity
(Sect. 4.2) at the edge R of the emission knot. The frequency
independent photon escape time distribution is calculated in
Appendix B.

For the case of multiple Compton scattering considered here,
any photon escape distribution P(¢) does not depend on fre-
quency or energy. Spatial photon transport alone therefore can-
not explain the observed synchrotron light curves from blazars
because multifrequency observations at optical and X-ray ener-
gies yield different time dependences in the different synchrotron
energy bands. Clearly, a combination with the energy dependent
relativistic electron light curves is necessary.

5. Synchrotron self-Compton emission

For the calculation of the synchrotron self-Compton emission we
use the §-function approximation for inverse Compton scattering
(Dermer & Schlickeiser 1993)

cor

00 1/e
N.(&,7) = v fo deN(e, T)fo dyn(y, )6 (65 - ’)/26) (32)

yielding the differential number density of Compton scattered
synchrotron (SSC) photons. € = Ey/mec2 is the normalised
scattered photon energy. The limit imposed on the y-integral re-
stricts the scattering to the Thomson regime.

Equation (32) yields for the corresponding spontaneous SSC
emission coefficient
he

N6 1) —t

__vs 33
4 cm? ster Hz s (33)

Je,0) =

Neglecting the effects due to stimulated SSC emission and ab-
sorption the SSC intensity then is

hRe, .
L(v,t) = Rj.(v,1) = 4—ch<es, 7)

We insert the relativistic electron distribution (3) in Eq. (32) to
derive

(1+7)/v0
N.(&,7) = 9190 f deN(e, 7)6 [es -
0

erg

__oe 34
cm? ster Hz s (34

2
E’yo

3 1+71)?

_ corqo (1 +T)2H[ Y0
3 'y(% 1+71

1 %€,
- eS]N(%,T) .(35)
0
Inserting this result in Eq. (34) yields

corhRqo (1 + 7)%€,
1272 'y(z)

2
H[ X0 —eS]N[i(lJr? ES,TJ.
l+7 Y

Inserting the synchrotron photon number densities (29) and (30)
we find

2
&Y _ orRqoly Yo
IC[ES SU+o )" 3 H[l e _ES]
7T(,U]

I.(€,7) =

(36)

2 3
LEU+T) {1 3. & (37)

-1
+-—(1+ 7)4}
&Y, 2 6y
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and

2
€ Rqol,
I. e > %o Tl = Irq0 OH[ Yo —ex]
(1+71)? 3 1+71

e O\
x[ Sz) (1+T)4/36Xp[—
€070

respectively.
We now introduce practical units defining first using the ear-
lier values (27) and (21):

&(1 + 7)4

2
€070

, (38)

2 4
&(r byiw(t
(1) = SO0 _ 5 g5 1012090, (39)
1+71)? 1+71)2
For 7 smaller and larger than 7, where
pl/s
T =0 =33% 1002 (40)
I5p1/5
5 Y5
Eq. (104) yields
&(0)
a(r<7) =7 —. a(0) =952k’ ¢{ %y, (41)
and
o\
&(t>11) = (1) (—) [0.4 + 51n(t/T1)],
T
e(t1) = 2.9 x 107 PRI 42", (42)

respectively. The maximum SSC photon energy is strictly deter-

mined by the limit set by the Thomson regime
Y1

l+7

107

(43)

€5, max —

and by the maximum value of the function determining the
€,-behaviour in Eq. (38):

1 &> by?
= =200 _ 4310420 (44)
3(1+1) 1+
The maximum SSC intensity occurs at
€, = min [fs,ma)u Em]
107 22 for T < 74 = 224b'3y;
~ 4 by . 45)
1.13x 10 T fort > 14

In Fig. 1 we show the time variation of the photon energies ¢,
€s.max and €, for standard parameters:

(1) We first note that €, which reflects the energy of Compton
scattered synchrotron photons whose frequency equals the
synchrotron transition frequency wy, is always decreasing
with time: a different behaviour than w itself (see Fig. 6).

(2) For all times the maximum scattered photon energy €, max 1S
much larger than €, indicating that at all times the high en-
ergy SSC emission results from the scattering of synchrotron
photons in the optically thin frequency range.

(3) For times smaller than 224 no exponential turn-over of the
SSC emission will occur because the Thomson limit sets in
before. Here the SSC intensity exhibits a spectral flatten-
ing at /() from the oce?-variation of Eq. (37) to the «e!/3-
variation of Eq. (38).

(4) For times larger than 224 the exponential turnover will be
exhibited by the SSC intensity spectrum at high photon
energies.
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lg(epsilon)

lg(tau)

Fig. 1. Time variation of the photon energies €, (dotted curve), € max
(full curve) and ¢, (dashed curve) for standard parameters.

6. Multiwavelength intensity spectrum

In Fig. 2 we summarize the overall intensity distributions from
the synchrotron and SSC radiation process as a function of the
photon energy E = em,c?. Synchrotron radiation is optically
thick below the transition energy E,(7), and optically thin above,
extending up to the maximum synchrotron energy FE;max(7).
Likewise, the SSC intensity distribution exhibits a break at the
energy Ep(7): at energies below Ep photons from the optically
thick part of the synchrotron spectrum are upscattered by the
SSC processes, whereas at energies above Ep photons from the
optically thin part of the synchrotron spectrum are upscattered.
The maximum SSC photon energy E.max(7) is determined ei-
ther, by the maximum energy of the relativistic electrons for
times less than 7 < 73 = 3.3 X 104)/;/5(R15q5)‘1/5, or by the
exponential roll-over at later times 7 > 73. All these four char-
acteristic photon energies depend on the time scale 7 due to
cooling of the relativistic electrons with time. In Fig. 2 we
also indicate the variation with time 7 of the four characteris-
tic energies. We additionally note the variation with time of the
maximum synchrotron (/s m.x(7)) and SSC (Iss¢c.max (7)) intensi-
ties. Whereas the former is independent of time, the maximum
SSC intensity (Isscmax(T) o 1 + 7) first increases with time for
T < 14 = 224b'3y;, and attains a constant value at later times
T > T4.

For completeness, we note the initial values (at time 7 = 0)
of the characteristic photon energies and maximum intensities
and their scaling with physical parameters:

E(0) = 4.9 x 107*0*°(R15¢5)*°y;" eV, (46)
Ep(0) = Y2EA0) = 4.9 x 10°6*°(Ry595)* y7 eV, (47)
Esmax(0) = 5.8 X 10°by2 eV, (48)
Eemax(0) = 5.11 X 10"y; eV, (49)
Isscmax(0) = 2.2 X 1078 R15gsb™" 33 I max(0). (50)
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Fig. 2. Overall intensity distribution resulting
from the synchrotron and SSC radiation pro-
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7. Synchrotron self-Compton fluences

In the relativistic photon energy regime € > 1 the large energy
shift in a single Compton scattering removes a photon of en-
ergy € from (e, t) upon scattering. Thus at these energies a dif-
fusive (both spatial and in energy space) buildup of photons in
the source interior cannot occur (Fabian et al. 1986; Lightman
& Zdziarski 1987). A photon either scatters and appears at a
much lower €, or it escapes in a time R/c from the source.
Because the light travel time R/c is longer than the short radia-
tive electron loss times the emergent SSC radiation flux is given
by ¥(v,t) = I(v, ). The time-integrated SSC intensity yields the
SSC fluence distribution
f dr I(es, 7).
0

We have to discuss two ranges of scattered photon energies: for
energies €, > €(0) only the optically thin synchrotron pho-
ton distribution (38) contributes whereas at smaller energies
€ < &(0) both, optically thin and thick, parts of the synchrotron
photon distribution have to be taken into account. We consider
each case in turn.

F(e) = f N dtI(e,, 1) = (51)

to 0Y0

7.1. Large scattered photon energies €; > €,(0)

For energies €; > €(0) only Eq. (38) contributes, so that

1/3
R I
Fle, > a(0)) = —— 150 (6)
3nDyy,
« 107 S(1+ 1)
xf dr(l+ 7)4/3H[—77 - es} exp [—76 ( 2T)
0 l+7 6070
1/3 /& 4
Rorqoly (€ i 52
= oo (—) [ @ [— 2]- (52)
37Z'D0’yo "\ €& 1 €Y
Substituting y = €,z/7yo yields
2/3 1 2.4
Fle, > e(0) = 4Fg—2— f dy y* exp {—70”3] (53)
€ ) ES2 &/Y0 €€y

1

cesses. The scaling with time of the maximum

B,.(7) . ;. . . .
intensities and the different characteristic radi-
ation energies are indicated.

where
Rorqolo
Fo = ~ 400 (54)
127 DO

The substitution s = * yields for the fluence (53)

yz/%
0
Fo—+— 1/

0

1
exp [——

f(; [70)*

ds s/ exp [— (

F(e; > (0)) = ds s7/12 -
€V €y

]
€ 3
—f) s} (55)
€

s

= Fo—
(&s/70)*

where we introduce

Yo

173
€

€ = =3.1x10*%7"3, (56)

For large scattered photon energies €, < €, < g the argument of
the exponential function in the integral of Eq. (55) is very small
for all values of s yielding approximately

- )7/3.

For scattered photon energies €(0) < € < €y we substitute w =
(€7/€5)° s to obtain for the fluence (55)

€

Yo

(57)

12
F(g(0) < e < €s) = 7F0 >

S

(¢/€)’

F _
F(e(0) < & < ) = TOIM f dw w32
6} €s /ey
Fy 7 & (7 )
pEryze U Sy iy bl FPRL I 58
6?-/465/4[ (12 eong 7 (er/e) (58)

in terms of the incomplete gamma function I'(a, x).

The argument of the first incomplete gamma function
€/ (eoy(z)) is much smaller than unity for all scattered photon en-
ergies (0) < € < €, so that we use here the approximation

12
[a,x < 1) =T(a)— =x""2.
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The argument of the second incomplete gamma function (e¢/ &)’
is much larger than unity for €, < €/, so that we use the asymp-
totic expansion of the incomplete gamma function for large
arguments

a-1_-x

INa,x>1)=x""e

Collecting terms we obtain for the fluence (58)

Fy 7\12 7/12
T [F(lz) 7 (ES/EO 0)
f A

—(e:/ep)** exp [~ (es /) ] F(172)F et (59)

F(ek(O) <€ < ef) ~

The spectral fluence above €,(0) = 9.52 exhibits a spectral steep-
2

ening at €; from the e, 4-power law below € to the oce -
power law above €.
7.2. Small scattered photon energies €; < €, (0)

We now consider the spectral fluence at scattered photon ener-
gies below €.(0) = 9.52. Here both Egs. (37) and (38) contribute.
Starting with the scattered photon range €(71) < € < (0) we
derive

F(g(r) < & < g(0)) =
! {fw dr (e < fk(T))H[Ek(O) - Es}
0 1+71

Doyo
&(0)
1+t

U
{f dr I(g < (1))
0

+ fw dr I(e; > g(1))H [Es -
0

3 1
Doyo

00
+
&0
€s

Inserting Egs. (37) and (38) and substituting as before we find

dr (e > Ek(T)):i. (60)
|

F(e(t)) £ & < (0)) =

53 2 N8O 5
Wy & & Z Yo
4F, > dz s | T &
&7 1 1+ 557 Z

1/3 00 473 esZ4 Yo
+W dZZ TeXp|— ) H|— - €
EO 70 &(0)/& 607() <

53 2 80 5
_ w g & < Yo
=4F)| —5— dz s 0| T &
€7y Ji 1+ 3552 z

(61)

173 Yo/ € 4

€ €2
+ﬁf dZZ“”exp[— : 2] :

EO 70 €(0)/& 607()
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The first integral is readily solved so that

F(e(t) < & < &(0) =

3 (aO)
652, 1 + 2 6072 ( €s )
Fo > 5 53 In
€Yo 1 2 E()}/a
2/3 1 2
Y - Y
+ 1/03 f ds s™/12 exp [——035”
€ (&©0)/70)" €0€;5
3 e (@)
B i [&) L+ 32 (22)
= Fy|3.87x 10" bgq R,5 lnT
€0 1+ Ef?’o

3
€ €
+—§ ds s/ exp [— (—f) s} } (62)
(&(0)/0)* €s

As before the second integral can be expressed in terms of two
incomplete gamma functions yielding

F(e(r1) £ & < g(0)) =

43 (@)4

2
Fo|3.87 x 107%bg; 'Ry (6) In
€0

1 7 (&) (&O) 7 (&)
T [F(ﬁ’(z) & )]"F(E’(E) S

The first logarithmic contribution to the fluence, representing
synchrotron photons from the optically thick part of the spec-
trum, is negligibly small compared to the second contribution,
representing synchrotron photons from the optically thin part of
the synchrotron spectrum. With €; < € we derive

F 7 €51 3
Fla(m) < & < &(0) = Tﬂmr[i,(—) ] (64)
€ € €s
with
0 4/3
€1 = Ef(e,;( )) =2.9% 107*b'PRIL 42" (65)
0

Therefore in the whole range €(7)) < €; < (0) we find that the
argument of the incomplete gamma function is small compared
to unity yielding

(66)

F(e(t) < & < (0) =T (7) Fy

12 3/4 174

identical to the earlier result (59). The oces_l/ 4-power law fluence
distribution holds for all energies between €(7) and €.
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Now for scattered photon energies below €, < €(7;) we find

00 4
{f drl(e < ek(‘r))H{Ek(Tl)T1 - es]
0

F(e < (1)) = o

Dyyo

+£wdrl(es>ek(r))H{es k(T4)T )H

TI(M)'“

1 €s
dr I (e < /(1))

~ Doyo
+ drl(e > (1)) |. 67
T,(M)'“
Substituting as before we derive for 7; > 1
F(e < e(m))) =
5 3 ()T}
135 _1p-1[6s 2 572
Fo|3.87 x 107bg5 'Ris (—) In
€
2 607
& 5/12 & ’
+— ds s/ exp|—|{—| s|| (68)
(fvEA(Tl)T 174) €
In terms of incomplete gamma functions we obtain
F(e& < a(m1)) =
5 1+ 35k(Tl)T]
3.87 x 107 3bg5 'R Fy (6 ) In %
€0 1+ 2z
Y
Fo 7 €€k(Tl)Tl] [7 (6f)3
+ r IN—,|— . (69)
e?./4e§/4( [12 Yy 127\ &

The argument of the second incomplete gamma function is large
compared to unity while the argument of the second incomplete
gamma function is a universal constant

3 4
€& (T)T

%

=1.024

yielding

2
F(e < &(11)) = Fo|3.87 x 107°bg5 ' R4 (?)
0

[12, 1 024]

2513

X In (70)

25y0

Again the contribution from the optically thin part dominates
the logarithmic term for all values of €, demonstrating that the
oce; '*-fluence distribution also holds in this scattered photon en-
ergy range

F(e < &(1)) = FOF[ 7 1024] RO (71)
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This flat power law fluence distribution holds down to energies
€& = €w; below which the optically thickness of the source is
provided by synchrotron radiation.

Summarizing this section: the SSC fluence without spatial
photon diffusion exhibits a break at E; = 15.86™/% GeV from

aoc E;]/ 4-power law spectrum at lower photon energies E; <
E; < EftoaxE*[1 - (E,/Eo)"?]-distribution at large energies
Ey < E < Ey. Obviously, the identification of this break energy
in the observed fluence distribution from flaring blazars will thus
provide diagnostics for the product 55~!/3 of the Doppler factor ¢
of the emission knot and the magnetic field strength b in the
source.

The HESS collaboration (Aharonian et al. 2007) reported for
the TeV fluence of the flare of PKS 2155-304 on July 28, 2006
a transition from a (E%)™"'- to a (E;)™" power law at £’ with
51 =171£0.06 +0.10, 5 =2.53 £ 0.05 £ 0.10 at £, = 430 +
22 + 80 GeV. With E* = 0E we derive for the product sh7113 =
27.1+6.5.

8. Synchrotron and SSC light curves

In this section we calculate the emerging photon intensities
which in the case of synchrotron radiation include the effects
of the photon escape distribution. Besides results valid for any
photon escape distribution P(f) we will also consider the special
escape distributions (135) and (140) which were calculated for a
uniform photon source distribution over the emission knot.

In terms of the normalised time scale (15) the scattering
time u reads

NC 3 e 2N€ NC

= STy o T Ter 1543 10722 (72)
Doy Ugyo b

The time u = Kg then corresponds to T = 7, with

75 = 2.87 X 10°N, 10R75b%y7. (73)

The two special escape distribitions (135) and (140) then read

Pi(T < 13) = 0.226N, 10R;5 [1 + at]™/? (74)
and
Py(t 2 1) = Pyexp[-p7], (75)
respectively, with
—2Ne 10 -3;-2_—1ar-1 p-2

a=3.64x%x10 by’ = LISX 107077 y; N, 1oR 5,

0.045
Po= 5 (76)

e, 1015

The emergent synchrotron photon intensity then is given by

¥s(v, 1) = Li(v, D)P(7). (77)
Using observed synchrotron photon intensities for (v, 7) we
may infer the synchrotron photon escape time distribution from
the ratio

P(r) =

Ys.obs/ Is(v, T) (78)

using the calculated synchrotron intensity variation (108).
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Fig. 3. Emergent synchrotron intensity at w = 1073 (1.7 by% keV) in the
linear cooling case with (lower curve) and without (upper curve) photon
diffusion.

For the specific escape time distributions (135) and (140) we
obtain for the synchrotron fluence distribution (77)

fsv) = fo Y(v, 7)

= f " L(v, P (7) + f ) L(v, T)P(7) (719)
0

T1
which incorporates the effects of spatial photon diffusion in the
emission knot.

8.1. Monochromatic synchrotron light curves

With an application to observed X-ray light curves we consider
the optically thin synchrotron intensity (108)

I(w > w;,7) = Lw'(1 +1)* exp[-w(1 +17)?] (80)

which increases proportional to (1 + 7)*/3 for times less than
7 < w2 and decays with the Gaussian behaviour ccexp(—wt?)
at large times.

For normalised synchrotron frequencies w > B°> =
1.32 x 10‘617‘47; 2N;%0RI§ the emergent synchrotron intensity
is given by

Yo, 1) = Pi(DI(w > w;,T) =

s (1423

0.226N.,10R51, -
e 1oR15low 1+ ani?

exp[-w(1+7?| (8
which is sketched in Fig. 3. As can be seen, there is no strong in-
fluence of the synchrotron photon escape distribution on the light
curve of the emergent synchrotron photons. For @ < w < 1 there
is no influence of the photon escape time distribution and the
synchrotron light curve is solely determined by the cooling be-
haviour of the radiating electrons resulting in the variation (80).
For frequencies

Ne10
b*y;
we find the modified increase
(1+71)%3
(1 +ar)l/?

B <w<a=3.64x107

(82)

below the light curve maximum at w='/2.
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Fig. 4. Emergent monochromatic SSC intensity at €, = 10° (0.05 TeV)
in the linear cooling case.

8.2. Monochromatic and broadband SSC light curves

At normalised scattered photon energies larger than €,(0) we use
the monochromatic SSC intensity (38)

1/3
WC(ESsT)=4D0F0POH[E _1_7.][ 63'2)
€ o

S

4
(1 + 7)* exp [— & } , (83)
€07o

which is sketched in Fig. 4.

Being unaffected by spatial photon diffusion, the emergent
SSC light curve is determined by the temporal variations of the
relativistic electron density distribution and the synchrotron pho-
ton density.

The Heaviside function has a strong influence at high scat-
tered photon energies as it restricts the values of 7 to

r<rr =2 _1-100¥ -1
€s €5

(84)

where we scaled the intrinsic normalised scattered photon en-
ergy at 50 GeV, so that ¢ = 10%s. The maximum of the SSC
intensity (83) as a function of T occurs at

a2}t (113 x10Mpy4" v\
Ty = = =183(Z
3e € €5

but is only relevant if 7,, < 77.

Unfortunately, the HESS collaboration due to the lack of
enough photons has not published sofar monochromatic TeV
light curves from flaring blazars. To have enough photon statis-
tics they have published broad-band TeV light curves: in the case
of PKS 2155-304 they give the light curves of all photons with
energies greater than 0.2 TeV (see Fig. 1 in Aharonian et al.
2007). We therefore consider broad-band SSC light curves by
integrating over the relevant SSC photon energies:

(85)

Lie,7) = f Yoy, T, = f 1€y, T)e, (86)

s
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Fig.5. Broadband SSC light curve L calculated for E; = 0.2 TeV,
(510 =1 andy7 =1.
The SSC intensity (83) readily yields
Rqol,
L, 1) = ZE200 (1 4 )3
3
00 ’ 1/3 ’ 4
(1 +
Xf de’SH[ %0 —e’s]( ESZJ exp[—L( ZT)
€ l+7 €Y €Y
)
= 4DyFoeryg(1 + T)_4H[ AU es] " dx xR
1+71 el
Yy
- Yo
= 4DoFoeyo(1 + D Hl7—— ~ &
4 e(1+1)* 4 (1+1)7
x(r[—, sd+or 27) - r[—, d+7 ) (87)
3 ey 37 &y
The Heaviside function limits the values of T to
)
1+7<2555— Y700 (88)

(E3/02TeV)

On the other hand, the upper integration limit of the x-integration
in Eq. (87) is less than unity for values of

1+ 7 < 324b'3y;. (89)
Therefore, for
(E;/0.2TeV)b' 515 > 0.79 (90)
independent of 7y, we may approximate Eq. (87) by
2/3 4/3
S(1
L, 7) ~ 3DOF07‘1)7 [1 _ (M)
€ Yo
4/3
1+
= 3Dy FoP(1); [1 - (%) : 1)

In Fig. 5 we show the time variation of L(es, 7) for the values
E; = 0.2 TeV, 619 = 1 and 7 = 1. This broadband SSC light
curve attains its maximum at 7 = 0 as all photons with energies
larger than €, are counted.
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9. Summary and conclusions

The vast improvement of sensitivity of modern ground-based
air Cherenkov telescopes together with the sensitive flux mea-
surements at lower frequencies requires accurate elaborations of
the theoretical radiation models for flaring blazars. Before the
appropriate Lorentz transformations of energy and time to the
observer’s frame of reference, the emergent intrinsic intensities
from a relativistic moving emission knot have to be calculated by
the product of energy-independent photon escape time distribu-
tions P(T) and the energy-dependent radiation intensities /(e, 7)
whose time-dependence results from the rapidly cooling energy
spectra of the radiating relativistic particles.

Here we consider the flaring of TeV blazars due to the
synchrotron-self Compton (SSC) process. We assume that at
the moment ¢ = £, a flare in the emission knot occurs due to the
instantaneous injection of monoenergetic (Ey) ultrarelativistic
electrons. The ultrarelativistic electrons are injected uniformly
over the knot volume and at later times are subject to linear syn-
chrotron radiation cooling in a magnetic field whose strength
B = 1b Gauss remains constant during the time evolution of the
relativistic electrons. The generated synchrotron photons with
nonrelativistic energies are subject to multiple Thomson scat-
tering off the cold electrons in the source giving rise to spatial
photon diffusion. Although other (than monoenergetic) injection
energy spectra of ultrarelativistic electrons and other (than in-
stantaneous) injection time profiles are physically plausible, the
case of monoenergetic instantaneous injection considered here
is mathematically very convenient, as the solution of the time-
dependent kinetic equation for the electrons for this case serves
as Green’s function for more complex injection energy spectra
and time profiles, as long as the electron synchrotron cooling is
linear. The solutions for more complex injection energy spectra
and time profiles Q(E,t) are then simply obtained by quadra-
tures involving the Green’s function solution calculated here.
Optically thick and synchrotron radiation intensities and syn-
chrotron photon density distributions in the emission knot as a
function of frequency and time are determined. The synchrotron
photons serve as target photons for the SSC process which is cal-
culated in the optically thin frequency range using the Thomson
approximation of the inverse Compton cross section. It is shown
that the optically thick part of the synchrotron radiation process
provides a negligible contribution to the resulting SSC intensity
at all frequencies and times.

Because the high-energy TeV photons do not undergo multi-
ple elastic Compton scatterings, there is no influence of photon
diffusion in the calculation of the SSC fluence distribution with
energy. The SSC fluence exhibits a break at E; = 15.8b7!/° GeV

from a oc E;l/ 4—power law spectrum at lower photon energies
E, <E;<Eftoacx E;z[l — (E;/Eo)"?]-distribution at large
energies £y < E; < Eg. The lowest energy limit E; is provided
by the synchrotron radiation thickness. The identification of this
break energy in the observed fluence distribution from flaring
blazars will thus provide diagnostics for the product §b~!/3 of
the Doppler factor ¢ of the emission knot and the magnetic field
strength b in the source. In the case of the observed TeV flu-
ence spectrum of the flare of PKS 2155-304 on July 28, 2006
(Aharonian et al. 2007) we derive 6b™!/3 = 27.1 £ 6.5.

The emergent SSC light curve is independent of spatial pho-
ton diffusion and determined by the temporal variations of the
relativistic electron density distribution and the synchrotron pho-
ton density. The comparison of the observed with the theoretical
monochromatic synchrotron light curve provides the determina-
tion of the photon escape distribution.
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10. Appendix A: synchrotron optical depth
and photon spectra

10.1. Optical depth

According to Eq. (7) the synchrotron emission is optically thin

for frequencies and times with D(w,7) < 1, and it is optically

thick for frequencies and times with D(w, 7) > 1, where the tran-

sition occurs at the frequency w,(7) defined by D(w;, 7) = 1.
Because w < 1 the optical depth (22) simplifies to

A+ 71w\
(=2)

Dw,7<1) =~ 92)

as long as w(1 +7)? < 1, which holds at normalised times smaller
than

-1/2

r<w?-1=2w 93)

Consequently, in this range the transition frequency is given by
w (7t <) 2wy (1+7). (94)

It is instructive to inspect the limit 7 > 1 in more detail. Here the
optical depth (22) reduces to

5/3
Dw,7>1) = (Tﬂ) 1+ —wrz] exp[—wrz]. 95)
w 2
In terms of the combined variable z = wt? this reads
1+1.5z _,
D) = w)’Tf(2), f(2) = — (96)

The function f(z) is a monotonically decreasing function for all
values of z with the asymptotic behaviour

7503
1.57723¢2

For values z < 1, corresponding to the case (93) considered be-
fore, use of the asymptotic behaviour immediately yields

forz<1

forz > 1. 7

f(z)z{

Tw) )5/3

D(z) = w778 = (
w

(98)
and the transition frequency w; =
result (94).

At the value z = 1 the function f(1) = 0.92 is already smaller
than unity. Hence, the equation defining the optical transition
frequency (z; = T2w;,) in the range of large values of z > 1 is

Tw in agreement with the

D(z) = 1=w T f(z) < 0920 7. (99)
This equation can be solved for z, > 1 only if

0.920)7° > 1

corresponding to

> w ' (100)

In the opposite case 7 < a)zl/ 3 the function D(z,) is always

smaller than unity for all values of z; > 1 so that the transition

-107

=114

-12

-13

lyg (omega_t)

-147

]

lg(tau)

Fig. 6. Normalised synchrotron transition frequency w, as a function of
the normalised time scale 7 in the linear cooling case calculated for
w = 107", The maximum transition frequency w?”* = 1071 occurs at

the time 1 = w]_]/3 =10°.

frequency in this case has to be in the range z, < 1, discussed
before (see Eq. (98)).

With the asymptotic expansion (97) we find the solution z, >
1 from the transcendental equation

7P = 15w (101)
yielding approximately
[ ln(l.Sw?/3TS) (102)
corresponding to

1 5/3
= = In(150)77). (103)

Summarizing this subsection: for the time-dependence of the
transition frequency we derive

1/3

(J.)](l + T)
104
# 11’1(1.50.)?/3‘1'5) for t > wzl/‘% (104)

fort < w;

w (1) = {

which is sketched in Fig. 6. After the constant value w; at small
normalised times 7 < 1 the transition frequency increases lin-

early to its maximum value a)%/ att = wl_l/ 3. At late times

T> a)zl/ 3 the transition frequency decreases proportional to 772.
In the two normalised time ranges the optical thickness can

be well approximated as

D(w, 1) ~

{(M)SB

(%)2/3 exp(t’(w; — w)) fort > wl‘l

forOS‘z’Swl_l/3

5 (105)
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Fig. 7. Synchrotron intensity distribution as a function of the normalised
frequency w at different times 7 = O (full curve), 7 = 100 (dotted curve),
7 = 10’ (dot-dashed curve) and T = 107 (dashed curve). The value
w; = 1071 is adopted.

10.2. Synchrotron spectra

In the optically thick frequency part w < w, the synchrotron
intensity according to Eq. (7) is given by

i R 3mv§ S w2
Iw < w,71) ~ J7) = );0
D(w,7)  2(1+71)[1+ sw(l + 7)2]
2
= [pw; “ (106)
T+ + 50(1 + 7)2]
where
3
Iy = Emviygwfm = agPoqoRvs/(4rm)
= 3.8 % 103¢sRys5b - (107)

cm? ster Hz s

is determined by the magnetic field strength b, the electron in-
jection rate g5 and the source radius R;s.
In the optically thin frequency range we obtain

I(w > w;, T) = j(w, TR

= Ihlw(1 + 1213 exp[-w(1 + 7)2]. (108)

In Fig. 7 we show the intensity distribution as a function of fre-
quency at different times.

In each case the intensity distribution is characterised by two
intensities:
(i) the time-independent peak intensity

Iy
I, = ———= = 0.497] 109
G i (109)
occurring in the optically thin frequency part at
1
wn(m) = (1 + 72, (110)

and
(ii) the intensity lians(7) = I(wy, T) at the transition frequency wy,
hereafter referred to as transition intensity.
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Fig. 8. Synchrotron transition intensity /i.,,s(7)/ly as a function of the
normalised time scale calculated for w;, = 1071

10.2.1. Transition intensity

The transition intensity is given by

Lrans(7) = I(wy, 7)

2

w
- [P i :
A+ D)1+ 30,1+ 77

(111)

Using the transition frequencies (104) we obtain for the transi-

tion intensity at normalised times smaller than w;” 3

3 1/3
s (7 < 077 = o] (112)

i
: L+ 3w(1+7)

whereas at large times

~1/3 2y wy 21 In [15 (w}/ST)S]
1 1

The time-dependence of the transition intensity is shown in
Fig. 8.
At small times 7 < 1 the transition intensity is given by

Lans(7 < 1) = Lpw}

erg

. 114
cm? ster Hz s (114)

= 1.15x 107g2 RS b*y7!

at intermediate times 1 < 7 < wl_l/ ? the transition intensity in-

creases linearly with time to its maximum value

Itrans,max = Iuans(wl_l/3) = 0.41. (115)

Note that the value (115) is indeed smaller than the peak in-

tensity (109). At large times 7 > w]_l/ 3 the transition intensity

rapidly decreases oc77>.
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10.2.2. Peak intensity

The peak intensity (109) has a value independent of time but
occurs at the frequency w,,, (see Eq. (110)), which decreases
oc 772 at times larger than unity. Comparing with the time vari-
ation (104) of the transition frequency we conclude that only
at times smaller 7 < w]_l/ 3 the frequency w,, > w; is larger
than the transition frequency. Consequently, broad optically thin

o . -1/3
synchrotron emission only occurs for times less than w 13 as

1
clearly seen in Fig. 7. At large times 7 > w]_l/ 3. the synchrotron

intensity is much suppressed with the maximum intensity given
by the transition intensity (113). This behaviour is also seen in
Fig. 7.

11. Appendix B: Photon escape time distribution

Here we calculate the distribution of photons P(v, ) over their
time of escape from the emission knot (Sunyaev & Titarchuk
1980, 1985). The optical depth Ky = o7rN,R = 6.65N, 10R15
of the knot with respect to Thomson scattering off the cold
electrons in the knot of density N, = 10'°N, ;o cm™ results
in the spatial diffusion of photons in the emission knot after
their generation. The average photon intensity J(r, ¢) in the knot
0 < r < R obeys the diffusion equation (Sunyaev & Titarchuk
1980; Rybicki & Lightman 1979)

oJ c 10,0
—_— = ——=—\r —1"
ot 3o0rN,r2or\ or
Introducing the Thomson optical depth K = oN,r and the

dimensionless scattering time u = corN.(t — tp) yields for
Eq. (116)

(116)

o] 11 8

oJ
2
— === — 117
ou 3K28K( 6[() (17
which has to be solved for the boundary conditions that J(0, f) is
finite at the centre of the knot and that at » = R there is no pho-
ton flux from outside onto the boundary surface of the spherical
knot:

8—1 + gJ =0. (118)
0K 2 [p g

The initial condition

J(K,u=0)=H[Ky - K] (119)

reflects that at the time #y synchrotron and SSC photons are gen-
erated uniformly over the emission knots by the injected ultra-
relativistic electrons. From the solution J(K, u) the normalised
photon escape time distribution is calculated as

J (Ko, u)

P(Ko,u) = ——
’ fo du Jo(Ko, u)

(120)

In principal, the Thomson scattering off cold electrons also leads
to a diffusion of photons in frequency (Comptonization); we
neglect this frequency diffusion here because it is slow com-
pared to the synchrotron and SSC interactions with the relativis-
tic electrons.

The solutions of the photon spatial transport are different
for small and large values of the Thomson optical depth K, =
6.65N, 10R 5. We discuss both cases in turn.
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11.1. Small knot Thomson depth

At small optical Thomson depth Ky < 1 the distribution of mul-
tiply scattered photons over the knot will be uniform. Therefore
the part of the photons escaping from the knot depends only on
the Thomson depth and is given by (Sunyaev & Titarchuk 1985)

expl-uIn(55)]
P(Kp < lu)y= ————— (121)
ln(m)
This estimate has been verified in numerical Monte Carlo calcu-
lations (Pozdnyakov et al. 1976).

11.2. Large knot Thomson depth

The solution of the photon diffusion problem (117)—(119) is well
known (Sunyaev & Titarchuk 1980). Because of several mis-
prints and missing details we repeat the derivation here. The so-
lution of Eq. (117) is

o sin(4,K) _p
J(K,u) = Z Cn SN K) s

= (122)

n=1
where the eigenvalues 4, fulfil the transcendental equation

tan(Kod,) 1

KO/ln 1 - 3%

(123)

and the expansion coefficients ¢, are determined by the initial
condition (119) as

Ko, .
B i fo dx xsinx

n Ko, .
A fo o™ dx sin® x

_ 2 sin(Kod,) — Ko, cos(Kod,)

"~ A, Ko, — sin(KoA,) cos(Kod,) (124)
The intensity at the knot’s edge then is
J(Ko, u) = i F(Kod,)e 3 (125)
n=1
where
Fly) = 2siny siny—ycosy_ (126)

y y-—sinycosy

Inserting the eigenvalue equation (123) in the form tany =
y(1 - 3Ko)™! yields

3Ky
Fiy) = ————— (127)
y* - 5Ko + 1K]
so that
1
F(Kody) = - ————F - (128)
3Ko 1 - % +322
Equation (125) then becomes
4 R e—/l,%u/3
J(Ky,u) = — _ 129
(Ko, u) 31@21_%#42 (129)
SAR0

n=1 9n
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which for Ky > 1 agrees with the distribution given by Sunyaev
& Titarchuk (1980, Appendix A):

4 & e~
J(Ko > 1,u) ~ — . 130
(Ko > 1,u) 3K0;1+% (130)
For the escape time distribution we find
3 2 o e
Pu)= =—J(Ko > l,u) = — . 131
(1) = 5= (Ko > 1w K§;1+%ﬂ% (131)

For large Thomson depth K > 1 the transcendental eigenvalue
Eq. (123) is

K 2
an(Kody) 2 (132)
Kol 3K,

yielding the eigenvalues

nmr
2, = 133
T (133)
so that
2 © _%
P(u) ~ c (134)

2 Z 2nm \2
Ky = 1+ G
with the following asymptotic behaviour.

For large scattering times u > Ké > | the lowest eigenvalue
provides the exponential cut-off, so that

2

2 -rx
Pyu>= Kj) = —e .
KO

(135)

For times u < Kg many n contribute to the sum in Eq. (134), so
that n is treated as a continuous variable:

2
_n2n%u

5 2 00 e 3K3
P(u<k})=— f dn ————— - (136)
K§ | Jo 1+ (%)
The substitution n = 3Kt/ (27) yields
2 [3Ky ™. e %47
Pu<kl)==|— | dd—-1
(= K3) Ké{Zﬂj(; 1+72 }
2 [3Ky [3u
= K_g [TC“ erfc ( Z]— 1j| (137)

in terms of the complementary error function (Abramowitz &
Stegun 1972).
For intermediate scattering times 1 < u < Ké use of

2 1 1
e erfc (z) = Y (1 - —)

272
yields
2 K 1 2
P(1Sus1<§):—2[ﬂ (1——)]
KO 2 37'[“ 31/!

(138)
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At small times u < 1 we obtain approximately

3 3u
Pu<l)=~—|1- /=]
(I/l ) ZK(){ 7T:|

The two approximations (138) and (139) are reasonablely ap-
proximated by the combined function

(139)

7 (140)

3
Pi(u < K}) = —[1+

3mu|?
2K,

For large optical Thomson depth K > 1 the escape distributions
(135) and (140) yield for the average photon escape time after
elementary integrations

1 [ee]
= P
(t) cor N, fo du uP(u)
R KS 00
—_— [f duuP(u) + f du ng(u)]
cKo \Jo K2

2R e nu
—3[ duuexp|——
CKO K2 3KO

3K, (K0
+—0 f duu
4 Jo

- %%Clj(é 28_7 (1 + %)e‘”%l{g +2
+[1 + 3”f§J3/2 _ 3(1 + 3’”{3)1/2}_ (141)
To leading order in Ky < 1 we obtain
(ty = T;@ [9(1 + %)e—’*“ +n«/§]
= 1.53@ =3.4 X 10°R{5N, 10 - (142)
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