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ABSTRACT

The effect of stellar electromagnetic radiation on the motion of homogeneous spherical dust particles, the Poynting-Robertson
(P-R) effect, is investigated. The effect already produces a shift of pericenter/perihelion in the accuracy to the first order in u/c,
where u is velocity of the particle with respect to the source of radiation and c is the speed of light. The advancement of pericenter
occurs due to the fact that the P-R effect depends on radiation pressure efficiency factor Q′pr, which is a function of optical properties
of the particle. The particle orbiting a star moves in various distances from the star and the particle optical properties may vary with
the distance, as they are functions of temperature.
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1. Introduction

The effect of stellar electromagnetic radiation on the motion of
homogeneous electrically neutral spherical dust particles is in-
vestigated. Although this effect is well-known as the Poynting-
Robertson (P-R) effect (Robertson 1937; Klačka 1992, 1993,
2004), it was not recognized that it may also produce a shift
of pericenter/perihelion in the accuracy to the first order in u/c,
where u is velocity of the particle with respect to the source of
radiation and c is the speed of light (Robertson 1937; Wyatt &
Whipple 1950; Lyttleton 1976). Klačka (2004) has shown that
the shift of pericenter/perihelion exists if the central accelera-
tion is given by the gravity of the central star. The general opin-
ion is: if the central acceleration also contains a dominant part
of the electromagnetic radiation pressure of the star, then no
shift of pericenter exists, supposing that the equation of motion
is considered within approximation to the first order in u/c. In
reality, the shift of pericenter/perihelion occurs. The reason is
that the P-R effect depends on radiation pressure efficiency fac-
tor Q′pr, which is a function of optical properties of the particle
(Mishchenko 1991). The only exception is the idealized special
case treated by Robertson, the perfectly absorbing sphere. The
particle orbiting a star moves in various distances from the star
and the particle’s optical properties are functions of the distance,
as they may depend on a temperature (corresponding physical
equations determining the temperature of the particle can be
found in Shulman 1987; see also Kocifaj et al. 2006; as for op-
tical properties, see, e.g., Draine & Lee 1984). This fact is not
taken into account, in general (Lamy 1974; Kocifaj et al. 2006).

We consider the motion of spherical interplanetary dust
grains around the Sun under the action of solar gravity and solar
electromagnetic radiation. We do not assume that optical con-
stants of the dust grains are independent of temperature, i.e. fixed
in time, as it is usually done. Instead of that we consider the
P-R effect (to the first order in u/c) in its real physical form, when
the efficiency factors for radiation pressure Q′pr are functions of

heliocentric distance. We treat more realistic situations when the
dielectric function of some dust constituents varies with tem-
perature. As the P-R effect is dominant for the grains of radii
between 1 µm and 100 µm (Leinert & Grün 1990), we consider
particles of radii within this interval. It turns out that the real
P-R effect (with temperature dependence of optical properties)
offers different behavior from the standard P-R effect (temper-
ature independent optical properties) for small dust grains. We
show this for small micron-sized dust spheres, while for compact
dust grains with radii larger than ≈10 µm the standard P-R ef-
fect can be used. Results of detailed numerical calculations are
presented. Moreover, we try to understand/explain the obtained
numerical results also in an analytical way. The analytical ap-
proach is in qualitative coincidence with the detailed numerical
calculations, in general.

2. Radiation and motion of a spherical particle

Incident radiation acts by a force on a spherical particle. The
dimensionless factor of the effectivity of radiation pressure is
(see, e.g., Mie 1908, or, Sect. 4.5 in Bohren & Huffman 1983)

Q′pr = Q′ext − Q′sca 〈cos θ〉, (1)

where Q′ext and Q′sca are dimensionless efficiency factors for
extinction and scattering. Motion of the spherical particle in
the reference frame of the source of radiation is given by the
Poynting-Robertson effect. It reads, to the accuracy u/c,

du
dt
= Q′pr

S πR2

mpc

{(
1 − u · Ŝ

c

)
Ŝ − u

c

}
, (2)

where S is the flux density of radiation energy (energy flow
through unit area perpendicular to the ray per unit time) as mea-
sured in the frame of reference of the radiation source, u is the
particle’s velocity, c is the speed of light. It is supposed that ra-
diation is traveling in the direction and orientation given by the
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unit vector Ŝ. Particle mass mp and the efficiency factor of radi-
ation pressure Q′pr are particle properties given in the rest frame
of the particle. The terms in brackets in Eq. (2) are generated
by simultaneous action of the Doppler effect, the change of con-
centration of photons, and the aberration of light (see Sect. 3.4
in Klačka 2004). Another possible explanation of the Poynting-
Robertson formula is following: the incident radiation generates
force (S πR2/c) (1 − u · Ŝ/c) Ŝ acting on the spherical particle,
while the outgoing radiation acts on the particle with the force −
(S πR2/c) [(1−Q′pr)(1−u · Ŝ/c) Ŝ+Q′pru/c]. However, the newest

explanation that decomposition of the term u/c into radial u · Ŝ/c
and nonradial terms contributes to the existence of two radial
terms in Eq. (2) and the presence of these two radial terms is “be-
cause of the combination of Doppler shift in absorbing radiation
and Doppler shift in emission” (Quinn 2005, p. 195) does not
correspond to the physical situation, as follows from the above
presented physical explanation. (One may also consider special
cases. A specular reflection on the mirror sphere yields Q′pr = 2
and incident and outgoing flows generate 1 and 3 radial terms
u · Ŝ/c, respectively. In the case of a perfectly absorbing sphere
Q′pr = 1 no term 1 − u · Ŝ/c exists due to the outgoing radiation,
as it would be required by Doppler effect: the existence of the
term 1 − u · Ŝ/c is a necessary, but not sufficient, condition for
the presence of the Doppler effect.)

3. Radiation and motion of a sphere around the Sun

We are interested in a simultaneous motion of a spherical parti-
cle under the action of solar electromagnetic radiation and solar
gravity. Equation of motion of the particle with respect to the
Sun is

du
dt
= −GM�

|r|3 r + β
GM�
|r|2

{(
1 − u · r̂

c

)
r̂ − u

c

}
,

r̂ ≡ r/|r|,

β ≡ L�πR2

4πGM�mp

Q̄′pr

c
= 7.6 × 10−4 Q̄′pr

πR2
[
m2

]
mp

[
kg

] , (3)

where G is the gravitational constant, M� is the mass of the Sun,
r is the position vector of the particle with respect to the Sun,
and Q̄′pr is the spectrally averaged efficiency factor for radiation
pressure. We have also taken into account that the flux density
of radiation energy S , present in Eq. (35), is S = L�/(4π |r|2),
where L� is the solar luminosity.

4. Numerical results

Figure 1 depicts the dependence of the efficiency factor for ra-
diation pressure Q̄′pr on heliocentric distance for carbonaceous
particles of radii 1 µm and 2 µm. The changes of Q̄′pr are im-
portant mainly for small heliocentric distances and Q̄′pr is almost
constant for distances greater than 5–10 AU. We want to stress
that carbonaceous material was taken as an example for which
refractive index is known for various temperatures (Jäger et al.
2003), while the dependence is not known for materials present
in real astronomical dust grains (Kocifaj et al. 2006).

Table 1 presents several interesting values for carbonaceous
particles. Besides radius R and mass density ρ of the particle, di-
mensionless efficiency factors for radiation pressure for the ini-
tial orbit of the particle (Q̄′pr aph at aphelion and Q̄′pr per at perihe-
lion) are also presented: a particle is ejected at the aphelion of

Fig. 1. Radiation pressure efficiency factor Q̄′pr as a function of helio-
centric distance for compact carbonaceous dust particles with radii 1 µm
and 2 µm.

Table 1. Characteristic parameters for carbonaceous spherical dust par-
ticle, including the shift of perihelion after 1000 years. Q̄′pr values are
given for initial orbit (0) and for the orbit after 1000 years (1).

R [µm] 1 1 2 2
ρ [g/cm3] 1 2 1 2
Q̄′pr aph(0) 1.447 1.447 1.267 1.267
Q̄′pr per(0) 1.446 1.425 1.255 1.252
∆ω [◦] 249.8 511.4 304.2 132.2

Q̄′pr aph(1) 1.447 1.441 1.266 1.266
Q̄′pr per(1) 1.445 1.423 1.254 1.251

a parent body characterized with orbital elements a = 2.2 AU,
e = 0.85; zero ejection velocity is considered. Also a shift of
perihelion ∆ω (secular change of longitude of perihelion) after
1000 years is given (note that P-R effect with fixed optical prop-
erties would yield ∆ω = 0). The longitude of perihelion is the
angle of perihelion, measured from the ascending node in the
direction of the motion of the particle. The last two columns of
Table 1 represent values of Q̄′pr aph at aphelion and Q̄′pr per at per-
ihelion for the current orbit after 1000 years.

On the basis of the values for the shift of perihelion for par-
ticles with radii 2 microns, one would expect that the shift of
perihelion for R = 1 µm and ρ = 1 g/cm3 would be greater than
the shift of perihelion for R = 1 µm and ρ = 2 g/cm3. However,
as the values presented in Table 1 show, this is not true. To cor-
rectly understand the result, we have to take into account the
real orbital evolution of the particles. It turns out that the particle
with R = 1 µm and ρ = 1 g/cm3 moves almost on a circular or-
bit – eccentricity 0.09 to 0.10 – in a distance r ≈ 4 AU from the
Sun. Since the distance changes only in a very small interval, the
changes of efficiency factor for radiation pressure are also small
and this is the cause of the small perihelion shift. The other parti-
cles presented in Table 1 are characterized by much larger values
of eccentricities and perihelion distances are about 0.6 AU: R =
1 µm and ρ = 2 g/cm3 yields 0.54 < e < 0.74, R = 2 µm and
ρ = 1 g/cm3 yields 0.57 < e < 0.76, R = 2 µm, and ρ = 2 g/cm3

yields 0.70 < e < 0.81. Moreover, these particles can move in
smaller heliocentric distances, where changes of Q̄′pr are more
significant. Thus, the particles exhibit larger changes of Q̄′pr and
this also explains the large values of advancement of perihelion.
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Table 2 presents ratios for secular values of semi-major axes
and eccentricities after 1000 years, i.e., a[Q̄′pr aph(0)]/a[Q̄′pr], and
e[Q̄′pr aph(0)]/e[Q̄′pr]. Q̄′pr aph(0) is an initial value and Q̄′pr changes
in orbital evolution and thus it is a function of the heliocentric
distance.

The important data summarized in Tables 1 and 2 lead to
the following results. The effect of electromagnetic radiation on
spherical micron-sized dust particles yields, in general, a shift
of perihelion, while the evolution of the semi-major axis and ec-
centricity may be calculated within an approximation of constant
optical properties (see Eqs. (64)–(65), (102)–(103), with the cor-
responding initial conditions (58)–(63) in Klačka 2004). The
statement about the semi-major axis and eccentricity hold when
heliocentric distances are not smaller than about 0.1 AU. Detail
numerical solution of Eq. (3) has to be done for orbital evolution
if heliocentric distances may be smaller than about 0.1 AU.

5. Discussion

Tables 1 and 2 present quantities that show the difference be-
tween the evolution of orbital elements for fixed values of optical
properties and the more realistic values of the optical properties
for the Poynting-Robertson effect. The evolution of the semi-
major axis and eccentricity may be described for a long time
by the approximate secular evolution known since the time of
Robertson; the smaller heliocentric distance, the greater changes
of Q′pr occurs, see Table 1 and Kocifaj et al. (2006), and the
greater differences between real and approximate evolutions ex-
ist. The real evolution yields a nonzero shift of perihelion, while
fixed optical properties yield zero perihelion motion. However,
the value of the perihelion shift presented in Table 1 is also an
approximation of the reality. The approximation is in the fact
that Eq. (3) is written in the form

du
dt
= −GM� (1 − β)

|r|3 r − βGM�
|r|2

{(
u · r̂

c

)
r̂ +
u

c

}
, (4)

and the osculating elements are calculated for the central accel-
eration given by the term independent of velocity u. In reality, the
term G M� (1 − β) is not constant in time, and, the correspond-
ing term does not yield Keplerian orbits. The correct approach is
to consider the central acceleration given by gravity only, as it is
in Eq. (3) and discussed in detail in Klačka (2004). However, if
we want to show that the shift of perihelion already exists when
the central acceleration is given by the term G M� (1 − β), then
we make an approximation β = β0 + β

′
0(r − r0). We can show

that the shift of perihelion exists even for the case when velocity
terms in Eq. (4) are neglected. In reality, we have

du
dt
= −GM� (1 − β0)

|r|3 r + β′0
GM�
|r|2 (r − r0) r̂. (5)

The change of longitude of perihelion is given by

dωβ 0

dt
= − 1

eβ 0

√
pβ 0

GM� (1 − β0)
GM�

r2

× β′0 (r − r0) cos fβ 0, (6)

where fβ 0 is a true anomaly (all orbital elements relates to the
central acceleration G M� (1 − β0), also a true anomaly; corre-
sponding quantities are denoted by subscript β 0, to be con-
sistent with Klačka 2004). Using the fact that the semi-major
axis and eccentricity exhibit small changes during one period

Table 2. Ratios of semi-major axes and eccentricities for fixed Q̄′pr aph(0)
and time dependent Q̄′pr values of radiation pressure efficiency factor for
carbonaceous spherical dust particles after 1000 years.

R [µm] 1 1 2 2
ρ [g/cm3] 1 2 1 2

a[Q̄′pr aph(0)]

a[Q̄′pr]
− 1 4.21E-3 5.87E-3 1.42E-3 −2.62E-3

e[Q̄′pr aph(0)]

e[Q̄′pr]
− 1 6.58E-3 1.89E-3 7.51E-4 −1.08E-3

of revolution around the Sun, we can write for secular change
[pβ 0 = aβ 0(1 − e2

β 0)]

〈
dωβ 0

dt

〉
= − 1

eβ 0

√
pβ 0

G M� (1 − β0)

G M�β′0

a2
β 0

√
1 − e2

β 0

× 1
2π

∫ 2π

0
(r − r0) cos fβ 0 d fβ 0

=
β′0√

1 − β0

√
G M�
aβ 0

×
√

1 − e2
β 0

(
1 −

√
1 − e2

β 0

)
e2
β 0

· (7)

The obtained result is correct to the first order in β′0 (see
Eqs. (113)–(115) in Klačka 2004). Equation (7) shows that
〈dωβ 0/dt〉 is nonzero and positive if β′0 is positive. The numer-
ical solution of Eq. (3) showed that shifts of perihelion for the
case when osculating elements are computed using constant β0
as a part of central acceleration, and for the case when central
acceleration contains β instead of β0 (see Table 1 and Fig. 4
below), are almost equal.

The orientation of the advancement of perihelion depends
on the orientation of revolution around the Sun, i.e., whether the
orbit is prograde or retrograde. The orientation is given by the

value of X ≡ sign{− ∫ 2π

0
[β(r) − β0] cos fβ 0 d fβ 0}, where β0 ≡

β(r0) and r = pβ 0/(1 + eβ 0 cos fβ 0). The shift of perihelion is
in the orientation of the orbital motion, if X = +1. The shift of
perihelion is in a reverse orientation if X = −1.

As for the change of semi-major axis and eccentricity, Eq. (5)
yields

daβ 0

dt
=

2 aβ 0 eβ 0

1 − e2
β 0

√
pβ 0

G M� (1 − β0)
G M�

r2

× β′0 (r − r0) sin fβ 0,

deβ 0

dt
= eβ 0

√
pβ 0

G M� (1 − β0)
G M�

r2

× β′0 (r − r0) sin fβ 0. (8)

The secular changes are〈
daβ 0

dt

〉
= 0,〈

deβ 0

dt

〉
= 0. (9)

Equation (9) analytically explains the small differences pre-
sented in Table 2, calculated for central acceleration containing
GM�(1 − β). Table 3 presents the real evolution of the sculating
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Table 3. Ratios of real osculating semi-major axes and eccentricities for
fixed Q̄′pr aph(0) and time dependent Q̄′pr values of radiation pressure effi-
ciency factor for carbonaceous spherical dust particle after 1000 years.

R [µm] 1 1 2 2
ρ [g/cm3] 1 2 1 2

a[Q̄′pr aph(0)]

a[Q̄′pr]
− 1 7.96E-4 −1.64E-3 −1.45E-3 −3.86E-3

e[Q̄′pr aph(0)]

e[Q̄′pr]
− 1 −6.85E-3 −1.04E-3 −8.68E-4 −1.50E-3

Fig. 2. Secular change of semi-major axis and its time derivative for
spherical carbonaceous particle with radius R = 1 µm and mass density
ρ = 2 g/cm3.

orbital elements for the P-R effect for the central acceleration
containing GM�(1 − β0). Values presented in Table 3 are also
consistent with Eq. (9). (Table 1 holds for both central accelera-
tions: containing GM�(1 − β) and GM�(1 − β0), too.)

Figures 2–4 present the secular evolution of the semi-major
axis, eccentricity, and longitude of perihelion, including the sec-
ular evolution of their time derivatives. Three various curves
for secular evolution of time derivatives of semi-major axis
and eccentricity (for carbonaceous particles with R = 1 µm,
� = 2 g/cm3) correspond to three types of osculating ele-
ments: the first type is an element for central acceleration given
by GM�(1 − β(r))/r2 (dotted curve), the second type is for
the case GM�(1 − βaphelion)/r2 and β(r) = βaphelion = const.
(dashed curve), and the third type (solid curve) is for the case
GM�(1 − βaphelion(0))/r2 and β(r) is a function of heliocentric
distance. As for the secular evolution of the time derivative of
the longitude of perihelion, the case GM�(1 − βaphelion)/r2 and
β(r) = βaphelion = constant yields 〈dω/dt〉 = 0. The shift of peri-
helion does not exist in this case and we may put 〈ω〉 = 0, as it is
done in Fig. 4. Figures 2 and 3 show that the secular evolutions
of the semi-major axis and eccentricity are practically indepen-
dent on the type of the “osculating” orbital elements. This is

Fig. 3. Secular change of eccentricity and its time derivative for spher-
ical carbonaceous particle with radius R = 1 µm and mass density
ρ = 2 g/cm3.

caused by the fact that perturbation term in Eq. (10) (equivalent
to Eq. (3))

du
dt
= − G M� (1 − β0)

|r|3 r

+
G M�
|r|2

{
(β − β0) r̂ − β

(
u · r̂

c
r̂ +
u

c

)}
,

r̂ ≡ r/|r|,

β0 ≡ L� πR2

4π GM�mp

Q̄′pr aph(0)

c

= 7.6 × 10−4 Q̄′pr aph(0)
πR2

[
m2

]
mp

[
kg

] ,
β ≡ L� πR2

4πGM�mp

Q̄′pr

c

= 7.6 × 10−4 Q̄′pr

πR2
[
m2

]
mp

[
kg

] , (10)

does not change significantly, unless distances from the Sun are
small. This corresponds to the results presented in Eq. (9).

Finally, we want to understand the result presented in Fig. 2,
in an analytical way. We will use Eq. (10). We can write

daβ 0

dt
= − β G M�

c
1
r2

2 aβ 0

1 − e2
β 0

×
{
2
(
eβ 0 sin fβ 0

)2
+

(
1 + eβ 0 cos fβ 0

)2
}

+ (β − β0)
2 aβ 0 eβ 0

1 − e2
β 0

√
pβ 0

G M� (1 − β0)

×G M�
r2

sin fβ 0. (11)
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Fig. 4. Secular change of longitude of perihelion and its time derivative
for spherical carbonaceous particle with radius R = 1 µm and mass
density ρ = 2 g/cm3.

Making the Taylor expansion around the distance r0 and taking
accuracy to the first power in r − r0 into account, we obtain

daβ 0

dt
= −

[
β0 + β

′
0 (r − r0)

] 1
c

G M�
r2

2 aβ 0

1 − e2
β 0

×
{
2
(
eβ 0 sin fβ 0

)2
+

(
1 + eβ 0 cos fβ 0

)2
}

+ β′0 (r − r0)

√
pβ 0

G M� (1 − β0)

×G M�
r2

2 aβ 0 eβ 0

1 − e2
β 0

sin fβ 0. (12)

Similarily, the change of longitude of perihelion is

dωβ 0

dt
= − 1

eβ 0

√
pβ 0

G M� (1 − β0)
G M�

r2

×
{
β′0 (r − r0) cos fβ 0 +

[
β0 + β

′
0 (r − r0)

]

×
√

G M� (1 − β0) /pβ 0

c

×
(
2 − eβ 0 cos fβ 0

)
sin fβ 0

}
. (13)

Making standard averaging

〈
daβ 0

dt

〉
=

1

a2
β 0

√
1 − e2

β 0

1
2π

∫ 2π

0
r2 daβ 0

dt
d fβ 0. (14)

Equation (12) yields

〈
daβ 0

dt

〉
= − β0

G M�
c

2 + 3e2
β 0

aβ 0

(
1 − e2

β 0

)3/2

×
⎧⎪⎪⎨⎪⎪⎩1 − β

′
0

β0

⎡⎢⎢⎢⎢⎢⎣r0 − 2aβ 0

(
1 − e2

β 0

)

×
3 − 2

√
1 − e2

β 0

2 + 3e2
β 0

⎤⎥⎥⎥⎥⎥⎦
⎫⎪⎪⎬⎪⎪⎭· (15)

If we take r0 as an aphelion distance and if we take into account
that β′0 = 2.689 × 10−3 AU−1 (positive value, see also Fig. 1),
then Eq. (12) already immediately states that 〈daβ 0/dt〉 >
〈daβ 0/dt〉(β′0 ≡ 0); precisely, the values β0 = 0.4156, aβ 0 in =
2.3546 AU, eβ 0 in = 0.7391 yield, on the basis of Eq. (15),
〈daβ 0/dt〉 = −1.288 × 10−3 AU/yr, while 〈daβ 0/dt〉(β′0 ≡ 0) =
−1.314 × 10−3 AU/yr. This is not consistent with Fig. 2, accord-
ing to which 〈daβ 0/dt〉 < 〈daβ 0/dt〉(β′0 ≡ 0) (compare solid and
dashed curves for time t = 0).

We can improve the result represented by Eq. (15). We will
use a more precise type of averaging, instead of Eq. (14):

〈
daβ 0

dt

〉
=

∫ 2π

0
A daβ 0

dt d fβ 0∫ 2π

0
A d fβ 0

,

A ≡
⎛⎜⎜⎜⎜⎜⎝
√

G M� (1 − β0) pβ 0

r2
− dωβ 0

dt

⎞⎟⎟⎟⎟⎟⎠
−1

· (16)

Equations (12), (13), and (16) yield

〈
daβ 0

dt

〉
= − β0

G M�
c

2 + 3e2
β 0

aβ 0

(
1 − e2

β 0

)3/2

×
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩1 − β

′
0

β0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣r0 − 2pβ 0

3 − 2
√

1 − e2
β 0

2 + 3e2
β 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
+
β′0

1 − β0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣2pβ 0

5
(
1 −

√
1 − e2

β 0

)
− 2e2

β 0(
2 + 3e2

β 0

)
e2
β 0

+ r0 − 3
2

aβ 0

⎤⎥⎥⎥⎥⎥⎦
⎫⎪⎪⎬⎪⎪⎭. (17)

Equation (17) yields the value 〈daβ 0/dt〉 = −1.295 ×
10−3 AU/yr. This value is smaller than the value obtained on the
basis of Eq. (15), but it is greater than the value for the case β′0 ≡
0. The last statement is not consistent with our detailed numeri-
cal calculations, as it is presented in Fig. 2. It seems that the dif-
ference between the detailed numerical calculations and our ana-
lytical approach is caused by real changes of Q̄′pr as a function of
heliocentric distance and any simple approximation of this func-
tion does not reproduce the real behavior of 〈daβ 0/dt〉. If we
would use the Taylor expansion up to the third power in r − r0,
then |β′′0 | and |β′′′0 | are comparable to |β′0|: |β′′′0 | ≈ |β′′0 | / 2 ≈ |β′0|/8.

Now, we want to understand the other property of the func-
tion presented in Fig. 2: the initial increase of 〈daβ 0/dt〉 turns
out to be a decrease at final stages of the orbital evolution. We
will use β′0 ≡ 0 in our considerations. Using the secular changes
for the semi-major axis and eccentricity for the constant optical
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properties for the P-R effect (Robertson 1937; Wyatt & Whipple
1950; Klačka 2004)〈

daβ 0

dt

〉
= −β0

GM�
c

2 + 3e2
β 0

aβ 0(1 − e2
β 0)3/2

, (18)

〈
deβ 0

dt

〉
= −5

2
β0

GM�
c

eβ 0

a2
β 0(1 − e2

β 0)1/2
, (19)

we can find a maximum of 〈daβ 0/dt〉. We want to show that
it really corresponds to the value that can be seen in Fig. 2 on
a dashed line. The derivative of the secular change of the semi-
major axis is

d
dt

〈
daβ 0

dt

〉
= −1

2
β2

0

G2M2�
c2

8 − 36e2
β 0 + 3e4

β 0

a3
β 0(1 − e2

β 0)3
· (20)

The maximum of 〈daβ 0/dt〉 yields 8 − 36 e2
β 0 + 3 e4

β 0 = 0. The
obtained quadratic equation yields only one solution for eβ 0 ∈
(0, eβ 0 in):

eβ 0 m =

√
6 − 10/

√
3 = 0.4759. (21)

Using the relationship between the semi-major axis and
eccentricity

aβ 0 = aβ 0 in

1 − e2
β 0 in

1 − e2
β 0

(
eβ 0

eβ 0 in

)4/5

, (22)

and inserting Eqs. (21) and (22) into Eq. (18), we get〈
daβ 0

dt

〉
max

= −β0
GM�

c
1

aβ 0 in(1 − e2
β 0 in)

×
(

eβ 0 in

eβ 0 m

)4/5 2 + 3e2
β 0 m

(1 − e2
β 0 m)1/2

· (23)

The case in Fig. 2 is characterized by β = 0.4156, aβ 0 in =
2.3546 AU, and eβ 0 in = 0.7391 (mean values of the first revo-
lution are: 〈aβ 0 〉 = 2.3484 AU, 〈eβ 0 〉 = 0.7385). Equation (23)
gives 〈daβ 0/dt〉max = −1.0515 × 10−3 AU/yr. All calculations
presented in Eqs. (18)–(23), including the last numerical value,
are consistent with Fig. 2. We can derive a similar equation for
the eccentricity

d
dt

〈
deβ 0

dt

〉
= − 15

4
β2

0

G2M2�
c2

1 + 4e2
β 0

a4
β 0(1 − e2

β 0)2
< 0. (24)

This is in accordance with our simulations that 〈deβ 0/dt〉 is
a monotonic and a decreasing function of time (see Fig. 3).

Finally, we want to find the most simple analytic form of the
differential equation for secular evolution of the shift of pericen-
ter. If the change of optical properties can be approximated as
β = β0 + β

′
0(r − r0), then Eqs. (7), (18), (19), and (22) yield

〈
dωβ 0

dt

〉
=

β′0√
1 − β0

√
G M�

pβ 0 in/e
4/5
β 0 in

×
(
1 − e2

β 0

) (
1 −

√
1 − e2

β 0

)
e12/5
β 0

,

Fig. 5. Evolution of the semi-major axis and its time derivative during
the first three revolutions for spherical carbonaceous particle with radius
R = 1 µm and mass density ρ = 2 g/cm3.

〈
deβ 0

dt

〉
= − 5

2
β0

G M�
c

⎛⎜⎜⎜⎜⎜⎜⎝ pβ 0 in

e4/5
β 0 in

⎞⎟⎟⎟⎟⎟⎟⎠
−2 (

1 − e2
β 0

)3/2

e3/5
β 0

,

aβ 0 =
pβ 0 in

e4/5
β 0 in

e4/5
β 0

1 − e2
β 0

, (25)

where M� is mass of the central star. Equation (25) qualitatively
describes orbital evolution of the spherical dust grain under the
action of electromagnetic radiation generated by the central star.
Equation (25) may be rewritten in the following form:

ωβ 0 = ωβ 0 in − 2
5

β′0
β0

√
1 − β0

1√
G M�

×
⎛⎜⎜⎜⎜⎜⎜⎝ pβ 0 in

e4/5
β 0 in

⎞⎟⎟⎟⎟⎟⎟⎠
3/2 ∫ eβ 0

eβ 0 in

1 − √1 − x2

x9/5
√

1 − x2
dx,

〈
deβ 0

dt

〉
= − 5

2
β0

G M�
c

⎛⎜⎜⎜⎜⎜⎜⎝ pβ 0 in

e4/5
β 0 in

⎞⎟⎟⎟⎟⎟⎟⎠
−2 (

1 − e2
β 0

)3/2

e3/5
β 0

,

aβ 0 =
pβ 0 in

e4/5
β 0 in

e4/5
β 0

1 − e2
β 0

· (26)

Finally, Figs. 5–7 document interesting behavior of the semi-
major axis, eccentricity, and longitude of perihelion (and
their derivatives) of the carbonaceous particle during the first
three revolutions around the Sun after the particle’s ejection from
the parent body. The case with central acceleration containing
GM�(1 − β0) and β = β(r) is depicted by a solid line. The
case when the central acceleration contains GM�(1 − β0) and
β(r) ≡ β0 is the only case when the evolution of the semi-major
axis is a monotonous function of time (a decreasing function,
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Fig. 6. Evolution of the eccentricity and its time derivative during the
first three revolutions for spherical carbonaceous particle with radius
R = 1 µm and mass density ρ = 2 g/cm3.

daβ 0/dt < 0) as it is easily seen from Eq. (11). The case with
central acceleration containing GM�[1−β(r)] is depicted by dot-
ted line; this case does not correspond to orbital elements in the
sense of Keplerian orbits. The evolution of the time derivative
of the semi-major axis, for the case when central acceleration
contains GM�(1 − β0) and β = β(r), corresponds to Eq. (11).

The shifts of perihelia for particles of radii 1 µm are, approx-
imately, 1–2 orders of magnitude larger than for particles having
sizes 10–50 µm. As an example, the shifts of compact homoge-
neous spheres are presented in Table 4 for particle radii 5 µm
and 25 µm. A simple consequence of Table 4 is that the shift of
perihelion is more important for particles of smaller mass den-
sities (greater β). Moreover, β′0 is greater for small heliocentric
distances and, thus, orbits with smaller heliocentric distances ex-
hibit greater shifts of perihelia. Porous dust grains exhibit opti-
cal properties that may significantly differ from compact grains
(e.g., Mukai et al. 1992; Saija et al. 2005; Vilaplana et al. 2006).
Various calculations yield that fluffy aggregates do not show
a strong decrease of β with increasing particle size (Mukai et al.
1982). Thus, shifts of perihelia of porous spherical particles may
be important even for diameters of several tens of micrometers.

An interesting result is obtained from comparison between
behavior of spherical and nonspherical particles under the ac-
tion of electromagnetic radiation of a central star. At first, we
can immediately state that the shift of pericenter exists for ar-
bitrarily shaped dust particles, already for the equation of mo-
tion considered only in the lowest order in u/c (see Eqs. (41),
(42) in Klačka 2004). While for nonspherical dust grains the
shift of pericenter also exists for the approximation of the fixed
optical properties, the advancement of pericenter of spherical
particles exists only when temperature dependent optical prop-
erties are considered. As the results of our paper and the pa-
per by Klačka et al. (2006) show, spherical grains may exhibit
larger motions of pericenter than nonspherical grains; the result

Fig. 7. Evolution of the longitude of perihelion and its time derivative
during the first three revolutions for spherical carbonaceous particle
with radius R = 1 µm and mass density ρ = 2 g/cm3.

Table 4. Shifts of perihelia for particles of radii 5 µm and 25 µm. The
values of ∆ω1 correspond to the particle mass density ρ = 1 g cm−3,
while ∆ω2 was obtained for ρ = 2 g cm−3. The particle hits the Sun
after: (*) 3.4 × 103 yr, (**) 6.1 × 103 yr, (***) 1.6 × 104 yr.

t [103 yr] R = 5 µm R = 25 µm
∆ω1 [◦] ∆ω2 [◦] ∆ω1 [◦] ∆ω2 [◦]

1 58.7 25.3 6.6 3.2
2 197.6 62.4 14.1 6.6
3 585.6 122.8 22.7 10.2
4 (*) 229.9 32.7 14.1
5 416.5 44.5 18.3
6 755.4 58.3 22.7

10 (**) 147.1 44.7
15 407.5 85.2
20 (***) 149.8

strongly depends on optical properties of the particles – aspect
ratio, exact shape and porosity of the particle, (complex) refrac-
tive index and its temperature dependence, and dimension of the
particle – and also on the grains’ distances from the central star
and the density function of the stellar radiance as a function of
a wavelength. On the basis of the paper one could state that the
shift of pericenter of a nonspherical dust grain is larger than
the shift found by Klačka et al. (2006). However, the numeri-
cal simulations on nonspherical particles with temperature de-
pendent dielectric functions are extremely complex. The reason
is that irregularly shaped particles have radiation pressure force
components that are perpendicular to the direction of irradiation,
which is due to the asymmetrical light scattering. Although the
transverse force components are small in comparison with the
radial radiation force (Il’in & Voshchinnikov 1998; Krauss &
Wurm 2004, 2005), they may be even more important than u/c
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and thus can markedly influence the dynamical evolution of the
particles (Klačka & Kocifaj 2001). As for numerical runs, there
are no problems with spherical particle: its optical properties do
not depend on the orientation of particle rotation axis and thus
it is sufficient to characterize the radiation pressure by a single
value. The temperature of the particle changes with heliocen-
tric distance. It results in the fact that the radiation pressure on
a spherical particle is a function of the distance from the Sun.
Unfortunately, the radiation pressure on the irregularly shaped
particle depends on the actual orientation of the particle in space.
An orientation can be characterized by three Euler angles ϑ, B,
and ϕ. To keep the numerical simulations accurate, one must
recompute radial and transversal radiation pressure factors at
satisfactory dense lattice [ϑ, B, ϕ] and for all selected helio-
centric distances. This requires an enormous numerical effort to
get the corresponding optical properties (see Draine & Flatau
2004) and there are also problems with great memory consump-
tion. Contrary to the radial component, the transversal compo-
nents of radiation pressure vary rapidly with both particle ori-
entation and particle temperature, and therefore an interpolation
on the grid [ϑ, B, ϕ] needs robust data sets to obtain reliable
conclusions.
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