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ABSTRACT

Aims. We study the effect of rotation on sheared turbulence due to differential rotation in the solar tachocline.
Methods. By solving quasi-linear equations for the fluctuating fields, we derive turbulence amplitude and turbulent transport coeffi-
cients (turbulent viscosity and diffusivity), taking into account the effects of shear and rotation on turbulence. We focus on the regions
of the tachocline near the equator and the poles where rotation and shear are perpendicular and parallel, respectively.
Results. For parameter values typical of the tachocline, we show that the shear reduces both turbulence amplitude and transport, more
strongly in the radial direction (parallel to the shear) than in the horizontal one, resulting in anisotropic turbulence. Rotation further
reduces turbulence amplitude and transport at the equator whereas it does not have much effect near the pole. The interaction between
shear and rotation is shown to give rise to a novel non-diffusive flux of angular momentum (known as the Λ-effect), possibly offering
a mechanism for the occurrence of a strong shear region in the solar interior. Further implications for the transport in the tachocline
are discussed.
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1. Introduction

Solar rotation, both global and differential, plays a crucial role
in the dynamical processes taking place in the Sun. For exam-
ple, mean-field dynamo theory (Moffatt 1978; Krause & Rädler
1980) uses these two ingredients to explain the presence of
the solar magnetic field. Firstly, the differential rotation in the
tachocline is responsible for the in-situ generation of toroidal
field via the Ω effect. Secondly, convection under the influence
of (global) rotation leads to helical motion in the convection zone
which permits the creation of poloidal fields via the α effect.

To understand the differential rotation in the convective zone,
many authors investigated the structure of turbulence in rotating
bodies. The main feature of this type of turbulence is the appear-
ance of non-diffusive term in the transport of angular momen-
tum which prevents a solid body rotation from being a solution
of the Reynolds equation (Lebedinsky 1941; Kippenhahn 1963).
Starting from Navier-Stokes equation, it is possible to show that
these fluxes arise when there is a cause of anisotropy in the sys-
tem, either due to an anisotropic background turbulence (see
Rüdiger 1989, and references therein) or due to inhomogeneity
such as an underlying stratification (Kichatinov 1987). To ex-
plain the observed internal differential rotation and the depletion
of light elements on the surface of the Sun, it is also of prime
importance to understand the influence of rotation on turbulent
transport coefficients such as the turbulent heat conductivity and
the turbulent diffusivity of particles.

The purpose of this Letter is to investigate the effect of
(global) rotation on the tachocline transport. In our previous
works, we have studied the turbulent transport in the tachocline
by taking into account the crucial effect of shearing, the so-
called shear stabilisation, due to a strong radial differential ro-
tation (Kim 2005; Leprovost & Kim 2006). We have also incor-
porated the interaction of this sheared turbulence with different

types of waves that can be excited in the Sun due to mag-
netic fields (Leprovost & Kim 2007) or stratification (Kim &
Leprovost 2007). In this Letter, we elucidate the effect of global
rotation on sheared turbulence by studying a (local) Cartesian
model valid near the equator and the poles. We consider a tur-
bulence driven by an external forcing such as plumes from the
convection zone and perform a quasi-linear analysis to derive
the dependence of turbulence amplitude and transport on rota-
tion and shear. Compared to two-dimensional turbulence studied
in Leprovost & Kim (2007), global rotation supports the propa-
gation of inertial waves in three dimensions (3D), which inter-
act with the shear flow, playing an important role in the overall
turbulent transport. In particular, we report a novel result that
the momentum transport can be not only due to eddy viscosity
but also to non-diffusive Λ-effect in the tachocline. Non trivial
Λ-effect here results from an anisotropy induced by shear flow
on the turbulence even when the driving force is isotropic, in
contrast to the case without shear flow where this effect exists
only for anisotropic turbulence (Kichatinov 1987).

2. Model

To elucidate the effect of rotation on sheared turbulence,
we model the tachocline by an incompressible fluid in local
Cartesian coordinates (x, y, z) in a rotating frame (see Fig. 1)
with average rotation rate Ω̃ making an angle θ with a mean
shear flow in the azimuthal direction: U0 = −xA ĵ. We study
the effect of this large-scale shear on the transport properties
of turbulence by assuming the velocity as a sum of a radial
shear (i.e. in the x-direction) and fluctuations: u = U0 + u =
U0(x) ĵ + u = −xA ĵ + u. We resort to the quasi-linear ap-
proximation (Townsend 1976; Moffatt 1978), also called first-
order smoothing (FOSA) or second-order correlation approxi-
mation (SOCA), where the product of fluctuations is neglected to
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Fig. 1. The configuration in our model:A, Ω̃ and θ are the shearing rate,
the rotation rate and the co-latitude, respectively.

obtain the following equations for the evolution of the fluctuat-
ing velocity field:

∂tu + U0 · ∇u + u · ∇U0 = −∇p + ν∇2u + f −Ω × u, (1)

∇ · u = 0,

where p and f are respectively the small-scale components of
the pressure and forcing, and Ω ≡ 2Ω̃.

To study the influence of rotation and shear on the par-
ticle and heat transport, we have to supplement Eq. (2) with
an advection-diffusion equation for these quantities. We here fo-
cus on the transport of particles since a similar result also holds
for the heat transport. The density of particles is also written as
a sum of a large-scale component N0 and fluctuations n. Using
the quasi-linear approximation, the fluctuating concentration of
particles is governed by the following equation:

∂tn + U0 · ∇n + u · ∇N0 = D∇2n, (2)

where D is the molecular diffusivity of particle. Note that, in the
case of heat equation, D should be replaced by the molecular
heat conductivity χ.

As the large-scale velocity is in the y (azimuthal) direc-
tion, we are mostly interested in the momentum transport in
that direction. The equation for the (large-scale) azimuthal ve-
locity U0 is then given by Navier-Stokes equation with the con-
tribution from fluctuations given by ∇·R, where R = 〈uvy〉 is the
Reynolds stress. One can formally Taylor expand R with respect
to the gradient of the large-scale flow:

Ri = ΛiU0 − νT∂xU0 δi1 + . . . = ΛiU0 + νTA δi1 + . . . (3)

where we introduced two coefficients Λi and νT. The effect of
the turbulent viscosity νT is simply to change the viscosity from
the molecular value ν to the effective value ν+νT. In comparison,
the first termΛiU0 in Eq. (3) is proportional to the velocity rather
than its gradient. This means that it does not vanish for a constant
velocity field and can thus lead to the creation of gradient in the
velocity field. This term is equivalent to the α-effect in dynamo
theory (Parker 1955; Steenbeck & Krause 1966), and has been
known as the Λ-effect (Krause & Rüdiger 1974) or anisotropic
kinetic alpha (AKA)-effect (Frisch et al. 1987). Similarly, the
transport of species in the large scales is governed by an advec-
tion diffusion equation where the molecular diffusivity is supple-
mented by a turbulent diffusivity, defined as 〈vin〉 = −Di j

T∂ jN0.

To calculate the turbulence amplitude and transport coeffi-
cients (Reynolds stress and turbulent diffusivity), we prescribe
the forcing in Eq. (2) to be incompressible, isotropic and short
correlated in time (modelled by a δ-function) with a power spec-
trum F. Specifically, we assume:

〈 f̃i(k1, t1) f̃ j(k2, t2)〉 = τf (2π)3δ(k1 + k2) δ(t1 − t2)

×F(k) (δi j − kik j/k
2). (4)

The angular brackets stand for an average over realisations of the
forcing, and τf is the (short) correlation time of the forcing. We
solve Eqs. (2) and (2) in the case of unit Prandtl number (ν = D)
for simplicity, and use the results of these and Eq. (4) to com-
pute the turbulent transport. In this Letter, we focus on the case
relevant to the Sun and discuss the implications of our findings
for the dynamics of the tachocline. Note that in the tachocline,
|A| ∼ 3 × 10−6 s−1 by using the upper limit on the tachocline
thickness (5% of the solar radius) while the average rotation rate
of the interior is Ω̃ ∼ 2.6 × 10−6 s−1. Therefore, the ratio of rota-
tion to shear is very close to unity. However, if the tachocline is
found to be thinner, the value of the shearing rate A becomes
larger, with |Ω/A| < 1. Furthermore, with molecular viscos-
ity of ν ∼ 102 cm2 s−1, ξ = νk2

y/|A| is a small parameter for
a broad range of reasonable length scales in the azimuthal direc-
tion, Ly > 104 cm. Thus, the present results are valid for slow
rotation (Ω� |A|) and strong shear (ξ � 1).

3. Near the equator (θ = π/2)

Near the equator, the rotation and the direction of the shear are
orthogonal. Expanding the velocity in powers of Ω̄ = Ω/A, we
compute the turbulence amplitude and transport coefficients up
to second order in |Ω̄| � 1.

3.1. Turbulence intensity

In the strong shear limit (ξ � 1), using similar algebra as in Kim
(2005), we obtain the turbulent intensity in the radial direction
as follows:

〈v2x〉 =
τf

A
∫

d3k
(2π)3

F(k)

⎡⎢⎢⎢⎢⎣L0(k) + Ω̄
k2

z

k2
y

L1(k)

⎤⎥⎥⎥⎥⎦ . (5)

Here, k2
H = k2

y + k2
z is the (squared) amplitude of the wave num-

ber in the horizontal plane, and L0 and L1 are two positive def-
inite integrals depending only on the wave number k. Note that
the details of L0 and L1 are not important for our discussions.
Therefore, the turbulence intensity 〈v2x〉 in Eq. (5) increases for
Ω̄ > 0 whereas it decreases for Ω̄ < 0. This is because a weak
rotation destabilises sheared turbulence for Ω̄ > 0 whereas it
stabilises for Ω̄ < 0 (Bradshaw 1969; Salhi & Cambon 1997).

For the other components of the turbulence amplitude, we
obtain:

〈v2z 〉 ∼
τf

A
∫

d3k
(2π)3

F(k)L2(k)

(
3
2ξ

)1/3

×
⎡⎢⎢⎢⎢⎣Γ(1/3) + Ω̄

k2
z

k2
y

Γ(4/3)(− ln ξ)

⎤⎥⎥⎥⎥⎦ . (6)

Here, Γ is the Gamma function and L2 is a positive definite func-
tion of k. Here again, the turbulence amplitude can increase or
decrease depending on the sign of Ω̄. Furthermore, the correction
due to rotation has a logarithmic dependence on the shear, con-
trary to the case of the radial amplitude. Note that the anisotropy
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in the first correction is less pronounced than in the leading or-
der term. As a result, the turbulence due to shearing becomes
less anisotropic. This illustrates the tendency of rotation to lead
to almost isotropic turbulence. An equation similar to (6) is also
found for 〈v2y〉with a slightly different function L2. However, per-
forming the angular integration, we find that 〈v2y〉 is larger than
〈v2z 〉, in agreement with numerical simulations (Lee et al. 1990).
This effect is present for Ω̄ = 0 and is thus caused by the shear
only.

3.2. Transport of angular momentum

In the strong shear limit (ξ � 1), the transport of angular mo-
mentum can be found as a sum of two terms 〈vxvy〉 = νTA+ΛxΩ,
the first and second being even and odd with the rotation rate,
respectively. The first term, the turbulent viscosity, takes the fol-
lowing form:

νT ∼ τf

A2

∫
d3k

(2π)3
F(k)

[
−1

2
+ L3(k)

]
, (7)

where L3 is a positive definite function of k. For Ω̄ = 0 we
recover the result of Kim (2005) showing that the turbulent vis-
cosity is reduced proportionally toA−2 for strong shear. The tur-
bulent viscosity can be either positive or negative depending on
the relative magnitude of the two terms inside the integral. In the
2D limit (where L3 = 0), we can easily see that the turbulent
viscosity is negative. On the contrary, in the case of an isotropic
forcing in 3D, the turbulent viscosity is positive.

The correction due to the rotation is proportional to Ω and
is thus odd in the rotation. This is the so-called Λ-effect, a non-
diffusive contribution to Reynolds stress, which can be shown
to be:

Λx ∼ τf

A2

∫
d3k

(2π)3
F(k)L4(k) (− ln ξ). (8)

It is important to emphasise that this non trivial Λ-effect results
from an anisotropy induced by shear flow on the turbulence even
when the driving force is isotropic. This should be contrasted to
the case without shear flow where non-diffusive fluxes emerge
only for anisotropic forcing (Rüdiger 1980; Kichatinov 1986).
In our case, the anisotropy in the velocity field is not artificially
introduced in the system but is created by the shear and calcu-
lated self-consistently.

3.3. Transport of particles

In the strong shear limit (ξ � 1), the computation of 〈nu〉 gives:

Dxx
T ∼

τf

A2

∫
d3k

(2π)3
F(k)L5(k)

⎡⎢⎢⎢⎢⎣1 + Ω̄k2
z

k2
y

− ln ξ
3

⎤⎥⎥⎥⎥⎦ , (9)

Dzz
T ∼

τf

A2

∫
d3k

(2π)3
F(k)L6(k)

(
3
2ξ

) 2
3
⎡⎢⎢⎢⎢⎣1 + 2Ω̄

k2
z

k2
y

− ln ξ
3

⎤⎥⎥⎥⎥⎦ , (10)

where L5 and L6 are positive definite functions.
Equations (9), (10) show that the effect of rotation on the
transport of particles depends on the sign of Ω̄: for Ω̄ > 0, the
transport is increased whereas it is reduced when Ω̄ < 0. This is
again because a weak rotation destabilises sheared turbulence
for Ω̄ > 0 whereas it stabilises for Ω̄ < 0. Note that a similar be-
haviour was also found in turbulence intensity, given in Eqs. (5)
and (6). The correction term due to rotation in Dxx

T and Dzz
T in

Table 1. Scaling of turbulence amplitude, turbulent viscosity (νT), Λ-
effect and turbulent diffusivity with the shearA and rotation Ω̄ = Ω/A.
c is a positive constant of order unity.

Equator Pole

〈v2x〉 A−1
[
1 + cΩ̄

]
A−1

〈v2y〉 ∼ 〈v2z 〉 A−2/3
[
1 + cΩ̄| ln ξ|

]
A−2/3

νT A−2 A−2

Λx A−2| ln ξ| 0
Λz 0 −A−4/3

Dxx
T A−2

[
1 + cΩ̄| ln ξ|

]
A−2

DyyT ∼ Dzz
T A−4/3

[
1 + cΩ̄| ln ξ|

]
A−4/3

Eqs. (9), (10) depends weakly on the shear by a logarithmic
factor | ln ξ|, which cannot be too large even for ξ � 1, and is
of the same order for transport in different directions. Thus, the
scaling of the turbulent diffusivity is roughly the same as that in
the case without rotation: the radial transport (∝A−2) is more
reduced than the horizontal one (∝A−4/3). This result should be
contrasted to the rapid rotation limit where the transport in the
radial direction was larger (but only by a factor 2) than the one
in the horizontal direction (Rüdiger 1989). These results thus
highlight the crucial role of shear in transport, in particular, by
introducing anisotropy.

4. Near the poles (θ = 0)

Near the poles, the directions of rotation and shear can be taken
to be parallel. Contrary to the case at the equator, we find that the
leading order correction (proportional to Ω̄) vanishes in the case
of an isotropic forcing (due to the fact that these terms are odd
in one of the components of the wave number) for all the pre-
viously calculated quantities. Consequently, the turbulent am-
plitude, viscosity and diffusivity are given by Eqs. (5)–(7) and
(9), (10) with Ω̄ = 0, respectively. Similarly, the Reynolds stress
involving the radial component (〈vxvy〉) vanishes. However the
component of the Reynolds stress involving the latitudinal ve-
locity (〈vyvz〉) does not vanish and is odd inΩ. Thus, the Λ-effect
appears here in 〈vyvz〉 (recall that at the equator, the Λ-effect was
present only in 〈vxvy〉), and takes the following form:

Λz ∼ − τf

A2

∫
d3k

(2π)3
F(k)

(
3
2ξ

)2/3

[L7(k) − L8(k)] . (11)

Equation (11) shows thatΛz is of indefinite sign, as L7 and L8 are
two positive definite functions but appear with different signs.
However, as for Eq. (8), in the case of an isotropic forcing, the
function L7 dominates over L8, leading to a negative Λz. This
Λ-effect arises even in the case of an isotropic forcing as the
shear favours fluctuations in the y-direction compared to that
in the z-direction (see Sect. 3.1), leading to anisotropic turbu-
lence in the plane perpendicular to the rotation. Equation (11)
also shows that Λz is larger (scaling as A−4/3) than Λx in the
equatorial case.

5. Implications for the tachocline

Table 1 summarises the scaling of our results with the shear A
and rotationΩ in the limit of weak rotation (Ω� |A|) and strong
shear (ξ = νk2

y/|A| � 1).
The first two rows show that, both near the equator and poles,

the turbulence amplitude in the radial direction is more reduced
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by the shear than in the horizontal one, by a factor of A−1

and A−2/3, respectively. These results thus imply an effectively
stronger turbulence in the horizontal (y-z) plane than the one in
the radial (x) direction. Furthermore, at the equator, Ω̄ < 0 as the
shear increases from the interior towards the convective zone.
Thus, the turbulence amplitude is further reduced by the rota-
tion in all directions, but the turbulence in the radial direction
is more suppressed than the one in the horizontal direction by
a factor ln ξ.

A novel result is also found for the Reynolds stress, which
involves two contributions: the turbulent viscosity and the
Λ-effect. The latter, a source of non-diffusive flux, is present
even with isotropic forcing due to the shear-induced anisotropy
(Kim 2005). Note that for an isotropic forcing, the turbulent vis-
cosity is found to be positive and therefore cannot act on its own
as a source of differential rotation in the tachocline. The radial
differential rotation can, however, be created by the Λ-effect:
since it does not depend only on the gradient of angular veloc-
ity, it does not vanish for a uniform rotation and thus prevents
the uniform rotation from being a solution of the large-scale
momentum equation. To determine the sign of A as a result
of the Λ-effect, we seek a solution of the large-scale turbu-
lent equations by demanding the Reynolds stress to vanish (e.g.
Kichatinov 1987). In the equatorial case, we then obtain the fol-
lowing equation for the shear:

νT(A)A + Λ(A)Ω = 0. (12)

As both νT andΛ are positive,Amust be negative. Interestingly,
this is exactly what the observation indicates (a rotation rate de-
creasing towards the interior at the equator). We cannot use such
a simple equation to predict the sign of the shear at the pole as the
Λ-effect now appears in the 〈vyvz〉 component of the Reynolds
stress and is found to scale as A−4/3, which is larger than Λx
(∝A−2) near the equator.

Furthermore, we find that the transport of chemical species
is reduced by shear and more severely in the the radial direction
than the horizontal one (by a factor A−2 and A−4/3 respec-
tively), with a further, but weak reduction due to rotation at
the equator only. As a result, the radial mixing (in the x direction)

of chemicals is slightly more efficient at the pole than at the
equator. These results thus suggest that turbulent mixing of light
elements is weak (due to shearing) in the tachocline and also that
the depletion of light elements on the solar tachocline depends
on latitude. However, this latitudinal dependency is unlikely to
be observed on the surface due to the rapid mixing in the con-
vection zone (Spruit 1977). Since a similar result applies to heat
transport, a faster heat transport at the pole could contribute to
making hotter poles than equator at the solar surface. Finally, we
note that all our results here are valid in the absence of strati-
fication and magnetic fields (Kim & Leprovost 2007) and will
extend our study to include these in future publications. Of par-
ticular interest would be the sign of νT and Λ, and thus the re-
sulting sign ofA.
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