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ABSTRACT

Aims. We study the classical problem of the transition of a pressure-anisotropic plasma over a hydrodynamical shock using a purely

Boltzmann-kinetical treatment.

Methods. We derive the Boltzmann equation for a plasma crossing a shock at a random orientation and evaluate the velocity space
integral of the distribution function over the shock analytically. We then try to reproduce the classical MHD behavior and to evaluate
the pressures parallel and perpendicular to the magnetic field by integrating the resulting Boltzmann equation over velocity space.
Results. We obtain, for the first time, a completely analytical result for the downstream pressure anisotropy in the case of a perpen-
dicular shock, closing the set of MHD jump conditions. For the parallel shock, it turns out that a single-fluid description without
relaxation terms is not sufficient to describe the shock, no matter how much we fine-tune our external parameters. All these results are
completely independent of the fine structure of the shock and the upstream distribution function.
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1. Introduction

As is well known from the literature, the solar wind termination
shock, and in most cases also other astrophysical shocks, are the-
oretically well described by the application of hydrodynamical
or magnetohydrodynamical fluid concepts (for more recent dif-
ferent model approaches to the solar wind termination shock see
Zank et al. 1993; Chalov & Fahr 1994, 1995, 1996; Zank 1999;
Fahr & Scherer 2005). For purely hydrodynamical fluids the so-
called Rankine-Hugoniot relations are developed respecting the
usual physical conservation laws for the mass, the momentum,
the energy, and the entropy flows. Usually they appear in the
form given by, e.g., Serrin (1959), Zel‘dovich & Raizer (1966) or
Landau & Lifshitz (1977). If the plasma is magnetized and mag-
netic pressures and tensions cannot be neglected, then these rela-
tions have to be enlarged by corresponding magnetic terms and,
under the simplifying assumption of scalar ion/electron pres-
sures, one in that case is lead to a system of MHD shock relations
given in e.g. Baumjohann & Treumann (1996), Gombosi (1998)
or Diver (2001).

The outstanding problem in these approaches is that most of
the astrophysical shocks are classified by their nature as colli-
sionless shocks, i.e., the randomization or thermalization of par-
ticle kinetic energies on the upstream side at the passage over
the small scales of the shock transition (that is of the order of the
ion inertial length or a proton skin depth) cannot be achieved by
usual binary particle collisions. Hereby the ion inertial length,
or the proton skin depth, is given by D =~ c/wp; with wy; be-
ing the ion plasma frequency. So-called “collisionless shocks”
establish themselves when collsionless plasmas counterstream
to each other with super-alfvénic velocities or encounter an ob-
stacle. Different types of such shocks appear in the heliosphere
in the form of solar wind bowshocks ahead of cometary or
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planetary objects, shocks in-between corotating interaction re-
gions, travelling interplanetary shocks, or the heliospheric termi-
nation shock. The problem, however, with these types of shocks
is that they do not permit a hydrodynamical or magnetohydro-
dynamical treatment, at least not based on the lowest velocity
moments of the distribution function, i.e., the density, the bulk
velocity, and the scalar pressure. Nevertheless HD approaches
based on low-order velocity moments of the distribution func-
tion are most often used to describe these shocks, though it is
not explained in these approaches how the dynamic bulk energy
of the upstream ions is irreversibly converted into thermal energy
of the downstream ions. It is tacitly understood in the scientific
community that this entropisation of the plasma flow is achieved
by collective wave-particle interaction processes, which require
upstream and downstream wave turbulences, not consistently in-
cluded in the usual MHD approach.

General weaknesses of the MHD approach have been exten-
sively discussed in the Proceedings of the COSPAR Colloquium
“Physics of Collisionless Shocks” (Russell 1995) and in a recent
review by Lembege et al. (2004). Unsolved questions concern-
ing the behavior and the role of electrons at the shock passage
and of shock-reflected ions that could be candidates to drive
upstream MHD wave turbulences supporting nonlinear wave-
particle dissipation processes, which are especially important.
These counterflowing ion populations that cannot be described
in the frame of a fluid theory where kinetic two-stream- or
Buneman-instabilities are responsible for a viscous heating of
the electron fluid. Different from fluid concepts, a local descrip-
tion of the dissipation via reflected ions needs kinetic aspects
to be taken into account. The downstream concentration of the
magnetic field and of the density self-consistently produces the
electric field of the shock ramp that decelerates most of the ions,
but also reflects a fraction of the inflowing ions, thus moving
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opposite to the inflowing upstream plasma. At present, the only
hope to bring this complicated kinetic particle-field system to at
least some degree of conistency is connected with shock simu-
lation calculations within hybrid or full particle codes (e.g., see
Hada et al. 2003; Scholer et al. 2003) Yet even these compu-
tationally highly pretentious simulation runs most often do not
offer a stationary solution for the shock profile, but due to the ac-
cumulation of spectuularly reflected ions upstream of the shock
cause the formation and repeated reformation of ramp shocks
on timescales of gyroperiods of the ramp magnetic fields. While
for unrealistic ion/electron mass ratios (i.e., mj/m, = 60) the
average shock profile attains a relatively regular shape, for real-
istic ratios m;/m. = 1840 a completely erratic profile is found.
Most unclear in all the simulation runs remains the role of shock-
heated electrons. Hybrid simulation codes show that they can
only achieve reasonable results for unresasonably high elec-
tron resistivities (Scudder 1995), which perhaps could be as-
cribed to ion-acoustic instabilities or to Coulomb collision me-
diation, but, as could be shown in particle-particle simulations,
neither ion-acoustic instabilities nor Coulomb collision effects
are likely to become of the required importance (see Wilkinson
1991; Thomsen et al. 1985). Thus it may be concluded here that
neither hybrid codes nor full particle in cell codes are able at
present to adequately represent the full physics of collisionless
shocks. We thus may try another way to study the kinetic struc-
ture of collisionless shocks starting from MHD shock solutions,
which yield the basic shock structure of the plasma density, the
bulk velocity, and the magnetic field, and then solve the kinetic
transport equation for the ion distribution function at the ion pas-
sage over this shock structure.

2. The Boltzmann equation

We start from solutions of the well-known MHD shock rela-
tions, which are considered to give valid connections of the
fluid and field properties of the upstream with the downstream
MHD plasma flows. From these solutions we obtain the main
plasma properties like the plasma density and the magnitude and
direction of the plasma bulk velocity and of the frozen-in mag-
netic field (e.g., see Baumjohann & Treumann 1996; Gombosi
1998; Diver 2001).

What we furthermore aim at here, is the change of the ki-
netic properties of the ion distribution function at the ion passage
from the upstream to the downstream side of the shock. To learn
about these changes we integrate the Boltzmann-Vlasow equa-
tion that kinetically describes the phase-space change of the ion
distribution function f(_zf ,5). Here 7 is the individual ion ve-
locity vector, and s is a streamline coordinate counted along the
streamline that leads from the upstream to the downstream side.
For a local planar shock, which may be considered here, this
coordinate simply measures the distance in the direction of the
shock normal from the shock. Neglecting in the first step an ex-
plicit local time dependence and any form of stochastic inter-
action processes like wave-particle interactions, the Boltzmann
equation is simply

@ VI, 5) + (K V) F(T.5) =0, (1)

where —k) comprises all locally acting forces per ion mass, and
where V, and V, are the nabla operators differentiating with re-
spect to space and velocity coordinates, respectively.

Now we want to make use of the knowledge of the
MHD quantities and for that purpose want to transform the up-
per Boltzmann equation into the plasma bulk frame moving with

the plasma bulk velocity T} In this frame the distribution func-
tion may be denoted by f (U)> , §), where W denotes the individual
ion velocity in the plasma bulk frame. In this frame, no elec-
tric forces are operating since these are just compensated by the
—_— - =

Lorentz forces K.y = (e/c)[U x B]. However, some additional
forces are appearing in this frame, since it is accelerated with re-
spect to the solar frame due to the change of the velocity ﬁ with
the proper time 7 given by dﬁ/dr = (ﬁ . V,)?].

The most general covariant 8-dimensional phase-space for-
mulation of the Boltzmann-Vlasow equation that can be applied

to that case was given in the following form (see Landau &
Lifshitz 1977):

o - 0 -
L(F@.5) + ¢ F 5 B9 =0, )

Lrd
where F ¢ is the electromagnetic field tensor and L is the
covariant Liouville operator given by:

o 0
L= Pa@ -I,p'p (3)
Here the following covariant phase-space vectors and coordi-
nates are used:

X = {xo =ct, xl,x2,x3}

and:

7P ={p’ =Ejc.p'.p%p}.

The triple index functions Fﬁv are the so-called affine connec-
tions. They cannot be identified with the so-called Christoffel
symbols known from general relativity to describe the metric ef-
fects of gravitational fields, since the former cannot be derived as
space-time derivatives of metric tensor elements, while the latter
of course can. In our case they simply describe the momentum
vector transformations in an accelerated refgence frame that lo-
cally moves with the plasma bulk velocity U. These affine con-
nections are explicitly developed by Webb (1985). Taking his
derivations for the above triple index functions I';;, and applying
to his results, the simplifying conditions given in our case here,

ﬁ
namely that the velocity U only varies with respect to the line
element s measured along the normal to the shock surface, then
yields the following simplified form of affine connections:

ou, U,

n _ 3 n n
Ty =7 () (—6t + U, s ) 4)

oU U,

n o _ .3 n n
Fon—y(u)(Un il ) s)

where y(U) = (1 — U?/c?)~!/? is the Lorentz factor. All the other
functions besides the above-mentio_)ned ones do vanish. On the
basis of these facts and the fact that U does not explicitly depend
on time, the Boltzmann-Vlasow equation in the locally inertial

bulk frame moving with U for a non-relativistic ion population
(i.e., y(U) = 1,m = mg, E = p*/2my and p = mow) then attains
the following form:

d . 0 - d .

Ef@’s) Ef@),s)+wucosaaf@)»s)

+ (U%U ~ Vw)f@ 9+ (Re-v) 7@
0. ' (6)
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The local time derivative d/dt in this case only appears since it
results from the convective change of the distribution function
occuring in the solar rest frame and given by:

0 - d -
Ef@),s) = Unaf@,s) (7)

and thus leads to the following Boltzmann-Vlasow equation:
d - d— _
(U, + wycos@)—f@, s) +|Uy,—U -V, | f(W@, 5)
ds ds
— _
+((Re-v) F@.9=o0. ®)
Ty

Here with the term in () — brackets we consider effects of
gyroperiod-averaged phase-space movements on the distribution
function. These motions are due to gyroperiod averages over
epicyclic ion motions around the local magnetic fields. The aver-
age ion velocity then is given by <w>T = ), and its component
g
into the direction of the shock normal is given by w, = wj cos a,
—
where a is the angle between the local field B and the normal .

The expression <(_k)L . Vw)> gives the gyroperiod average of
Ty

Lorentz accelerations of ions with a velocity @. For perfectly

frozen-in fields one can assume that these fields are comoving

with the plasma bulk system.

For the homogeneous region far upstream of the termina-
tion shock, where temporal and spatial derivatives of the distri-
bution function disappear, the actions of Lorentz forces on the
distribution function also have to cancel, at least if an averag-
ing over times large compared to the gyroperiod 7, = 27/Qs =
2ntmc/(eB) is considered.

This explicitly means that the distribution function f() has
to be of a form such that:

(i@’ x B V@f@’)} - 0. ©)
mc T,

4

The above requirement, with the field-perpendicular velocity
components given by wy = w, sin¢g and w, = w, cos¢, then
transforms into:

— s =
[Bw, cos ¢( i - Vi) = Bwy sing(i - Vi)l f() = 0, (10)

rd - . . . .
where i, and i, are unit vectors in the x- and y- directions
of velocity space. Hereby we may assume that i , is located in

the plane defined by B and 1t, while i, is parallel to [ B x 1].
As one can see, the above requirement is fulfilled for all val-
ues of w, if the velocity distribution function in the plasma bulk
frame does not explicitly depend on the gyration angle ¢, i.e., if
it is gyrotropic with % f(@) = 0, because then, and only then, it
holds that:

— _ d -

(i Vo) f@) = sin<paf@’) (11)
and:

— _ d .

(iy V) f)= cossoaf@), (12)

and as consequence of that the above relation (10) is always
fulfilled.

Now we want to solve the Boltzmann equation in the plasma
bulk reference frame that moves locally with the plasma bulk

velocity T}; however, considering the inhomogeneous transition
region just upstream and downstream of the shock, where T
and 7?), for a locally planar shock, are functions only of the
streamline coordinate s. In this system the distribution function
is given by f(W, 5), where the individual ion velocity W is con-
nected with the associated velocity 7 in the solar rest frame
by W =T - ﬁ Neglecting explicit time-dependences in this
bulk reference system, the total time derivative of f (U)> , ) thus
is given by the Boltzmann equation (Eq. (8)).

The gyro-average of the Lorentz acceleration, in application
to the gyrotropic distribution function f (ﬂ)) ,8) = f(w L W, S),
explicitly assuming the conservation of the magnetic moment
of each individual ion (i.e., assuming that 27/Q, <« L/U,,
where Q, and L are the gyrofrequency of the ion and the nor-
mal extent of the shock transition layer, respectively), can then
be given by two separately contributing parts connected a) with
the change of the magnitude, and b) with the change of the di-

. d
rection of B. These two parts then lead to:

(e Vw)>,g 7@, s) =

{( dwl ) d ‘ dw||
_— _ 4| —
d a

dLUJ_ dr
Connected with the change of the magnetic field magnitude
one derives the following term from the conservation of the
magnetic particle moment 4 = mw? /2B, i.e. from the demand
d/dt(mw? /2B) = 0:

i}f@,s). (13)

o duy

dwl

L | dr

de_
dr

_ U)J_dB_ U)J_UndB
, 2Bdt 2B ds

(14)

Connected with the change of the magnetic field direction, one
obtains in addition an apparent, or virtual, change of the veloc-
ity components due to the turn of the magnetic reference axis,
as a consequence of the changing orientation of the field in the
moving reference system, which is given by:

Wi _ o9 cos (15)
— =wU,,— a

dt ds

and:

d

—3); = wU, - sina. (16)

_)
Here again the angle « denotes the inclination of B with re-
spect to the direction of the shock normal, and w = lwﬁ +u? is

the magnitude of the ion velocity. Putting these things together
one finds:

d
(U, + wj cos a)af(w”, wy,s) =

d— _
- (Un_Un : Vw)f(wh wy, S)
ds
w,U, dB ol d sin d
_ — +wU,— sina| —
2B ds ds dw,

rou, S cos ai} Fwpwy, 5), (17)

ds de
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which can be further developed to yield the form:

d - U,

&f(w”’ Wi, 8) = (U, + wy cos a)

X % coscyi +sincy(sin(;3)i
ds dwy dw,

dB  d d  d d
+ (;)—EE'I'U)& sma) E-‘—w& COSCV_}f(w|’wJ-’ S) (18)

where ¢ is the gyration angle of the particles. The above can then
finally be rewritten in the following more organized form:

d - U,
af(wn, wy,s) = —m

(AU o d 4 (4 o oisin
— COS — COS -— — sin sin
ds TG Y QT Tas TR

B _
YL d + wi sma) d }f(w|,wl, s). (19)
dLUJ_

2B ds ds

The upper equation can still be further simplified by the fact
that (sing), = 0. Then the differential equation in principle
can be integrated using a Runge-Kutta method starting from the
upstream region at s = —e with an initial distribution function
fiw, wy) = f(wy, w,,—€) and integrating over the whole ex-
tent L of the shock transition layer with thickness L = 2¢€ up to
s = +€. To do this, one has to make use of the MHD knowledge
of the field and fluid quantities and their derivatives with respect
to the streamline coordinate s.

Un
(U, + wycosa)

X U cosa + d cos d
—_—n w— cosa | —
ds ds dwy

d -
af(wu,wL,S) =-

w, dB d d
+(ﬁa +wa sma) Q. }f(w”,whs) (20)
We note that Eq. (20) is of the form
d . db (s) d
g = 3 ail) =g = 3 Fww., ), @1

i=L1,]|

where a;(s) and b;(s) are functions of MHD fluid and field quan-
tities. The integration over the line element s then yields the
following solution for the distribution function downstream of
the shock:

Hwy,wy,s) = fitwyg,wy,s) =

f Z a;(s )db (S)if(wu,whs)

(22)

3. Modeling of the shock transition

To integrate Eq. (22) over the shock, it is necessary to start from
the basic MHD solutions for the shock transition. Nevertheless
there are two essentially different approaches possible to this
problem, i.e., the shock with finite extent and the infinitesimally
thin, rapid shock transition. Since the latter case is a limit of the
former one, we first focus on shock with finite extent.

We assume that the extended shock ranges from —e <
s < e. For the specific form of the quantities a; and b;, we
chose the ansatz

ai(s) = an + (an - ai) (h(s) " %) (23)
di{“) - (ba - ,l)dg“) (24)
)

The derivative db;(s)/ds is nonzero only in the transition region,
which naturally limits our integral to the shock transition itself.
g(s) and h(s) are arbitrary functions that connect the upstream
and the downstream regions and therefore include all details on
the structure of the shock. We furthermore assume that the tran-
sition region has a similar extent for all relevant MHD quantities.

Next, we separate these functions into a symmetrical and
an antisymmetrical part,

1
hy(s) = E(h(s) + h(=s)) (25)
1
ha(s) = E(h(s) - h(=s)) (26)
h(s) = hy(s) + ha(s). (27)

These expressions satisfy (g, #)s(s) = (g, h),(—s) and (g, h),(s) =
—(g, h)4(—s). Per construction, we also get (g, h)(e) = % and
(g, h)(—¢) = —%, and it follows that (g, h).(€) = (g,h)(€) = 3
(g, h)s(e) = 0 and (g, h),(0) = 0. In addition, d(g, h).(s)/ds 1s
a symmetrical function and d(g, h)(s)/ds is an antisymmetrical
function. Then the integral can be evaluated without any further
knowledge of g(s) and A(s), and we get:

dbi(s)

3
fa.s;_
e ds

i(s)
(b - bn)f (an + (ap — air) (ha(S) + hy(s) + %))

b, ( s am f (dgam) dgdSiS)) .
+an - an) f (a(s) + (s ))(dg““) dggis))ds)
= —(biz —bi)(a; + ap)
+(bo — b — an) f (h (2D (2D
Thy(s )dgs(S) s )dga(S)) s
= —(biz —bi)(a; + ap)
+(bi — bi)a — an) f (h (9% g >dg“(”)
= —(biz —bi)(a; + ap)
#3600~ bian — a) f (h( D - s)@)ds
= E(biz —bij)(a; + ap). (28)

From this it follows immediately that for any imaginable shock
structure one is not required to know the exact structure of the
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transition region and that MHD alone does not place any con-
straints on the microstructure of the shock.

It is also obvious that this result even holds for an infinitesi-
mal shock. There are other instances, though, when the thickness
of the shock does matter. For example, if the shock is thicker
than the average ion gyroradius, heavy ions in an astrophysical
plasma will conserve their magnetic moments at the passage,
while for an abrupt shock, these ions cannot adiabatically adapt
to the change in the B-field magnitude and direction (Bzowski
et al. 20006).

4. Solving the transition equation

Next, we use these results to evaluate Eq. (22). For the angular
expressions we use

— 2
cosa = — (29)
. _ t
sina = —, (30)

with B, and B, as the normal and tangential magnetic field com-
ponents and obtain:

_ ) . "
Ly, wy) - fiw), wy) = - { 1

5 (U,,] + wy COS(Z]).

Bnl Bn2 Bnl d.fl(w\lst_)
[(Bl (U U”1)+w(32 B )) duwy

Ba _ Bu)) dfiwp,w.),
32 Bl de_

(2B, - B+
2B, 2 1 w

Un2
+— .
(Unz + w cos a’z)

(Bt - B2 - B 00

Bz Bz B] de
wy Bp  Ba\\dA(w,w.)
+ (2—B2(32—31)+W(B—2 - B_])) 7dwl ]:|} (31)
To simplify this expression we introduce the notations
[[A]] = A2 — Ay (32)
{B}} = B1 + B, (33)
and Eq. (31) reduces to:
- 1 U,
[Lf (wy, w1l = ) {{m
Bn Bn df(w\ls wJ.)
x ((E[[Un]] Full 1) =
wy B\ df(wy,w,)
X (SELBI -+ wll 1) T)}} G4

This expression can be further simplified by introducing the
notation

Ci= U’:—w”% (35)
A= v+ ol 2] (36)
A= ;"—;[[B]] ¥ w[[—]] 37)

and we finally get

_ 1 df , Wy
[l = -3 {{C : (A”’C(Z’—u')lw)

df(wy, wy)
A dw, )}} |

which is a linear, partial, inhomogeneous differential equation of
the first order for f; in the variables wy and w, .

(38)

5. Results
5.1. Purely perpendicular shock

First we investigate the reaction of the distribution function to
a purely perpendicular shock, which leads to the conditions
B;y = By, Bp = B,, and B,; = B,», = 0. In addition, from clas-
sical high Mach number MHD it follows that U,, = U, /s and
B, = sB,. Using these results the MHD parameters introduced
in Egs. (35) to (37) reduce to

Cia=1 39)
A2 =0 (40)
w
A= —6s-1
1
A, (1 _ _). @1
2 K
Integrating Eq. (38) over velocity space then yields:
1 d -
n,—np=—— fdgo wydw, dwyw, | (s — 1) — fi(wy, w,)
4 dw,
1\ d -
+ (1 - —) — fa(wy, wL))
S dLUJ_
1 _
ny —nyp = 5 fd(p wJ_de_de ((S - 1)f1(w‘|,U)J_)
1\ .
+ (1 - ;)fZ(wlvwi))
1 1
m-n === +[1-—|m
2 K
1
m-n =z ((s = Dny + (s — Dny)
n—n; =(s—Dn
np = snj. 42)

This is the classical MHD result, i.e., n, = sn;, which con-
firms that our kinetical ansatz and the resulting solution of
the adequate Boltzmann equation is a valid description of
a MHD shock.

5.2. Purely parallel shock

The other extreme situation in MHD shock theory is the parallel
shock, which leads to the conditions B;; = By, = 0 and B, =
B,» = B. In this case we obtain the following equations for the
parameters:

Uni
Cip= ———— 43
12 Una + 0 (43)
Apn=Ap=A=Up-Un=Uu(l/s-1) (44)
Ap=0 (45)
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Integrating Eq. (38) over velocity space then leads to

—A”fd(p wJ_de_de

ns

U,
—_——— +
(U 1+ wy dw”fl (wH’ wl)

= m(1 - gy(Uy, 5)),

fz(wu, wi))
(46)

Up + w de

where

glI(Uh 5) = AH fdtp wldwldw”

)2 L w4
- wy, w -
U, + w de Lt Up + w dw

fz(wn» wL)) 47)

To reproduce the classical MHD result, the condition

91Uy, 8) = ni(1-5)

needs to be fulfilled.

Solving the integral in Eq. (47) is complicated by the pres-
ence of the singularity in the form of (U, + w)~!. In plasma
physics, i.e., plasma wave dispersion theories, integrals of this
form are common in the theory of wave damping and excitation,
where they are solved by moving the singularity off the real axis
and applying the residual theorem. In our case, this procedure
allows us to apply Cauchys integral formula and we obtain

(48)

g||(U1,S) = hm wa_ de_ (fl(w” Uy + ie, wJ_)

+ flwy = Us +ie, wl)). (49)

Using Eq. (48), we obtain the necessary conditions
Re(gy(U1,5)) = 0
Re ygé( fo Cwad, S (f1(wH Uy +iew,)

+h(wy = Us + e, wL))) =0 (50)
and
Im(gy(U1,5)) =0
Imli_r)r(l)(fowwldwl (f](wH Ui +ie,w,)

+hw) = Us + i€, wL))) # 0. (51)

Since the downstream distribution function is an unknown func-
tion, it is in principle possible that Eq. (50) is valid. For Eq. (51),
however, the situation is more clear. Since we are dealing with
physical distribution functions, we get the additional condition
Im f; = 0. The only possibility to produce a nonzero imaginary
part of this expression uses the term ie, which is taken in the
limit of € — 0. Assuming that the upstream and downstream
distribution functions are sufficiently smooth, we may pull the
limit under the integral, and for a physical distribution function,
the imaginary part will always vanish.

From this we conclude that for practically all physical distri-
bution functions it is not possible to reproduce the MHD equa-
tions from a Boltzmann-kinetic treatment of the shock transition,
as was developed in the section before. This is a direct result of
the singularity at wy = —U. Considering the source of this ex-
pression (Eq. (17)), it may be interpreted as an effective velocity

at which the individual particles with velocity wj cross the shock.
Obviously, not only will some of these particles never make it
past the shock, but they will cross it in the “wrong” direction,
going from the downstream to the upstream region. This essen-
tially splits up the system into (at least) two different streams
moving in antiparallel directions.

6. Higher order velocity moments
6.1. The downstream pressure anisotropy

Despite the complications involved with a general solution
of Eq. (38), we now investigate the downstream pressure
anisotropy, which is of special interest because it cannot be pre-
dicted from classical MHD theories, not even if extended to non-
scalar pressures such as those carried out by Erkaev et al. (2000).
As shown by these authors, the system of shock relations result-
ing in this more complicated case can only be solved if the as-
sumption is made that, according to derivations presented in the
CGL-theory (Chew et al. 1956), the first and second adiabatic
plasma invariants are conserved at the shock passage. However,
even then the downstream pressure anisoptropy

Ay =22 (52)

P2

must be kept as a free parameter of the solutions, since the sys-
tem of shock relations is not completely closed. It is thus inter-
esting now to see whether from the above kinetic approach one
can obtain a fixed value for A,, which then would help to close
the system of MHD shock relations.

In the case of a purely perpendicular shock, where the
MHD mass flux conservation can always be fulfilled (see
Sect. 5.1), no matter what the distribution function in detail looks
like, we take Eq. (41) and apply cylindrical velocity space coor-
dinates (d*w = dpdwyw, dw, ), which lead to the relations

dfi
dedwyw, dw, def A= dcpdw“de wal(s -1) (53)
L
df d _
dedwyw, dw, w'} diAu = ——dede—w’ifg(l —1/s), (54)
wy @

where we have made use of d*w = dedwyw, dw, (i.e., cylindrical
velocity space coordinates).

The partial pressures in the plasma wind system are defined
as the second-order velocity moments,

m m _
P2 = <—wﬁ> == | Cuwif

2

m m _
Pi2= <2wi> =7 fd3wwif2.

Instead of solving the differential equation, Eq. (38), and evalu-
ating these above integrals, we use a more straightforward and
easier way. We multiply Eq. (38) by wﬁ and w?, integrate over
velocity space, and obtain a much simpler system of algebraic
equations for the downstream pressures as functions of the up-
stream pressures and the compression ratio.

The equations then reduce to

(55)

(56)

m1

22

P2 = Pl f w(fits= D+ A0 =1/9)-w]

(57)

E(PH,I(S =D+ pa(l=1/9)
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Fig. 1. Ratio of iterated downstream to upstream pressure anisotropy
for a perpendicular shock as a function of the mach number M, and for
A, = 0.01 and 0.04 (for a definition of A see Erkaev et al. 2000).

and

peapir =3 [@w(fi- D+ - 1)t

=prils =D+ pra(l =1/9). (58)
Solving these equations results in the pressures
P2 = Pjis (59)
pi2=piis (60)
and the pressure anisotropy
PR S S L 61)

P12 Pl2s

which interestingly means that the pressure anisotropy at the
shock passage has changed and can now be fixed and introduced
into the incomplete MHD solutions.

From this above result it is possible to draw two important
conclusions: first, for a perpendicular shock, the downstream
pressure anisotropy is a simple, monotonously growing function
of the MHD compression ratio s. Furthermore, the downstream
anisotropy will always be larger than the upstream one.

The second result is even more important, since the down-
stream pressures do not need the knowledge of the specific form
of the ion velocity distribution function. As already mentioned,
a pure MHD treatment of the shock is not able to predict the
pressure anisotropy downstream. Now, however, we have the
possibility of evaluating this expression numerically: we first
select an initial A9, calulate the new A; using s(d20) and
Eq. (61), and repeat this procedure until A ;+1(A2,;) = A2;. Since
the MHD compression factor s is, at least for a perpendicular
shock, almost independent of A, (Erkaev et al. 2000), this algo-
rithm typically already converges after the first or second step.
Iterated compression ratios are presented in Fig. 1, where we
have demonstrated that the downstream pressure anisotropy de-
pends strongly on the sonic mach parameter A; and somewhat
less on the upstream pressure anisotropy 4; and the Alfven mach
number My.

6.2. MHD adiabatic invariants

We now test if this above-derived result is consistent with
the CGL-asumption of the conservation of the two adiabatic

invariants as adopted in the MHD model by Chew et al. (1956)
and Erkaev et al. (2000),

d (pB*
_(P| )=0
de\ p3
d P
— (&) =0
dt(pB)

We begin by transforming derivatives with respect to ¢ into those
with respect to s and obtain

(62)

(63)

d (pB%) _
Un(S)a( p3 ) =0 (64)
d P _

In the far upstream and downstream regions, where the
MHD quantities are constant, these conditions are trivially ful-
filled. To treat the transition between the upstream and down-
stream quantities, we apply our results from Sect. 3 and obtain

1
5 {UONg)I] = 0,

which further simplifies itself to
[[g()]] = 0.

For the adiabatic relations we then obtain

(66)

piB;  pnBi
P Py
P2 = spi
P2 _ P
By Bip

2
P12 =8 Ppi1-

(67)

(68)

Obviously, both adiabatic conditions are valid, even though only
one of these relations was explicitly used in our derivation of the
Boltzmann equation.

From Sect. 3 and Eq. (28) it also follows that any adiabatic
invariant of the form
d
- =0 69
77 (69)
where g(s) is an arbitrary function that is constant in the up-
stream and downstream regions automatically leads to an addi-
tional jump condition,

[[g()]] = 0.

This result may prove very useful in obtaining a complete set of
jump conditions in more complicated physical configurations.

(70)

7. Conclusions and outlook

We have developed a kinetic treatment of a pressure-anisotropic
plasma crossing a classical MHD shock. To do this, we first
derived the Boltzmann equation for such a plasma, taking
the nonrelativistic limit from the general covariant form of
the Boltzmann equation and adapting it to typical anisotropic
MHD shock transitions. We have proven that for practically all
physical situations the fine structure of the transition region does
not influence the downstream quantities at all.
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Next, we investigated the shock transition in more detail for
two extreme situations, the perpendicular shock where the mag-
netic field is orthogonal to the shock normal, and the parallel
shock, where B is parallel to the shock normal. We have proven
that in the case of the perpendicular shock, the kinetic treatment
of the shock is in perfect agreement with the MHD one, and it
is possible to give an analytical expression for the downstream
pressure anisotropy, closing the (incomplete) set of MHD equa-
tions (see, e.g. Erkaev et al. 2000) without any specific knowl-
edge of the velocity distribution function.

For the parallel shock, we have proven that MHD is usually
not an adequate description, which is a direct result from a singu-
larity in the Boltzmann equation. We have physically interpreted
this as a distribution in the bulk velocity system, where parti-
cles with different local velocities will also cross the shock at
different timescales. This situation can be identified as (at least)
two different plasma streams crossing the shock with two differ-
ent velocities, both parallel and antiparallel to the shock normal.
This effect will automatically lead to a two-stream instability
leading to viscous-type dissipation, as was already often envis-
aged in the literature (e.g. Scholer et al. 2003), which, however,
will be analyzed in more detail in a further publication.

While we have not yet solved the Boltzmann equation to ob-
tain the downstream distribution function, we were already able
to derive several results from the equation itself, including the
lower order momenta of the downstream plasma. The full solu-
tion of the equation, as well as more detailed properties of this
distribution function (e.g. higher downstream momenta, or the
entropy change when crossing the shock) will be published in the
near future. We have also recently begun investigating the gener-
ation of MHD waves and their coupling to the charged particles,
including determining what kind of wave generation and radia-
tion is possible from within the system. After finishing this, we
intend to revisit the parallel shock (and, more generally, the in-
clined shock with an arbitrary angle between the magnetic field
and the shock normal).

Our results suggest that a perpendicular shock is well
described by simple analytical expressions, which do not
depend on the fine structure of the shock at all. This in turn
provides an excellent test criterium for numerical simulations
aiming to describe more complex shock structures in plasmas. In

addition, this relation and the formalism developed here should
considerably simplify calculations related to less simple sys-
tems, e.g. where there are more than one particle population (see,
e.g. Bzowski et al. 2006).

Finally, we were able to derive a simple relation which al-
lows to turn any adiabatic invariant into an additional jump con-
dition, which should allow us to study more complicated jump
conditions.
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