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ABSTRACT

The basic equation to describe transport of cosmic rays in a random magnetic field parallel to a magnetic background field is the two-
dimensional Fokker-Planck equation. In this paper an investigation of this equation is presented to improve understanding of particle transport,
to depict the process of parallel diffusion and to improve recently derived nonlinear transport theories.
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1. Introduction

The description of parallel and perpendicular diffusion of
charged particles is central to cosmic ray astrophysics.
Transport of such particles is described by diffusion coeffi-
cients that can be calculated by applying a transport theory. The
knowledge of these coefficients is essential for describing so-
lar energetic particles, the modulation of Galactic cosmic rays,
and for the understanding of the measured abundance ratio of
secondary to primary cosmic ray nuclei (for a review of ap-
plications see e.g. Schlickeiser 2002). The first theoretical de-
scription of parallel and perpendicular transport was achieved
by the quasilinear theory (QLT, Jokipii 1966), which can be
seen as a first-order perturbation theory in the small parame-
ter δB/B0 (δB is the random magnetic field and B0 is the mean
field).

During the past few years it became successively clearer
that a nonlinear description of cosmic ray transport has to be fa-
vored over the traditional quasilinear approach (see e.g. Shalchi
et al. 2004; Shalchi 2005a). The key input into nonlinear trans-
port theories is the so-called characteristic function

Γ(k, t) =
〈
eik·x〉 =

∫
d3x f (x, t)eik·x (1)

with the particle distribution function f . Thus, it is essential
to know the particle distribution function that can be obtained
by solving the Fokker-Planck equation. Therefore a detailed
discussion of the (two-dimensional) Fokker-Planck equation
is presented in the current paper. Such an investigation can
demonstrate in detail how parallel transport can be understood
by a pitch-angle isotropization process. Furthermore, the re-
sults of the current paper could be important for improving
nonlinear theories.

In Sect. 2, I consider the Fokker-Planck equation and
the parallel spatial diffusion coefficient without specifying the
pitch-angle Fokker-Planck coefficient that describes the in-
teraction between the charged cosmic rays and the turbulent
electromagnetic fields. A more detailed investigation of the
Fokker-Planck equation is given in Sect. 3, where the isotropic
form Dµµ = D · (1 − µ2) of the Fokker-Planck coefficient is as-
sumed. While this assumption disagrees with results of quasi-
linear theory, I argue in Sect. 5 that this form seems to be
reasonable within the recently derived second-order quasilin-
ear theory (SOQLT, Shalchi 2005a). To derive concrete time-
dependent formulas for the parallel spatial diffusion coefficient
and other parameters, such as the penetration depth, the case
of sharp initial conditions is considered in Sect. 4. Despite the
form of the pitch-angle Fokker-Planck coefficient assumed in
Sects. 3 and 4, the Fokker-Planck equation itself must be jus-
tified. Both are done in Sect. 5 which is followed by Sect. 6
where, for completeness, the diffusion-transport equation is
discussed.

2. General investigation of the Fokker-Planck
equation

Starting from the relativistic Vlasov equation, it is straight-
forward to derive the six-dimensional Fokker-Planck equation
(see e.g. Schlickeiser 2002)

∂ f
∂t
+ vµ
∂ f
∂z
−Ω ∂ f
∂Φ
= S +

1
p2

∂

∂xσ

(
p2Dxσxν

∂ f
∂xν

)
,

xσ = x, y, z, µ,Φ, v. (2)

Here we used the pitch-angle cosine µ, the gyrophase Φ,
the gyrofrequency Ω, and the momentum of the particle p.
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The interaction between the charged cosmic rays and the fields
is described by the Fokker-Planck coefficients Dxσxν . To obtain
the well-known two-dimensional Fokker-Planck equation, we
neglect the source function S and we average Eq. (2) over x, y
and the gyrophase Φ. We also neglect momentum diffusion by
assuming that Dpp is very small to find finally:

∂ f
∂t
+ vµ
∂ f
∂z
=
∂

∂µ

(
Dµµ
∂ f
∂µ

)
· (3)

The solution of this equation, f = f (µ, z, t), is the particle dis-
tribution function in the two-dimensional phase-space. In this
equation the time-independent pitch-angle Fokker-Planck co-
efficient Dµµ was used. It was demonstrated in Shalchi (2005a)
that there are small time-scales where pitch-angle transport has
not reached diffusive behavior, the equation above cannot be
applied for such small time-scales. This problem is discussed
in Sect. 5. To proceed, we define the following functions:

F(µ, t) =
∫ +∞

−∞
dz f (µ, z, t)

〈z〉 (µ, t) =
∫ +∞

−∞
dz z f (µ, z, t)

〈
z2

〉
(µ, t) =

∫ +∞

−∞
dz z2 f (µ, z, t). (4)

By combining these definitions with Eq. (3), we obtain the fol-
lowing set of equations:

∂F
∂t
=
∂

∂µ

(
Dµµ
∂F
∂µ

)
(5)

∂ 〈z〉
∂t
− vµF = ∂

∂µ

(
Dµµ
∂ 〈z〉
∂µ

)
(6)

∂
〈
z2

〉
∂t
− 2vµ 〈z〉 = ∂

∂µ

⎛⎜⎜⎜⎜⎜⎜⎝Dµµ
∂
〈
z2

〉
∂µ

⎞⎟⎟⎟⎟⎟⎟⎠ · (7)

In turn we investigate these equations without specifying the
form of Dµµ.

2.1. Relaxation time and pitch-angle isotropization

Equation (5), in combination with the ansatz F(µ, t) = e−ωt ·
P(µ), can be rewritten as

−ωPl(µ) =
∂

∂µ

(
Dµµ
∂Pl

∂µ

)
· (8)

The right side of this equation has the form of a Sturm-
Livouville problem; therefore, the pitch-angle dependent func-
tions Pl(µ) exist and form an orthogonal set. Thus the general
(normalized) solution can be written as

F(µ, t) = 1 +
∞∑

l=1

αlPl(µ)e
−ωlt. (9)

The parameters αl are determined by the initial conditions.
Therefore the function F becomes nearly isotropic after the
time τ = ω−1, which is called the pitch-angle relaxation time-
scale. This behavior is independent of the initial distribution
function and of the form of the pitch-angle Fokker-Planck co-
efficient Dµµ that controls the form of the orthogonal func-
tions Pl.

2.2. Mean square deviation in the real-space

The first step is that we consider the pitch-angle average of
Eq. (7). Therefore we introduce the abbreviation

〈A〉µ (t) =
1
2

∫ +1

−1
dµ 〈A〉 (µ, t)

=
1
2

∫ +1

−1
dµ

∫ +∞

−∞
dz A(µ, z, t) f (µ, z, t). (10)

Then in combination with Eq. (7) we obtain:

∂
〈
z2

〉
µ

∂t
− v

∫ +1

−1
dµ µ 〈z〉 = 1

2

∫ +1

−1
dµ
∂

∂µ

⎛⎜⎜⎜⎜⎜⎜⎝Dµµ
∂
〈
z2

〉
∂µ

⎞⎟⎟⎟⎟⎟⎟⎠ · (11)

The parameter
〈
z2

〉
µ

describes parallel spatial transport in the

real-space. From the equations of motion, it follows directly
(see e.g. Schlickeiser 2002, Eq. (12.1.9b)) that

Dµµ(µ = ±1) = 0. (12)

Thus the right side of Eq. (11) is equal to zero, so we obtain

1
2

∂
〈
z2

〉
µ

∂t
=
v

2

∫ +1

−1
dµ µ 〈z〉 (µ, t). (13)

As shown later during the paper, the left hand side of this
equation is exactly the parallel spatial diffusion coefficient in
the real-space. To proceed we must calculate the parameter
〈z〉 (µ, t), which is done in turn.

2.3. The mean position in the phase-space

To determine the parameter 〈z〉 (µ, t), we apply the operator∫ ν

−1
dµ (14)

onto Eq. (6):

∂

∂t

∫ ν

−1
dµ 〈z〉 (µ, t) − v

∫ ν

−1
dµ µF(µ, t) = Dνν

∂ 〈z〉 (ν, t)
∂ν

, (15)

where again we used Eq. (12). To proceed, we assume that the
distribution function becomes isotropic for large time-scales
F(µ, t) ≈ 1 (see Sect. 2.1). Thus we obtain

∂

∂t

∫ ν

−1
dµ 〈z〉 (µ, t) + v

2

(
1 − ν2

)
= Dνν

∂ 〈z〉 (ν, t)
∂ν

· (16)

Because of the pitch-angle isotropization process, we can
also assume that 〈z〉 (µ, t) becomes time-independent for large
enough times, so we find

v

2

(
1 − µ2

)
Dµµ

+
∂

∂µ
〈z〉 (µ) = 0, (17)

which has the solution

〈z〉 (µ) = 〈z〉 (µ = −1) +
v

2

∫ µ

−1
dν

(
1 − ν2

)
Dνν

· (18)

This result can be combined with Eq. (13) to determine the
parallel spatial diffusion coefficient, as below.
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2.4. The parallel spatial diffusion coefficient

With Eqs. (13) and (18) we have

1
2

∂
〈
z2

〉
µ

∂t
=
v

2

∫ +1

−1
dµ µ 〈z〉 (µ = −1)

+
v2

4

∫ +1

−1
dµ µ

∫ µ

−1
dν

(
1 − ν2

)
Dνν

· (19)

The first term on the right hand side is equal to zero and can be
dropped. The second term can be written as

1
2

∂
〈
z2

〉
µ

∂t
=
v2

8

∫ +1

−1
dµ
∂µ2

∂µ

∫ µ

−1
dν

(
1 − ν2

)
Dνν

=
v2

8

[
µ2

∫ µ

−1
dν

1 − ν2
Dνν

]+1

−1

− v
2

8

∫ +1

−1
dµ µ2

(
1 − µ2

)
Dµµ

=
v2

8

∫ +1

−1
dµ

1 − µ2

Dνν
− v

2

8

∫ +1

−1
dµ µ2

(
1 − µ2

)
Dµµ

=
v2

8

∫ +1

−1
dµ

(
1 − µ2

)2

Dµµ
· (20)

The assumption
〈
z2

〉
µ
= 2tκ‖ (21)

with the spatial parallel diffusion coefficient

κ‖ =
v2

8

∫ +1

−1
dµ

(
1 − µ2

)2

Dµµ
(22)

seems to be reasonable. This result was already derived in Earl
(1974) by using a different approach based on the same physi-
cal assumptions, which are:

1) the Fokker-Planck equation provides the correct description
of particle transport in the phase-space;

2) the particle distribution function f (µ, t) becomes isotropic
in the pitch-angle for large time-scales, and thus F(µ, t →
∞)→ 1 and 〈z〉 (µ, t→ ∞)→ 〈z〉 (µ).

3. Investigation of the Fokker-Planck equation
for an isotropic form of Dµµ

In Sect. 2 the Fokker-Planck equation was discussed without
specifying the form of the pitch-angle Fokker-Planck coeffi-
cient Dµµ. To obtain a more understandable description of cos-
mic ray transport, and because of the discussions in Sect. 5, we
assume

Dµµ = D ·
(
1 − µ2

)
(23)

for the pitch-angle Fokker-Planck coefficient. In this case
Eq. (5) becomes

∂F
∂t
=
∂

∂µ

(
Dµµ
∂F
∂µ

)
= D

∂

∂µ

((
1 − µ2

) ∂F
∂µ

)
· (24)

By applying the ansatz F(µ, t) = ρ(t) · P(µ), we find

∂ρ

∂t
= −ωρ(t) (25)

(
1 − µ2

) ∂2P
∂µ2
− 2µ

∂P
∂µ
+
ω

D
F = 0. (26)

For the function ρ we immediately find an exponential law

ρ(t) = e−ωt. (27)

In the second equation we must have

ω

D
= l(l + 1), l = 0, 1, 2, 3, . . . (28)

to prevent a singularity, and we find

(
1 − µ2

) ∂2Pl

∂µ2
− 2µ

∂Pl

∂µ
+ l(l + 1)Pl = 0. (29)

In this case we have a differential equation with a well-known
solution: the functions Pl(µ) can be identified with Legendre-
Polynoms. The general solution of Eq. (24) is therefore

F(µ, t) =
∞∑

l=0

αlPl(µ)e
−l(l+1)Dt. (30)

This form agrees with considerations of Sect. 2.1, which are
based on the Sturm-Liouville theory. Now we assume that the
function F(µ, t) is normalized:

1 =
1
2

∫ +1

−1
dµ F(µ, t)

=
1
2

∞∑
l=0

αle−l(l+1)Dt
∫ +1

−1
dµ Pl(µ)

= α0 (31)

because we have∫ +1

−1
dµ Pl(µ)Pm(µ) =

2
2m + 1

δlm (32)

and P0(µ) = 1. Therefore we find

F(µ, t) = 1 +
∞∑

l=1

αlPl(µ)e
−l(l+1)Dt. (33)

The other parameters αl can be determined by the initial
conditions:

αl =
2l + 1

2

∫ +1

−1
dµ F(µ, 0)Pl(µ). (34)

3.1. The relaxation time-scale

If we consider large time-scales 2Dt � 1, we have approxi-
mately

F(µ, t) ≈ 1 + α1P1(µ)e−2Dt = 1 + α1µe−t/τ (35)

with the relaxation time

τ =
1

2D
=

1 − µ2

2Dµµ
· (36)
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Analogously one could define the scattering frequency as
ω = τ−1. Independent of the initial conditions (αl), we find for
time-scales much larger than the relaxation time:

F(µ, t � τ) ≈ 1. (37)

The particle distribution function becomes nearly isotropic af-
ter the time τ.

3.2. Parameters in the real-space

Here we calculate different parameters in the real-space by con-
sidering the total average defined in Eq. (10). First we consider
A = µ to determine the time-behavior of the mean pitch-angle
cosine in the real-space:

〈µ〉µ =
1
2

∫ +1

−1
dµ µF(µ, t)

=
1
2

∫ +1

−1
dµ µ +

1
2

∞∑
l=1

αle−l(l+1)Dt
∫ +1

−1
dµ µPl(µ)

=
1
2

∞∑
l=1

αle−l(l+1)Dt
∫ +1

−1
dµ P1(µ)Pl(µ) (38)

because of µ = P1(µ). By using Eq. (32) we find

〈µ〉µ =
α1

3
e−t/τ. (39)

After the relaxation time, the average pitch-angle in the real-
space tends to zero, independent of the initial conditions (α1).
Also the parameter µ2 can be averaged in the same manner. By
using

µ2 =
2
3

P2(µ) +
1
3

P0(µ), (40)

we obtain
〈
µ2

〉
µ
=

1
2

∫ +1

−1
dµ µ2F(µ, t)

=
1
2

∫ +1

−1
dµ µ2 +

1
2

∞∑
l=1

αle
−l(l+1)Dt

∫ +1

−1
dµ µ2Pl(µ)

=
1
3
+

1
3

∞∑
l=1

αle
−l(l+1)Dt

∫ +1

−1
dµ P2(µ)Pl(µ)

=
1
3
+

2
15
α2e−6Dt. (41)

For times much larger than τ, we find
〈
µ2

〉
µ
≈ 1/3, which is

the expected isotropic result. In the last step we determine the
parameter 〈z〉µ as the average position in the real-space. To do
this we consider the pitch-angle average of Eq. (6)

∂ 〈z〉µ
∂t
=
v

2

∫ +1

−1
dµ (µF) +

1
2

[
Dµµ
∂ 〈z〉
∂µ

]+1

−1

=
v

2

∫ +1

−1
dµ µ

∞∑
l=1

αlPl(µ)e−l(l+1)Dt

=
v

2

∞∑
l=1

αle−l(l+1)Dt
∫ +1

−1
dµ P1(µ)Pl(µ)

=
v

3
α1e−t/τ (42)

and therefore

〈z〉µ (t) = const. − vτα1

3
e−t/τ. (43)

By assuming 〈z〉µ (0) = 0, we obtain

〈z〉µ (t) = zPD ·
(
1 − e−t/τ

)
(44)

with the penetration depth

zPD =
vτα1

3
=
v

6D
α1, (45)

which is dependent of the initial conditions (α1). These results
are discussed for sharp initial conditions in Sect. 4.

3.3. The time-dependent parallel diffusion coefficient

Here we calculate the time-dependent parallel diffusion
coefficient:

κ‖(t) :=
1
2t

〈
z2

〉
µ

(t). (46)

From Eq. (13) we know the exact relation

∂
〈
z2

〉
µ

(t)

∂t
= v

∫ +1

−1
dµ µ 〈z〉 (µ, t) = 2v 〈µz〉µ (t), (47)

and from Eq. (6) we obtain

∂ 〈µz〉µ (t)

∂t
=
v

2

∫ +1

−1
dµ µ2F(µ, t)

+
1
2

∫ +1

−1
dµ µ

∂

∂µ

(
Dµµ
∂

∂µ
〈z〉

)

=
v

2

∫ +1

−1
dµ µ2F(µ, t) − 1

2

∫ +1

−1
dµ Dµµ

∂

∂µ
〈z〉

=
v

2

∫ +1

−1
dµ µ2F(µ, t) − 2D 〈µz〉µ (t). (48)

With Eqs. (30) and (40) we find

v

2

∫ +1

−1
dµ µ2F(µ, t)=

v

3
+
v

3

∞∑
l=1

αle−l(l+1)Dt
∫ +1

−1
dµ Pl(µ)P2(µ)

=
v

3
+

2v
15
α2e−6Dt (49)

and therefore

∂ 〈µz〉µ (t)

∂t
+ 2D 〈µz〉µ (t) =

v

3
+

2v
15
α2e−6Dt. (50)

By using

κ‖,∞ =
v2

8

∫ +1

−1
dµ

(
1 − µ2

)2

Dµµ

=
v2

8D

∫ +1

−1
dµ

(
1 − µ2

)
=
v2

6D
(51)

and

λ‖,∞ =
3
v
κ‖,∞ =

v

2D
(52)
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we have

∂ 〈µz〉µ (t)

∂t
+
v

λ‖,∞
〈µz〉µ (t) =

v

3
+

2v
15
α2e−3vt/λ‖,∞ . (53)

This differential equation has the homogenous solution

〈µz〉µ (t) = β1e−vt/λ‖,∞ (54)

with the constant β1 and the particular solution

〈µz〉µ (t) =
λ‖,∞

3
− λ‖,∞

15
α2e−3vt/λ‖,∞ . (55)

The general solution is simply a superposition of Eqs. (54)
and (55)

〈µz〉µ (t) = β1e−vt/λ‖,∞ +
λ‖,∞

3
− λ‖,∞

15
α2e−3vt/λ‖,∞ . (56)

With this result Eq. (47) becomes

∂

∂t

〈
z2

〉
µ

(t) = 2κ‖,∞ + 2vβ1e−v
2t/(3κ‖,∞)

− 2κ‖,∞
5
α2e−v

2t/κ‖,∞ (57)

and we therefore find

κ‖(t) =
β2

2t
+ κ‖,∞ − 3β1κ‖,∞

vt
e−v

2t/(3κ‖,∞)

+
α2κ

2
‖,∞

5v2t
e−v

2t/κ‖,∞ . (58)

This result justifies the definition of κ‖,∞, because in the limit
t → ∞ we have

lim
t→∞ κ‖(t) = κ‖,∞ (59)

and we find diffusive behavior in agreement with the more gen-
eral derivation of Eq. (22). The other contributions in Eq. (58)
are only important for small time-scales (vt 	 λ‖,∞). The pa-
rameters α2, β1, β2 can be determined by the initial conditions.
A concrete visualization of the time behavior of all calculated
parameters can only be performed if we specify the initial con-
ditions which in done in Sect. 4.

3.4. The diffusion-transport-equation

So far, we have considered the z-average of the Fokker-Planck
equation. In contrast to the previous discussions, we now con-
sider the µ-average. By defining the parameters

M(z, t) =
1
2

∫ +1

−1
dµ f (µ, z, t)

N(z, t) =
1
2

∫ +1

−1
dµ µ f (µ, z, t)

P(z, t) =
1
2

∫ +1

−1
dµ µ2 f (µ, z, t) (60)

we find the following equations:

∂M
∂t
+ v
∂N
∂z
= 0 (61)

∂N
∂t
+ v
∂P
∂z
= −1

2

∫ +1

−1
dµ Dµµ

∂ f
∂µ
· (62)

Since

∂Dµµ
∂µ
= −2µD, (63)

we find for Eq. (62)

∂N
∂t
+ v
∂P
∂z
= −2DN. (64)

Calculating the z-derivative of this equation and applying
Eq. (61), we obtain

∂2N
∂t∂z

+ v
∂2P
∂z2
= −2D

∂N
∂z
=

2D
v

∂M
∂t
· (65)

To proceed we consider the limit t → ∞. Because of the previ-
ous discussions we have

N(t→ ∞)→ 0 (66)

and

P(t→ ∞)→ M
3
· (67)

Thus we finally find

∂M
∂t
= κzz

∂2M
∂z2

(68)

with κzz = κ‖ = v2/(6D). As expected we find a diffusion equa-
tion as transport equation. Solutions to this equations and its
three-dimensional generalization are discussed in Sect. 6.

4. Sharp initial conditions

For a further simplification we assume sharp initial conditions:

z(0) = 0

µ(0) = µ0

F(µ, t = 0) = 2δ(µ − µ0) (69)

and we have

αl =
2l + 1

2

∫ +1

−1
dµ F(µ, 0)Pl(µ)

= (2l + 1)
∫ +1

−1
dµ δ(µ − µ0)Pl(µ)

= (2l + 1)Pl(µ0) (70)

and therefore

F(µ, t) = 1 +
∞∑

l=1

(2l + 1)Pl(µ0)Pl(µ)e−l(l+1)Dt. (71)

Figure 1 shows the function F(µ, t) for µ0 = 1/
√

2 for dif-
ferent times. For very short time-scales (t/τ ∼ 10−2), we find
a distribution function that is very similar to the initial state
(F = 2δ(µ − µ0)). For larger times (t/τ ∼ 10−1) the broadening
of the distribution function becomes larger. For t/τ ∼ 1 we al-
ready find a nearly isotropic distribution function, and for time-
scales much larger than the relaxation time, we find F ≈ 1.
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Fig. 1. Shown is the function F(µ) for different values of the time:
t/τ = 0.01, 0.1, 1, 10 to visualize the pitch-angle isotropization pro-
cess. Here we assume that µ(t = 0) = µ0 = 1/

√
2.

4.1. Parameters in the real-space for sharp initial
conditions

Here we reconsider the parameters calculated in Sect. 3.2 for
sharp initial conditions. With

α1 = 3P1(µ0) = 3µ0 (72)

we obtain with Eq. (39) the exact formula

〈µ〉µ = µ0e−t/τ. (73)

The penetration depth is

zPD =
vµ0

2D
= µ0λ‖,∞, (74)

and for t � τ we have λ‖ = λ‖,∞ and therefore

〈z〉µ (t) = zPD = µ0λ‖. (75)

We find the maximal penetration depth if µ0 ± 1, so we then
have zPD = ±λ‖.

4.2. The parallel diffusion coefficient for sharp initial
conditions

Here we consider Eq. (58) for the case of sharp initial
conditions. First we assume that

〈
z2

〉
µ

(t = 0) = 0 and

〈µz〉µ (t = 0) = 0 to have β2 = 0 and

β1 =
α2 − 5

15
λ‖,∞. (76)

With

α2 = 5P2(µ0) =
15
2
µ2

0 −
5
2

(77)

we obtain

β1 =
1
2
λ‖,∞

(
µ2

0 − 1
)

(78)
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Fig. 2. The time-dependence of the parallel diffusion coefficient y1(x)
(solid line), the mean pitch-angle cosine y2(x) (dotted line), and the
mean position y3(x) (dashed line).

and we finally find for the time-dependent parallel diffusion
coefficient

κ‖(t) = κ‖,∞ +
λ2
‖,∞
2t

(
1 − µ2

0

)
e−vt/λ‖,∞

+
λ2
‖,∞
6t

(
µ2

0 −
1
3

)
e−3vt/λ‖,∞ . (79)

In Fig. 2 the time-dependence of the parallel diffusion coeffi-
cient and other parameters are shown for:

x = t/τ

y1(x) =
2
v2τ
κ‖(t)

y2(x) =
〈µ〉µ
µ0
= e−x

y3(x) =
〈z〉µ
zPD
= 1 − e−x

µ0 =
1√
2

2
v2τ
κ‖,∞ = 1. (80)

After a certain time-scale (relaxation-time), parallel transport
reaches diffusive behavior, the mean pitch-angle goes to zero
(y2 → 0), and the mean parallel position reaches the penetra-
tion depth (y3 → 1).

5. Validity of the presented results

During the last sections two assumptions were made that were
not justified: we considered the Fokker-Planck equation with
a time-independent pitch-angle Fokker-Planck coefficient Dµµ,
and assumed the form Dµµ = D·(1−µ2). In turn we now discuss
both assumptions to examine the validity of our results.
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5.1. Validity of the Fokker-Planck equation

Within the quasilinear approach, it is straightforward to deter-
mine the time-dependent pitch-angle Fokker-Planck coefficient

Dµµ(µ, t) =

〈
(∆µ)2

〉
2t

· (81)

The usual time-independent coefficent Dµµ(µ, t) can be ob-
tained by the limit

Dµµ(µ) = lim
t→∞Dµµ(µ, t). (82)

To proceed we define the time-scale tµ as:

Dµµ(µ) ≈ Dµµ(µ, t � tµ). (83)

For smaller time-scales than tµ, the time-dependence of Dµµ
cannot be neglected. If we consider the limit t � τ, tµ, we
should obtain diffusive behavior of Dµµ and κ‖. For time-scales
where tµ 	 t 	 τ, we can use the results of the current paper
(see Sects. 3 and 4). If there are time-scales with τ 	 t 	 tµ
where we find a nearly isotropic pitch-angle distribution, but
pitch-angle scattering has not reached diffusive behavior, the
results of the current paper cannot be applied, and the time-
dependence shown in Shalchi (2005b; and Fig. 1) should be
valid. Numerical test particle simulations provide a reasonable
possibility for investigating such different time-scales.

5.2. Validity of the Fokker-Planck coefficient

The quasilinear pitch-angle Fokker-Planck coefficient for pure
magnetostatic slab turbulence has the form

Dµµ = D ·
(
1 − µ2

)
· | µ |s−1 (84)

with the inertial range spectral index s. For 90◦ (µ = 0) we
find a vanishing Fokker-Planck coefficient within the quasilin-
ear theory. According to Shalchi (2005a), nonlinear effects are
important if we consider pitch-angle diffusion close to 90◦ in
strong or medium strong turbulence (δB ≥ B0). Within the re-
cently proposed second order QLT (SOQLT, Shalchi 2005a), it
is also possible to describe pitch-angle transport close to 90◦.
Figure 3 shows the quasilinear result, the SOQLT-result, and a
(1 − µ2)-fit. It is obvious that the fit agrees with the SOQLT re-
sult very well. Therefore the form of Eq. (23) should be appro-
priate if we assume that turbulence is not too weak . A formula
for D = Dµµ(µ = 0) is given in Shalchi (2005a). Even in cases
where the form of Eq. (23) is not accurate (e.g. very weak tur-
bulence), the results of Sect. 3 should at least be qualitatively
correct. It should also be noted that the formulas for Dµµ dis-
cussed here (e.g. Eq. (84)) are only valid for magnetostatic tur-
bulence. More realistic turbulence models are available and are
discussed e.g. in Schlickeiser (2002). Prominent examples are
the plasmawave model or the dynamical turbulence model. In
general such models can change the form of a Fokker-Planck
coefficient; e.g., Chandran (2000) notes that for Alfvénic tur-
bulence, Dµµ is anisotropic. But such conclusions are based on
quasilinear theory. Within a nonlinear description one would
expect a form of Dµµ that is at least nearly isotropic. A compu-
tation of Dµµ for more realistic models, such as Alfvénic turbu-
lence, is the subject of future work.
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Fig. 3. The QLT result (dotted line), the SOQLT result (dashed line),
and a (1 − µ2)-fit (solid line) for the pitch-angle Fokker-Planck coeffi-
cient Dµµ as a function of the pitch-angle cosine µ.

6. Investigation of the diffusion-transport-equation

In Eq. (68) the diffusion-transport-equation was derived for the
isotropic form of Dµµ. As shown e.g. in Schlickeiser (2002) the
general diffusion-transport-equation has the form

∂M
∂t
= κzz

∂2M
∂z2
+

∑
i, j=x,y

κi j
∂2M
∂xi∂x j

(85)

if we neglect momentum diffusion. In the case of axisymmetric
turbulence we have κxy = κyx = 0 and therefore

∂M
∂t
=

∑
i=x,y,z

κii
∂2M

∂x2
i

· (86)

In the k-space this equation becomes

∂M(k j)

∂t
= −

∑
i=x,y,z

k2
i κii M(k j) (87)

and we find the particular solution

M(k j) = e−
∑

i=x,y,z k2
i κiit. (88)

In general the solution is a superposition of the different par-
ticular solutions, but if we assume Gaussian statistics, the last
equation is already the correct solution to the transport equa-
tion. In the real-space we have

M(x, y, z) =
1

(2π)3/2
√

8t3κxxκyyκzz

e−
x2

4tκxx
− y2

4tκyy
− z2

4tκzz . (89)

We define the average of the parameter A(x, y, z, t) as

〈A〉 (t)=
∫

d3x A(x, y, z, t)M(x, y, z, t)

=
1

(2π)3/2
√

8t3κxxκyyκzz

∫
d3x A(x, y, z, t)e−

x2

4tκxx
− y2

4tκyy
− z2

4tκzz

=
1

(2π)3

∫
d3k e−

∑
i=x,y,z k2

i κii t
∫

d3x A(x, y, z, t)e−ikx. (90)

In turn we calculate the mean square deviation (A = x2
i ) and

the characteristic function (A = eik·x).
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6.1. The mean square deviation

Here we calculate the mean square deviation
〈
z2

〉
in the parallel

direction
〈
z2

〉
=

1
(2π)3

∫
d3k e−

∑
i=x,y,z k2

i κiit
∫

d3x z2eikx

=
1

2π

∫
dkz e−k2

z κzz t
∫

dz z2eikzz

= −
∫

dkz e−k2
z κzzt ∂

2

∂k2
z
δ(kz)

= −
∫

dkz
∂2

∂k2
z

e−k2
z κzztδ(kz)

= 2κzzt, (91)

which is the expected result, and we find that the width of the
Gaussian function behaves diffusively. Because of the symmet-
ric form of the Gaussian function, we obtain in general〈
x2

i

〉
= 2κiit. (92)

6.2. The characteristic function

The characteristic function is one of the key inputs into nonlin-
ear transport theories (see e.g. Matthaeus et al. 2003; or Shalchi
et al. 2004) and is defined as

Γ(k, t) =
〈
eik·x〉 (93)

and therefore

Γ(k, t) =
1

(2π)3

∫
d3k e−

∑
i=x,y,z k2

i κii t
∫

d3x ei(k
′ −k)x

=

∫
d3k e−

∑
i=x,y,z k2

i κii tδ(k
′ − k) (94)

and we finally obtain

Γ(k, t) = e−κxxk2
x t−κyyk2

y t−κzzk2
z t. (95)

This result can be applied within nonlinear transport theories
like the NLGC-approach of Matthaeus et al. (2003).

7. Summary and conclusion

In this paper an analytical investigation of the two-dimensional
Fokker-Planck equation has been presented. The examination
of this equation was split into three levels:

a) We explored the Fokker-Planck equation and the parallel
diffusion coefficient for a general form of the pitch-angle
Fokker-Planck coefficient to confirm the considerations of
Earl (1974) in a more ostensive way.

b) By assuming a isotropic form of Dµµ, a detailed inves-
tigation of the Fokker-Planck equation is presented. We
calculated interesting parameters like the penetration depth.
While the isotropic form of the Fokker-Planck coefficient
disagrees with the quasilinear result, it can be confirmed by

the recently derived second-order theory, if the turbulence
is not too weak.

c) For sharp initial conditions, we derived simple formulas for
all relevant parameters. This allows a visualization of the
pitch-angle isotropization process, and it depicts the pro-
cess of parallel transport of cosmic rays.

The results of this paper are important for understanding paral-
lel transport and for the formulation of nonlinear theories. As
described in the introduction, the characteristic function Γ(k, t)
is the key input into nonlinear theories (see e.g. Matthaeus et al.
2003; Shalchi et al. 2004; Shalchi 2005a). Determination of
this function can only be achieved if the particle distribution
function is known. For example, if we consider the so-called
slab model for the turbulence geometry (in this model the wave
vectors are always parallel to the magnetic mean field) and as-
sume a Gaussian form of the distribution function, we find for
the characteristic function (see e.g. Shalchi 2005a)

Γ(k‖, t) = eik‖〈z〉 · eσ2
z /2·k2

‖ (96)

with the mean square deviation σ2
z , which is dependent on

both time-dependent parameters 〈z〉 (t) and
〈
z2

〉
(t). In general,

Γ(k‖, t) must be known for all time scales. Because the parame-
ters 〈z〉 (t) and

〈
z2

〉
(t) have been calculated in the current paper

(see e.g. Eqs. (44) and (57)), the present work could be impor-
tant for formulating nonlinear transport theories.

Furthermore, the time-dependent results presented here can
be used to reproduce and understand test-particle simulations.
Also for real astrophysical problems, time-dependent trans-
port could be important; e.g. for very fast particles, the mean
residence time could be very small. In this case the particle
wouldn’t have time to reach diffusive behavior and a time-
dependent description must be applied. There could also be
cases where particle transport is non-diffusive for all time-
scales. A prominent example is perpendicular transport in the
slab model (see e.g. Shalchi 2005b), where we find subdiffu-
sive behavior. In such cases, a full time-dependent description
of cosmic ray transport has to be accomplished.

Formulating accurate nonlinear transport theories, repro-
ducing numerical test particle simulations, and knowing dif-
fusion coefficients for all times scales are interesting and im-
portant in cosmic ray astrophysics.
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