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Abstract. We discuss the physical basis of the statistical mechanics of self-gravitating systems. We show the correspondance
between statistical mechanics methods based on the evaluation of the density of states and partition function and thermody-
namical methods based on the optimization of a thermodynamical potential (entropy or free energy). We address the question
of the thermodynamic limit of self-gravitating systems, the justification of the mean-field approximation, the validity of the
saddle point approximation near the transition point, the lifetime of metastable states and the fluctuations in isothermal spheres.
In particular, we emphasize the tremendously long lifetime of metastable states of self-gravitating systems which increases
exponentially with the number of particles N except in the vicinity of the critical point. More specifically, using an adap-
tation of the Kramers formula justified by a kinetic theory, we show that the lifetime of a metastable state scales as e
in microcanonical ensemble and e¥*/ in canonical ensemble, where As and Aj are the barriers of entropy and free energy
Jj = s — Be per particle respectively. The physical caloric curve must take these metastable states (local entropy maxima) into
account. As a result, it becomes multi-valued and leads to microcanonical phase transitions and “dinosaur’s necks” (Chavanis
2002b, [arXiv:astroph/0205426]; Chavanis & Rieutord 2003, A&A, 412, 1). The consideration of metastable states an-

swers the critics raised by D.H.E. Gross [cond-mat/0307535/0403582].
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1. Introduction

The statistical mechanics of self-gravitating systems has a long
history starting with the seminal papers of Antonov (1962) and
Lynden-Bell & Wood (1968). A statistical mechanics approach
is particularly relevant to describe the late stages of “small”
groups of stars (N ~ 10%), such as globular clusters, which
evolve under the influence of stellar encounters (“collisional”
relaxation). Apart from astrophysical applications, the statisti-
cal mechanics of stellar systems is of great interest in physics
because it differs in many respects from that of more famil-
iar systems with short-range interactions (Padmanabhan 1990;
Chavanis 2002c). In particular, for systems with long-range
interactions, the thermodynamical ensembles are not equiva-
lent, negative specific heats are allowed in the microcanonical
ensemble (but not in the canonical ensemble) and metastable
equilibrium states can have tremendously long lifetimes mak-
ing them of considerable interest.

Two types of approaches have been developed to determine
the statistical equilibrium state of a self-gravitating system. In
the thermodynamical approach, one determines the most prob-
able distribution of particles by maximizing the Boltzmann en-
tropy at fixed mass and energy in the microcanonical ensem-
ble or by minimizing the free energy F = E — TS at fixed
mass and temperature in the canonical ensemble (Lynden-Bell
& Wood 1968; Katz 1978; Chavanis 2002a). This approach is

the simplest and the most illuminating. In addition, it is di-
rectly related to kinetic theories (based on the Landau or on the
Fokker-Planck equation) for which the Boltzmann entropy (or
the Boltzmann free energy) plays the role of a Lyapunov func-
tional and satisfies a H-theorem. Alternatively, in the statisti-
cal mechanics approach, one starts from the density of states
or partition function, transforms it into a functional integral
and uses a saddle point approximation valid in a properly de-
fined thermodynamic limit (Horwitz & Katz 1978; de Vega &
Sanchez 2002; Katz 2003).

In the first part of this paper, we discuss the connexion be-
tween these two procedures. We remain at a heuristic level,
stressing more the physical ideas than the mathematical for-
malism. In Sect. 2, we introduce the entropy by a combinato-
rial analysis. In order to regularize the problem at short dis-
tances, we consider either the case of self-gravitating fermions
or the case of self-gravitating particles with a soften poten-
tial. We also discuss the thermodynamic limit of the classical
and quantum self-gravitating gas. In Sect. 3, we show the rela-
tion between the density of states g(E) and the entropy func-
tional S[f] and between the partition function Z(8) and the
free energy functional J[f] = S[f] — BE[f]. In the thermody-
namic limit, the saddle point approximation amounts to max-
imizing the entropy at fixed mass and energy (microcanoni-
cal ensemble) or to minimizing the free energy at fixed mass
and temperature (canonical ensemble). In Sect. 4, we discuss
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the notion of canonical and microcanonical phase transitions in
self-gravitating systems. We perform the (standard) horizontal
and (less standard) vertical Maxwell constructions and discuss
the validity of the saddle point approximation near the transi-
tion point for finite N systems. These results (e.g., microcanon-
ical first order phase transitions) are relatively new in statistical
mechanics and still subject to controversy (Gross 2003, 2004).
Therefore, we provide a relatively detailed discussion of these
issues.

In the second part of the paper, we emphasize the im-
portance of metastable states in astrophysics and show how
they can be taken into account in the statistical approach. In
Sect. 5, we use the Kramers formula to estimate the lifetime of
a metastable state. We show that the lifetime of a metastable
state scales as e™ in microcanonical ensemble and eM*/ in
canonical ensemble, where As and Aj are the barriers of en-
tropy and free energy j = s — Be per particle respectively.
Therefore, the typical lifetime of a metastable state scales as e”
except in the vicinity of the critical point E. (Antonov energy)
or T. (Emden-Jeans temperature). We explicitly compute the
barriers of entropy and free energy close to the critical point for
classical self-gravitating particles (stars). The very long life-
time of metastable states, scaling as eV, was pointed out by
Chavanis & Rieutord (2003) and the difficulty of a stellar sys-
tem to overcome the entropic barrier and collapse was qualita-
tively discussed in Chavanis & Sommeria (1998). We here im-
prove these arguments by developing a theory of fluctuations in
isothermal spheres, following the approach of Katz & Okamoto
(2000). We also determine how finite N effects affect the col-
lapse temperature and the collapse energy. Finally, in Sect. 6,
we derive a Fokker-Planck equation for the evolution of the
distribution of energies P(E,t) in the canonical ensemble and
make contact with the standard Kramers problem. We deter-
mine the typical lifetime of a metastable state by calculating
the escape time accross a barrier of free energy.

2. The most probable distribution
2.1. The Fermi-Dirac distribution

We consider a system of N particles confined within a spher-
ical box of radius R and interacting via Newtonian gravity.
Let f(r,v, t) denote the distribution function of the system, i.e.
f(r,v,)d*rd®v gives the mass of particles whose position and
velocity are in the cell (r,v; r + d*r,v + d®v) at time ¢. The inte-
gral of f over the velocity determines the spatial density

psz&m M)

and the total mass of the configuration is given by

sz}@n @)

where the integral extends over the entire domain. On the other
hand, in the meanfield approximation, the total energy of the
system can be expressed as

1 1
E=3 ffv2d3rd3u *3 fp(Dd3r =K+W, 3)
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where K is the kinetic energy and W the potential energy. The
meanfield expression of the potential energy is obtained from
the exact expression

W= <_% Gm? >
i lri—rjl
1 P(r1,
= Lonv - [ R2IRT) p y 4
2 [r1 — 1ol

by approximating the two-body distribution function P,(ry, r2)
by the product of two one-body distribution functions P;(r;) X
Pi(ry) and using p(r) = NmP;. For self-gravitating systems,
this mean-field approximation is exact in a proper thermo-
dynamic limit N — +oc0 with 5 = BGMm/R and A =
—-ER/GM? fixed (see Appendix A). The gravitational potential
o =-G f p(r')/|Ir — r'|d3r is solution of the Newton-Poisson
equation

AD = 4nGp. ®)

In order to regularize the problem at short distances, we shall
invoke quantum mechanics and use the Pauli exclusion prin-
ciple. The Pauli exclusion principle is a fundamental concept
in physics and it has also applications in astrophysics, e.g. in
white dwarf and neutron stars. Therefore, it can be considered
as a physically relevant small-scale regularization for compact
objects (e.g., Chavanis 2002d). We wish to determine the most
probable distribution of self-gravitating fermions at statistical
equilibrium. To that purpose, we divide the individual phase
space {r,v} into a very large number of microcells with size
(h/m)? where h is the Planck constant (the mass m of the par-
ticles arises because we use v instead of p as a phase space co-
ordinate). A microcell is occupied either by O or 1 fermion (or
g = 2s + 1 fermions if we account for the spin). We shall now
group these microcells into macrocells each of which contains
many microcells but remains nevertheless small compared to
the phase-space extension of the whole system. We call v the
number of microcells in a macrocell. Consider the configura-
tion {n;} where there are n; fermions in the 1st macrocell, n,
in the 2nd macrocell etc., each occupying one of the v micro-
cells with no cohabitation. The number of ways of assigning a
microcell to the first element of a macrocell is v, to the second
v — 1 etc. Since the particles are indistinguishable, the number
of ways of assigning microcells to all n; particles in a macrocell
is thus

1 v!
R X —_—
n! (v—n;)!
To obtain the number of microstates corresponding to the
macrostate {n;} defined by the number of fermions n; in each
macrocell (irrespective of their precise position in the cell),
we need to take the product of terms such as Eq. (6) over all
macrocells. Thus, the number of microstates corresponding to
the macrostate {n;}, i.e. the probability of the state {n;}, is

|
winh = [ | ——— ™

n!(v —n;)!

(6)

i
This is the Fermi-Dirac statistics. As is customary, we define
the entropy of the state {n;} by

S({ni}) = In W({n;}). ®)
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It is convenient here to return to a representation in terms of
the distribution function giving the phase-space density in the
ith macrocell

nim

n;no
fi=friv) = V(%P = T,

©))

where we have defined 1 = m* / K3, which represents the max-
imum value of f due to Pauli’s exclusion principle. Now, using
the Stirling formula, we have

Ji |, (Vi
o = e -of£[uf2)-

i

bt )

Passing to the continuum limit v — 0, we obtain the usual
expression of the Fermi-Dirac entropy

- o f f _f\| Erde
S = ka{UO lnn0+(1 Uo)ln(l TIO)} (£)3

If we take into account the spin of the particles, the above ex-
pression remains valid but the maximum value of the distribu-
tion function is now 179 = gm*/h3, where g = 2s + 1 is the spin
multiplicity of the quantum states (the phase space element has
also to be multiplied by g). In the non-degenerate (or classi-
cal) limit f < 1, the Fermi-Dirac entropy (11) reduces to the
Boltzmann entropy

3
S = —kg f %[ln(%)— 1]d3rd3u.

Now that the entropy has been precisely justified, the statisti-
cal equilibrium state (most probable state) of self-gravitating
fermions is obtained by maximizing the Fermi-Dirac en-
tropy (11) at fixed mass (2) and energy (3):

Max  S[f1 | E[fl=E, M[f]=M.

(10)

(1)

12)

13)

Introducing Lagrange multipliers 1/7 (inverse temperature)

and u (chemical potential) to satisfy these constraints, and writ-

ing the variational principle in the form
1

55 — — 6E+ EoN =0, (14)
T T

we find that the critical points of entropy correspond to the

Fermi-Dirac distribution

f= 170 (15)

1+ Jefmiz+®)
where 1 = e is a strictly positive constant (inverse fugacity)
and g = kBLT is the inverse temperature. Clearly, the distribution
function satisfies f < 19, which is a consequence of Pauli’s
exclusion principle.

So far, we have assumed that the system is isolated so that
the energy is conserved. If now the system is in contact with a
thermal bath (e.g., a radiation background) fixing the tempera-
ture, the statistical equilibrium state minimizes the free energy
F = E - TS, or maximizes the Massieu function J = § — BE,
at fixed mass and temperature:

Max J[f1 | M[f]=M. (16)
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Introducing Lagrange multipliers and writing the variational
principle in the form

5 + %(w:o, (17)
we find that the critical points of free energy are again given by
the Fermi-Dirac distribution (15). Therefore, the critical points
(first variations) of the variational problems (13) and (16)
are the same. However, the stability of the system (regard-
ing the second variations) can be different in microcanonical
and canonical ensembles (see, e.g., Chavanis 2002b). When
this happens, we speak of a situation of ensemble inequiv-
alence. The stability of the system can be determined by a
graphical construction, by simply plotting the series of equi-
libria B(E) and using the turning point method of Katz (1978,
2003). Inequivalence of statistical ensembles occurs when the
series of equilibria presents turning points or bifurcations.

2.2. Classical particles with soften gravitational
potential

We now consider a system of classical self-gravitating parti-
cles, like stars in globular clusters. In order to make the prob-
lem of statistical mechanics well-posed mathematically (see
below), we introduce a soften potential of the form

—Gm?

r—r)?+ 2
0

where rg is the soften radius. As we shall see, the soften ra-
dius rg plays a role similar to the inverse of 779, the maximum
phase space density, in the case of self-gravitating fermions.
As said previously, this soften radius is introduced in order to
pose the problem correctly. However, we shall argue in the se-
quel that this small-scale cut-off is irrelevant for the structure
of stellar systems.

We wish to determine the most probable distribution of
stars at statistical equilibrium (Ogorodnikov 1965). To that pur-
pose, we divide the individual phase space {r,v} into a very
large number of microcells with size (h/m)> where h is a con-
stant with dimension of angular momentum. Of course, quan-
tum mechanics is not relevant for stellar systems so that &
should not be confused with the Planck constant in the present
context. For classical systems, a microcell can be occupied by
an arbitrary number of particles. Adapting the counting analy-
sis of Sect. 2.1 to the present context, the number of microstates
corresponding to the macrostate {r;}, i.e. its probability, is
Wil = N [ =

A ong

l

ur—r)= (18)

19)

This is the Maxwell-Boltzmann statistics. If we define the

entropy of the state {n;} by
S({ni}) = In W({n:}), (20)

and take the continuum limit, we obtain the usual expression of
the Boltzmann entropy

3
S = —kg f iln(%)cﬁrcﬁv. (21)
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Note that it differs from the expression (12) obtained from
the Fermi-Dirac entropy. This is of course related to the
Gibbs paradox in standard thermodynamics (Huang 1963). In
the absence of self-gravity, Eq. (21) reduces to the awkward
expression

+ =N, 22
3h2 2 (22)
which is clearly non-extensive. By constrast, Eq. (12) leads to
the Sackur-Tetrode formula

V (4rm E\** 5
S = NkB ln[ (3]12 ) :|+ EN,

which is extensive. As is well-known, the origin of this dis-
crepency is due to the indiscernability of the particles and to the
presence of the factor N! in the Maxwell statistics (19). For a
molecular gas, the Gibbs paradox is usualy solved by invoking
quantum mechanics. For a system of stars, one cannot use this
argument. We shall consider that the stars are discernable and
use the expression (21) for the entropy. However, this choice
does not affect the structure of the equilibrium state as we shall
see in the sequel.

The most probable distribution of stars at statistical
equilibrium is now obtained by maximizing the Boltzmann
entropy (21) at fixed mass and energy. This yields the
Maxwell-Boltzmann distribution

4rm ENY*] 3
S = ngln[(ﬂm ) ]

(23)

f=Ae PO, (24)

where O is related to the density p by
o(r) FEC

vee f,/ -r)?+€

The microcanonical ensemble is the correct description of
stellar systems which form an isolated Hamiltonian system
in a first approximation. We can also consider the case of
self-gravitating systems in contact with a thermal bath of
non-gravitational origin which imposes its temperature 7'. For
such systems, the correct description is the canonical ensemble
and the statistical equilibrium state is obtained by minimizing
the Boltzmann free energy F = E — TS at fixed mass. The
canonical ensemble is also the correct description of a gas of
self-gravitating Brownian particles (Chavanis et al. 2002). In
this model, the friction and the stochastic fluctuations can mim-
ick the influence of an external medium (thermostat) to which
the system of origin is coupled.

(25)

2.3. Thermodynamic limit of self-gravitating systems

We introduce dimensionless variables such that » = Rr/, v =
Uv’ and f = (M/R3U?)f’ where R is the box radius, M is the
mass of the system and U = (GM/R)"/? is a typical velocity ob-
tained by a Virial type argument (or dimensional analysis). For
self-gravitating fermions, the entropy (11) can be expressed as

S = —Nkpu f drdv

{5l (-50-5)

(26)
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where p = 179 VG3MR3 is the degeneracy parameter (Chavanis
& Sommeria 1998). Writing u = (R/R.)%? with R, =
h?/GM'3m®3, we note that the degeneracy parameter is the
ratio, to the power 3/2, of the system’s radius divided by the
radius R, of a “white dwarf star” (i.e. a completely degenerate
ball of fermions) with mass M. The classical limit corresponds
to R > R,,i.e. u — co. The conservation of mass is equivalent
to

f fa&rd =1, (27
and the conservation of energy is equivalent to
L (" )p'(ry) 5, 3

—d* 'y - - | ———=d A (28
i R | e v
Finally, the Massieu function can be written
J = NGs[f'T+nALfD, (29)
where s = S/N, n = BGMm/R and A = —ER/GM?. We

define the thermodynamic limit as N — +oo such that ¢ =
0 VG?*MR3, A = —ER/GM? and = BGMm/R are fixed.
Coming back to physical quantities, it makes sense to fix A,
m and G. Then, we have the scalings R ~ N3, T ~ N*/3,
E~N'3, S ~NandJ ~ N as N — +oo (the free energy F
scales as N’/?). This is the quantum thermodynamic limit
(QTL) for the self-gravitating gas (Chavanis 2002b; Chavanis
& Rieutord 2003). This thermodynamic limit is relevant for
compact objects with small radii R ~ N~'/3 < 1 such as white
dwarfs, neutron stars, fermion balls etc. The usual thermody-
namic limit N, R — +oo with N/R> constant is clearly not rele-
vant for inhomogeneous systems whose energy is non-additive
(Padmanabhan 1990).

For classical particles with soften potential, the entropy
(21) can be expressed as

oo rp{f)

where v = 75 VG?MR? is the counterpart of the degeneracy
parameter. For classical particles, we see that it does not play
any fundamental role in determining the structure of the system
since it just appears as an additional constant term (independent
on f) in the entropy. If we only consider the part of entropy that
depends on the distribution function, we get

(30)

r=-N f f'In fd*rdv. 31)
This is the relevant part of the entropy functional considered
by Antonov (1962) and Lynden-Bell & Wood (1968). We can
therefore write S [f] = Sg[f]+S; where S is the constant part
(irrelevant). The conservation of mass is equivalent to Eq. (27)
and the conservation of energy is equivalent to

ff d’i/dX/

o' (r')p'(r'2)

Zf V' =12 + €

d&*rd’r),

(32)
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where € = r9/R. As before, the Massieu function is given by
Eq. (29). We define the thermodynamic limit as N — +co such
that A = —ER/GM?, 3 = BGMm/R and € = ry/R are fixed.
Coming back to physical quantities, it makes sense to fix ry,
m and G. Then, we have the scalings (Chavanis & Rieutord
2003) R ~ 1, E ~ N>, T ~ N,Sg ~ Nand Jg ~ N as
N — +oo (the free energy Fp scales as N?). These scalings im-
ply that v ~ N'/2 (if we fix h). Therefore, the (irrelevant) con-
stant part of the entropy per particle diverges logarithmically
as S;/N ~ Inv ~ %lnN — +o0. This does not seem to be a
crucial problem since this diverging term does not depend on f
and therefore does not affects the structure of the equilibrium
state. However, in a strict sense, there is no thermodynamic
limit for classical self-gravitating particles with soften poten-
tial. This contrasts with the case of self-gravitating fermions
that possess a rigorous thermodynamic limit (QTL).

Let us finally consider the case of classical self-gravitating
particles without small-scale cut-off. The entropy is given by
the Boltzmann formula (21). When ry = 0, we know that
the Boltzmann entropy has no global maximum at fixed mass
and energy (Antonov 1962). However, for sufficiently high en-
ergies, it has local entropy maxima that describe metastable
gaseous states. The thermodynamic limit in that context cor-
responds to N — +oco such that A = —ER/GM? and n =
BGMm/R are of order unity. If we fix m, G and T, we have
the scalings R ~ N, E ~ N,S ~N,J ~ Nand F ~ N as
N — +oo. This is the classical thermodynamic limit (CTL),
or dilute limit, for the self-gravitating gas (de Vega & Sanchez
2002). Physically, it describes metastable gaseous states that
are not affected by the small-scale cut-off (Chavanis & Rieutord
2003). As we shall see, these metastable states have consider-
ably long lifetimes so that this thermodynamic limit is relevant
for classical objects with large radii R ~ N > 1 such as globu-
lar clusters.

3. Connexion with statistical mechanics
3.1. Series of equilibria and metastable states

The critical points of entropy S[f] at fixed E and M (i.e., the
distribution functions f(r,v) which cancel the first order vari-
ations of S at fixed E, M) form a series of equilibria param-
eterized, for example, by the density contrast R = p(0)/p(R)
between the center and the edge of the system (see Chavanis
2002b). At each point in the series of equilibria corresponds
a temperature 8 and an energy E. In this approach, 8 is the
Lagrange multiplier associated with the conservation of energy
in the variational problem (14). It has also the interpretation of
a kinetic temperature in the Fermi-Dirac distribution (15). We
can thus plot B(E) along the series of equilibria. The form of
this “caloric curve” depends on the value of the degeneracy pa-
rameter u in the case of fermions (Chavanis 2002b) and on the
soften radius € for regularized classical systems (Chavanis &
Ispolatov 2002). It also depends on the dimension of space D
(Sire & Chavanis 2002; Chavanis 2004a). In D = 3, the caloric
curve has a Z-shape (see Fig. 1) for small cut-off and a N-shape
(see Fig. 2) for large cut-off (for no cut-off, we recover the
well-known spiral of Fig. 3). There can be several values of
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Fig. 1. Series of equilibria for self-gravitating fermions with small cut-
off/large y/large system size R. It has a Z-shape structure (dinosaur’s
neck). There can be several values of inverse temperature 3 for a given
energy E. They correspond to local maxima (LEM), global maxima
(GEM) or saddle points (SP) of entropy S [ f]. Similar remarks apply in
the canonical ensemble where the role of (E, S) and (B, J) is reversed.

35
p=10% Q=0
3 [ -
TE collapse
25 L c, —gas i
2 r C<0 7
& LFEM GFEM
15 - SP B
1 L T( -
A B C
GFEM < T.E LFEM
05 | explosion 7 Teond 4
Enin(0)
O L L L L L
-4 -2 0 2 4 6
-E

Fig. 2. Series of equilibria for self-gravitating fermions with large cut-
off/small y/small system size R. It has a N-shape structure. There is
only one value of inverse temperature 8 for a given energy E in the
microcanonical ensemble. It corresponds to a global maximum of en-
tropy (GEM). By contrast, there are several values of energy E for
a given (8 in the canonical ensemble. They correspond to local max-
ima (LFEM), global maxima (GFEM) or saddle points (SP) of free
energy J[f].

temperature 3 for the same energy E because the variational
problem (13) can have several solutions: a local entropy max-
imum (metastable state), a global entropy maximum, and one
or several saddle points. We must represent all these solutions
on the caloric curve because local entropy maxima (metastable
states) are in general more physical than global entropy max-
ima for the timescales achieved in astrophysics. Indeed, the
system can remain frozen in a metastable gaseous phase for
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Fig. 3. Series of equilibria for self-gravitating classical particles with-
out small-scale cut-off. There exists only local entropy maxima
(metastable state) or unstable saddle points of entropy in MCE.
Similar remarks hold in CE for the free energy.

a very long time. This is the case, in particular, for globular
clusters and for the gaseous phase of fermionic matter (at high
energy and high temperature). The time required for a system
placed in a metastable gaseous state to collapse is in general
tremendously long and increases exponentially with the num-
ber N of particles. Thus, #jr. — +oo in the thermodynamic limit
N — +oo. The robustness of metastable states is due to the
long-range nature of the gravitational potential. Therefore, at
high temperatures and high energies, the global entropy maxi-
mum is not physically relevant. Condensed objects (e.g., plan-
ets, stars, white dwarfs, fermion balls,...) only form below a
critical energy E. (Antonov energy) or below a critical tem-
perature T, (Jeans temperature), when the gaseous metastable
phase ceases to exist. The point where the metastable phase
disappears is called a spinodal point.

3.2. Microcanonical ensemble

Let us explain things differently so as to make a closer contact
with statistical mechanics. In statistical mechanics, one usually
starts with the density of states

N dr.dv;
9(E) = f OLE = H(r1s o P, 1 o 0] [_l[ T Y
where H is the Hamiltonian. For our system
N 2
1 Gm
H=- ;- : 34
22'"”’ Liir =1 4
i=1 i<j

The density of states is the normalization factor of the N-body
microcanonical distribution

1
Py(ry,vq,...,ry,0n) = —6(E — H),
N(r1, 01 N> UN 7E)

stating that all accessible microstates are equiprobable.

(35)
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Introducing the probability W({n;}) of the state {n;}, we can
rewrite the density of states in the form

gE)= D Wi,

E(inD)=E

(36)

where the sum runs over all macrostates with energy E.
Introducing the entropy S = InW of the state {rn;} and tak-
ing the continuum limit, the density of states can be expressed
formally as

9(E) = f DfeVIS(E — ELfDS(M ~ MLf)), 37
where the sum runs over all distribution functions and S[f] is
the Fermi-Dirac entropy (11) if the particles are fermions and
the Boltzmann entropy (21) for classical particles (in that case,
the gravitational potential must be regularized otherwise the
density of states (33) diverges). The probability of the distribu-
tion function f(r,v) is proportional to e5'/1. We now define the
microcanonical entropy by S micro(E) = Ing(E) and the micro-
canonical temperature by Bmicro = dS micro(E)/dE. By defini-
tion, the caloric curve Buicro(E) is uni-valued (Gross 2003). In
the thermodynamic limit defined in Sect. 2.3, the entropy S [f]
scales as ~N, that is S[f] = Ns[f] where s ~ 1 is the entropy
per particle. Therefore, for N — +oo, the integral in Eq. (37)
is dominated by the state fgiobal(r, v) Which is the global maxi-
mum of S[f] at fixed M and E (rigorously speaking, we should
work with the dimensionless quantities defined in Sect. 2.3 to
get rid of the N — +oo dependence). Then, g(E) ~ e5leonal
S micro = S[f; global] and Buicro = 0S/0E = (. However, this
approach fails to take into account metastable states (local
maxima of S[f] at fixed M and E), which are of considerable
interest in astrophysics. Indeed, equilibrium statistical mechan-
ics tells nothing about timescales; a kinetic theory is required
in that case. As explained above, these metastable states can
persist for very long times. They correspond to the observed
“diluted” structures in the universe (e.g., globular clusters).
Therefore, the caloric curve Bpnicro (E) does not describe the sys-
tem adequately. The series of equilibria S(E) contain more in-
formation as they show local and global entropy maxima (as
well as unstable saddle points). The curve Bnicro(E) can be de-
duced from B(E) by keeping only global entropy maxima (see
Fig. 4). If we adopt this procedure, we find that the system ex-
hibits a first order microcanonical phase transition (provided
that the system size u is sufficiently large) at a transition en-
ergy Ei(u) where the gaseous phase and the condensed phase
have the same entropy (see Chavanis 2002b). In the strict ther-
modynamic limit N — +oo, this phase transition is marked
by a discontinuity of temperature. In fact, for finite N systems,
the saddle point approximation g(E) =~ eSUeeal breaks down
near the transition energy (Chavanis & Ispolatov 2002). This
is because the contribution of the local entropy maximum in
the functional integral (37) becomes more and more important
as we approach E;. For the saddle point approximation to be
valid, the number of particles must scale as N ~ |A — A,~! for
A — A (see Sect. 4.2). Thus, for large but finite N, the temper-
ature variation is sharp but remains continuous at the transition.
We again emphasize that, due to the existence of metastable
states, this phase transition may not be physically relevant.
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Fig. 4. Strict microcanonical caloric curve for g = 10° (the control pa-
rameter is the energy E). This figure is obtained from Fig. 1 by keep-
ing only global entropy maxima. It corresponds therefore to the true
caloric curve Buicro(E) Which is univalued (Gross 2003). For N — +co,
there is a discontinuity of temperature at the transition energy E(u).
For finite N systems, this discontinuity is smoothed out. Although this
caloric curve is correct in a strict sense, it is not physical because it
ignores metastable states that have an infinite lifetime in the thermo-
dynamic limit. The physical caloric curve is obtained from Fig. 1 by
discarding the unstable saddle points of entropy that form the interme-
diate branch (see Fig. 5).

The true phase transition (gravothermal catastrophe) will rather
take place at, or near, the spinodal point E. (Antonov energy)
where the metastable branch disappears. Estimating the life-
time of a metastable state by the Kramers formula z;z. ~ €25,
where AS is the height of the entropic barrier (difference of
entropy between the local maximum and the saddle point), we
find that f. ~ exp[2A'N(A. — A)*/?] with 2’ ~ 0.863159...
(see Sect. 5). Except in the vicinity of the critical point A,
the lifetime of a gaseous metastable state is enormous as it
increases exponentially with the number of particles. Thus,
metastable states have a considerable interest in astrophysics.
If we now consider the case of classical particles (7 — 0
or 4 — +o00), the transition energy E(u) is rejected to +o0 so
that the whole branch of gaseous states is metastable. This “no
cut-off” limit is relevant to classical objects such as globular
clusters or to the interstellar medium because, for these sys-
tems, the size of the particles (stars and atoms) clearly does
not matter. In that case, the series of equilibria S(E) forms
a spiral (see Fig. 3) indicating the existence of one local en-
tropy maximum and one (or several) saddle points of entropy
for a given energy (Lynden-Bell & Wood 1968). This spiral
is the limiting form, for u — +oco, of the fermionic caloric
curve (see Fig. 11 in Chavanis 2002b). In this limit, the branch
of “collapsed” states (condensed phase) coincides with the x-
axis where 8 = 0. It corresponds to configurations made of
two particles in contact (~binary star) surrounded by a hot halo
with 7 — +oo. This “binary+halo” configuration has an in-
finite entropy so, in a sense, it is the most probable config-
uration in the microcanonical ensemble (see Appendix A of
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Fig. 5. Physical microcanonical caloric curve for u = 10° (the control
parameter is the energy E). This figure displays stable and metastable
equilibrium states. The metastable states have infinite lifetime in the
thermodynamic limit so they are physically relevant. The first order
microcanonical phase transition of Fig. 4 does not take place in prac-
tice. Due to the existence of metastable states, the system displays a
microcanonical hysteretic cycle marked by a “collapse” and an “ex-
plosion” at the spinodal points where the branch of metastable states
disapears (Chavanis & Rieutord 2003).

Sire & Chavanis 2002). However, for sufficiently large ener-
gies (above the Antonov point), these configurations must be
discarded “by hands” because they are reached for inaccessi-
bly large times. Therefore, for classical particles, the physical
caloric curve Bynysical(E) is obtained by taking g(E) = ¢Sl
and S physical = S [ fiocall Where fiocal is the local entropy maxi-
mum at fixed mass and energy (Chavanis 2003).

3.3. Canonical ensemble

In the canonical ensemble, the object of fundamental impor-
tance is the partition function

dPr;dPy;
— —BH(ry,....,rN .01 ,....0N) i i
Z(ﬁ)_f l_[ )DN ’

i=1

(38)

which is the normalization of the N-body canonical distribution

1
Py(F1, 015, Ty, ON) = 5P (39)
ZB)
The partition function can be rewritten
Z@) = Y e IW(n)
{ni}
= Z oS (tmh)=-BE(m)) — Z eJ(lﬂ,})’ (40)

{ni} {ni}

where J({n;}) = S({n;}) — BE({n;}) is the “free energy” of the
macrostate {n;} and the sum runs over all macrostates (in the
present context, J[f] = S[f] — BE[f] is a more natural func-
tional than the usual free energy F[f] = E[f]-TS[f]). Taking
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the continuum limit, the partition function can be expressed
formally as

Zp) = f Dfe'16(M ~ MLfD), (4D
where the sum runs over all distribution functions and J[f] is
the Fermi-Dirac free energy if the particles are fermions and
the Boltzmann free energy for classical particles (in that case,
the gravitational potential must be regularized otherwise the
partition function (38) diverges). Note that Eq. (41) can also be
obtained from the exact formula
Z(B) = f e PEg(E)dE, (42)
by substituting Eq. (37) for g(E) and carrying out the integra-
tion over E. We now define the canonical free energy by Feano =
—(1/B)InZ. The average energy of the system at tempera-
ture T can be written (E)cuno = —01nZ/dB. By definition, the
caloric curve (E)cano(B) is uni-valued. In the thermodynamic
limit defined in Sect. 2.3, the free energy J[f] scales as ~N.
Therefore, for N — +oo, the integral in Eq. (41) is dominated
by the state fyopal(r, v) which is the global maximum of J[f]
at fixed M. Then, Z(ﬂ) = ejlfgl(’ball’ Fcano = _(I/B)J[f‘global] =
E[fglobal] -TS§ [fglobal] and (E)cano = —0J/6 = E. Metastable
states (local maxima of J[f] at fixed M) can be taken into ac-
count by plotting the full curve E(B). It is obtained from B(E)
defined in Sect. 3.1 by simply reversing the graph since the
critical points of the variational problems (13) and (16) are
the same (see Sect. 2.1). The curve (E)cano(B) can be deduced
from E(B) by keeping only global maxima of free energy J
(see Fig. 6). If we adopt this procedure, we find that the system
exhibits a first order canonical phase transition at a transition
temperature 7 (u) where the gaseous phase and the condensed
phase have the same free energy (see Chavanis 2002b). This
phase transition is marked by a discontinuity of energy (latent
heat). In fact, the saddle point approximation Z(8) =~ e’Uswral
breaks down near the transition temperature. For large but fi-
nite N, the energy variation is sharp but remains continuous
at the transition. For the saddle point approximation to be
valid, the number of particles must scale as N ~ | — n,/~" for
n — 1 (see Sect. 4.2). We again emphasize that, due to the
existence of metastable states, this phase transition may not be
relevant and that the physical phase transition (isothermal col-
lapse) takes place at, or near, the spinodal point 7. (Jeans tem-
perature) where the metastable branch disappears (see Fig. 8).
Estimating the lifetime of a metastable state by the Kramers
formula tijr. ~ e7%7 where AF is the height of the potential
barrier (difference of free energy between the local maximum
and the saddle point), we find that #;z, ~ exp{2AN(17. — 1)*/?}
with 4 = 0.16979815... (see Sect. 5). Except in the vicinity
of the critical point 7, the lifetime of a gaseous metastable
state is enormous as it increases exponentially with the num-
ber of particles. Metastable states are therefore highly robust.
For classical objects (i — 0), the transition temperature 7(u)
is rejected to +oo so that the whole branch of gaseous states
is metastable. In that case, the series of equilibria E(8) forms
a spiral (see Fig. 3) indicating the existence of one local min-
imum of free energy F and one (or several) saddle points of

P. H. Chavanis: On the lifetime of metastable states in self-gravitating systems

3.5

u=1 0’

25 b

BGM/R

15 | 1
n(w=1.06

N

05 B

0 ! ! ! ! !
-4 -2 0 2 4 6

A=-ER/GM®

Fig. 6. Strict canonical caloric curve for 4 = 10* (the control param-
eter is the inverse temperature (). This figure is obtained from Fig. 2
by keeping only global maxima of free energy J. It corresponds there-
fore to the true canonical caloric curve which is univalued and does
not display negative specific heats contrary to the corresponding mi-
crocanonical caloric curve (see Fig. 7). For N — +co, there is a dis-
continuity of energy (latent heat) at the transition temperature 7' ().
For finite N systems, this discontinuity is smoothed-out. Although this
canonical caloric curve is correct in a strict sense, it is not physical be-
cause it ignores metastable states that have an infinite lifetime in the
thermodynamic limit N — +co. The physical canonical caloric curve
is obtained from Fig. 2 by discarding the unstable saddle points of free
energy that form the intermediate branch with negative specific heats
(see Fig. 8).

free energy for a given temperature. In the classical limit, the
branch of “collapsed” states (condensed phase) is rejected to
E — —oo. It corresponds to configurations where all the par-
ticles have collapsed at » = 0. This “Dirac peak” configura-
tion has an infinite free energy F = —oo (due to the infinite
binding energy) so, in a sense, it is the most probable con-
figuration in the canonical ensemble (see Appendix B of
Sire & Chavanis 2002). This differs from the global entropy
maximum made of a binary star surrounded by a hot halo in
the microcanonical ensemble. For sufficiently large tempera-
tures (above the Emden-Jeans point), these configurations must
be discarded “by hands” because they are reached for inacces-
sibly large times. Therefore, for classical particles, the physical
caloric curve Ephysical(B) is obtained by taking Z(B) =~ Uil
and Jppysicat = J[fiocat] Where fiocal is the local maximum of
free energy J at fixed mass and temperature (Chavanis 2003).

3.4. Grand canonical ensemble

In the grand canonical ensemble, the partition function is

+00

ZocBop) = Y e Zy(B).

N=0

(43)
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Fig. 7. Microcanonical caloric curve for the same cut-off/degeneracy
parameter u/system’s radius R as Fig. 6 (the control parameter is the
energy E). It has a N-shape structure and displays a stable region with
negative specific heats. All the equilibria are global maxima of en-
tropy. In the canonical ensemble the region of negative specific heats
is replaced by a phase transition (see Fig. 6). The curves of Figs. 6
and 7 are similar to those obtained by Padmanabhan (1990) with his
toy model consisting in N = 2 stars in gravitational interaction.

Using Eq. (41), we get

+o00 i Nu

>, [ Dretneiton - nisy
N=0

f DTN f Dfellf,

where G[f] = J[f] + BuN[f] is the grand potential. Of course,
the expression (41) for Zy is correct only for N > 1. However,
the contribution of small N terms in the grand partition func-
tion (43) is expected to be weak so that Eq. (44) provides
a good approximation of the series. Now, the grand poten-
tial G[f] scales as ~Ny = %. Therefore, in the thermody-
namic limit R — +oo with fixed 8, G (gravitational constant)
and m, the partition function Zgc is dominated by the distri-
bution f which maximizes the grand potential G[f] at fixed 8
and . This problem has been considered for classical particles
in D = 3 (Chavanis 2003). We shall reserve for a future work
the study of self-gravitating fermions in the grand canonical
ensemble.

Zgc

(44)

4. First order microcanonical and canonical phase
transitions
4.1. Maxwell constructions and critical points

The deformation of the caloric curve when we vary the de-
generacy parameter u/ system size R is represented in Figs. 9
and 10. Similar curves are obtained for a hard sphere gas
or a soften potential (Chavanis & Ispolatov 2002) instead of
fermions. In that case, 1/u plays the role of the cut-off radius a
or soften radius ry.

For u < pcrp = 82.5, the curve B(E) defining the se-
ries of equilibria is monotonic, so there is no phase transition.
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Fig. 8. Physical canonical caloric curve for 4 = 10? (the control pa-
rameter is the inverse temperature 3). This figure displays stable and
metastable equilibrium states. The metastable states have infinite life-
time in the thermodynamic limit so they are physically relevant. The
first order canonical phase transition of Fig. 6 does not take place in
practice. Due to the existence of metastable states the system displays
a canonical hysteretic cycle marked by a “collapse” and an “explo-
sion” at the spinodal points where the branch of metastable states dis-
apears (Chavanis & Rieutord 2003).

For u > ucrp, the curve E(B) is multivalued so that a canon-
ical first order phase transition is expected. The temperature
of transition in the canonical ensemble can be obtained by a
Maxwell construction as for the familiar Van der Waals gas.
The equal area Maxwell condition A; = A; (see Fig. 9) can be
expressed as

Ec
j‘w—mME=Q (45)

Ey

where Ej4 is the energy of the gaseous phase and E¢ the energy
of the condensed phase at the transition temperature 7;. Since
dS = BdE, one has
Sc—=S8a-PBEc—Ey) =0. (46)
Introducing the free energy J = S — BE, we verify that the
Maxwell construction is equivalent to the equality of the free
energy of the two phases at the transition:
Ja = Jc. (47)
If we keep only global maxima of free energy (in the canonical
ensemble) as in Fig. 6, the winding branch has to be replaced
by a horizontal plateau. We see in Fig. 9 that the extent of the
plateau decreases as u decreases (dashed line). At the canon-
ical critical point ucrp, the plateau disappears and the curve
presents an inflexion point.

For u > umrtp = 2600, the curve B(E) is multivalued so
that a microcanonical first order phase transition is expected to
occur (in addition to the canonical first order phase transition
described previously). The energy of transition can be obtained
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Fig. 9. Horizontal Maxwell plateau associated with a canonical first
order phase transition.

by a vertical Maxwell construction. The equal area Maxwell
condition A} = A, (see Fig. 10) can be expressed as

Be
f (E-E)dB =0,
Ba

where T4 and T¢ are the temperatures of the two phases at the
transition energy E:. Since dJ = —Edg, one has

Jc—Ja +E[(ﬂc —,BA) =0.

Thus, the Maxwell construction is equivalent to the equality of
the entropy of the two phases at the transition:

Sa=Sc.

(48)

(49)

(50)

If we keep only global maxima of entropy (in the microcanon-
ical ensemble) as in Fig. 4, the winding branch has to be re-
placed by a vertical plateau. We see that the extent of the
plateau decreases as u decreases (dashed line). At the micro-
canonical critical point uytp, the plateau disappears and the
curve presents an inflexion point.

Therefore, for u > uyrp, We expect a microcanonical and
a canonical first order phase transition, for puctp < ¢ < pmrp
only a canonical first order phase transition and for u < uctp
no phase transition at all. We emphasize, however, that due
to the presence of long-lived metastable states, the first or-
der phase transitions and the plateaux are not relevant for the
timescales of interest (see Sect. 3). Only the zeroth order phase
transitions (gravothermal catastrophe and isothermal collapse)
marked by a discontinuity of entropy or free energy are physi-
cally relevant.

4.2. Validity of the saddle point approximation
near the transition point

In this section, we discuss the validity of the saddle point ap-
proximation near the transition point. In the canonical ensem-
ble, the partition function can be written

Z(p) = f e PEy(E)dE, (51)
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Fig.10. Vertical Maxwell plateau associated with a microcanonical
first order phase transition.
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Fig. 11. Caloric curve of the self-gravitating Fermi gas with ¢z = 1000.
In the canonical ensemble, the temperature of transition is determined
by a Maxwell construction. For n < n, (T > T), the gaseous states
are global maxima of free energy J[ f] and the condensed states local
maxima (see the dashed curve). The situation is reversed for n > 7,
(T <T)).

where g(E) is the density of states with energy E. Introducing
the entropy S(E) = Ing(E), we can rewrite the partition
function as

ZP) = f SEPEGE = f e’ ®dE = f M EE,

where J(E) = S(E) — BE is the “free energy”. As explained
in Sect. 3, the equilibrium states correspond to maxima of J.
The condition J'(E) = 0, leading to S’(E) = B, determines a
series of equilibria E(8). We shall consider the case where the
series of equilibria E(S) has the N-shape structure of Fig. 11.
The transition temperature T¢(u) is determined by a Maxwell

(52)
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Fig. 12. Distribution of energies P(E) « exp(S (E) — BE) in the canon-
ical ensemble for different values of temperature (here u = 1000).
The entropy S(E) has been calculated in the mean-field approxi-
mation, using Eq. (66). The distribution of energies has a bimodal
structure characteristic of a first order canonical phase transition. For
n = n = 1.052, the two phases have the same probability. For
n = 1 < n, the gaseous phase (high energies) is the “most proba-
ble” and for n = 1.1 > 7, the condensed phase (low energies) is the
“most probable” in a strict sense.

construction (see Sect. 4.1). From Eq. (52), the distribution of
energies at temperature 7 is given by

— L J(E)
P(E) Z(ﬁ)e .
It has a bimodal structure as shown in Fig. 12. The energies
where P(E) is maximum (denoted E| and E;) correspond to
the stable (GFEM) and metastable (LFEM) states in Fig. 11.
The energy where P(E) is minimum (denoted E,) corresponds
to the unstable states (SP) in Fig. 11. For T > T, gaseous con-
figurations (high energies) are more probable than condensed
configurations (low energies). This is the opposite for T < T;.
Note that the notion of “more probable” is delicate since the
system can remain blocked in a metastable (“less probable”)
state for very long time, making that state the physically most
relevant state.

For N — +oco, the partition function can be approxi-
mated by

(53)

Z(pB) = eNIED 4 eNj(Ez)’ (54)
where E| and E, are the energies at which J(E) is maximum.
We now wish to obtain the strict caloric curve (E)cano(8) de-
fined in Sect. 3. When T is not too close from the transition
temperature 7y and N — +oo, we need just keep the contribu-
tion of the global maximum of free energy as explained previ-
ously. To investigate the situation close to the transition tem-
perature, we rewrite the partition function (54) as

Z(B) = eVIED (55)

1+ eN(j(Ez)—j(El))}
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Fig. 13. Caloric curve of the self-gravitating Fermi gas with u = 10°.
In the microcanonical ensemble, the energy of transition is determined
by a Maxwell construction. For € > ¢, the gaseous states are global
maxima of entropy S|[f] and the condensed states are local maxima
(see the dashed curve). The situation is reversed for € < €.

Now, close to the transition point, we have j(E;) = j(E,) +
A%(n — n;), where A is a constant of order unity depending on u
(see Fig. 11, dashed line). Therefore,

Z(B) = eNJIED) (56)

where An = n — n. Thus, the saddle point approximation is
valid for N|p — i > 1. This requires increasing large values
of N as we approach the transition temperature 7.

In the microcanonical ensemble, the density of states can
be written
mm=f@ﬂwkw—ﬂﬂWM—Mm> (57)
We shall consider the case where the series of equilibria S(FE)
has the S -shape structure of Fig. 13. The transition energy E\(u)
is determined by a Maxwell construction (see Sect. 4.1). For
N — +o0, the density of states can be approximated by
g(E) = eNslal 4 eNS[fz]’ (58)
where fi and f, are the distribution functions corresponding to
the global and local maxima of entropy (we shall denote by f.
the distribution function corresponding to the saddle point of
entropy). The corresponding temperatures Sy, 8, and 3. form
the series of equilibria B(E) in Fig. 13. We now wish to obtain
the strict caloric curve Bmicro(E) defined in Sect. 3. When E is
not too close from the transition energy E; and N — +oo0, we
need just keep the contribution of the global maximum of en-
tropy. To investigate the situation close to the transition energy,
we rewrite the density of states (58) as

g(E) = el (59)

1+ eN(S[fZ]_S[fl]):|.
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Now, close to the transition point, we have s[fi] = s[f2] +
A?(A — A,), where A’ is a constant of order unity depending
on u (see Fig. 13). Therefore,

g(E) = eVl (60)

2
1+ e—N/l A/\:|,

where AA = A — A,. Thus, the saddle point approximation is
valid for N|A — A > 1. This requires increasing large values
of N as we approach the transition point E;.

4.3. Comparison with other works

To conclude this section, we shall briefly compare our results
with those of previous works. A complementary discussion is
given in Chavanis (2002b).

The statistical mechanics of the classical self-gravitating
gas (7 = 0, no small scale cut-off) has been first considered by
Antonov (1962), Lynden-Bell & Wood (1968) and Katz (1978)
by using thermodynamical potentials. Lynden-Bell & Wood
(1968) realized the importance of negative specific heats as a
driving mechanism for the gravothermal catastrophe. The para-
dox posed by the negative heat capacity in statistical mechanics
was solved by Thirring (1970) in terms of ensemble inequiv-
alence and further discussed by Lynden-Bell & Lynden-Bell
(1977) with the aid of a toy model. The occurence of negative
heat capacities in the reverse gradient isotherms of all first or-
der phase transitions was demonstrated by Lynden-Bell (1999).
These results have been reviewed by Padmanabhan (1990) and
complements have been given by de Vega & Sanchez (2002)
and Chavanis (2002a, 2003).

The hard sphere problem was explored by Aronson &
Hansen (1972) who gave an account of the phase transitions
which had been suggested but not demonstrated for that sys-
tem. A similar discussion has been given by Hertel & Thirring
(1971) for self-gravitating fermions. These authors consider
a large small-scale cut-off (or a small system size) and dis-
cuss first order phase transitions and Maxwell constructions in
the canonical ensemble. This corresponds to Fig. 9. The dis-
tinction between the Emden-Jeans point 7. and the transition
point T (1) was emphasized by Kiessling (1989) and Stahl et al.
(1994). They argued that the instability should take place at
the transition point (where the free energies of the two phases
coincide), i.e. at a higher temperature than the Emden-Jeans
temperature: 7y > T.. This is however not the case in prac-
tice because of the long lifetime of metastable states that we
discuss here. The Emden-Jeans point 7., which really corre-
sponds to Jeans instability threshold for box confined systems
(see Chavanis 2002a) is the most physically relevant collapse
point.

Stahl et al. (1994) considered the case of a low small-scale
cut-off and discussed first order phase transitions in the mi-
crocanonical ensemble (see also Youngkins & Miller 2000).
However, they did not give the caloric curves S(E) and the ver-
tical Maxwell constructions corresponding to Fig. 10. These
curves are important to settle the thermodynamical stability of
the system using the standard turning point argument (Katz
1978, 2003). Chavanis & Sommeria (1998) gave the series of
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equilibria of Fermi-Dirac spheres but did not discuss the na-
ture of phase transitions in detail. A more complete discussion
was given by Chavanis (2002b) for self-gravitating fermions
and by Chavanis & Ispolatov (2002) for a soften potential. The
phase diagrams in the (i, T) and (u, E) planes were given by
Chavanis & Rieutord (2003). These studies show how the se-
ries of equilibria depend on the “effective” cut-off parameter y,
leading to Z-shape and N-shape curves. Therefore, they make
the bridge between the classical spiral of Lynden-Bell & Wood
(no cut-off) and the N-shape caloric curve studied by Aronson
& Hansen (large cut-off).

The effect of the dimension of space D on the gravita-
tional phase transitions has been studied by Sire & Chavanis
(2002) and Chavanis (2004a). Finally, gravitational phase tran-
sitions in rotating systems have been discussed by Votyakov
et al. (2002) for a model on a lattice with a large spacing and
by Chavanis & Rieutord (2003) for fermions. Dynamical mod-
els of gravitational phase transitions have been considered by
Ispolatov & Karttunen (2003) in the microcanonical ensemble
(by using molecular dynamics simulations) and by Chavanis
et al. (2002) in the canonical ensemble (by introducing a
model of self-gravitating Brownian particles). More recent sim-
ulations have been performed in the case of self-gravitating
Brownian fermions (Chavanis et al. 2004).

5. The persistence of metastable states
5.1. Typical lifetime of a metastable state

In this section, we estimate the lifetime of a metastable state
by using an adaptation of the Kramers formula (Risken 1989).
We start first by the canonical ensemble. Close to the crit-
ical temperature 7., see Fig. 11, the free energy F[f] has
one global minimum Fgeba (stable GFEM), one local min-
imum Fjoc, (metastable LFEM) and one saddle point F,gqie
(unstable SP). We call Ej,c, the energy of the metastable equi-
librium state and Egyqqe the energy of the unstable saddle
point. For a system initially prepared at Ejocq1, the probability
of the energy E is P(E) ~ e FE-Fea)/sT Now, if the en-
ergy fluctuations drive the system past Egyqqe, it will collapse.
Therefore, the lifetime of the metastable state can be estimated
by fiife ~ 1/P(Esaddie) OF

AF/kgT

tife ~ € (61)

where AF = |Fsaddie — Flocal| 1S the barrier of potential appropri-
ate to our problem. Noting that
tiige ~ €, (62)
we conclude that, except in the vicinity of the critical point T,
the lifetime of a metastable state scales as exp(/V). Therefore,
metastable states (LFEM) are extremely robust in astrophysics
and cannot be neglected, even if there exists states with lower
free energy (GFEM). To investigate the situation close to the
critical point T, we shall calculate the barrier of potential Aj
for the classical self-gravitating gas (i — 0). To that pur-
pose, we use the results derived in a preceding paper (Chavanis
2002a).
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We recall that the series of equilibria is parameterized by
a = (4nGBpo)'/’R, where py is the central density. Introducing
the Milne variables

e
u=—
v

and noting uy = u(@) and vy = v(a) their values at the edge

of the confining box, the thermodynamical parameters of the
self-gravitating gas are given by

.=y, (63)

n = v, (64)
1(3
A= —(— - uo), (65)
Vo 2
- 1
s = SNkso =~ In oy~ In(uoeo) + vo + 2up =3, (66)
where
So 1
— =lnu+-In7-In2 - =- 67
Nkg _ HTpmATMETS 67
The free energy per particle j = s + nA is
. 1 3
j= =) Invy — In(ugvy) + vy + ug — > (68)

We now expand the Milne variables close to the critical
point a.. Recalling that u(a.) = 1, v(e.) = 1. and v'(a.) = 0,
we get

1 1
o = 1+ —Q-n)e—>L2-n)é
a. 2 a2

1
+— Q=) (0 + 2 —4) € + ., (69)
6a;
_ Tc 2 e 3
vo = 1c + _2(2 —T)E — 3(2 -n)2 +n)e + ..., (70
20 6a;

where € = @ — a.. We also recall that @, =~ 8.993195... and
ne =~ 2.517551... Substituting Egs. (69) and (70) in Eq. (68),
we find that

1

3
12a

1 2
—5 (e = 2)e” +

> (17e = 2)(10 = 3n)e® + ..., (71)
4a

J=Jo—

where jo = 1. — (3/2)Inn. — 1/2. On the other hand, recalling
that n = v(@), we get

2
-2, me(m-4)
= € — € + ...
20 6a?

Ne — (72)

Eliminating € from the foregoing relations, we finally obtain

j=jo+m- nc)[K + AN — n)”z] (73)

with K = 1/2n. and 1 = (2/3) /2. — 2)/n2. We note that
K = Ao where Ay is the normalized energy at the criti-
cal temperature (this comes from the fact that 6J = —EJp).
Equation (73) reproduces the cusp at = 7. formed by the
curve j(n) in Fig. 11. Since dJ = —EdB, J(@) and n(«@) are ex-
trema at the same points in the series of equilibria, which is at
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the origin of the cusp. From Eq. (73), the barrier of free energy
near the critical point 7. is given by

Aj =24 = >, (74)
Accordingly, the lifetime of the metastable state scales as
hige ~ N0 (75)

with 2 =~ 0.16979815... Metastable states are therefore robust if
N(ne — 7)*? > 1. Note that if we had estimated the lifetime of
the metastable state by #;z. ~ e*£/%7  we would have obtained
tiite ~ €2V NI \With A7 = [2(ne — 2)/mc]1/? ~ 0.64121317...
We see that entropic effects modify the power of 1. —7 in the ex-
pression of the metastable state lifetime. Returning to Eq. (75),
the temperature of collapse 7) taking into account finite N ef-
fects can be estimated by 2AN(n. — m1)*/2 ~ 1. This leads to

(1)
A numerical application gives
m=2.517(1-0.816 N2 (77)

In the microcanonical ensemble, the lifetime of a metastable
state can be estimated by

~ eNAs’

hife ~ GAS (78)

where AS is the entropic barrier. By performing a study similar
to the previous one close to the turning point of energy A, (see
Fig. 13), we find that

s =50+ (Ac — Mo = ' (Ac — A2, (79)

with 59 = —=0.192962..., 5o = 2.03085... and I’ = 0.863159...
Therefore,

As =2 (A¢ - A)S/z’ .
and
hife ~ ez’l/N(AC—A)B/z. .

The energy of collapse E; taking into account finite N effects
can be estimated by 2A’N(A. — A)*? ~ 1. This leads to

11"
A= Ac[l - A—C(m,) N‘ZB}. (82)
A numerical application gives
A;=0.335(1-2.077 N *°). (83)
This corresponds to a density contrast
R =708.6 (1 -6.014 N~'/3). (84)

These results are similar to those found by Katz & Okamoto
(2000) by analyzing the microcanonical fluctuations of isother-
mal spheres. In particular, the scaling with N is the same. In the
following section, we apply their theory of fluctuations to the
canonical ensemble and show the relation with the preceding
approach.
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5.2. Canonical fluctuations in isothermal spheres

The canonical partition function can be written

Z(B) = f e’/ BdE,

where J(E) = S(E) — BE. As before, we shall consider the sit-
uation where J(E) has two maxima (stable) and one minimum
(unstable). This corresponds to the caloric curve of Fig. 11. We
shall be interested here by the metastable state, i.e. the local
maximum of J(E). Thus, we eliminate “by hands” the contri-
bution of the global maximum in the integral. Expanding J(E)
around the local maximum up to second order, we obtain

zw)=a@{fewﬂﬂwydwEx

(85)

(86)

where E now refers to the energy of the metastable state and 6 E
is a fluctuation around equilibrium. According to the foregoing

equation, the probability of the fluctuation §F is given by
P(SE) ~ ez?"(EYCE? (87)

Noting that J”(E) = S”(E) and recalling that S—ISS = B(E) at
equilibrium, we can rewrite the foregoing expression as

P
dE

1
P(OE) = —
Var
This formula shows that only equilibrium states with positive
specific heats C = dE/dT = —,82% > 0 are stable in the
canonical ensemble. The variance of the fluctuations of energy
is given by the usual formula

1/2
S

(88)

(OE)) = - =T*C 20, (89)

S

which can also be directly derived from the exact N-body dis-
tribution function (39) in a classical way. These results are valid
on the whole gaseous branch of Fig. 11. If we now examine the
situation close to the critical point (8., E¢) where (dB/dE). = 0,
we have to first order

T

(90)

C

We note E’ the energy of the unstable saddle point of free en-
ergy J at temperature 7. Close to the critical point (8., Ey) we
can approximate the caloric curve B(E) by a parabole. Thus,
E’ is related to E, the energy of the local maximum of free
energy J at temperature 7', by

E — E' = 2(E - Ey). 1D

Using the criterion of Katz & Okamoto (2000), adapted to
the canonical ensemble, we define the temperature of collapse
as the temperature 7] at which the typical fluctuations of en-
ergy 6E = +/{(SE)?) are of the same order as the differ-
ence E — E’. Indeed, as we approach the critical point (8., Ep)
the fluctuations of energy become so important (since the spe-
cific heat diverges) that the system can overcome the barrier
of potential played by the saddle point of free energy and col-
lapse (eventually reaching the global maximum of J). Thus,
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Fig. 14. Caloric curve showing metastable states (local maxima of J)
and unstable equilibria (saddle points of J) in the canonical ensemble
for classical particles (i — 0). As we approach the critical tempera-
ture 7., the fluctuations of energy increase considerably allowing the
system to collapse before the end of the metastable branch (spinodal
point). The temperature of collapse T} is the temperature at which the
typical fluctuations of energy are of the same order as the energy dif-
ference |€¢/ — €.

for finite N systems, gravitational collapse can occur before
the ending (8., Eo) of the metastable branch (spinodal point).
According to the preceding criterion, the temperature of col-
lapse is determined by the condition

((BEY*)p, = 4(E1 - Eo)*. (92)
Using Egs. (89) and (90), we obtain
d2[3 -1/3
Ei=E 4|— . 3
1=Eo+ { 1E2 C} (93)

It is more logical to write this criterion in terms of the temper-
ature 7. Close to the critical point, we have

1|d*s )
,BC—,B—EWC(E—Eo) - 94)
Thus, using Eq. (93), we get
1( |d*s 13
=6 — ={4|— .
ﬁl Bc 8{ dE2 c} (95)

We can obtain more explicit results in the case of classical
isothermal spheres (see Fig. 14). Introducing the usual dimen-
sionless parameters A = —ER/GM? and n = BGMm/R, the
foregoing relation can be rewritten

1 d*y 13
m=7nc— W{4 Az C} > (96)
Now, we have (see Chavanis 2002a)
d’n e
—1) = _ . 97
(dA2 )c Ne — 2 ( )



P. H. Chavanis: On the lifetime of metastable states in self-gravitating systems

Therefore, the temperature of collapse for finite N systems is
given by

1 4 '/
m= Tlc[l - W(Uc——z) } (98)
A numerical application gives
m=2.517 (1 -0247 N7213), (99)

This estimate can be compared with Eq. (77) which has the
same scaling with N. Of course, we should not give too much
credit on the numerical factor in front of N=%/3 since the cri-
terion for determining 7 is essentially phenomenological. The
corresponding energy A can be deduced from Eq. (94) and is
given by

_o\1/3
A1=Ao[1—2(—'7°4 ) N-1/3].

It may also be of interest to determine the corresponding den-
sity contrast R;. To that purpose, we start from the formula (see
Chavanis 2002a)
2
R =¥ @ = @
UpLo

(100)

, (101)

and we use the expansion (69) and (70) of the Milne variables.
This yields

%:&@+£#, (102)
a,

C
where R. = a2 /.. Now, ¢ is determined by Egs. (72) and (98)
yielding

-,

= JANTG — 275 (103)

Substituting this result in Eq. (102) we finally obtain

R = Rc{l - LN"B}, (104)
[2(7. — 217

or, with numerical values,

R =32.1(1-245N"13), (105)

The above theory thus predicts that, for finite N systems, the
collapse should take place slightly before the canonical spin-
odal point 7. due to the enhancement of energy fluctuations
as we approach this critical point. Similar conclusions can be
obtained by developing a theory of hydrodynamic fluctuations
showing that the density fluctuations become large before
the point of ordinary instability is reached (Monaghan 1978).
The Monte Carlo simulations of de Vega & Sanchez (2002)
in the canonical ensemble (with N = 2000 particles) reveal
that the collapse indeed takes place before the critical point.
However, the collapse occurs apparently at the point where
the isothermal compressibility k; = —(1/V)(0V/dp)r diverges.
This corresponds to an inverse normalized temperature r;y =
2.43450... It is sensibly smaller than the value obtained from
Eq. (99) with N = 2000. The same discrepency with the predic-
tion of Katz & Okamoto (2000) is found in the microcanonical
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ensemble by de Vega & Sanchez (2002). These results seem to
indicate that the higher collapse temperature and energy found
in Monte Carlo simulations are not due to finite N effects. They
seem to be independent on N and correspond to other critical
points that do not coincide with the spinodal point. We intend
to perform independent Monte Carlo simulations to check these
results.

5.3. General expression of the potential barrier

We can use the preceding approach to obtain a simple approx-
imate expression of the potential barrier close to the critical
point 7. Consider a system at fixed temperature 7' and denote
by E its equilibrium energy such that J'(E) = 0 (we consider
here that E is the energy of the metastable state). For a fluc-
tuation E + 0E, we have seen that the variation of free energy
oJ = %J”(E)((SE)2 can be expressed as

0J = iﬁ”(Eo)(E - E')(E)’ (106)

where we have assumed that E is close to the critical point E
and, as before, E’ is the energy of the minimum of J at tem-
perature T'. We can use this expression to estimate the potential
barrier AJ = Jipeal — Jsaddle- Thus, setting 0E = E — E’, we get

1
AJ=ZW%&ME—E¥. (107)

Using Eq. (94) to express this relation in terms of the tempera-
ture, we finally obtain

B / 32 i
J= Iﬁ”(Eo)|('BC B (approx.).

This is an estimate, because the curve J(E) is not just a parabole
between E and E’ as it has been assumed to get Eq. (106) from
Eq. (91). Using Eq. (97), this approximate expression can be
written

Aj =64 — 0y’

(108)

(approx.). (109)

It differs from the exact expression (74) by a factor 3. Noting
that AJ = $(AE)?/{(8E)?), according to Egs. (88) and (89), the
criterion (92) of Katz & Okamoto (2000) discussed previously
is equivalent to AJ ~ 1/2. Alternatively, writing fize ~ €®”,
the criterion that we have used to get Eq. (76) corresponds
to AJ ~ 1. Therefore, on a qualitative point of view, the ap-
proaches of Sects. 5.1 and 5.2 are equivalent. They slightly dif-
fer on the details (definition of collapse temperature, estimate
of AJ) explaining why Eqgs. (77) and (99) are not exactly the
same.

We can also try to calculate AJ by working directly on the
series of equilibria B(E). Taking E as a control parameter, we
have J(E) = S(FE) — B(E)E. Noting that J'(E) = -f'(E)E,
J'(E) = -B"(E)E - B'(E) and J"'(E) = -B"(E)E — 28" (E),
and expanding J(E) close to the critical point where 8’ (Ey) = 0,
we get

1
Jw>=ﬂmriﬂum&w—&f

1
—5[,8”’(E0)E0 +2B"(E))I(E = Eo)* + ... (110)
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Using the relation

1 1
B—B.= Eﬁ"(EO)(E - EO)2 + gﬁm(Eo)(E — EO)3 + ..

(111)

between the temperature and the energy close to the critical
point, we find that

J(E) = J(Eo) — Eo(B—Bc)
" 2(B - B

112

+’8(0)[ﬁ”(E)] (112)

Therefore, close to the critical point, the barrier of free energy
is exactly given by

1 32
AJ =
1" (Eo)

which returns Eq. (74).

We can use the same type of approach in the microcanoni-
cal ensemble to obtain a simple expression of the entropic bar-
rier close to the critical point (Ac,70). Consider a system at
fixed energy E and denote by S its equilibrium temperature
(we consider here that g is the temperature of the metastable
state). For a fluctuation 8 + ¢4, the variation of entropy can be
expressed as (see Katz & Okamoto 2000 for details)

B. -B)**  (exact), (113)

1.,
S = SE' PO’ (114)
Assuming that 8 is close to the critical point By, and using
arguments similar to those developed previously, we get

1 7’ /
= 7E BB - )P’ (115)
where 8’ is the inverse temperature of the saddle point of en-
tropy. We can use this expression to estimate the entropic bar-

rier AS = Siocal — Ssaddle- Thus, setting 68 = 8 — 8/, we find
that

1
AS = ZE”(,BO)(B -5 (116)
Using
1
E = Ec = SE"(50)(B = o), (117)

to express the temperature as a function of the energy close to
the critical point, we finally obtain

32
E”(Bo)

We note that Egs. (108) and (118) are symmetrical provided
that we interchange E and . Evaluating numerically d>A/dn?
at the critical point (A, 170), this approximate expression can be
written

AS =

(E-E.)**  (approx.). (118)

As=61(A-A)*  (approx.). (119)

It differs from the exact expression (80) by a factor 3.
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We can also try to calculate AS directly from the series
of equilibria E(B). Taking 8 as a control parameter, we have
SB) = J(B) + BE(B) and we recall that dS = SBdE and
dJ = —EdB. Thus S’(B) = BE'(B), S”"(B) = E'(B) + BE"(B)
and S (B) = 2E”(B) + BE"”(B). Expanding S (8) close to the
critical point where E’(8y) = 0, we get

1
S = SBo)+ FE" Bo)o(B - Bo)’
1
+3712E"(Bo) + BoE" (Bo)I(B -Bo) + (120)
Using the relation
E-E.= —E”(Bo)(ﬂ —Bo)* + E"'(Bo)(ﬂ Bo)’ +... (121)

between the energy and the temperature close to the critical
point, we find that

2AE-E) |

Therefore, close to the critical point, the barrier of entropy is
exactly given by

1
S(B)=S (Bo)+Po(E — E.) + §E" (Bo) [

1| 32
AS =
3\ E”(Bo)

which returns Eq. (80).

(E - Eo)*?

(exact), (123)

6. Relation to the Kramers problem
6.1. The Fokker-Planck equation

In the preceding section, we have used the Kramers formula to
estimate the lifetime of metastable states in self-gravitating sys-
tems. We would like now to justify this formula from first prin-
ciples. In order to determine the lifetime of a metastable state,
we need to introduce a dynamical model. In the canonical en-
semble, we can consider a system of self-gravitating Brownian
particles (Chavanis et al. 2002) described by the stochastic
equations

dl‘i

— =y, 124
o " (124)
d;

d_‘; = ~V,U(r1, ... ry) — év; + V2DRi(0), (125)

where —£v; is a friction force and R;(¢) is a white noise satisfy-
ing (Ri(#)) = 0 and (R, ;(t)Ryp, ;(t')) = 0;j0ar0(t—1'), where a, b =
1,2, 3 refer to the coordinates of space and i, j = 1, ..., N to the
particles. The particles interact via the gravitational potential
U(ry,....rn) = Xicju(r; — ry) where u(r; — rj) = =G/Ir; — rjl.
The inverse temperature 8 = 1/T is related to the diffusion co-
efficient through the Einstein relation & = Dg.

Using standard stochastic processes, we can derive the
N-body Fokker-Planck equation (see Chavanis 2004b)

aPN al 8PN aPN
— i—— +F;
ot +;(v ar, oo,

Moo
S AR

1
i=

(126)
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where F; = —V,;U(ry, ..., ry) is the gravitational force acting
on particle i and Py(ry,v1, ..., 'y, Uy, t) is the N-body distribu-
tion function. Its stationary states correspond to the canonical
distribution

2
Le—ﬁ{z,ﬁ, LU s rN)}.
Z(pB)
If we implement a mean-field approximation (see Chavanis
2004b), we can show that the distribution function f(r,v,7) =
NP is solution of the Kramers-Poisson system. However, this
is not the approach that we shall consider here.

We wish to obtain the time evolution of the distribution of
energies P(E, t). To that purpose, we shall follow a method sim-
ilar to that developed by Kramers (1940) in his investigation
of the escape of Brownian particles over a potential barrier.
The difference is that we work here in a 6N dimensional phase
space. Assuming that Py(ry,vy,...,ry,0y,t) depends only on
energy E = 5\;1 g + U(ry, ..., ry) and time ¢, and averaging
the Fokker-Planck Eq. (126) on the hypersurface of energy E,
we show in Appendix B that

OPy . d[ (oPy
Q(E)W(E, nH= 3M6_E[I(E)(6_E +,3PN)],

Py(ri,v1,..., ry,0N) = (127)

(128)

where g(FE) is the density of states and /(E) is the phase space
hypervolume with energy less than E (thus g(E) = dI/dE).
Now, the distribution of energies is given by

P(E,1) = Pn(E, D)g(E). (129)
At equilibrium, using Eq. (127), we have

1
P(E) = —g(E)e ", (130)

A

which returns Eq. (53). Out of equilibrium, substituting
Eqgs. (129) into (128) and simplifying the resulting expressions,
we finally obtain

oP 0 oP ,
= [D(E)( o5 +BPF (E))],
where D(E) = 3MI(E)/g(E) and F(E) = E—-TS(E) = E —
T In g(E) is the free energy. This is similar to the Fokker-Planck
equation describing the stochastic motion of a particle in a po-
tential where the energy E plays the role of the position x and
where the free energy F(E) plays the role of the potential U(x).
In the following, we shall assume that the free energy F(E) has
a local minimum at E4 (metastable), a local maximum at Ep
(unstable) and a global minimum at Ec. A typical situation is
illustrated in Fig. 15. We shall prepare a large number N > 1
of systems close to the energy E4 with the canonical distribu-
tion (130). Thus, NXP(E,t)dE gives the number of systems
with energy between E and E + dE at time ¢. As time goes
on, a fraction of these systems reaches the energy Ep and un-
dergoes gravitational collapse towards Ec. Therefore, we adopt
the boundary condition

(131)

P(Eg,1) = 0. (132)

Our aim, now, is to estimate the current of diffusion past Ep
and the typical lifetime of metastable states.

133
5.5
p=10>
n=1.1
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)
65 | 1
c
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Fig. 15. Illustration of the barrier of free energy corresponding to
Fig. 12. Point A corresponds to the gaseous metastable state and
point B is the unstable solution creating a barrier for reaching the con-
densed state C.

6.2. The stationary solutions

The stationary solutions of Eq. (131) are of the form

oP e
3E +BPF'(E) = —D(E)’

where J < 0 is the current of diffusion in energy space. Using
the boundary condition (132), the solution of Eq. (133) reads

(133)

pry [P
P(E) = Je~ ——dx. (134)
e D)
The current of diffusion can therefore be expressed as
P e BFED
J= EAe . (135)
B D
fEA D(E)

To estimate the probability P4, we shall approximate the
curve F(E) close to A by a parabole. We thus make
the expansion

1
2TCy

where we have used F”(E) = —-TB'(E) = 1/TC where C =
dE/dT is the specific heat. Therefore,

1
Py = —ePFED

V4

F(E) = F(Ey) + (E-Ex)? + ... (136)

1 B
[ et EEgp  V2rCy

1

(137)

On the other hand, the integral in Eq. (135) is dominated by the
value of the integrand close to B. Making the same quadratic
expansion as in Eq. (136), we get

Ey o BF(E)
f dE =~
e, D(E)

| eBFER [t o
° exs” E”)sz

"2 DEp) J-w
I [ (138)
2D(Es) B
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where we recall that Cz < 0 for the unstable solution. We thus
obtain the expression of the current

= __'82D(EB) e PFs=Fa).

"~ nVCAICHl

This expression involving the barrier of free energy AF, is simi-
lar to the one obtained by Kramers (1940) in his classical study.
In our case, the parameters have a thermodynamical interpre-
tation while Kramers considers a dynamical system in a poten-
tial U(x).

(139)

6.3. The escape time

The preceding approach assumes that the population of sys-
tems that are introduced at A is continuously renewed so as to
counterbalance the population of systems that are lost at B and
maintain a stationary regime. We shall now relax this simplify-
ing assumption and look for decaying solutions of Eq. (131) of
the form

P(E,t) = e "h(E), (140)
where h(E) satisfies the differential equation

d dh ,

d_E[D(d_E + BhF (E))} = —Ah. (141)

Assuming that close to E4 the system is at equilibrium, the
foregoing equation can be integrated into

E

dh ! /l ’ ’
qp TBRF(E) = —5o | BEDAE',

142
D(E) JE, (142

In usual situations, the eigenvalue A is expected to be small as
it corresponds to the inverse lifetime of the metastable states.
We thus consider the perturbative expansion of / in powers of A
and write

h=ho+ Ah + ... (143)

Substituting this expansion in Eq. (142) and identifying terms
of equal order, we obtain the differential equations

dh
—2 4 BhoF'(E) = 0,

5 (144)
4 s F’(E)——;fEh(E')dE’ (145)
a TP " DE) Jg, '

The first equation integrates into

ho = KePF®), (146)
Substituting this result in Eq. (145), we get
dm +BhF(E) = ——— ‘ e PFENGE’ (147)
dE D(E) Jg '

A
The solution of this first order differential equation can be
written

hy = —x(E)Ke PF®), (148)
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where the function y is defined by
oBF(E) (E

e BFENGE,
D(E) J,

X' (E) =

(149)

with y(E4) = 0. Therefore, in the approximation 4 < 1, the
solution of Eq. (131) is

P(E. 1) = Ke e POl - p(E)]. (150)

The eigenvalue A is determined by the boundary condi-
tion (132) yielding

1

= . (151)
X(Ep)

Therefore, the lifetime of the metastable state is given by

fire ~ A~ = x(Ep). (152)

We can now try to simplify this expression. First, we approxi-
mate Eq. (149) by

BF(E) oo i )
X' (E) = —eD 73 e FEN Q3 EE g
_ VG e (153)
B D(E)
After integrating and setting £ = E, we obtain
\27Ca Ep o BF(E')
W(Eg) = — YA pFED f ¢ dE’. (154)
B e, D(E")
With the additional approximation
x(Ep) = N27Cy e PFED
B
1 +00 BF(E) 2
). TEe (155)
—o0 B
we finally get
2
A= BPED piriry (156)
7 VCa|Cl
Therefore, the lifetime of a metastable state behaves as
fige ~ e ~ e (157)

We note that the expression of A is similar to the expres-
sion (139) obtained for the current J. The connexion is the
following. In the non-stationary case, the current of diffusion
at Ep is

oP
Jp = —D(EB)(a—E +,3PF/(E))

Ep

—Ae—”’D(EB)(% + Bh; F'(E))

Ep

Ep Ep
= /le_/uf ho(E")dE' ~ /lf P(E’,t)dE’. (158)
E, E,

A
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Hence, normalizing the current by the exponential decay of the
density probability, we get

s __) (159)

ﬁ )
which is equivalent to Eq. (139).

In the preceding analysis, we have worked in the canoni-
cal ensemble because the Brownian model (124) and (125) is
easier to study than the N-stars Hamiltonian model, while ex-
hibiting qualitatively the same phenomena (phase transitions,
metastable states etc.). We expect to have symmetric expres-
sions in the microcanonical ensemble with the correspondance
E & Band S < J. This study is left for a future work.

7. Conclusion

In this paper, we have completed previous investigations con-
cerning the statistical mechanics of self-gravitating systems
in microcanonical and canonical ensembles. The microcanoni-
cal ensemble is the proper description of isolated Hamiltonian
systems such as globular clusters (Binney & Tremaine 1987).
The canonical ensemble is relevant for systems in contact
with a heat bath of non-gravitational origin. It is also the
proper description of stochastically forced systems such as
self-gravitating Brownian particles (Chavanis et al. 2002).
We have justified the mean-field approximation, in a proper
thermodynamic limit N — +co with . = BGMm/R and
€ = ER/GM? fixed, from the equilibrium BBGKY hierarchy
(Appendix A). In this thermodynamic limit, the equilibrium
state is determined by a maximization problem: the maximiza-
tion of entropy at fixed mass and energy in the microcanoni-
cal ensemble and the minimization of free energy at fixed mass
and temperature in the canonical ensemble. This determines the
most probable macroscopic distribution of particles at equilib-
rium. This can also be seen as a saddle point approximation in
the functional integral formulation of the density of states and
partition function. The probability of the distribution function
is given by a Cramer formula P[f] ~ eVl or P[f] ~ eNil/],
which constitutes a result of Large Deviations (for a regularized
gravitational potential). We have shown that the saddle point
approximation is less and less accurate close to the transition
point since the condition N|E — E| > 1 (in microcanonical
ensemble) or N|T — T > 1 (in canonical ensemble) must be
satisfied.

We have also argued that the lifetime of metastable states
(local entropy maxima) scales as exp(N) due to the long-range
nature of the interaction. Therefore, the importance of these
metastable states is considerable and they cannot be simply ig-
nored. Metastable states are in fact stable and they correspond
to observed structures in the universe such as globular clus-
ters. The preceding estimate must, however, be revised close
to the critical point. By solving a Fokker-Planck equation, we
have shown that the lifetime of metastable states is given by
the Kramers formula involving the barrier of entropy or free
energy. These barriers have been calculated exactly close to the
Antonov energy E. (in microcanonical ensemble) and close to
the Jeans-Emden temperature 7. (in canonical ensemble). We
have obtained the estimates jiz. ~ exp{1.726 N(A. — A)*?} (in
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microcanonical ensemble) and #ife ~ exp{0.339 N(i. — n)3/?%
(in canonical ensemble) so that the lifetime decreases as we ap-
proach E. or T.. This implies that the collapse will take place
slightly above E, or T, at an energy A; = Ac(1 —2.077 N72/3)
or temperature 7, = 1.(1 — 0.816 N=2/3). Similar conclusions
have been reached by Katz & Okamoto (2000). Yet, these pre-
dictions do not seem to be consistent with the Monte Carlo
simulations of de Vega & Sanchez (2002), although they find
that the collapse indeed takes place slightly before the critical
point. Independent simulations are under preparation to check
that point. In a recent work (Chavanis 2004b; and Appendix A),
we have shown that the mean-field approximation becomes in-
accurate close to the critical point. This may be a reason for the
discrepency between the theory of fluctuations exposed here
and the numerical simulations of de Vega & Sanchez (2002).

Finally, a part of our discussion was devoted to answer the
critics raised by Gross (2003, 2004) in recent comments. This
author argues that the microcanonical entropy S micro(E) and
the microcanonical temperature SBu;cro(E) must be single val-
ued. This is true in a strict sense, but the problem is richer than
that because of the existence of long-lived metastable states.
Therefore, the physical caloric curve/series of equilibria S(E) is
multi-valued and leads to “dinosaur’s necks” and special “mi-
crocanonical phase transitions” (Chavanis 2002b). This is spe-
cific to systems with long-range interactions in view of the long
lifetime of metastable states (local entropy maxima). These re-
sults have stimulated a general classification of phase transi-
tions by Bouchet & Barré (2005). Microcanonical phase tran-
sitions (as in Fig. 1) have not been fully appreciated by Gross
and his collaborators because their studies (e.g., Votyakov et al.
2002) consider a large small-scale cut-off for which the caloric
curve looks like Fig. 2 and is univalued. If these authors reduce
their small-scale cut-offs, they will see “dinosaurs” appear!

On a mathematical point of view, the statistical mechan-
ics of the classical self-gravitating gas (2 = 0) poses problem
because the density of states diverges even if the system is en-
closed within a box, due to the formation of binaries. Our ap-
proach suggests the following procedure to rigorously carry out
a statistical mechanics: first, introduce a soften potential with
small-scale cut-off e. We can then perform the statistical me-
chanics properly. Keep only the metastable states defined as
local maxima of entropy. For N — +oo, they are physically
relevant since they have infinite lifetime. Finally, take the limit
€ — 0 (the structure of the gaseous metastable states is inde-
pendent on the cut-off for € < 1). We note that the order of the
limits N — +oco and € — 0 is not interchangeable. It should be
made clear that these metastable states exist only in “boxes”, or
for truncated isothermal systems, at less than the Antonov crit-
ical radius (this concerns about 80% of tidally truncated globu-
lar clusters). Now, real star clusters do not leave in boxes so it is
always the evolution beyond the Antonov point (core collapse)
that matters eventually especially as the mass segregation de-
creases the Antonov radius. This ultimate evolution leads to the
formation of binaries.
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(2004)) where similar arguments about the lifetime of metastable
states for a toy model with long-range interactions have been devel-
oped independently.

Appendix A: Justification of the mean-field
approximation from the equilibrium BBGKY
hierarchy

In this Appendix, we show that the mean-field approximation
is exact for self-gravitating systems in a properly defined ther-
modynamic limit N — +oco with n = BGMm/R and A =
—ER/GM? fixed. In the canonical ensemble, the equilibrium
N-body distribution function is given by

Py=— (A.1)
where we only consider the configurational part (the velocity
part, which is just a product of Maxwellians, is trivial). Here,
U(ry,....rn) = Yicjuij where u;; = —G/|r; — rj| is the grav-
itational potential (rigorously speaking, we must use a soften
potential in order to regularize the partition function). Taking
the derivative of Eq. (A.1) with respect to r, we get

0Py ou

—= = —BPy—-

A2
87‘] 87‘] ( )

From this relation we can obtain the full equilibrium
BBGKY hierarchy for the reduced distribution functions
(Chavanis 2004b). Restricting ourselves to the one and
two-body distribution functions

Pi(ri,...,r)) = fPN(rl,...,rN)d3rj+1...d3rN, (A.3)

with j = 1,2, we find

oP ou
——L(r) = BN - 1) f Py(r1, r)—=d%ry, (A.4)
ory or

0P,

Ouiy
=2 - _8P -2
ar, (ri,r) BP(r1,12) ar,

0
BN - 2) f Piri ) G2 (AS)
1

As is well-known, each equation of the hierarchy involves
the next order distribution function. We now decompose the
two-body and three-body distribution functions in the sugges-
tive forms

Py(r1,r2) = Pi(r)Pi(r2) + Py(r1, r), (A.6)
P3(r1,r2,1r3) = Pi(r))Pi1(r)Pi(r3) + Py(ri, )P (r3)
+Py(r1,r3)P1(r)+ Py(ra, r3)P1(r1) + Pi(ri, r2,13), (A7)

where P; are the cumulants. We shall consider the thermo-
dynamic limit N — +oco with fixed = SGNm?/R. In this
limit, it can be shown that the non trivial correlations P;, are
of order N~V Here, we shall just establish this result for
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the two-body distribution function P). Substituting the decom-
positions (A.6) and (A.7) in Eqs. (A.4) and (A.5) and assum-
ing that P, of order N2, is negligible (this corresponds to the
Kirkwood approximation in plasma physics) the equation for
the two-body distribution function becomes after simplification

OP, 0
—2(r1, 1) = —BP(r) )Pl("z)—u12
or ory

, ou , Ouy
—BP(r1. 1) = BNP)(r1.12) f Pi(ry)——d*rs
ory ory

, ou
NP [ Phrsr G (A8)
1
We thus find that Py ~ 1 and P) ~ Bu ~ BGm*/R = n/N =
O(1/N). Therefore, in the limit N — +oco, the two-body dis-
tribution function is the product of two one-body distribution
functions:

Py(ry,rp) = Pi(r))Pi(rz) + O(1/N). (A9)

This justifies the exactness of the mean-field approximation for
self-gravitating systems. Note that /N can be identified as the
gravitational version of the “plasma parameter”. This is similar
to the remark of Lundgren & Pointin (1977) for the point vortex
gas. Now, plugging this result in Eq. (A.4), we find that, for
N — +oo,

opP ou
T = NPy [ PSR, (A.10)
or ory

Integrating with respect to r; and introducing the mean density
p(r) = (3;mé(r; — r)) = NmP(r), we obtain the Boltzmann
distribution

—Bme (A.11)

p = Ae
where ®(r) = f o(r)u(r —r')d3r is the self-consistent gravita-
tional potential. Adding the gaussian velocity factor, we obtain
the Maxwell-Boltzmann distribution
f= AePns®), (A.12)
As we have seen in Sect. 2, the distribution function (A.12)
can also be obtained by minimizing the Boltzmann free en-
ergy Fg[f] at fixed mass M and temperature 7. This method
provides a condition of thermodynamical stability 6*°F > 0,
which is not captured by the equilibrium BBGKY hierarchys;
it just yields critical points of free energy. To get the condi-
tion of stability, we need to consider time-dependent solutions
and kinetic equations, i.e. the non-equilibrium BBGKY hier-
archy. Indeed, the thermodynamical stability is related to the
dynamical stability with respect to the Fokker-Planck equation
(Chavanis 2004c).

The equation for the two-body distribution function (A.8)
is complicated because the one-body distribution function is
spatially inhomogeneous. It may be of interest, however, to ad-
vocate the Jeans swindle and consider, formally, the case of
an infinite homogeneous self-gravitating system (this can be
made rigorous in a cosmological context; see Kandrup 1983).
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Making the drastic approximation P;
constant, Eq. (A.8) simplifies into

= p/M where p is a

61412

oh 0
(r1,l‘2) _B _,8£ fh(l‘z,l‘3)—ul3d3l‘3, (A13)
m or;

(91‘1
where the second term in the right hand side of Eq. (A.8), of
order 1/N2, has been neglected. The correlation function £ is
defined by

pe
Py(|x]) = W[l + h(lxD1,

(A.14)
where x = r; — r,. Taking the divergence of Eq. (A.13) and
using Au = 4rGm>5(ry — r,), we obtain
Ah + k3h = —4rGBm*5(x), (A.15)
where k; = (47GmpBp)'/? is the inverse of the Jeans length. This
equation is easily integrated to yield

B 5, cos(kyx) _
h(x) = BGm E—

(A.16)

This is the counterpart of the Debye-Hiickel result in the grav-
itational case (Kandrup 1983). We emphasize that the above
results are valid for other systems with long-range interactions
(Chavanis 2004b). In particular, for the HMF model for which
a homogeneous phase rigorously exists, we ﬁnd by the same
method that A(6) = ]%, 1/3 gj}; cos 6, where 5. = 7; is the critical
inverse temperature. In particular, the correlatlon function di-
verges close to the critical point where the homogeneous phase
becomes unstable, so that the mean-field approximation ceases
to be valid. We expect a similar behavior for inhomogenous
self-gravitating systems close to 7.

Considering now an isolated Hamiltonian system, the
N-body microcanonical distribution function is given by

Py(ri,vy, ..., 1N, UN) = O(E — H(ry,vq,...,ry,0n)). (A17)

1
g(E)
From this expression it is easy to write the equilibrium BBGKY
hierarchy (Chavanis 2004b). The first two equations of this hi-
erarchy are

N

5 aE[Q(E)Pz(l 2)]d3<2> (A.18)

6P2 61412 1
—(1 ——Ea—E[g(E)Pz(l 2)]
d
~(N-2) f %Ea—E[gw)P«l 2, 3)}&(3) (A.19)
where we have written (j) = (rj,v;). Now,
18 IP;
ma—E[g( )P ] BP; + BE (A.20)

where 8 = 0S/0E and S(E) = Ing(E). The ratio of dP;/0E
on SP; is of order E]_p’ = AnN Therefore, in the thermodynamic
limit N — +oo with A, n fixed, the second term in the r.h.s. of
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Eq. (A.20) is always negligible with respect to the first. To lead-
ing order in N, we obtain the same equations as in the canoni-
cal ensemble. Therefore, the mean-field approximation is exact
and leads to the Boltzmann distribution (A.11). Observing that

oP
Ly =

o, (A21)

_Li[ (E)P (1)],,
9(E) OE 9 1 1>
and taking the N — +co limit, we find that P; ~
e P1/2, Combined with Eq. (A.11), this leads to the Maxwell-
Boltzmann distribution (A.12). Therefore, the equilibrium
BBGKY hierarchy in the microcanonical ensemble leads to
the same result (A.12) as in the canonical ensemble. As indi-
cated previously, the inequivalence of ensembles will appear by
considering the non-equilibrium BBGKY hierarchy. The ther-
modynamical stability in the microcanonical ensemble is con-
nected to the dynamical stability with respect to the Landau
equation (see Chavanis 2004c) which can be deduced from
the non-equilibrium BBGKY hierarchy (Balescu 1963) to
order 1/N.

Appendix B: Derivation of Eq. (128)

The phase space hypervolume with energy less than E is
defined by

I(E) = f d*rid’u;.
H<E ll_ll

Integrating over the velocities and using the fact that the ki-
netic term in the Hamiltonian is quadratic, a standard calcula-
tion yields

(B.1)

N
3N
IE)=A f[E — UG, )] [ [ r (B.2)
i=1
where A = (2/m)*™/*V3y and V, is the volume of a unit-

hypersphere in a space of dimension n. The density of states
g(E) = dI/dE is therefore given by

3N _q N
A f[E— Uy, ..rw)|” l_[d3ri.
i=1

Assuming now that Py(ry,vy, ..., "N, UN, 1) = Py(E, t), and sub-
stituting this ansatz in the N-body Fokker-Planck equation
Eq. (126), we obtain after simplification

g(E) = (B.3)

9Py
ot

= 2m[E— ury, ..., rN)] 9 (Daﬁ

ety

0Py
+3Nm|D—— + &Py |, B4
m( OE 3 N) (B.4)
where the term in bracket is Z ,v7. We note that Py =
Pn(E, 1) is not an exact solution of (126), as expected. To get
rid of the dependence in ry, ..., ry, we shall average Eq. (B.4)
over the hypersurface of energy E using

J(E - U)Xy, e E) TTY, &3,

X(E) =
[(E-)T Y, &,

; (B.5)
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according to Eq. (B.3). This gives

Py 8 _oPy
9(E)—= = 3MI(E) 6E(D 5 +§PN)

oP
+3Mg(E)(D—N + §PN). (B.6)
OE
Using g(E) = dI/dE(E), we can put this equation in the
form (128).

Appendix C: Rotating self-gravitating systems

In this Appendix, we briefly consider the case of rotating
self-gravitating systems. Introducing dimensionless variables
as in Sect. 2.3, the conservation of angular momentum is equiv-
alenttod= L/(GM?R)!/? = A[f'] with
Af] = f frxvdrd. (C.1)

Now, repeating the argumentation of Sect. 3, the density of
states

N N

g(E, L) = f S(E — H)(S(L - Z mr; X v,») ]_[ &ridin;, (C2)
i=1 i=1

can be written formally as

9(E.L) = f Df SVISE - ELf)

X o(M = M[f1)6(L — LfD. (C.3)
Similarly, the partition function
. N
Z(ﬁ, Q) — fe—,BH+ﬁQ-Z:.:1 Mr;Xv; 1_[ d3r,~d3v,~ (C4)
i=1
can be written as
Z(B, Q) = f e PEPYLy(E L)dEJ’L, (C.5)
or
Z(B,Q) = f Df /Vs(M - M[f]), (C.6)

where J[f] = S[f] — BE[f] + Q- L[f] is the free energy. In
order to apply the saddle point approximation, we just need to
impose that A = —~ER/GM?, 1 = BGMm/R,A = L/(GM>R)'/?
and w = Q(R3/GM)'? remain of order unity in the limit
N — +oo (in the case of self-gravitating fermions, we also
need to impose that u = g VG3MR3 is fixed and in the case
of a soften potential that € = ry/R is fixed). This defines the
thermodynamic limit for rotating self-gravitating systems.
The corresponding scalings are given in Chavanis & Rieutord
(2003). In particular, S ~ N and J ~ N. Therefore, in the
N — oo limit, we have to maximize S[f] at fixed E, M and L
in the microcanonical ensemble and we have to maximize
JIf]1 = S[f]1-BE[f] +B Q- L[f] at fixed 8, M and  in the
canonical ensemble. Computation of rotating self-gravitating
systems in relation with statistical mechanics have been per-
formed by Votyakov et al. (2002) for a classical gas on a lattice
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with a large spacing and by Chavanis & Rieutord (2003) for
fermions with arbitrary degree of degeneracy.
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