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Abstract. A proof is given of the following statement: if B is a smooth force-free magnetic field contained in a cylindrical
domain of axis parallel to ẑ and of star-shaped cross-section, and if B is topologically equivalent to the uniform field B0 = B0 ẑ,
then B = B0. In addition to being a very first step in the general study of the uniqueness of a magnetostatic equilibrium subject
to a topological constraint, this result has a direct relevance to the approach recently developed by Ng & Bhattacharjee (1998,
Phys. Plasma, 5, 4028) to support Parker’s theory of current sheets formation in the solar corona.
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1. Introduction

In many astrophysical situations (solar or stellar corona, mag-
netosphere of a disk-accreting compact object, ...), one has to
deal with a magnetic field occupying a domain D filled up
with a tenuous perfectly conducting plasma and evolving quasi-
statically through a series of force-free configurations B(t) as a
result of slow motions imposed to its footpoints on the bound-
ary ∂D (see, e.g., Aly 1994). A question which thus naturally
arises is the following one: is there at any given time t another
equilibrium B′(t) reachable from B(t) by some process com-
patible with the frozen-in law – in other words, is there a force-
free field B′(t) topologically equivalent to B(t) in that sense
that its magnetic lines can be obtained from those of the latter
by a continuous deformation which does not move the foot-
points on ∂D? Although this problem may look at first sight
a little bit academic, there are actually at least two reasons
why astrophysicists should undertake its study. Firstly, the ex-
istence of a B′(t) with a lower energy would imply that B(t) be
metastable, and thus able to suffer (if finitely perturbed) a catas-
trophic transition with an energy release – a flare. Secondly, as
pointed out by the referee, modern observations of the solar
corona magnetic field give now access to the connectivity of
its lines (outlined, e.g., by TRACE), in addition to the values
of its normal component on the photosphere (measured, e.g.,
by MDI on SOHO), and it would be quite helpful to know if
there is only one force-free configuration compatible with a set
of data of this type.

As a first little step towards an understanding of the quite
difficult question just raised, we would like to consider in this
Research Note the simplest possible situation. We take D to
be a finite cylinder of axis parallel to ẑ, the field to be the
uniform B0 = B0 ẑ, and we address the possible existence

in D of another force-free field topologically equivalent to B0.
In fact, this problem has already been considered by Ng &
Bhattacharjee (1998, NB hereafter) as a part of an interesting
argument designed to support Parker’s well known idea accord-
ing to which current sheets develop spontaneously when B0

is deformed by moving its footpoints (Parker 1979, 1994, and
references therein). In NB, however, the field is treated in the
framework of the reduced magnetohydrodynamics approxima-
tion – which eliminates from the very beginning the possibility
of dealing with too large deformations of B0 –, while we keep
here the fully nonlinear equations for a force-free field, and we
thus hope that our results may be also useful to strengthen NB’s
argument. There is actually another (but much less essential)
difference between our work and NB: in the latter, the field oc-
cupies all the space D∞ between two parallel planes, where it
is imposed to be doubly-periodic in x and y, while we have
chosen to work for mathematical convenience in the bounded
cylindrical part D of D∞.

This Note is organized as follows. We give in Sect. 2 a
detailed description of our assumptions. Thus we develop our
proof in three steps. In Sect. 3, we use arguments based on
current conservation to derive constraints on the form of the
integral of B along a magnetic line. In Sect. 4, we establish (us-
ing in particular the well-known virial theorem) two integral
relations satisfied by B. And finally we combine in Sect. 5 the
results of the two preceding sections to get our conclusion.

2. Assumptions and equations

We use Cartesian coordinates (x, y, z), and decompose any
vector X according to X = X⊥ + Xz ẑ. In particular, we
write r = r⊥ + z ẑ for the position vector r. We consider a
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Fig. 1. The force-free field B0 (red lines) and the hypothetical force-
free field B with the same topology (green lines) occupying the cylin-
der D bounded by the horizontal surfaces S 0 and S h and the vertical
surface S .

cylindrical domain D of axis parallel to ẑ. The boundary ∂D
of D is constituted of the “vertical” surface S and the “hori-
zontal” bounded surfaces S 0 and S h located respectively in the
planes {z = 0} and {z = h > 0} (see Fig. 1). The outer normal
to ∂D is denoted by n̂. The shape of S 0 (of course identical to
that of S h) is left quite arbitrary. It is only imposed to be such
that

r⊥ · N̂ ≥ 0 on ∂S 0, (1)

where ∂S 0 and N̂ denote, respectively, the curve bounding S 0

and its external normal in the plane {z = 0}. A plane domain
satisfying Eq. (1) is said to be star-shaped with respect to the
origin O of r⊥.

We assume here that D contains a smooth magnetic field B
satisfying the following conditions:

– B is force-free, whence

∇ · B = 0, (2)

∇ × B = αB, (3)

where α(r) is a scalar function which is seen at once to
satisfy B ·∇α = 0, and is then constant along the lines of B.

– B is topologically equivalent to the uniform field B0 = B0 ẑ
(with B0 > 0 a constant). As indicated in the introduction,
we mean by this statement that the magnetic lines of B
can be obtained from those of B0 by a smooth deformation
keeping fixed the footpoints of the lines on S 0 and S h (see
Fig. 1). This assumption implies in particular that the nor-
mal component Bn = B · n̂ of B on ∂D does satisfy Bn = B0

on S h, Bn = −B0 on S 0 and Bn = 0 on S . Equivalently, we
have bn = b · n̂ = 0 on ∂D if we effect the decomposition

B = B0 + b. (4)

Physically, a field B � B0 satisfying the conditions above –
if there is one – could possibly be produced by the following
process, in which D is taken to be filled up with a perfectly

conducting plasma (see NB): (i) B0 is made to evolve quasi-
statically through a sequence of force-free fields up to some
ideally unstable configuration B1 by imposing to its footpoints
on S h, say, to move at the given velocity u(x, y) during a time t1;
(ii) the footpoints being kept fixed, B1 relaxes to a new stable
equilibrium B′1 of lower energy, the excess energy being radi-
ated away by some arbitrary mechanism; (iii) B′1 is set into a
reverse quasi-static force-free evolution by applying to its foot-
points on S h the velocity field −u(x, y) during the time t1, which
of course bring back the footpoints to their initial positions,
producing eventually B.

3. Consequences of current conservation

Our topological assumption on the force-free field B may be
explicited as follows: (i) a magnetic line L starting at (x, y, 0)
ends up at (x, y, h); (ii) a lineL does not enlace an other lineL′.
In particular, a line drawn on S cannot go around D one or sev-
eral times. We derive here some analytic relations expressing
necessary conditions for (i) and (ii) to be fulfilled.

We first consider a magnetic lineL(x, y) starting at (x, y, 0).
By condition (i) and the conservation of α along L, we have

α(x, y, h) = α(x, y, 0). (5)

Therefore, the vector β defined on S 0 by

β(x, y) = b⊥(x, y, 0) − b⊥(x, y, h) (6)

does satisfy

∇⊥ × β = [α(x, y, 0) − α(x, y, h)]B0 ẑ = 0, (7)

which implies the existence on S 0 of a potentialψ(x, y), defined
up to an additive constant, such that

β = ∇⊥ψ. (8)

Next we choose an arbitrary oriented open curveC0 on S 0, with
endpoints (x1, y1, 0) and (x2, y2, 0), and construct the magnetic
surface Σ formed of all the magnetic lines starting fromC0. Σ is
limited upstairs by the vertical projection Ch of C0 onto S h, and
on the lateral sides by the two magnetic lines L1 = L(x1, y1)
and L2 = L(x2, y2). With C0, L2, −Ch and −L1 (the lines L
being oriented by B), we form the closed contour C which is
the oriented boundary of Σ, and we choose on the latter the
normal n̂ in the usual way. Using successively the fact that B ·
n̂ = 0 on Σ (as the latter is a magnetic surface), Eq. (3), Stokes
theorem, and Eqs. (6) and (8), we obtain

0 =
∫
Σ

αB · n̂ds =
∫
Σ

(∇ × B) · n̂ds

=

∫
C0

b⊥ · dl +
∫
L2

B · dl −
∫
Ch

b⊥ · dl −
∫
L1

B · dl

=

∫
L2

B dl −
∫
L1

B dl +
∫
C0

β · dl

=

[∫
L2

B dl + ψ(x2, y2)

]
−
[∫
L1

B dl + ψ(x1, y1)

]
. (9)

Owing to the arbitrariness of (x1, y1) and (x2, y2), we conclude
from the latter relation that the quantity

∫
L(x,y)

B dl + ψ(x, y) is



J. J. Aly: Force-free field submitted to a topological constraint 17

independant of (x, y) and we write
∫
L(x,y)

B dl + ψ(x, y) = B0h, (10)

which fixes the gauge of ψ.
Finally, we consider a magnetic line L drawn on the verti-

cal part S of the boundary, which is by assumption a magnetic
surface. We take the closed contour C constituted of −L and of
the vertical straight line starting from the lower footpoint of L,
and note that C does limit a part Σ of S owing to condition (ii)
above. As we have (∇ × B) · n̂ = αBn = 0 on Σ ⊂ S , we ob-
tain by applying once more Stokes theorem and by taking into
account Eq. (10)
∫ h

0
Bz(x, y, z) dz = B0h +

∫ h

0
bz(x, y, z) dz

=

∫
L(x,y)

B dl = −ψ(x, y) + B0h, (11)

whence
∫ h

0
bz(x, y, z) dz + ψ(x, y) = 0 (12)

for (x, y) ∈ ∂S 0.
It may be worth noticing here that condition (i) – and a

fortiori its consequences Eqs. (8) and (10) – cannot be sufficient
to get uniqueness of the equilibrium B. In fact, it is quite easy
to construct an infinite family of equilibria {Bk} (k ∈ Z, k � 0)
satisfying (i) – but otherwise not topologically equivalent to B0

as it is necessary to move the footpoints on S h to deform the
lines of B0 into those of Bk. Take indeed the field B0, and, the
frozen-in law being enforced, produce some field B′k with an
overall twist of all the lines by rotating an integer number k of
times all the upper footpoints around some point of S h. Next,
fix the positions of the footpoints of B′k and let it relax to an
equilibrium (e.g., by giving some viscosity to the plasma as in
Moffat 1985): this leads to the seeked force-free field Bk. The
role of Eq. (12) is to eliminate all the fields of this type from
our considerations. This equation does not apply indeed to Bk,
as a line of the latter drawn on S makes one or several turns
around D when going from S 0 to S h, and L and the vertical
line joining the two footpoints do no longer limit a part of S .
Consequently, Stokes theorem cannot be applied anymore as
done above.

4. Integral relations

4.1. Magnetic energy

We first note that∫
D

b2 dv =
∫

D
B2 dv −

∫
D

B2
0 dv. (13)

The term 2B0bz in B2 = B2
0 + 2B0bz + b2 integrates indeed

to 0 over D as the integral of bz over any horizontal cross sec-
tion vanishes by flux conservation. Next, we evaluate as follows
the first integral in the right-hand side of Eq. (13). We decom-
pose D into elementary flux tubes dT constructed around the

magnetic lines L of B and carrying a flux dφ, and note that
∫

dT
B2 dv =

∫
L

B(B dsn) dl = dφ
∫
L

B dl, (14)

where dsn is the area of a normal cross section of dT and dl is
the element of length along L. By summing over all the tubes
and by writing dφ = B0 ds, where ds is the area of the intersec-
tion of dT with S 0, we thus get

∫
D

b2 dv = B0

∫
S 0

(∫
L

B dl − B0h

)
ds

= −B0

∫
S 0

ψ ds, (15)

the second line being obtained by using Eq. (10) in the first one.

4.2. The virial theorem

Being a force-free field, B satisfies the virial theorem (see, e.g.,
Aly 1984)
∫

D
B2 dv =

∫
∂D

[
(r · n̂)B2 − 2(r · B)Bn

]
ds. (16)

The right-hand side of Eq. (16) can be transformed by noticing
that: (i) on S h, n̂ = ẑ, r · n̂ = h, Bn = B0, B2 = B2

0 + b2
⊥, and

r · B = r⊥ · b⊥ + hB0; (ii) on S 0, n̂ = − ẑ, r · n̂ = 0, Bn = −B0,
and r ·B = r⊥ ·b⊥; (iii) on S , r · n̂ = r⊥ · n̂, B2 = B2

0+2B0bz+b2,
and Bn = 0. This leads to
∫

D
B2 dv =

∫
S h

[
−hB2

0 + hb2
⊥ − 2(r⊥ · b⊥)B0

]
ds

+

∫
S 0

2(r⊥ · b⊥)B0 ds

+

∫
S

(r⊥ · n̂)
(
B2

0 + 2B0bz + b2
)

ds. (17)

This relation is valid in particular for the equilibrium field
B = B0 (b = 0), giving
∫

D
B2

0 dv = −
∫

S h

hB2
0 ds +

∫
S

(r⊥ · n̂)B2
0 ds. (18)

Substracting Eqs. (18) from (17) and using Eq. (13) and the
relation

−2
∫

S h

(r⊥ · b⊥)B0 ds + 2
∫

S 0

(r⊥ · b⊥)B0 ds (19)

= 2B0

∫
S 0

r⊥ · β ds

resulting from Eq. (6), we obtain finally

∫
D

b2 dv = h
∫

S h

b2
⊥ ds +

∫
S

(r⊥ · n̂)b2 ds

+2B0

(∫
S

(r⊥ · n̂)bz ds +
∫

S 0

r⊥ · β ds

)
. (20)
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5. The uniqueness theorem

As a last step, we use the relations derived in Sect. 3 to evaluate
the large parenthesis in the right-hand side of Eq. (20). Using
Eq. (12), we get for the first term
∫

S
(r⊥ · n̂)bz ds =

∫
∂S 0

(r⊥ · N̂)

(∫ h

0
bz dz

)
dl

= −
∫
∂S 0

(r⊥ · N̂)ψ dl, (21)

where we have noted that

(r⊥ · n̂)(x, y, z) =
(
r⊥ · N̂

)
(x, y) on S . (22)

As for the second term, we get by using successively Eq. (8),
Gauss theorem in the plane, and Eq. (15),
∫

S 0

r⊥ · β ds =
∫

S 0

r⊥ · ∇⊥ψ ds

=

∫
∂S 0

(r⊥ · N̂)ψ dl − 2
∫

S 0

ψ ds

=

∫
∂S 0

(r⊥ · N̂)ψ dl +
2
B0

∫
D

b2 dv. (23)

Injecting both results into Eq. (20) thus leads eventually to

h
∫

S h

b2
⊥ ds +

∫
S

b2(r⊥ · n̂) ds + 3
∫

D
b2 dv = 0, (24)

which implies

b ≡ 0 in D (25)

as r⊥ · n̂ ≥ 0 on S by Eqs. (22) and (1) (note that this is the only
place in our proof where assumption (1) is used). Therefore
B = B0. QED.

6. Conclusion

In this paper, we have given a rigorous proof of the following
result: the only smooth force-free magnetic field topologically
equivalent to the uniform field B0 = B0 ẑ in a cylindrical
domain of axis parallel to ẑ and of star-shaped cross-section, is

the field B0 itself. Although this result may look modest and
a priori evident, it is not completely trivial to prove (for the
least, we have not been able to coin a simpler proof). In any
case, it is the first one of this type we are aware of, and we may
hope that the techniques we have introduced can be used to
treat more general situations. In particular, we have started con-
sidering the case where the force-free equilibrium is no longer
the simple B0, but is a field obtained from the latter by im-
posing given displacements ξ to the footpoints on ∂D. The re-
lations given here have been generalized to that situation, and
some evidences have been obtained in favor of the uniqueness
of the equilibrium when the values of |∇ξ| (or alternatively |α|)
are not too large. But there is still a missing element to conclude
in a rigorous way. Some extensions to more realistic configu-
rations – like closed loops or arcades in a half-space – have
also been undertaken, and we currently guess that uniqueness
is likely to occur in that case too as long as the field is nearly
potential – a complete proof of this statement being however
still to be coined.

An other interesting question is the possibility of deriv-
ing rigorous uniqueness results when the equilibrium problem
for B is formulated in the framework of reduced magnetohy-
drodynamics as in NB. In that case, it seems difficult at first
sight to proceed as we did it here. This question is also under
investigation, and some results will be reported soon.
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