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Abstract. We explore the possibility of discriminating dark energy models from the study of the growth of matter perturbations.
For the sake of simplicity, instead of dealing with a great number of models, we have chosen a simple model of dark energy
(px = ω0ρ

γ
x , with ω0 < 0 and γ > 0; px, and ρx being pressure and energy density), which is able to reproduce a great number of

different behaviours. A combination of WMAP data with other results have been used to estimate model parameters. The study
has been made for collapsing shells in spherical clusters virialized at redshifts z = 1, 0.1 and 0.025 with line-of-sight velocity
dispersion σlos = 750 and 1000 km s−1. According to shell velocities, our dark energy models are clearly differentiated from
the Ωm0 = 1 model (the greater the σlos is, the more differentiated the models are). However, the differences among dark energy
models are not so large. From our results, the nearest clusters with large σlos are the idoneous ones to discriminate models. In
fact, we think that from observations of caustics in nearby spherical clusters, it would be possible to make an estimation of Ωm0.
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1. Introduction

It is well known that if our Universe, which seems to be flat
(Efstathiou et al. 1998), contained just radiation and matter,
it would be too youthful with respect to determinations of
the ages of the oldest stars (Chaboyer et al. 1995). This fact
made to think in the presence of another component in the
Universe. Thus, it is assumed that, in addition to ordinary Cold
Dark Matter (CDM), there is a component, named x-matter or
“dark energy”, whose pressure, px, is a negative function of
the density, ρx. This new component, not only solves the flat-
ness dilemma, but also other cosmological problems such as
the strong evidence that the expansion of the Universe is speed-
ing up, rather than slowing down (see, for example: Perlmutter
et al. 1997, 1999; Schmidt et al. 1998).

The first models for dark energy were hydrodynamical
models, but quickly, dynamical scalar field models were pro-
posed. The first hydrodynamical models were developed by
Steinhardt (1996), and Turner & White (1997), which proposed
ω-constant models (px = ω0ρx, with −1 < ω0 < 0). Examples
of these models are the cosmological constants (ρx = const.;
ω0 = −1) and the frustrated networks of topological defects
(Vilenkin 1984; Spergel & Pen 1997), such as strings or walls
(ω0 = −n/3, n being the dimension of the defect). The first dy-
namical scalar field models proposed were of the kind of quar-
tic, quadratic and exponential scalar field (see, for example:
Bronstein 1933; Ozer & Taha 1987; Freese et al. 1987; Frieman
et al. 1995; Wetterich 1995; Bloomfield-Torres & Waga 1996;

Coble et al. 1996; Cadwell et al. 1998), but more recently, they
have been proposed models which consider potentials which,
for a wide range of initial conditions, make the scalar fields to
settle into a “tracking solution” that depends only upon one pa-
rameter and the evolution of the cosmic scale factor (Wetterich
1988; Ratra & Peebles 1988; Zlatev et al. 1999).

In this work we will try to find out if it is possible to dis-
criminate dark energy models from the effects that they pro-
duce in the growth of matter perturbations and formation of
clusters of galaxies. For the sake of simplicity, instead of deal-
ing with a lot of dark energy models to derive general con-
clusions, we have chosen a simple model which shows a great
number of different behaviours. Thus, for our study, we will
use an hydrodynamical dark energy model whose equation of
state fulfills ω = px/ρx = ω0ρ

γ−1
x , with ω0 < 0 and γ > 0

(Aguerri & Membrado 1999). It can be seen that depending on
the values of γ, our models are ω strongly and/or slowly vary-
ing, ω-constant models as those proposed by Steinhardt (1996)
and Turner & White (1997), and cosmological constant models.
The chosen model is physically equivalent, for zero curvature,
to a fluid with bulk viscosity η(ρ) = −(ω0/

√
3)(ρ)γ−1/2 (Barrow

1988; Lydsey 1994), and a perfect fluid with β = 1, for which,
the dark energy fulfills p =

[
(β − 1) + ω0ρ

γ−1
]
ρ.

In Sect. 2, we propose our cosmological background model
for flat universe. In Sect. 3, we deal with linear perturbation
theory. Sections 4 and 5 are devoted to the spherical infall
model. Finally, in Sect. 6, we present our conclusions.
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Fig. 1. Constraints for the parameters γ and W (| W(γ) | > | WM (γ) |)
based upon WMAP and other data; the constraint shown by the hori-
zontal line is based upon the observational fact that the expansion of
the Universe is speeding up at present.

2. The cosmological background model

We will consider a cosmological background of flat universe
composed by non-relativistic matter, radiation and dark energy
(hereafter: subindex 0 will represent magnitudes at present;
magnitudes with a bar, will represent background magnitudes).
In this work we will deal with an equation of state for dark en-

ergy of the kind ωx =
p̄x

ρ̄x
= W

(
ρ̄x

ρ̄x0

)γ−1
, i.e., an energy density,

ρ̄x, which evolves as (Aguerri & Membrado 1999)

ρ̄x = ρ̄x0


[
(1 +W)

(
a
a0

)−3(1−γ) −W
]1/(1−γ)

, γ � 1 ,(
a
a0

)−3(1+W)
, γ = 1.

(1)

a being the expansion parameter. Equation (1) together with the

fact that ωx = 1− (1+W)
[
Ωm0(1−Ωm)
Ωm(1−Ωm0)

]γ−1
(radiation is neglected,

i.e., Ωm =
ρ̄m

ρ̄m+ρ̄x
) inform us about the behaviours of the model.

Thus, for γ < 1, as energy density behaves, at a
a0
� 1, like

matter does, and like cosmological constant when a
a0
� 1, ω

is not slowly varying (it does not fulfill |dω/dΩ| � 1/(1 − Ω);
see Wang & Steinhardt 1998); for γ > 1, only when matter
dominates (for a

a0
� 1, the energy density of dark energy is

a constant), the model is slowly varying; finally, γ = 1 models
(proposed by Steinhardt 1996; Turner & White 1997), and W =
−1 models (cosmological constant) are ω-constant models.

To estimate the range of allowed values for W and γ,
we will use the constraints derived by Spergel et al. (2003)
based upon a combination of WMAP data with other finer
scale CMB experiments (ACBAR and CBI), 2dFGRS mea-
surements, and Lya forest data. Thus, defining ωeff =∫

daΩx(a)ω(a)/
∫

daΩx(a) (Huey et al. 1999), we will assume
ωeff < −0.78 and Ωm0 = 0.27 ± 0.04. In Fig. 1, |WM(γ)|,
fulfilling ωeff(WM(γ), γ) = −0.78, is plotted, so values of |W |
greater than |WM(γ)| are allowed (it is not observed any de-
pendence on Ωm0). Another constraint comes from imposing
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Fig. 2. Comparisons among luminosity distances derived from Ωm0 =

0.27 dark energy models (we have taken W = WM(γ) for each γ) and

the Ωm0 = 1 model: % dL = 100

[
dLΩm0 ,γ,W

dLΩm0=1
− 1

]
.

that the Universe is speeding up, at present (see, for exam-
ple: Perlmutter et al. 1997, 1999; Schmidt et al. 1998). Thus,
our models predict an accelerate expansion, for |W |> |WE |=

1
3(1−Ωm0) , where WE , corresponds to the value of W for which
dȧ
da

∣∣∣
a=a0

= 0. The horizontal line in Fig. 1 shows |WE | for
Ωm0 = 0.27.

An observational difference among models with and with-
out dark energy comes from luminosity distances, dL, to
sources at different redshifts z (Goobar et al. (2002), in their
Monte-Carlo package for simulated high-redshift supernova
data, SNOC, developed a generator of luminosity distances
for any ωx(z); so, our models are also included). Taking into

account that dL =
c

H0
(1 + z)

∫ z

0

√
ρ̄0

ρ̄
dz, with H = ȧ

a and

z = −1 + a0/a, it is straightforward to derive, for redshifts
z� 1:

H0dL

c
≈ z +

z2

4
[1 − 3W(1 −Ωm0)]

+z3

[
−7

8
+

(
5
8
+Gγ,W

)
(1 −Ωm0)

]
+ O

(
z4

)
; (2)

where

Gγ,W =


3
2 − 1

4 (1 +W)
[
3(1 − γ) + 1

1−γ − 1
2

]
, γ � 1;

3
2 − 1

4 (1 +W)
[
3(1 +W) + 1

2

]
, γ = 1.

(3)

We notice that the z2 term of Eq. (2) does not depend on γ,
while the z3 term depends on both W and γ. This makes the
acceleration parameter, q0 = −

(
äa
ȧ2

)
a=a0

, to depend only on W.

As q0 = (1 + 3WΩx0)/2, the cosmological constant models
(W = −1) show the smallest q0. A comparison among lumi-
nosity distances is shown in Fig. 2. In this figure, it is seen that
the differences among models grow as the redshift is greater.
It can be noticed that the greatest difference corresponds to
the cosmological constant model, being difficult to distinguish
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among W � −1 models. In this sense, Maor & Brustein (2003)
have shown that various scalar field models of dark energy pre-
dict a degenerate luminosity distance and thus cannot be distin-
guished by supernovae measurements alone; CMB anisotropy
measurements does not reduce significantly the degeneracy.

3. Linear growth of matter perturbations

In this section we will assume that non-relativistic matter is
slightly perturbed from the cosmological background proposed
in the previous section, in a region where Newtonian approxi-
mation can be applied (a small region compared to the Hubble
length c/H). We will only deal with growing modes of matter
perturbations. Therefore, our results are only valid from red-
shifts where the decaying modes of perturbations have decayed
and the velocity field have reached the amplitud given by lin-
ear theory. In this work we denote: δ(x, a) = ρm(x,a)−ρ̄m(a)

ρ̄m(a) as the
dimensionless density contrast at expansion parameter a and
expanding coordinate x, comoving in the background model
(r = ax; r being the proper distance from some chosen origin);
and, u = aẋ, as the peculiar velocity of the matter component
(related with the proper velocity, u = ṙ, by u = ȧx + u).

We have observed that perturbations in the dark energy
component, δx, are much smaller than δ (Membrado 2004),
so they will not be treated in this work. To deal with such
perturbations we have used the scalar field representation.
Superhorizon-sized perturbations at early times fulfill δx

δ ∝(
a
a0

)3(γ−1)
for γ > 1 (at early times, γ > 1 models behave as

a cosmological constant with negligible perturbations), and δx

represents about 10% of δ for γ ≤ 1. After reaching a maxi-
mum, δx decreases and takes negative values. In γ < 1 models,
δx shows also a minimum, so | δx | decreases up to the present
(γ < 1 models tend to a cosmological constant at later times).
Our studied models show that δx is negligible at present for
small scale perturbations and is about 1% of δ for large scale
perturbations.

Taking into account the above assumptions, the linearized
equation for the growth of matter perturbations is given by

ρ̄

ρ̄0
a2 ∂

2δ

∂a2
+

[
3
ρ̄

ρ̄0
+

1
2

a
ρ̄0

dρ̄
da

]
a
∂δ

∂a
=

3
2
Ωm0

(
a
a0

)−3

δ, (4)

where Ωm0 = ρ̄m0/ρ̄0. As we are interested in the growing so-
lution, we can consider that δ(x, a) = A(x) δg(a)

δg(a0) , where δg(a)
δg(a0) is

the growing solution of Eq. (4) with value equal to the unity at
present (A(x) can be calculated from the power spectrum of δ).
With respect to the the radial peculiar velocity, v is given by
(for the growing mode in a spherical collapse)

v = −1
3

fgH∆ax. (5)

In this last equation, ∆(x, a) is the average density contrast in-
side x, i.e.,

∆(x, a) =
3
x3

∫ x

0
δ(x′, a)x′2dx′, (6)

and fg being the growth index given by

fg =
a
δg

dδg

da
, (7)

(Eqs. (4) and (5) can be derived from the standard equations
for an ideal fluid with zero pressure; see, for example, Peebles
1980).

It is easy to derive the asymptotic growing solutions of
Eq. (4), which can be used as boundary conditions to integrate
such an equation. For a � aeq, the asymptotic solutions are
given by:

δgγ<1 ∝ 1 +
3
2

a
aeq
− 9

16
Ωx0

Ωm0
(1 +W)

1
1−γ

(
a

aeq

)2

+ . . . ; (8)

δgγ=1 ∝1+
3
2

a
aeq
− 9

4
Ωx0

Ωm0

1 −W
(2 − 3W)2

(
a0

aeq

)3W( a
aeq

)2−3W

+ . . . ; (9)

δgγ>1 ∝ 1 +
3
2

a
aeq
− 9

50
Ωx0

Ωm0
(−W)

1
1−γ

(
a0

aeq

)−3 (
a

aeq

)5

+ . . . ; (10)

where aeq/a0 = Ωr0/Ωm0, Ωr0 = ρ̄r0/ρ̄0, and Ωx0 = ρ̄x0/ρ̄0.
Equations (8)–(10) tell us that when radiation dominates (a �
aeq), the effects of dark energy does not appear neither at zero
nor at first order.

Taking into account that for the Ωm0 = 1 model, δg ∝
1+ 3

2
a

aeq
, and fg = 3

2
a

aeq

[
1 + 3

2
a

aeq

]−1
(see, for example: Mészáros

1974; Groth & Peebles 1975), we show, in Fig. 3, a compari-
son among some models with respect to the density contrast,
δg, and the growth index, fg, at redshitfs smaller than z = 1000
(at these redshifts, the decaying modes of perturbations have
decayed away). It can be seen that, up to z = 1, the models
show noticeable different δg behaviours. With respect to fg the
differences are not too large up to z = 1; from this redshift,
dark energy models differ clearly from the Ωm0 = 1 model,
but it is very difficult to distinguish among γ, W models. At
z = 0, we obtain fg = 0.48 ± 0.04 for Ωm0 = 0.27 ± 0.04.
This is a good agreement with the value obtained by the 2dF
group; they found that f = 0.46 for Ωm0 = 0.27 (Hawkins
et al. 2003). Thus, theoretically, Ωm0 could be discriminated
from observational values of fg(0). However, as the bias pa-
rameter is unknown at present, the only observational restric-
tion is fg ≥ 0.4 (see, for example: Yahil 1985; Lynden-Bell
et al. 1989; Strauss 1989; Yahil et al. 1991; Dekel et al. 1990;
Yahil 1990; Bertschinger 1990; Kaiser et al. 1991). Wang &
Steinhardt (1998), from the linearized equation for the growth
of matter perturbations and for slowly varying equations of
state of dark energy, derived an analytical expression for f (for
a review of the case of a constant equation of state, see, for ex-
ample, Lokas 2001). They showed that f = Ωαm, α depending
on ωx and weakely on Ωm. Our results for fg(z = 0) can be
fitted by fg(z = 0) = Ω0.63+0.06W−0.07Ωm0

m0 (notice that this fitting
function does not depend on γ; this is a consequence of the fact
that for our models ρx(z→ 0) = ρx0[1+ 3(1+W)z+ ...], so the
dependence on γ appears at orders greater than the first one).
Overall it is accurate within 0.4%; with respect to the analyti-
cal expression by Wang & Steinhardt (1998), our expression is
accurate within 0.9%.

A special mention should be made about the product
fg(z) H(z)

H0
, which, for the Ωm0 = 1 model, takes the value

fg
H(z)
H0
= 3

2
a3

0

aeqa2

[
1 + 3

2
a

aeq

]−1
. We have noticed that this product
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Fig. 3. Comparisons of density contrast, δg, and growth index, fg, among some different dark energy models: %δg(z) =

100
[
δgΩm0 ,γ,W

(z)/δgΩm0 ,γ,W
(0)

δgΩm0=1 (z)/δgΩm0=1 (0) − 1
]
; % fg = 100

[
1 − fgΩm0 ,γ,W

fgΩm0=1

]
.

has the main dependence on the value of Ωm0, being very low
the depende on γ an W (see Fig. 4). Lahav et al. (1991) noticed
a similar behaviour when dealing with cosmological constant

models; they named it “fH conspiracy”. The main consequence
of this conspiracy is that, according to Eq. (5), the peculiar ve-
locity dependens on γ and W from the average density contrast.
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4. The spherical infall model

4.1. Motion equation of a collapsing spherical shell

The collapse of spherical shells has been discussed extensively
in the literature. Gunn & Gott (1972) applied it to density and
velocity field around clusters of galaxies, assuming just matter;
Peebles (1984) and Weinberg (1987) studied it in the case of
a flat universe with matter and cosmological constant, while
Lahav et al. (1991) studied it for the three kinds of universes.

We will start our study from the equation of motion of a
collapsing spherical shell of matter in a background of mat-
ter, radiation and dark energy. Assuming that no other mass
shell crosses such a shell, the equation of motion can be de-
rived from r̈ = − dφ

dr (φ is the gravitational potential fulfilling
∇2φ = 4πG

c2

[
ρm + (ρ̄r + ρ̄x) + 3( p̄r + p̄x)

]
), i.e.,

r̈ = −G
r2
M− 4πG

3c2

[
(ρ̄r + ρ̄x) + 3( p̄r + p̄x)

]
r. (11)

In Eq. (11), M is the mass of the shell (it is constant in the
collapse). For a shell which at ti has a radius ri =

a0 xi

1+zi
, M is

given by (it is assumed that linear theory of perturbations can
be applied at ti),

M(ri, ti) =
4π
c2
ρ̄m(ti)

r3
i

3
[1 + ∆(xi, ti)] . (12)

Defining, for any time, the radius of the shell as

r(xi, t) =
A(xi, t)a0xi

1 + zi
, (13)

and taking derivatives with respect to a, Eq. (11) reads as

a2 ρ̄

ρ̄0
A′′ = −aA′

[
ρ̄

ρ̄0
+

1
2

a
ρ̄′

ρ̄0

]
− 1

2A2

ρ̄

ρ̄0
[1 + ∆(xi, ai)]

−A
2

[
ρ̄r + ρ̄x

ρ̄0
+ 3

p̄r + p̄x

ρ̄0

]
· (14)

This equation must be solve with the boundary conditions

A(xi, ai) = 1, (15a)

A′(xi, ai) =
1
ai

[
1 − 1

3
fg(ai)∆(xi, ai)

]
, (15b)

coming from Eqs. (13) and (5).
To evaluate ∆(xi, ai) from Eq. (6), we need to know the pro-

file of the collapsing structure at ai. For a peak with height η
of its maximum (the height of a peak, h(z), can be expressed
in units of the rms fluctuations of the density field σ0(z), i.e.,
h(z) = ησ0(z)), we use the results derived from the work of
Bardeen et al. (1986; hereafter BBKS )

δ(x, z) =
σ0(z)
2π2

∫ ∞

0
k2 Pk(z)

σ2
0(z)

[
η − ξ2η − ξχ

1 − ξ2 − χR2
�k2

3ξ(1 − ξ2)

]

× sin kx
kx

dk; (16)

where

R� =
√

3
σ1

σ2
, ξ =

σ2
1

σ2σ1
, σ2

i (z) =
1

2π2

∫ ∞

0
Pk(z)k2+2idk,

χ =
3(1 − ξ2) + (1.216 − 0.9ξ4) e−ξ/2(ξη/2)2

[3(1 − ξ2 + 0.45 + (ξη/2)2]1/2 + ξη/2
· (17)

For Pk, we could take the cold dark matter power spectrum
(δ(x, z) is expressed as a superposition of modes, δk(z), with
diferent wavenumbers k); however, as there is not a natural cut-
off for hight wavenumber in such a spectrum, we will make use
of a Gaussian filter and will take

Pk = P0 | δg(z)/δg(0) |2 kT 2
k e−(R f k)2

; R f = 3 h−1 Mpc. (18)

In this last equation, k is proportional to the initial spectrum
taken as the Zeldovich spectrum that arises in inflation, and T 2

k
is the transfer function for linear perturbations at late times. T 2

k
is given, for cold dark matter (adiabatic fluctuations), by the
following numerical fitting formulae of BBKS (time indepen-
dent in the range of z’s considered in this study):

T 2
k =

[
ln (1 + 2.34q)/(2.34q)

]2[
1 + 3.89q + (16.1q)2 + (5.46q)3 + (6.71q)4

]1/2
;

q =

(
k

Mpc−1h

)
1
Γ

; Γ = hΩm0 exp
[
−ΩB0

(
1 +
√

2h/Ωm0

)]
(19)

Γwas originally defined by Efstathiou et al. (1992) forΩm0 = 1
and generalized for Ωm0 � 1 by Sugiyama (1995). From a
combination of WMAP data with other finer scale CMB ex-
periments (ACBAR and CBI), 2dFGRS measurements, and
Lya forest data (Spergel et al. 2003), we assume h = 0.71+0.04

−0.03
andΩB0 = ρ̄B0/ρ̄0 = 0.044±0.004. In Eq. (18), P0 can be deter-
mined from the present rms density fluctuations in the sphere
with a radius R = 8 h−1 Mpc, σ8, given by

σ2
8 =

∫ ∞

0
k2

P0kT 2
k

2π2

[
3(sin kR − kR cos kR)

(kR)3

]2

dk. (20)

σ8 can be derived by fitting the theoretically predicted number
density of clusters versus temperature (cumulative temperature
function) to the observed X-ray cluster abundance as a func-
tion of temperature. In Sect. 4.4 we will see that our results
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for σ8 can be fit by σ8 = 0.49Ω0.04W−0.22Ωm0−0.31
m0 ; overall it is

accurate within 0.5%. Using data from COBE and 2dF, Lahav
et al. (2002) obtained the value of σ8 assuming Ωm0 = 0.3 and
W = −1; the value obtained from our parametrization of σ8 is
within the 95% CL of their measurements.

Therefore, fixed a height of a peak, η, chosen a shell, xi,
and calculated ∆(xi, ai), the integration of Eq. (14) can be de-
veloped. We will begin the integration at zi = 1000, which is
a relatively shortly epoch after recombination when the growth
of perturbations is fully given by linear theory and late enough
for the decaying modes of perturbations to have decayed away
and for the velocity field to have reached the amplitud given by
linear theory, irrespective of initial velocities. Ones A(xi, z) is
calculated for the shell enclosing a massM given by Eq. (12),
we can know the radius, r(xi, z), from Eq. (13), the proper ve-
locity, u = dr

dt , from

u(xi, a) = H(a)r(xi, a)a
A′(xi, a)
A(xi, a)

, (21)

and the peculiar velocity, v = u − Hr, from

v(z) = H(z)r(xi, z)

[
a

A′

A
− 1

]
. (22)

For a shell, enclosing a massM, its proper velocity decreases
up to it reaches a value equal to zero at the turn-around radius,
RTA, when t = tTA. From this point, the radius of the shell be-
gins to decrease. The collapse finishes when a virialized struc-
ture with radius RVIR is formed at t = tVIR ≈ 2tTA (clusters
formally collapse to r = 0 according to an unperturbed spheri-
cal solution). As Eq. (14) is not able to study virial processes,
we have studied the evolution of the shell up to the turn-around
point. Then, in order to derive RVIR, we have applied the con-
servation of the energy at RTA and at RVIR. At RTA we have
assumed that the sphere inside the shell is an homogeneus one,
while at RVIR, a singular isothermal sphere is taken (Cole &
Lacey 1996, show that a singular isothermal sphere is a very
good approximation when relating the mass contained within
the virial radius to the velocity dispersion).

4.2. Relation between RTA and RVIR

To estimate RVIR we will impose the conservation of the energy,
E, which will be calculated at RTA and at RVIR. At the turn-
around point, the kinetic energy, K, is zero, so we have only to
calculate the potential energy, i.e., E = Ep(RTA). At RVIR, the
kinetic energy will be calculated imposing the virial theorem
under steady conditions.

It is well known that a δρm(r) changes the potential energy
according with δEp =

1
c2

∫
δρm(r)φ(r)dr, and as δρm(r) mod-

ifies only the gravitational potential due to matter, φm(r), the
potential energy, Ep, is (see, for example, Binney & Tremaine
1994)

Ep =
1

2c2

∫
ρm(r)φm(r)dr +

1
c2

∫
ρm(r)

[
φ(r) − φm(r)

]
dr. (23)

Thus, assuming a matter sphere of massM and radius R, with
constant density, for which φm(r) = − 3

2
GM

R + 1
2

Gm(r)
r , and

φ(r)− φm(r) = 2πG
3c2

[
(ρ̄r + ρ̄x) + 3( p̄r + p̄x)

]
r2, the potential en-

ergy reads as

Ep(R) = −3GM2

5R

[
1 − 2πR3

3Mc2
ζ

]
, (24)

with

ζ =
[
(ρ̄r + ρ̄x) + 3( p̄r + p̄x)

]
, (25)

and therefore, at a = aTA,

E = −3GM2

5RTA

1 − 2πR3
TA

3Mc2
ζTA

 . (26)

For the virialized structure, we take a singular isothermal
sphere. In this case, to calculate the potential energy due to
matter is better to use the trace of the potential energy tensor of
Chandrasekhar (see, for example, Binney & Tremaine 1994).
Thus,

Ep = − 1
c2

∫
ρm(r)r · ∇φm(r)dr

+
1
c2

∫
ρm(r)

[
φ(r) − φm(r)

]
dr. (27)

Assuming ρm ∝ 1/r2, and taking dφm(r)
dr = G

r2M (see Eq. (11)),
it is then derived that

Ep(RVIR) = −GM2

RVIR

1 − 2πR3
VIR

9Mc2
ζVIR

 . (28)

The Virial Theorem for the virialized structure can be derived
from the Jeans equations (see for example, Binney & Tremaine

1994). For our case, this theorem reads as
∫ RVIR

0
r3 dρmσ

2
los

dr dr +∫ RVIR

0
r3ρm

dφ
dr dr = 0, where σ2

los =
〈V2

VIR〉
3 , σlos and 〈V2

VIR〉 be-
ing the line-of-sight velocity dispersion and the mean square
velocity of particles in the cluster. Thus,

σ2
los =

GM2

2RVIR

1 + 4πR3
VIR

9Mc2
ζVIR

 (29)

(it should be noticed that a surface term appears in the inte-
gration of the first term of the Virial Theorem). The Kinetic
energy is then calculated from the trace of the kinetic energy
tensor, i.e., K = 3

2σ
2
losM, so

K =
3GM2

4RVIR

1 + 4πR3
VIR

9Mc2
ζVIR

 . (30)

Therefore, at a = aVIR,

E = −GM2

4RVIR

1 − 20πR3
VIR

9Mc2
ζVIR

 . (31)

Finally, defining ρcTA =
3Mc2

4πR3
TA
=
ρ̄m(ai)[1+∆(xi ,ai)]

A3(xi ,aTR) , and imposing

the conservation of the energy, it is derived that

1 =
6
5

(
2 − ζTA

ρcTA

) (
RVIR

RTA

)
+

5
3
ζVIR

ρcTA

(
RVIR

RTA

)3

· (32)

Other authors, as Lahav et al. (1991), Wang & Steinhardt
(1998) and Battye & Weller (2003), derived similar expressions
to Eq. (32), but assuming constant density for the virial struc-
ture. When assuming constant density, the potential energy, Ep,
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is given by Eq. (24), and the kinetic energy from the virial the-

orem 2K + Ep = 0. Thus, E = − 3GM2

10RVIR

[
1 − 8πR3

VIR

3Mc2 ζVIR

]
, and

imposing the conservation of the energy, 1 =
(
2 − ζTA

ρcTA

) (
RVIR
RTA

)
+

2 ζVIR

ρcTA

(
RVIR
RTA

)3
. When cosmological constant is consider (ρ̄x =

−p̄x), and radiation contribution is neglected, the result by
Lahav et al. (1991) is reproduced. By assuming RVIR

RTA
≈ 1

2 + ε,
with ε � 1, and p̄x = Wρ̄x, the results by Wang & Steinhardt
(1998) and Battye & Weller (2003) are reproduced. However,
when assuming constant density for the virialized cluster, σ2

los
changes to about 40% our proposed value; so, the results by
Lahav et al. (1991), Wang & Steinhardt (1998) and Battye &
Weller (2003) are not useful for our purpose.

In Fig. 5, we show virial angular radii, θVIR, for σlos = 750
and 1000 spherical clusters at redshifts from z = 0.01 until
z = 0.1, under several cosmologies. We notice that the greater
the Ωm0 and the γ are, the smaller the θVIR is. We also see that
θVIR(γ < 1) is close to θVIR(W = −1); this is due to the be-
haviour of the dark energy density for γ < 1 models at small
redshifts.

4.3. Mass-temperature relation

As observations directly determine the X-ray tempeture of the
cluster gas instead of the mass of the cluster, it is interesting to
derive the mass-temperature relation. This one can be obtained
from the virial theorem.

The observed temperature of the gas is

KBT =
µmp

β
σ2

los; (33)

where KB is the Boltzmann constant; µ the mean molecular
weigth (0.59); and mp, the mass of the proton. Thus, taking
σ2

los from Eq. (29),(KBT
keV

)
= 22.445µ fT

( M
1015M�/h

) (
RVIR

Mpc/h

)−1

×
1 + 3.8767 × 10−4

(
RVIR

Mpc/h

)3 ( M
1015M�/h

)−1
ζVIR

ρ̄0

 , (34)

where fT ∝ 1/β, would be the ratio of the actual temperature of
the cluster compared to that obtained from our model. We de-
termine fT from the extensive simulation results by Pen (1998).
We take fT = 0.89±0.03. This value represents a rough estima-
tion of fT ; in fact we are comparing actual temperature to that
derived by Pen, and the temperature from our model to that
from the perfect isothermal sphere model (Eke et al. 1996). We
should also say that the value of fT taken for us, coincides with
the value proposed by Pen for the model by Bryan & Norman
(1998).

Finally, defining ∆c =
3Mc2

4πR3
VIRρ̄m

, the mass-temperature rela-

tion can be expressed as( M
1015M�/h

)
=

(
KBT

2.36µ fT keV

)3/2 [
Ωm0(1 + zVIR)3∆c

]−1/2

×
[
1 +

ζVIR/ρ̄0

3∆cΩm0(1 + zVIR)3

]−3/2

· (35)

4.4. Cumulative temperature function and σ8

The temperature function, dn(T,z)
dT , is obtained from the number

density of virialized objects per unit mass interval per comov-
ing volume, dn(M,z)

dM (mass function), by dn(T,z)
dT =

dn(M,z)
dM

dM
dT .

From the mass-temperature relation, calculated in the previ-
ous subsection, and from the Press-Schechter theory (Press &
Schechter 1974),

dn(M, z)
dM = −

√
2
π

ρ̄m

3M
δc

σ

d lnσ
d ln R

exp

[
− δ

2
c

2σ2

]
, (36)

the integration of dn(T, z)
dT on T leads to the cumulative tem-

perature function. In Eq. (36), R =
(

3Mc2

4πρ̄m

)1/3
; σ2 =∫ ∞

0
k2 P0kT 2

k
2π2

[
3(sin kR−kR cos kR)

(kR)3

]2
dk is the rms density fluctua-

tions in tophat spheres on the comoving scale R; and, δc is
the linearly extrapolated overdensity that the fluctuation would
have at the time of formation of the bound object. We have
observed that the greater the Ωm0 and zVIR are, the greater
the δc is. With respect to W and γ, we have seen that for the
same γ, the greater the |W | is, the greater the δc(γ ≤ 1) and
δc(γ > 1, z > 0.1) are; and, for the same |W |, the greater the γ
is, the greater the δc is. In any case the variations of δc are small.
As examples, for Ωm0 = 0.27, W = −0.6 and γ = 0.5, 1 and
2: δc = 1.642, 1.676 and 1.682 at z = 0.01; δc = 1.651, 1.686
and 1.688 at z = 1. For Ωm0 = 0.27 and W = −1: δc = 1.679
and 1.689 at z = 0.01 and 1. For Ωm0 = 1, δc = 1.690.

To derive σ8, we have fit the theoretically predicted cumu-
lative temperature function at z = 0 to that observed from the
corrected Henry & Arnaud data (1991). Our results can be fit-
ted by

σ8 = 0.49Ω0.04W−0.22Ωm0−0.31
m0 . (37)

This fitting function is very accurate in the range of our study
(Ωm0 ∈ [0.23, 0.31], together with Ωm0 = 1); overall it is ac-
curate within 0.5%. It should be noticed that, for the same Ωm0

and W, the dependence of σ8 on γ is smaller than 0.1% in the
range [γ = 0.25, γ = 2.5]; this result indicates again that, at
z = 0, the magnitudes derived from our models show a small
dependence on γ (it is a consequence of the fact that ρx(z→ 0)
does not depend on γ neither at zero nor at first order in z).

5. Numerical results and discussion

In this section, we present the results of this work with the aim
of finding out if it is possible to discriminate dark energy mod-
els by comparing some magnitudes of collapsing regions (i.e.
no virializad regions) of spherical clusters. We will dedicate
special attention to shell velocities, from which, it is possible
to derive observable redshifts. We have prefered to compare
spherical cluster with the same σlos due to the fact that ve-
locity dispersions of clusters can be derived from observations
(masses are only derived from observations when a ratio mass-
luminosity is assumed). We will assume that σlos is given by
Eq. (29).

In Figs. 6–8, we present results for collapsing regions of
several spherical clusters, at z = 1, 0.1 and 0.025, under dif-
ferent Ωm0, γ,W cosmologies. In these figures, the abscissa
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Fig. 5. Virial angular radii, θVIR, for σlos = 750 and 1000 km s−1 spherical clusters, virialized at different redshifts, z. Several cosmological
models have been considered (narrow lines correspond to Ωm0 = 0.31 cosmologies; wide lines to Ωm0 = 0.23).

axis represents the amounts θ = arctan
(
r(1 + z)

[
c
∫ z

0
dz

H(z)

]−1
)
,

which can approximately be taken as the angular distance.

In Fig. 6, we deal with the Ωm0 = 1 model and with
Ωm0 = 0.31 and 0.23 cosmological constant models. In this

figure, modules of peculiar and proper velocities (|v| and |u|)
are shown for regions collapsing towards σlos = 750 and
1000 km s−1 virialized spherical clusters (turn-around points
are outstanding). From this figure, it can be seen that at z = 0.1
and z = 0.025, the greater the Ωm0 is, the smaller the |v| is.
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Fig. 6. Module of peculiar velocities |v| (narrow lines) and module of proper velocities |u| (wide lines) of shells collapsing towards the virialized
region of σlos = 750 km s−1 and 1000 km s−1 spherical clusters; several cosmological constant models have been considered.

To achieve a better appreciation of the differences among
models, we present, in the left (right) panels of Figs. 7 and 8,

the module of the difference between peculiar (proper) veloc-
ities of different Ωm0, γ,W models and the Ωm0 = 1 model,
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Fig. 7. Left panels: difference between peculiar velocities, ∆v = vΩm0 ,γ,W − vΩm0=1, of shells collapsing towards σlos = 750 km s−1 spherical
clusters virialized at different redshifts. SeveralΩm0, γ,W cosmological background models have been taken into account; wide lines correspond
to Ωm0 = 0.23 and narrow lines to Ωm0 = 0.31. Right panels: the same as in left panels for proper velocities, i.e., ∆u = uΩm0 ,γ,W − uΩm0=1.
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Fig. 8. The same as Fig. 7 for shells collapsing towards σlos = 1000 km s−1 spherical clusters virialized at different redshifts.

|∆v| (|∆u|) (Fig. 6 can be used to derive v and u). It can be seen
in these figures that at the neighbourhood of the turn-around
point of each model, there is a minimum or a maximum, |∆v|TA

(|∆u|TA). We will consider these values to make a comparison
among models. Thus, we can say that, at z = 1, the γ ≥ 1

models are closer than the γ < 1 ones to cosmological constant
models; this is a consequence of the behaviour of the dark en-
ergy densities of γ < 1 models at z � 1 (they behave as matter
does). However, at z = 0.1 and 0.025, the γ < 1 models are
the closest ones to cosmological constant models. This means
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that at z < 1, it begins to affect the other asymptotic behaviours
of our dark energy densities (γ > 1 models tend to behave as
matter does and γ < 1 models as cosmological constant does).
We note that the larger the σlos is, the greater |∆v|TA and |∆u|TA

are: they are smaller than 45 km s−1 for σlos = 750 km s−1 (ex-
cept for peculiar velocities at z = 1), and take values from 60
up to 150 km s−1 for σlos = 1000 km s−1 (we have also seen
that for σlos = 1500 km s−1 and for some of the studied mod-
els they reach up to 400 km s−1). As a consequence, the dif-
ferences between peculiar (proper) velocities of the two con-
sidered cosmological constant models grow with σlos; in fact,
for σlos = 750 km s−1, they are about 15−20 km s−1 and
30−35 km s−1 for σlos = 1000 km s−1 (for σlos = 1500 km s−1,
they are greater than 60 km s−1, reaching 120 km s−1 at z = 1).
According to our results, the two studied cosmological constant
models could be discriminated for σlos ≥ 1000 km s−1. Finally,
we can say that |∆v| and |∆u| do not show a great difference
from z = 0.1; so, it would be more useful to deal with small
redshifts in order to compare with observations.

It should also be said that all the above differences increase
as Ωm0 is taken smaller; as examples, for Ωm0 = 0.1 (Ωm0 =

0.05) and σlos = 1000 km s−1, |∆v|TA and |∆u|TA take values
greater than 150 km s−1 (200 km s−1), and some models even
reach values greater than 300 km s−1 (400 km s−1) (|∆u|TA for
the cosmological constant model at z = 1).

As redshifts of galaxies in clusters, and angular separations
among cluster centres and galaxy positions are observables, we
have thought that it would be very interesting to have a look
to the effects of different cosmolocial backgrounds on caus-
tics. When dealing with clusters of galaxies, the position of
the cluster centre at redshift z is given by R(z) = R0

1+z , with

R0 = c
∫ z

0
dz′

H(z′) . According to our study, if the localization of a
galaxy in the cluster is r(z), then, the galaxy is in a shell whose
radius and peculiar velocity are given by Eqs. (13) and (22),
respectively. In the redshift space, the position of the galaxy is
fixed by its redshift zg and the angle φ from the direction of the
cluster centre. For z� 1 it is easy to show that

czg = H0R0 cosφ ± (H0r − | v |)
√

1 −
(R0

r

)2

sin2 φ. (38)

The caustics are, then, found in the redshift space at the
points (zgc , φc) where the density of galaxies is infinity, i.e.,
where (see, for example, Regös & Geller 1989),

cos2 φc =

1 − r
u

du
dr

[
1 −

(
r
R

)2
]

1 − r
u

du
dr

· (39)

Because of the observability of caustics is greater at small red-
shifts, and as the diference between peculiar (proper) velocities
of Ωm0 = 1 and Ωm0, γ,W models is similar from z = 0.1, we
have chosen z = 0.025 spherical clusters to study their caustics.

In order to see the dependence on σlos, we have studied
spherical clusters with three different velocity dispersions of
the virialized structures: σlos = 750, 1000, 1500 km s−1. In the
right panels of Fig. 9, we present caustics, czc(φ), for theΩm0 =

1 model and for the cosmological constant modelsΩm0 = 0.23
and Ωm0 = 0.31. Again, to achieve a better appreciation of

the differences among models, we show, in the lefts panels of
Fig. 9, the diferences between upper branches of caustics of
several Ωm0, γ, W models and the Ωm0 = 1 model, ∆czc(φ).

We notice that ∆czc(φ) grows as σlos is taken greater. We
also observe that models, whose behaviour results similar or
equal to that of the cosmological constant model (i.e., W = −1
and γ < 1 models), show a value of ∆czc greater than those
of the rest of models (γ ≥ 1). According with our results,
∆czc could reach values greater than the observational errors
of meassurement. This would mean that, from observations of
caustics of z = 0.025 spherical clusters, it could be possible
distinguish Ωm0 = 0.23 ... 0.31 dark energy models from the
Ωm0 = 1 model; however, it would be more difficult to discrim-
inate among dark energy models. We think that only if cosmo-
logical constant models were the only valid models, the deter-
mination ofΩm0 could be possible from caustic observations of
σlos ≥ 1000 km s−1 spherical clusters (caustics of Ωm0 = 0.23
and Ωm0 = 0.31 differ in more than 30 km s−1; if Ωm0 is taken
smaller, such differences increase (they reach up to 85 km s−1

and 120 km s−1 for Ωm0 = 1 and 0.05, respectivelly).

6. Conclusions

1. The aim of this work has been to find out if it is possible
to discriminate dark energy models from shell velocities
derived from the study of the spherical collapse of matter
perturbations.

2. Instead of doing a hard work studying a great number of
models, for the sake of simplicity, we have chosen a sim-

ple dark energy model (ωx =
px

ρx
= W

(
ρx

ρx0

)γ−1
). This model

show a great number of behaviours of the kind ω-slowly
and strongly varying and ω-constant, with just two param-
eters. To estimate model parameters we have use WMAP
and other data.

3. From proper and peculiar velocities of collapsing shells, we
have seen that, at z = 1, the γ ≥ 1 models are more sim-
ilar than the γ < 1 ones to cosmological constant models.
However, at z ≤ 0.1, γ < 1 models are the nearest to a cos-
mological constant. The reason is found in the asymptotic
behaviour of our dark energy densities.

4. We have noticed, from shell velocities, that the difference
between our dark energy models and the Ωm0 = 1 model
grows as the line-of-sight velocity dispersion, σlos, of the
virialized structure is greater. We can say that our mod-
els are clearly differenced from Ωm0 = 1; in fact, for
σlos ≥ 1000 km s−1 they show modules of proper and pecu-
liar velocities which are 60 km s−1 greater than those of the
Ωm0 = 1 model (more than 100 km s−1 for the cosmological
constant models Ωm0 = 0.31 and Ωm0 = 0.23).

5. According to shell velocities, the differences among our
dark energy models are not so large. Moreover, sim-
ilar velocity profiles could be reproduced with differ-
ent Ωm0, γ,W models. In any case, for σlos ≥ 1000 km s−1,
proper and peculiar velocities of the two studied cosmolog-
ical constant models differ in more than 30 km s−1.

6. As our results do not show a great difference from z = 0.1,
it seems to be more useful to deal with nearby clusters to
compare with observations.
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Fig. 9. Caustics of several z = 0.025 spherical clusters. Left panels: ∆czc(φ) = czcΩm0 ,γ,W
(φ) − czcΩm0=1 (φ) for the upper branch of spherical

cluster caustics under several cosmological backgrounds; wide lines correspond toΩm0 = 0.23, while narrow ones to Ωm0 = 0.31. Right panels:
caustics czc(φ) for some cosmological constant models.

7. Our study of caustics in theoretical z = 0.025 spherical
clusters confirms the above conclusions. Thus, we think

that from observations of caustics of nearby spherical clus-
ters, it would be possible to discriminate cosmological
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constant models from the Ωm0 = 1 model, being more dif-
ficult to distinguish among dark energy models.

8. In the next future a number of surveys (2dF, 6dF, SDSS,
SKA, ...) will provide us information about the large scale
structure of the universe. They will give us information
about the redshift of millions of nearby and distant objects
which will be useful for the restrictions of the cosmologi-
cal parameters. In particular, they will give us information
of distant clusters and they will be useful for discriminating
about the existence or not of the cosmological constant as
was pointed in previous sections of the present work.
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