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Abstract. The average energy loss due to bremsstrahlung emission of electrons passing through a plasma is calculated. In
particular, the contribution of electron-electron bremsstrahlung is specified. The bremsstrahlung losses are compared with the
energy loss by collisions with ambient electrons. Above electron energies of 510 MeV the energy loss due to bremsstrahlung
predominates.
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1. Introduction

Electrons passing through a plasma lose energy by collisions
with ambient particles and by emission of bremsstrahlung.
Whereas in most cases the energy loss of electrons is almost
entirely due to collisions, the emission of bremsstrahlung pho-
tons with energies of the order of magnitude of the electron
kinetic energy will be predominant at very high electron en-
ergies, as was already pointed out by Heitler (1954). The
emitted radiation is composed of electron-nucleus (e-n) and
of electron-electron (e-e) bremsstrahlung. The calculation of
the energy loss by e-n bremsstrahlung causes no difficulties
since astrophysical plasmas are composed mainly of hydro-
gen and helium with minor admixtures of heavier elements.
Therefore the relativistic cross section derived by Bethe &
Heitler (1934) in Born approximation is sufficient. In addi-
tion there exist accurate approximations to this cross section
(Haug 1997). On the other hand, the evaluation of the e-e en-
ergy loss is complicated by the lengthy formulae for the cross
section (Haug 1998). It has been performed in a rough ap-
proximation by substituting the factor Z(Z + 1) for the fac-
tor Z2 in the e-n bremsstrahlung cross section, where Z is
the atomic number of the target nucleus. Moreover, the ex-
treme relativistic approximation of the bremsstrahlung cross
section is used (Blumenthal & Gould 1970). The relative er-
ror of this procedure is rather high, ≈28% at electron en-
ergy E = 100 keV, and still ≈10% at E = 3.5 MeV. The aim
of the present note is to provide simple formulae which lead to
accurate values of the energy loss due to bremsstrahlung. The

plasma is assumed to be sufficiently thin and hot so that the
weak shielding and complete ionization approximations can
be applied.

2. Bremsstrahlung energy loss rate

The average energy loss per unit time by bremsstrahlung
emission of an electron of kinetic energy E = (ε − 1)mc2 in a
plasma is given by

dE
dt
= −Nmc2v

∫ ε−1

0
k

dσ
dk

dk, (1)

where N denotes the number density of the target par-
ticles, v the electron velocity, mc2 the electron rest en-
ergy, k = hν/mc2 the photon energy in units of mc2, and dσ/dk
the bremsstrahlung cross section. The electron velocity v can
be expressed by the dimensionless energy ε and the momen-
tum p =

√
ε2 − 1, v = (p/ε)c. For e-n bremsstrahlung in a

plasma with number density NZ of nuclei with atomic num-
bers Z, the cross section in Born approximation is proportional
to the sum

S =
∑

Z

Z2NZ = NH

{
1 +

∑
Z≥2

(NZ/NH)Z2
}
. (2)

NH is the number density of hydrogen and NZ/NH the abun-
dance relative to hydrogen of the elements with Z ≥ 2.
Using the cross section in Born approximation the integral
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in (1) can be carried out analytically (Heitler 1954). The non-
relativistic and extreme relativistic limits of this expression
have the form∫ ε−1

0
k

dσ
dk

dk ≈ 16
3
αr2

0Z2
(
1 +

p2

3
+

89
1800

p4 − 85
1764

p6
)
,

p2 � 1, (3)

and∫ ε−1

0
k

dσ
dk

dk ≈ 4αr2
0Z2ε

{
ln(2ε) − 1

3

}
, ε � 1 , (4)

respectively, where α ≈ 1/137 is the fine-structure constant
and r0 the classical electron radius. An accurate approximation,
which is valid for the whole energy range, can be derived from
these limits, thus avoiding the calculation of the dilogarithm
occurring in the exact formula. It has the form
∫ ε−1

0
k

dσ
dk

dk ≈ 8αr2
0Z2 ε3

ε2 + p2

{
ε

p
ln(ε + p) − 1

3

+
p2

ε6

(2
9
ε2 − 19

675
εp2 − 0.06p4/ε

)}
. (5)

Expanding the right-hand side of Eq. (5) into powers of p2, it
agrees with Eq. (3), and for ε � 1 the leading terms of Eq. (5)
are equal to the high-energy approximation (4) of Heitler’s for-
mula. The relative error of Eq. (5) is less than 0.54% through-
out and less than 0.1% for electron energies E < 370 keV and
E > 5.8 MeV. At low energies E one has to bear in mind that
the true bremsstrahlung energy losses are somewhat higher due
to the Coulomb correction of the cross section. In this region,
however, the collision losses are dominating (see below) so that
this does not matter.

For e-e bremsstrahlung the integral over k occurring in
Eq. (1) has to be calculated numerically. Here the upper inte-
gration limit is kmax = (ε − 1)/(ε − p+ 1). Using the differential
cross section including the Coulomb correction factor (Haug
1975) the cross section

Φee
rad =

1
ε − 1

∫ kmax

0
k

dσ
dk

dk (6)

has been calculated. The resulting values were fitted to the fol-
lowing analytical expressions:

Φee
rad ≈ αr2

0
ε + 1
ε

(
0.6664 + 43.935p− 2.272p2 − 3.055p3

)
×
(
1 − e2παε/p

)
, E ≤ 100 keV,

Φee
rad ≈ αr2

0
ε + 1
ε

(
0.5754+ 1.4492ε − 0.0665ε2

)
,

100 keV ≤ E ≤ 1 MeV,

Φee
rad ≈ αr2

0(ε + 1)
4.181ε ln(ε + p) − 2.676ε − 2.256

ε2 + 1.022ε − 3.871
,

1 MeV ≤ E ≤ 500 MeV. (7)

For E > 500 MeV the formula

Φee
rad ≈ 4αr2

0

{
ln(2ε) − 1

3

}
(8)
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Fig. 1. Energy loss rate of electrons with kinetic energy E due to
bremsstrahlung according to Eq. (9) (H) and according to the approxi-
mation of Blumenthal and Gould (BG), compared with the energy loss
rate by e-e collisions (coll. loss) in a completely ionized plasma with
hydrogen number density NH = 1 cm−3 and ratio NHe/NH = 0.1.

can be applied which follows from the cross section for ultra-
relativistic electrons (Baı̆er et al. 1967).

Assuming a completely ionized plasma the electron num-
ber density is given by Ne =

∑
Z ZNZ . Together, the energy loss

due to emission of e-n and e-e bremsstrahlung takes the form

−dE
dt
= αr2

0mc3S
8ε2

ε2 + p2

{
ε ln(ε + p) − p

3
+

p3

ε6

(2
9
ε2 − 19

675
εp2

−0.06p4/ε
)}
+


∑

Z

ZNZ

 mc3(p/ε)(ε − 1)Φee
rad(ε). (9)

The contribution of e-e bremsstrahlung increases rapidly with
increasing electron energy E. For E > 100 keV the contribution
exceeds 10% of the total bremsstrahlung losses, and for E >
1 MeV its share is more than one third.

It is interesting to compare the radiative energy loss with
the loss by collisions which dominate at lower energies.
Considering a completely ionized plasma, where no ionization
losses occur, the latter is given by losses in electron-electron
collisions,

dE
dt
= −4πr2

0mc3Ne(ε/p) lnΛee. (10)

The Coulomb logarithm for v/c = p/ε � α was given by
Gould (1974),

lnΛee ≈ ln
( mv2

23/2�ωp

)
+

1
2
= ln


p2c2

ε2�

(
ε0m3

8e2Ne

)1/2
 +

1
2

≈ 36.62 + 2 ln(p/ε) − 1
2

ln Ne, (11)

where ωp is the plasma frequency, e the electron charge, and ε0
the permittivity of vacuum. In the last line of Eq. (11) the elec-
tron number density Ne has to be given in units of cm−3. At rel-
ativistic energies, where p/ε ≈ 1, the energy loss rate Eq. (11)
is virtually constant.
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Figure 1 shows in a doubly logarithmic scale the brems-
strahlung energy loss rate according to Eq. (9) and the ap-
proximation of Blumenthal & Gould (1970), compared with
the energy loss rate by electron-electron collisions. As was to
be expected, the approximation is poor at low electron ener-
gies E. But even in the MeV energy range there are consider-
able differences between the accurate calculation (Eq. (9)) and
the approximation. Only at high energies E > 80 MeV the two
curves converge. At nonrelativistic and mildly relativistic ener-
gies the loss rate by collisions exceeds the bremsstrahlung loss
rate by several orders of magnitude. The bremsstrahlung loss
rate dominates only at E > 512 MeV. Here the approximation
of Blumenthal & Gould (1970) is accurate.
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