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Abstract. The quasilinear calculation of perpendicular diffusion of cosmic ray particles for weak dynamical magnetic turbu-
lence of arbitrary geometry is presented. Starting from the equations of motion, a detailed point-by-point derivation of quasi-
linear Fokker-Planck coefficients is given. It is shown that, to have diffusive behaviour of the Fokker-Planck coefficients, the
existence of a finite correlation time of the magnetic fluctuations is essential. From the perpendicular Fokker-Planck coefficient
D, the perpendicular spatial diffusion coefficient x, and the associated perpendicular mean free path 1, are calculated for the
damping model of dynamical magnetic turbulence and three different turbulence geometries: slab, 2D and composite turbu-
lence. Explicit analytical expressions for the perpendicular transport parameters of electrons and protons are given for realistic
heliospheric plasma parameters. By comparing with our previous determination of the parallel transport parameters, the varia-
tion of the ratio of mean free paths 1, /4, with particle rigidity for the three turbulence models is investigated. The comparison
of these predictions with future accurate experimental determinations of the ratio of mean free paths will allow conclusions on

the nature of interplanetary magnetic turbulence.
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1. Introduction

The knowledge of transport parameters of energetic charged
particles in turbulent magnetized cosmic plasmas is a key prob-
lem of cosmic ray astrophysics and space physics. Of particular
interest is the diffusion tensor for particle transport parallel and
perpendicular to the ordered magnetic field which controls e.g.
the penetration and modulation of low-energy cosmic rays in
the heliosphere, the confinement and escape of galactic cosmic
rays from the Galaxy, and the efficiency of diffusive shock ac-
celeration mechanisms. Although the perpendicular diffusion
coefficient plays an essential role in these studies, a rigorous
theoretical treatment in the quasilinear limit of weak turbulence
and for dynamical magnetic turbulence currently is not avail-
able in the literature. Available numerical studies (Michalek &
Ostrowski 1998; Giacalone & Jokipii 1999; Mace et al. 2000;
Michalek 2001) are restricted to magnetostatic turbulence.

It is the purpose of the present paper to provide the quasi-
linear calculation of perpendicular diffusion for weak dy-

namical magnetic turbulence of arbitrary geometry. Recently
(Shalchi & Schlickeiser 2003 — hereafter referred to SS03) we
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* Appendices A-C are only available in electronic form at
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calculated the parallel mean free path of cosmic ray par-
ticles in the composite model and the damping model
of dynamical magnetic turbulence (Bieber et al. 1994)
using the quasilinear theory (QLT) of particle transport.
Here, with the same quasilinear approximation we calcu-
late the relevant Fokker-Planck coefficients and transport
parameters for perpendicular diffusion. In Sect. 2 we de-
rive and discuss general expressions for the both Fokker-
Planck coefficients Dxx and Dyy, which control the per-
pendicular cosmic ray transport. In Sect. 3 we calculate
the Fokker-Planck coefficients for three different turbulence
geometries: pure slab-, pure 2D- and composite geometry.
With these results it is possible to calculate the spatial diffu-
sion coefficient and the mean free path for perpendicular diffu-
sion (Sect. 4). In Sect. 5 we use the general results of Sect. 4
to calculate the perpendicular diffusion coefficient and the per-
pendicular mean free path for specific heliospheric plasma pa-
rameters. Moreover, we calculate the ratio 4, /4 and compare
it with observations.

2. Quasilinear particle diffusion
2.1. Equations of motion

The starting point for the derivation of the quasilinear per-
pendicular spatial diffusion coefficient x, are the random
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parts of the Lorentz force for the coordinates X and Y of
the guiding center (see Schlickeiser 2002 — Egs. (S-12.1.9d)
and (S-12.1.9e)). For purely magnetic fluctuations these read

v =X = vl - p2eos s Bl o B 5B r By, (1)
Bo \/ZBO

gy =¥ = —o\J1 -2 mn¢ 0 (5By-sBy. ()
\/_0

In these both equations we used the pitch-angle cosine y, the
particle speed v, the gyrophase ¢, the magnetic background
field By and the turbulent fields in helical coordinates 6By
and 0B;. These random force terms determine the correspond-
ing Fokker-Planck coefficients (see Hall & Sturrock 1968)

AX)?
Dxx = }l)rtl;lo <( 21) >’
AY)?
Dyy = tllglo <( 2t) > 3)

which have to be calculated from the ensemble-averaged first-
order corrections to the particle orbits in the weakly turbulent
magnetic field. In this section, we go through this derivation
point by point. We explicitly calculate the Fokker-Planck coef-
ficient Dxy; the coefficient Dyy is calculated in analogous way:
we will give the final result but leave the details as exercise to
the interested reader.

The perpendicular spatial diffusion coefficient «;, and the
corresponding perpendicular mean free path A, are given by
the p-average (see Schlickeiser 2002)

U/].J_

KL = T = Kxx t Kyy

1 +1
=§f du [Dxx(1) + Dyy()]

1

1 +1
= _f du Dy ().

3, “)

2.2. Step 1: Quasilinear approximation

The quasilinear approximation is achieved by replacing in the
Fourier transform of the fluctuating magnetic field

SB(x(1), 1) f " Sb(k, 1) exp(ik - x(1))

00

)

1

f " o Sb(k, 1) exp (tk - x°(1))

oo

the true particle orbit x(f) by the unperturbed orbit x°(¢),
resulting in

&) = go — Q1 (6)
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and (see Eq. (S-12.2.3a))

6BLr| ~ Z f &Pk by gy (k, ) J(W)

n=—00

Xeln(lﬁ—¢0)+l(k”liu -H'lQ)H—lk-JCO

@)

respectively, where xo = (xo, Yo, 20) denotes the initial (+ = 0)
position of the cosmic ray particle. In the last both equa-
tions we used the gyrofrequency Q and the parameter W =
v/Q - ki /1 — 2. For the wavevector k we used cylindrical
coordinates:

ky =k,

ke = JR2+ K2

Y = arccot(k,/ky). (8)

With these approximations the equation of motion (1) becomes

dx \/1 -
5= Z cos(¢o — Q1) f &k 6by(k, 1)
X Jn(W)etk-xgﬂn(w—qb{))ﬂﬁnt
\/‘ Z f Pk [6br(k, 1) + obr(k, 1)]
X Jn(W)elk-x0+m(lﬁ—¢0)+lﬁnt (9)
where
B = k||U|| + nQ. (10)

2.3. Step 2: Formal integration of equation of motion
and square of displacement

If we integrate Eq. (9) over time we obtain with the initial con-
dition X(¢ = 0) = X for the displacement AX = X(¢) — Xo:

‘1_ Zfdtcos(fﬁo—flt)

n=-—o0o

AX(1) =

X f a3k 6by (k, 1) J,(W)etk~xo+bat

% eiﬂ(l//—flﬁo)—im(lﬂ’ ~¢o)

dr
\/—Bo n=—oo f

X f &k [6bg (k,7) + 6by (k,1)]

% Jn(W)elk'xoﬂ,an’ einW—go)=imy’'~¢o) (11)
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Upon multiplying Eq. (11) with its complex conjugate we find
for the square of the displacement

— Z Z { z)fotdz’foldz”f&kfd%’

0 n=—00 M=—00
xe!"W=00)=tmlV'=00) cog (o — Q') cos (¢o — Q)

(AX)? =

X5b|| (k l)5b (k/ l”)] W)dm (W)

Xez(k—k')-x0+z(ﬁ,, t'—But")

,le 13 !
+= f dr f de”’ f d*k f &K
2 Jo 0

we!MW=o)=umy’ ~go)
% (5bg (k. 1) + by, (k, 1)) (b5 (K', 1) + 6b7, (K, 7))

XJn(W)Jm(W/)el(k—k')-x0+l(ﬂ,lt'—ﬁmt")

1-.2 t
NI TR f dar f dr’ f Pk f &K
V2 0 0

XGiﬂ(lﬂ—tﬁo)—im(l//'—t/Jo) cos (¢0 _ Ql,)
xdby (k, 1) [6by (K ,1") + 6b; (K, 1))

XIn(W)dy (W) &P Bt

1-.2 t
_ENT TR f dar f dr”’ f &k f B
V2 0 0

Xelﬂ(¢—¢0)—lﬂl(l//'—¢o) cos (¢0 _ Ql‘")

X [bg (k.7') + 6by, (k, )] 6b] (K',£") (W) (W)

Xet(k—k’)'xo+l(ﬂut’—l3ﬂ’/)}' (12)

2.4. Step 3: Homogeneous turbulence

Now we use that the turbulence fields are homogenously dis-
tributed, and average Eq. (12) over the initial spatial position of
the cosmic ray particles using

1

+00
G | et g (k- k)
)" J-o

13)

implying that turbulence fields at different wavevectors are
uncorrelated. The respective average of Eq. (12) with

(8 (k, 1) 6D, (K, ")) = 6 (k — k') Py (ko —17) (14)
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then yields after performing the k’-integration

OHZM_ZW{ — 1) fo v fo "4 f &k

x =m0 oo (¢o - Q)
x cos (g — Q") Py (k. 1" ~17)
XJn(W)Jm(W)el(ﬁn"—ﬁml”)

2 t t
£ f dr f dr” f P gm0
2 Jo 0

X [PRR (k’ t' — t") + PRL (k, t, _ t”)
+ PLR (k’ t/ — t”) + PLL (k, t/ _ [//)]
Xy (W) (W)t Pt

1_ 2 ! !

_ENC TR f dar f ar” f &k
\/Z 0 0

xe' "MW cos (¢ — QF')

X[Pr (k1" =1") + Py (k.1 = 1")]
XTn (W) (W)e' Bt =Fn)

-2 t
Sk Ll f dr f dr” f &k cos (¢o — Q1)
V2 Jo 0

X [Py (k,t' = 1") + Py (k, 1" = 1")]

() -

><Jn<W>Jm<W>e’<ﬂ"”‘ﬁm’”>}- (15)
2.5. Step 4: Random phase approximation

Next we assume that the initial phase ¢¢ of the cosmic ray par-
ticle is a random variable that can take on any value between 0
and 2. The averaging of Eq. (15) over ¢¢ then represents ex-
actly the ensemble-averaging over the turbulent magnetic field.
Using

1 21
Z f deo eltn=mdo) _ Snm
0

the double sum over n and m in Eq. (16) is reduced to a single
sum. We obtain after some straightforward resumming

2n
_f dgo ((AX)?) = Z fd3 fdtfdt”e’ﬁ"(’ )

n=-—o0o

1
X{Z (1= ) Py (ko = £7) [ T2, (W) + T2 (W)

+ Jn+1(W)Jn—1(W) (62“// + e_zw)]

(16)

2
+%J§(W) [Pre (k.0 — ") + Pre (ko t' — 1)
+ P (ko — ") + Py (ko — 17)]

e

————J W) [(Pyy (k' —1") + Pgy(k, ' —1"))

x(J n+1<W>e-W + T (Wyet)
+ (P (k,t' —1") + P (k.1 —1"))

X (Tt (W) + J, 1 (We™ | } a7
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2.6. Step 5: Temporal behaviour of magnetic field
correlation tensor

To proceed we have to specify the time behaviour of the mag-
netic field correlation tensor Py, (k,t — ¢'"). We assume that all
tensor components have the same temporal behaviour, i.e.

P (k' —1") = P (O)F (k,t —1"). (18)

This assumption allows us to disentangle the time and
k-integrations in Eq. (17). We find

2
> f a(@x?) = 2 Y f EhT(B)
On*—oo
1
SHIE

12) Pl () [ T2, (W) + T2 (W)
+ Lt (W) (W) (ezlw + e—zzw)]

2
5 W) (PRt + P + Pl + P ()

M\/—

Y L(W)[(PY, () + Py ()i (W)e™

+ Jn_1<W>e’¢)( 0.(k) + Pl (k)

X (1 (W)e + J, 1 (W)e™) |} (19)
where we defined the so-called resonance function
13 !
T(t,8,) = f dr f de’eP " F (k,f —17). (20)
0 0

The behaviour of the function 7 for large times determines
whether perpendicular cosmic ray transport is diffusive (i.e.
lim, o T o 1), subdiffusive (lim,,, T « t*, s < 1), or su-
perdiffusive (i.e. lim, T o« #°, s > 1), respectively.

2.7. Step 6: Conditions for diffusive perpendicular
transport

We demonstrate here that diffusive perpendicular transport
always exists under two conditions:

(a) the time correlation function F of magnetic turbulence
depends only on the absolute value of the difference ' —¢”,
ie. F(k,t' —t")=F(k,|t' —1"));

(b) there exists a finite correlation time #.(k), that can be wave-
number dependent, beyond which the correlation function
F falls to a negligible magnitude.

As one particular choice of the correlation function F we con-
sider here the exponential function
) = exp(- ).
te(k) = 7' (k). 0

F (k| =1

This choice is justified in case of plasma wave turbulence
(Schlickeiser 2002, Sect. 12.2.2) where ; then has to be iden-
tified with the wave damping rate. Another choice in accord
with the general requirements (a) and (b) would be the damp-
ing model of dynamical magnetic turbulence and the random
sweeping turbulence, discussed by Bieber et al. (1994).

t, _ t//
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2.8. Step 7: Resonance function for the exponential
correlation function (21)

With Eq. (21) inserted into Eq. (20) we obtain

! !
T(t. B 1) = f dr f dy e ==
0 0

The #”’-integration is now split into the two intervals
Aot <t wherel|lt —t'|=¢ -1",

and

(i) ¢ <t < twhere |t —
so that

t t
T(t,Bnsm) = f dr [ f de” P
0 0
t
+ f dr”’ elﬁu(t’_t”)_”(t”_t’)].
v

After changing integration variables to s; = ¢ — ¢/ and s, =
¢’ —t" in the first and second ¢”-integral, respectively, we obtain
after straightforward algebra

(22)

Z‘”| =7 — t,,
(23)

’

! 4 t—t'
T(t,Bn,m) = f dr [f ds; e A0St 4 f dsy e—(n“ﬁ%)&}
0 0 0

d 1 — e~ OB 1 — e=@+B)t=1)
f dr +
0 n- lﬁn

n+ 1B
1 1 — e~ =B t
- [t - ] +
- lIBn n- lﬁn n+ lIBn
~ e~ (Bt ft dt'e(nﬂﬁu)t’
N+ 1By
2t e~ =Bt _ 1 o=+t _
= ooz 2 2
n +:8n (77 - lﬁn) (7] + lﬁn)
2 283,e7™ sin ﬁnt]
7+ B 7+ By
2(7-52)

[1-e™cospu]. (24)

P + B2

2.8.1. Fokker-Planck coefficient Dxx

First of all, we note that for times much larger than the correla-
tion time, ¢ > n‘l = 1., the resonance function (24) approaches
the limit

2nt

Tt>t)—> ———,
AR gy

(25)

proving that the transport indeed is diffusive for large times.
According to the definition (3) we have to take the limit

T(>t.)
m —

t—o00 2[

=R(k) = (26)

7B
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With Eq. (19) the Fokker-Planck coefficient Dyy then becomes

27
Dy = ;gg 73 | dfar)
= Z f &’k R(k)

0 n=—co

12) P () [ T2, (W) + T2 (W)

><{%L (1
+ Jur 1t (W) (W) (62’¢ + e—Zup)]

2
+/1_J3(W)(P%R(k) + PY, (k) + PYp(k) + PO, (Kk))

WA

T (W[ (P () + PRy (R)) (T (W)e™
+ - 1<W)e+“”> + (P + Plp()) (Jur (We

+Jn_1<W)e‘“”)]}-

This completes the derivation of the Fokker-Planck coefficient
Dxx for general turbulence geometries. For further reduction,
the turbulence geometry has to be specified via the tensor
onm(k)~ This will be the subject of the next sections.

27)

2.8.2. Special cases

It is instructive to inspect several special cases of the resonance
function (24). For an infinitely large correlation time #. = oo,
corresponding to n = 0, Eq. (24) reduces to
2[1 —cosBut] _ 4sin’(B,t/2)

g B
As has been noted before by Jaekel & Schlickeiser (1992) for
large  this resonance function approaches

tlim T(n = 0) - 271t6(B,),

T(n=0) =

(28)

(29)

yielding again diffusive behaviour, but in this case with the res-
onance function

T(n=0
R0y = 0) = lim (UT) = 76(B,). (30)
This is fully consistent with Eq. (26), because of the same limit
n
11m R(k) = 11m = n6(By). (€2))]
0n*+p5;

The use of the resonance function (30) is only problematic in
cases where 8, = kjy + nQ = 0, as one encounters for 2D
turbulence, see below (Sect. 4.2). In this case it is appropriate
to go back to the general resonance function (24) which in the
limit 8, = 0 is

2 | —e
T(ﬂn=0)—>—’[1— ° }
n nt

For large times it > 1 this resonance function approaches

T(B, = 0,nt > 1) ~ 2t/n, indicating that the motion is still
diffusive and that the resonance condition is
T@,=0 1
R(ﬂ,,:O):limL:—:tc,
2t n

t—00

(32)

(33)
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which agrees with the corresponding limit of Eq. (26). As an
aside, we note that in the limit 8, = 0 and n = 0, the resonance
functions (24) and (32) both imply superdiftfusive behaviour,

T, =0,7=0)=r. (34)

We conclude, that in order to have diffusive behaviour of the
Fokker-Planck coefficients in all limiting cases the existence of
a finite correlation time of the magnetic fluctuations, i.e. con-
dition (b) of Sect. 2.7, is essential.

2.9. Fokker-Planck coefficients Dyy and D,

By repeating the analysis for the equation of motion (2) we
obtain in analogy to Eq. (27)

21

Dyy = tlgg 73 | dn(ar)
= — Z f &’k R(k)

0 n=-co

X {41_1 (1= 122) P (B) [ T2, (W) + T2, (W)
= Lt (W), (W) (ez"” + e‘z“”)]

2
+"—13<W> (Pr(k) = PR (k) — P (k) + P, (k)

W

—h (W)[(P(L)u(k) P?eu(k))
x (7 n+1<W>e“‘” — Ty (W)e™)
(P\(I)L(k) P||R(k)) (Jn+1(W)e“/’

— T (W)e™) ]}. (35)
For the sum of Fokker-Planck coefficients we then find
DA = Drc+ Dy = 2 )" [ @i
0 n=—oo

X {(1 —H ) |”|(k) [J2+1(W) +J I(W)]

+ 22 (W) (Pog(k) + P9, (K))

2 (1= 1) T W) Py () T (W)e™

+PYy (k) (W)e

+ P (k) Jpn (W) + Pl We™ ). (36)

3. Calculation of the Fokker-Planck coefficient D

Now we use the general results for the perpendicular
Fokker-Planck coefficient of the last Sect. (see Eq. (36)) to
calculate D, for different turbulence geometries. To do this
we have to specify the tensor P?m. According to Matthaeus &
Smith (1981) the components of this tensor can be written as

6lm -

+l O €imn—~ . > (37)
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with the magnetic helicity o-. The function g(k, , k) determines
different turbulence geometries. We will consider two geome-
tries explicitly in the following:

(a) slab turbulence, and

(b) pure 2D geometry.

With the results of these both geometries we are also able to
calculate the perpendicular Fokker-Planck coefficient for com-
posite geometry which is the subject of Sect. 3.3. For our cal-
culations in both geometries we use the damping model of the
dynamical magnetic turbulence.

3.1. Fokker-Planck coefficient DS@° for pure slab
geometry

In the case of pure slab geometry Eq. (37) becomes to

o(ky) kikm . kn
lm = g(k\l) = 6lm - ;{_2 + lo—EImn; (38)

Consequently, many components of the tensor P
except

(l) are zero
m

P = (1 - o0t 22

(ki)

Pl =+ ff)g(ku) (39)

Therefore we obtain for the perpendicular Fokker-Planck
coefficient for slab geometry

+00
DY = UB@ > f &k RYPINW) (P + P, ) (40)
0 n=-o0

If we use the damping model of dynamical magnetic turbulence
we have according to Eq. (26)

slab __ qslab

= 41)
P71+ @ (R + nQ)2
because (Bieber et al. 1994)
-1 1
le =1 " =(gsab = ——5» O0<a<l. 42)
(020 | k|| |
Using J,,(0) = 6,0 we find for the Fokker-Planck coefficient

2.2 +00
e gslab
D = 4r 2 f diy g ky N—5—55"
‘ 212
B J. L+ a0

(43)

To proceed further, we have to specify the form of the power
spectrum ¢g(|ky|). Here we use a power-law spectrum with a
sharp cut-off at small wavenumbers:

0
gtk) = {90 L&y 17

for | kH |< kmin
for  kmin <| k” | (44)
with 1 < s < 2. In Appendix C we discuss the results for a
power spectrum with finite wave power at small wavennum-
bers (see Bieber et al. 1994; Teufel & Schlickeiser 2003, SS03)
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which causes a divergence problem. It is convenient to express
our results in terms of the following parameters:

UA
€= —

v

1 v c r
a=—=——=———

ae  av av

v pc r
L=—=—=——=—

Q Bolgl By

kmin

RZRLkmin =r B

(45)
0

with the cosmic ray particle’s rigidity r = ‘ | < and the constant

ry = \ql The Fokker-Planck coeflicient (43) then becomes
8rav,y  a’u? * dk
Dslab — f Gk
+ B% 1+a?® Jy K g(ky)

_ 8rasvy azpz
B2 1 + a?u?

- gok (46)

Expressing the constant gy in terms of the total fluctuating
magnetic field strength of the slab component,

3
(0Baan)® = ) (5B,
m=1
= f &k f &K 6B,(K)SB;, (K e+
3 oo
= Zfd3k Pyn(K) =87rf dkj g (k)
m=1 0
= Sﬂgo‘f; dk” kis

— 8 kls

min’
N

(47)

e
1 + a?u?

2
_ (s = Dawvy (5leab) (48)

Skmin BO

3.2. The Fokker-Planck coefficient for pure 2D
geometry D?P

For 2D geometry

5(k||) [ ik

T

g(k.) " iaezmn%] , 49)

yielding for the individual non-zero components

6(k||)

P%R_PLL_ g(ky)

6(k‘|)

P, = g(ky)

(oa 6(/(“)

PI(I)R = - ~g(ky)

Sk
(k) ( “)-

P(];” = — (50)
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With these components the Fokker-Planck coefficient (36)

reduces to

DY = = Z f &k Rpp - (k)

0 n=-oco

X

6(k‘|)

(1= 12) (J2,, (W) + T2 (W) + 242 T2(W)

+20p |1 = (2T, (W) (Tt (W) = T (W) }

For the calculations in the 2D-geometry we use

-1
le=1n " =q2

1
D =

avak,’

0<ac<l,

implying for the resonance function (21)

2D

42D

DT —

For vanishing magnetic helicity o

1+ q%D(kHvH + nQ)2

coeflicient (51) then becomes

DY 232

L

n=—00

xg(ky)—— M) 11—

+ 2MZJ,%(W)].

1+ q2D (k”l)” + nQ)
1) (7 (W) + T2 (W)

(51)

(52)

(33)

= 0 the Fokker-Planck

(54)

Two of the k-integrations can be readily performed, so that

2mv?

avsB

x[(l

0 n=—co

_#)(

2

g(ky) 1
22[ e 1+("9)2

avak

T2 W) + T2 (W) + 12 T2(W) |,

which can be written as

DiD(O' =0)=

2
BO

2nausR?

L f "k ke gk fiky)
0

where for brevity we introduced the functions

flk) = (1= 412) Glko) + 1P H k),

Glky) = 5 Z

n=

and

+00

Hk)= )

Sy (W) + J2 (W)

—00

JAW)
V2 +n?

n=—o0o0

with

Rik,
a 9

V=

W = RLkLM

V2 4+ n?

(35)

(56)

(57)

(58)

(59)

(60)

(61)

and u = /1 —u? In Appendix A we derive the following
approximations for the functions G and H:

Jr(W)

GV1,W> 1)~ >

2

w
GV, Wxl)~1+—
V= <D 2

GV>1,Vx W)=

_<
=

GV>1LV>W)= 2 (62)

JAW)
V2

HV<1,W>1)=

HV<< 1, W« 1)~
HV>1V<W)=~
HV>1V>W)= % (63)
For a simple power law turbulence spectrum with sharp low-

wavenumber cut-off as in Sect. 3.1, but now in k,, we obtain
for the Fokker-Planck coefficient (54)

27ravAR 00 K\
DP = 5t g0 ki fk dk (km‘n) F(k). (64)
0 ‘min 1

Again, the constant gy can be expressed in terms of the total
fluctuating magnetic field strength in the 2D component:

(6Bap)? = 4n f dk, g (k)
0

_ 4ngo f hy K = okl (65)
kmmin
so that
(s — DavaR? (6Bap
D = -I® 66
+ 2kmin BO + ( )
with
1-s
* dk [ k
PP = f - f(k). 67
- Kimin Kmin (kmin) f( ) (67)
Substituting x = k/kpi, we find
Iisz dx'™ - f(V, W)= (1-42)-A+4*-B (68)
1
in terms of the integrals
A= f dx x'™ - G(V, W) (69)
1

and

B = fw dx x'= - H(V, W). (70)
1
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Table 1. The different cases for the integrals A and B.

S
=

Case

2
au < 1 < uR ( )
(8)
a

uR? SuR?

1 i 1 a
(s+1)m uR3 (s+
2 (2)2'5 L(
s(2-s) \R 5
(s+1)+4(2—s) ( 1 (
4n(2—s5)(s+1) K

au < uR <« 1

“ = =
=l X

1 < au < uR

@

1l < uR < au
UR < au <« 1

UR < 1 < au

=l
<
~~
=
=
z
<

In Egs. (68)—(70) we use
R

V=x— (71)

a

and

W = xuR. (72)

We obtain for G and H

2

Gx<a/R, x> 1/uR) ~ ———
(x<a/R,x JuR) P

(au)?
4

Gx<a/R,x< 1/uR)~ 1+

G(x>a/R,1 < N —
(x> a/ au) R

2
G(x> a/R,1 > au) ~

e (73)

2

H(x < a/R, x> 1/uR) x ———
(w=a/Rx [uR) TuR3x3
2

Hx<a/R,x < 1/uR) ~ thl_xz

H(x> a/R,1 < r —
(x> a/ au) TR
2

H(x> a/R,1> au) = 74)

R2x2
Using Eqgs. (73) and (74) to calculate the integrals A and B we
obtain the approximations shown in Table 1.

3.3. The Fokker-Planck coefficient for the composite
slab/2D geometry DY

The Fokker-Planck coefficient in the composite slab/2D geom-

etry is simply additive and can be written as
D, = DS® 1+ p?P. (75)

If we replace 0 Bgjap in Eq. (48) and 0 Byp in Eq. (66) by the total
turbulence 6B we find

D} =xD™ + (1 - DT’ (76)
where the parameter
oB2
O<y=—8 < an
2 2
0B, + 9By
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measures the relative strength of slab turbulence with respect
to the total turbulence (6 B)>.

With the results of the last subsections (Eqgs. (48) and (66))
we immediately determine the Fokker-Planck coefficient in the
composite model:

~1 6B\’ 22
Dt = (s = Dava (_) {Xlau

RZ
o B +a2ﬂ2+(1—)()7-1iD} (78)

with 2P of Eq. (68).

4. Perpendicular spatial diffusion coefficient
and mean free path

4.1. Perpendicular spatial diffusion for slab geometry

In this section we calculate the perpendicular spatial diffusion
coeflicient and the corresponding perpendicular mean free path
for slab geometry. Using the perpendicular Fokker-Planck co-
efficient (48) in Eq. (4) we obtain

b _ (5= Dava (6Baw )’ f‘ 1T
+ Sknin By 0 T+ a*y?
_ (s — Dawvy [ 0Bgiap 2 - arctan (a) (79)
Skmin BO a
which can be approximated as
Kslab ~ (s — Dawy (6Bsiap g
+ Skmin BO
1 fora>1
2 2
1<~ L~ fora< 1. (80)
3 rgtr

For large values of a > 1 the spatial diffusion coefficient
is independent of a and therefore independent of the rigidity,
whereas for small values a < 1 it increases « 2 below r < ry.
The corresponding perpendicular mean free path is

slab _
A7 =

3k, 3(s = Davs (Bga | arctan (a)
Lo 81
v SkminV By a

with the approximative behaviour

-1
1130 ~ 3(s = 1) (6Bgiap ? Cal . fora > 1 )
1 Sknin By 3 e fora < 1.

For large values of a > 1 the mean free path decreases pro-
portional to o« v~!, while at small values of @ < 1 the mean
free path increases ccv. If we consider the case @ — 0 we have
a — oo and we find that /ljlab(a —0) > 0.

4.2. Perpendicular spatial diffusion for 2D geometry

Here we calculate the perpendicular spatial diffusion coefficient
and the corresponding perpendicular mean free path in 2D ge-
ometry. We derive for the perpendicular spatial diffusion coef-
ficient in 2D turbulence geometry

2
- LB (380, )

o 2 5kimin By
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Table 2. Analytical expressions for K37, K" and Ki° = K25} + K75,

£&(s) denotes the function £(s) = [—] + D ] AICE)
T a9 T ] T4 ()
2D 2D 2D
Case K 12 L6
2 2 2
2 (a 1 (a 1(a
a<R«x1 x(ﬁ)z E(EL E(E)z
2 (a 1 (a l(a
a<1<R TS(E) s ;(E)z E(E)2
a s 1 (a 1 (a
R<l<a (s+2)§(sg(§) R E(EL i(ﬁ)z
4 a\™* 1 (a L (a
R<ax1 2S(H)(;) E(E) %_:(E)
l<a<R % i 5
l<xR<xa L_a s b
4(s+1) R3 A6+ B3 2s+D) R

with

k2= [ =K K2, )

KT = f A= [ aw  69)
S o Vi-u?

and

Ki',’z:fol du B(ﬂ)=f01d””' Vi-a Bu.  (86)

respectively. Table 2 shows the approximations for the last two
integrals and for K2P, yielding approximate formulas for k2P,
With these the perpendicular mean free path of 2D geometry
can be written as

oo 36 -DanR (6B Z.KZD
t 2s Ukmin Bo L

(87)

If we consider the case @ — 0 we have a — oo. Table 2 then
implies /liD(a/ — 0) ~ 1/a — oo, but, as shown in Sect. 2.8,
in this formal limit the perpendicular cosmic ray transport is no
longer diffusive.

4.3. Composite slab/2D geometry

For the case of composite geometry we can use Egs. (80)
and (83) to find

slab
K=

_ (s=Dav, (8B 2. (; _ avctan @)
B Skmin BO X a

R2
+-p -Ki"}

+ (1= )P

(88)

with the total fluctuating magnetic field strength §B> = 6831 T
6B§D. Although not necessary, mainly for illustrating our re-
sults we adopt the same value for the parameter kn;, for the

slab and the 2D contribution.

5. Calculating «;, and A, for heliospheric
parameters

Here we calculate x, and A, for electrons and protons for one
set of typical heliospheric parameters and compare them with
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the analytical parallel diffusion results of SS03. For our calcu-
lations we use the same set of parameters appropriate for in-
terplanetary conditions at 1 AU as Bieber et al. (1994). For the
magnetic background field we assume By = 4.12 nT and for
the Alfvén speed va = 33.5 km s~!. For the both parameters
of the power spectrum we used ki, = 1079 m~' and 5 = 5/3.
The parameter « is assumed to be 1.

In the following discussions we restrict the rigidity values
to the interesting range 1 MV < r < 10* MV. With typical
heliospheric parameters we then always have R < 1 <« a.

5.1. The perpendicular spatial diffusion coefficient «

The value of the spatial diffusion coefficient is given in terms
of the constant ko = 10'® cm?/s. For slab turbulence we then
obtain

KsLlab _134. [1 _ axrctana](6leab)2
P a By
2
oB
N 1.34-(ﬂ) : ®
By

For the 2D coefficient we use Table 2 to obtain different ap-
proximations for °°. In the case R < 1 < a we find from
Table 2:

5]
" 3s\R

and therefore for the perpendicular spatial diffusion coefficient

(90)

2
iD:(S_l)avA.azo 0Bap ' ©1)
65 kmin By
Using heliospheric parameters we obtain
2D 2
B
S 002342 (@)
Ko 0
2 2 2
6B
=0223- (i) . 2r ( ZD) . (92)
va) rg+r2\ Bo

The perpendicular spatial diffusion coefficient for protons and
electrons from slab and 2D turbulence are shown in Fig. 1.

5.2. The perpendicular mean free path A,

The slab perpendicular mean free path becomes for helio-
spheric parameters

15 Z 008 AU - [l ~ arctana] (6leab)2
a

a2 B()
r2+r? 2
V’o 5By,
~89x 100 AU—— (ﬁ) 93)
r BO

where we used that 1 AU = 1.5x10'! m. For the 2D perpendic-
ular mean free path we obtain under the restriction R <« 1 < a:

/12D= (S—l) a . 6B2]) 2
+ 2s kmin B()

(94)
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e &p*

10 10 10° 10 10
Rigidity (MV)

Fig. 1. Perpendicular spatial diffusion coefficient of 2D geometry
(solid line) and slab geometry (dotted line) for protons (p*) and elec-
trons (e~) for 6B/By = 0.2.

2

10
-
10° g
.
p
5 107 R
<
‘<41
—4
107k . ]
p
107 o |
L L L
10° 10' 10° 10° 10*

Rigidity (MV)

Fig. 2. Perpendicular mean free path of 2D geometry (solid line) and
slab geometry (dotted line) for protons (p*) and electrons (e”) for
5B/By = 0.2.

which for heliospheric parameters yields

2D
AJ_

2
0.0133 AU'a(égzD)

r (5321) )2
i+ Bo
The results for the perpendicular mean free path are shown in
Fig. 2.

0

120 AU - 95)

5.3. The ratio 1, /4

In this subsection we calculate the ratio A, /4 for slab, 2D
and composite geometry. For /lﬁD we can use the results of

SS03 and for /lﬁ'ab the results of Teufel & Schlickeiser (2003).
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Together with Table 2 we obtain the following results:

b _ 3= 1) (6351%)2

+ Sakmin By
20 = (s— DL 0Bap 2
+ 2s  kmin \ Bo
b _ 6s R¥( By \
I a(s = D@ = $)(4 = 5) kmin \6Bytab
o 3sm2? F(%) aR™ ( By \’ (96)
(5= DO=9)T(2) knin \0Bap
2
For the case s = 5/3 these equations become to
2 2
slan, 1-20 @va VO + " (6B’
+ kmin Cc r BO
02 e r (5320)2
+ kmin @A 2+ 2 By
1/3 2
Plab 6.14 rkmi" By
I kmin \' Bo 0Bgan
e

136 ¢ r ( kmm)‘“( By )2
~ — 7 — -
1 Kmin @va /rg + 2\ Bo 0Bp

With these results it is simple to calculate the ratio 4, /4. If we
do this we obtain for pure slab geometry

slab NG+ ()2 5By
L ~5.04x107™ — ( “‘b) (98)
4 (3 By
and for pure 2D geometry
A2D r "3 (8B
340 (—) :
A2D MV By 9

These results can be seen in Fig. 3. In the case of composite
geometry we have

A=y + (1 -y - AP (100)
If we assume that y is not too small or too large we find that the
slab component controlls the parallel mean free path (see SS03)

/l/\/ ~ l . /lﬁldb
I
X

(101)

and the perpendicular mean free path is controlled by the
2D component
A~ (1= AP, (102)

Therefore the ratio of perpendicular and parallel mean free path
can be written as

/lX 2D
1~ — Ly L
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e &p*

L
S
‘
pe)
L

10 L L L
10 10 10° 10

Rigidity (MV)

10

Fig. 3. The ratio A, /A for pure slab (dotted line) and pure 2D geome-
try (solid line) for protons (p*) and electrons (e~) for §B/By = 0.2.

Note the symmetry of the mean free path ratio arround y = 0.5

due to the factor (1 — y)y in Eq. (103). We find for heliospheric

parameters

AL 5 (r/MV)*® (5B
I G7)* + GGi7)

Figure 4 shows the results of that ratio for electrons and Fig. 5
shows the results for protons. In both figures we calculated the
ratio A, /A4 for different values of y and for 6B/Bg = 0.2.
For non-relativistic particles we always find

X
—(r<rg)~ 1P (105)

I
and for relativistic particles

4
) - (104)

0

X
—;(r > rg) ~ r 13,
Il

(106)

5.4. Comparison with observations

From proton observations we know that (see Palmer 1982)
0.02 < 4,/4; < 0.083 over the rigidity range of 0.5 MV <
r < 5 GV. The observations are not accurate enough to draw
conclusions on the variation of the mean free path ratio with

rigidity. By fitting the appropriate value of (%lj ) the observed
absolute values are in agreement with the quasilinear results
for all three models: slab, 2D and composite turbulence. Future
more precise observations especially of the rigidity variation of
the ratio of mean free paths 4, /4, both for protons and elec-
trons, should allow a definite conclusion on the nature of inter-
planetary magnetic turbulence from the comparison with our

theoretical predictions contained in Figs. 1-5.

6. Summary and conclusions

We have presented the quasilinear calculation of perpendicular
diffusion of cosmic ray particles for weak dynamical magnetic
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1

10

— x=02

10 ‘ ‘ ‘
10° 10 10° 10 10*

Rigidity (MV)

Fig.4. The ratio 1, /4, as a function of the rigidity for electrons for
different values of y and for §B/B, = 0.2.

10 T

— x=02

-- x=05
x=0.1&0.9

107°L I I I

10° 10
Rigidity (MV)

Fig.5. The ratio A, /4, as a function of the rigidity for protons for
different values of y and for §B/B, = 0.2.

turbulence of arbitrary geometry. Starting from the equations of
motion we went point-by-point through the derivation of quasi-
linear Fokker-Planck coefficients, identifying seven necessary
steps in this derivation. We demonstrated that, in order to have
diffusive behaviour of the Fokker-Planck coefficients, the exis-
tence of a finite correlation time of the magnetic fluctuations is
essential.

From the perpendicular Fokker-Planck coefficient D, we
then deduced the perpendicular spatial diffusion coefficient «,
and the associated perpendicular mean free path A, for the
damping model of dynamical magnetic turbulence and three
different turbulence geometries: slab, 2D turbulence and com-
posite turbulence. For a Kolmogorov-type power spectrum
we explicitly calculated these perpendicular transport param-
eters for electrons and protons for realistic heliospheric plasma
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parameters. The analytical form of the perpendicular diffusion
coefficient is of great interest for studies of the solar modula-
tion of galactic cosmic rays.

By comparing with our previous determination of the par-
allel transport parameters, we are able to predict the variation
of the ratio of mean free paths A, /4 with particle rigidity for
the three turbulence models. The comparison of these predic-
tiona with future accurate experimental determinations of the
ratio of mean free paths will allow conclusions on the nature of
interplanetary magnetic turbulence.
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Appendix A: Calculation of the series G(x, y)

To calculate the Fokker-Planck coefficient in pure 2D geometry
we have to calculate the series

=t 3 B )

Tl Tl (A1)
oo y +n

It is not possible to solve this series analytically without us-
ing approximations. In this paper we use the same formalism

to calculate the series as demonstrated in SS03. To start our
calculations we write the sum above as
Jz(x) 2 +J )

G + +1 A2

(ry) = >t i (A2)

n=1

Now we use the both well known formulas (see Gradshteyn &
Ryzhik 1966):

2 /2

——(—1)”[ d®Jy(2xcos ©®)
T 0

X cos(20n — 20)

Ty (x)

2 /2
—;(—1)”[ d®Jy(2xcos ©®)
0
X [cos(20n) cos(20) + sin(20n) sin(20)] (A.3)

and

2 /2
J,2,+1(x) —;(—1)"f dOJy(2xcos ®)
0

X cos(20n + 20)

2 T/2
—;(—1)”[ d®Jy(2xcos @)
0
X [cos(20n) cos(20@) — sin(20n) sin(20)] (A.4)

to get

1(x) +J +1(x)

4
—=(=1y"
b/

T/2
X f d®Jy(2x cos ®) cos(20n) cos(20). (A.5)
0

Therefore we obtain

J f(x) 4 (72
5 - d®Jy(2xcos ®) cos(20)
0

G(x,y) =

y Z (1) cos(20n) A6)

n? + y?

Now we can calculate the sum using (Gradshteyn & Ryzhik
1966)

- n cosh2@y) 1

20n _ - — A7
Z:; COS( )= 2y sinh(ry) 2 (A7)
and we find

JAx) 2 [T
Gy = —5+— f d®Jy(2x cos ®) cos(20)
y Y= Jo

2
= 2
J sinh(7y) j(; d®Jy(2xcos @)
X cos(20) cosh(20y).

(A.8)

Using

/2 P
fo d®Jy(2xcos ®) cos(20) = —zllz(x) (A.9)
the series G can be finally written as

2
Gx,y) = ——F—— f d®Jy(2xcos O)
ysinh(ry) Jo
X cos(20) cosh(2@y). (A.10)

This result is still exact, but to proceed with our calculations
we must consider special cases for x and y.

Thecasey <« 1, x> 1

In this case we can consider Eq. (A.10) for small y to obtain
2 /2
R
AW
e

G(x,y) d®Jy(2x cos ®) cos(20)

(A.11)

Thecasey <« 1, x <« 1

In this case we must develop the functions in Eq. (A.10) up to
the next order:

Jo(2xcos®) = 1 — X2 cos’ O,
cosh(20y) ~ 1 + 2077,

1 1
: ~—[1-TL (A.12)
sinh(ry) 7y 6
with these approximations it is simple to calculate G for small
arguments

4 /2
G(x,y) ~ - f d® @ - cos(20)
0

2x2
+_
my?

which can be written as

2

X
G(X,y)~1+47

/2
f d® cos(20) - cos® @ (A.13)
0

(A.14)

The case y > 1

In this case Eq. (A.10) can be written as

2 /2
G(x,y) = —= f d® Jy(2xcos ®) cos(20)
Yy Jo

% [e(ZG—n)y + e—(2@+ﬂ')y] . (A.15)

With the integral transformation z = 7 — 20 we find

; fo " dz Jo (2x sin (%)) cos(z)

% [e—zy + e—(2n-z>y] )

G(x,y) =
(A.16)

Now we consider large y to approximate the integral. If y is a
large number the contribution to the integral comes from very
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small values of z because of the exponential function. Therefore
we can expand the upper limit of the integral to infinity and we
can approximate the circular functions to obtain:

G(x,y) = ; f dz Jo(xz)e™. (A.17)
0

The integral is elementary and yields

1 1
Gx,y) = ———
Y x? +y?

We finally find the both cases:

(A.18)

1
Gy>»l,y<x)=—
Xy

1
Gly>lLy>»x)=—- (A.19)
Y

Finally all the cases can be written as:

JA(x 2
;(2) X Kyz Sil’lz(.x—ﬂ/4)

Gy l,x>1)

Q

R

Q
—
+

Gy< l,xx1)
1
Gy>»l,yxx)~ —
Xy

Gy>ly>»x~ - (A.20)
Yy

With these approximations it is possible to calculate the per-

pendicular Fokker-Planck coeflicient for special cases. We also

calculated the series G(x, y) numerically to test Eq. (A.20). We

found that the agreement is accurate for all cases.

Appendix B: Calculation of the series H(x, y)

For calculating the Fokker-Planck coefficient in pure 2D geom-
etry we also have to calculate the series

+00 J2
Hop =y,

y2 +n?

(B.1)

n=—co
In this section we use the same method to calculate the series
as in the section before. To start our calculations we write the
sum above as

2 00
H(x,y) = Joy(zx) +2),

J(x)
yz + I’l2

(B.2)

n=1
With the well known integral representation for Bessel
functions

2 T/2
J2(x) = ;(—1)" f d®Jy(2x cos ®) cos(20n) (B.3)
0
we can rewrite the series as
J2(x) 4 ™2
H(x,y) = 0(2 ) + —f d®Jy(2xcos ®)
Y T Jo
X i Al cos(20n). (B.4)
n? + y?

n=1

Using again Eq. (A.7) we get

2 /2
Hx,y) = —/— f dOJy(2x cos @) cosh(20y)  (B.5)
ysinh(ry) Jy
where we also used

2 /2
- f d®Jp(2xcos ®) = J2(x). (B.6)
0

Now we must consider special cases for x and y to simplify
Eq. (B.5).

The case y < 1

In this case we can use
cosh(20y) ~ 1

and Eq. (B.6) to find

B
yZ

(B.7)

Hx,y<x 1) = (B.8)

If x < 1 and y < 1 we obtain

1
Hxx l,yx 1)~ —-
y

(B.9)

Thecasey > 1

In the case of large y Eq. (B.5) can be written as

1 T
H(x,y) ~ - f dzJo (Zx sin (E)) [e‘w + e‘(z”‘Z)”]
y Jo 2

1 00

- f dzJo(xz)e™
Yy Jo

1 1

Y 2%+ y?

¢

Q

(B.10)

For deriving this equation we used the same approximations as
in deriving Eq. (A.17). If we collect all the results we finally
find:

S5 2 1
Hy<l,x> 1)~ 0(2 ~ — cos’(x —m/4) ¥ —
y Xy Xy
1
Hy<lLxx 1) = =
Y
1
Hy> l,y<x) ~ —
Xy
H(y>>1,y>>x)z—2' (B.11)
y

With these approximations it is possible to calculate the per-
pendicular Fokker-Planck coefficient for special cases. We also
calculated the series H(x, y) numerically to test Eq. (B.11). We
found that the agreement is accurate for all cases.

Appendix C: A power spectrum with finite wave
power at small wavenumbers

In this section we discuss the results for a power spectrum
with finite wave power at small wavenumbers. To do this we
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consider pure slab- and pure 2D-geometry for the damping
model of dynamical magnetic turbulence:

C.1. The case of pure slab geometry

According to Eq. (46) the Fokker-Planck coefficient can be
written as

87ra/vA a2,uz 0 dkH
2 2,2 gtk
BO 1+a*p” Jy k||

Now we assume a power spectrum with finite wave power at
small wavenumbers:

DY = (C.1)

gok s for ky < kmin

n 2
Gok> for  kmin < Ky €2

glky) = {

to obtain

< dk
DY ~ f k—Hg(ku)
o ki

Kni co
‘min dk
= gokly, f — 490 f —k* (€3)
o ki nin Kl
and we find
* dk Koni
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Note: this is a feature of the damping model of dynamical mag-
netic turbulence. If we consider the case of @ — 0, often ref-
ered as magnetostatic limit (see Bieber et al. 1994) we must go
back to Eq. (40):
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Now we use
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and therefore
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With this result we can calculate the perpendicular mean free
path and we find
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which is similar to the results derived by Le Roux et al. (1999)
and Zank et al. (1998).

C.2. The case of pure 2D geometry

The 2D-Fokker-Planck coefficient can be written as (see
Eq. (51))
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if we assume a vanishing magnetic helicity. Now we restrict
our analysis to the n = 0 contribution and we find
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if we use the damping model of dynamical magnetic turbulence
and the same power spectrum as in Eq. (C.2) but now for &, .
Note: for slab- and for 2D-geometry the perpendicular Fokker-
Planck coefficient goes to infinity if we assume a power spec-
trum with finite wave power at small wavenumbers.



