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Abstract. The quasilinear calculation of perpendicular diffusion of cosmic ray particles for weak dynamical magnetic turbu-
lence of arbitrary geometry is presented. Starting from the equations of motion, a detailed point-by-point derivation of quasi-
linear Fokker-Planck coefficients is given. It is shown that, to have diffusive behaviour of the Fokker-Planck coefficients, the
existence of a finite correlation time of the magnetic fluctuations is essential. From the perpendicular Fokker-Planck coefficient
D⊥, the perpendicular spatial diffusion coefficient κ⊥ and the associated perpendicular mean free path λ⊥ are calculated for the
damping model of dynamical magnetic turbulence and three different turbulence geometries: slab, 2D and composite turbu-
lence. Explicit analytical expressions for the perpendicular transport parameters of electrons and protons are given for realistic
heliospheric plasma parameters. By comparing with our previous determination of the parallel transport parameters, the varia-
tion of the ratio of mean free paths λ⊥/λ‖ with particle rigidity for the three turbulence models is investigated. The comparison
of these predictions with future accurate experimental determinations of the ratio of mean free paths will allow conclusions on
the nature of interplanetary magnetic turbulence.
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1. Introduction

The knowledge of transport parameters of energetic charged
particles in turbulent magnetized cosmic plasmas is a key prob-
lem of cosmic ray astrophysics and space physics. Of particular
interest is the diffusion tensor for particle transport parallel and
perpendicular to the ordered magnetic field which controls e.g.
the penetration and modulation of low-energy cosmic rays in
the heliosphere, the confinement and escape of galactic cosmic
rays from the Galaxy, and the efficiency of diffusive shock ac-
celeration mechanisms. Although the perpendicular diffusion
coefficient plays an essential role in these studies, a rigorous
theoretical treatment in the quasilinear limit of weak turbulence
and for dynamical magnetic turbulence currently is not avail-
able in the literature. Available numerical studies (Michalek &
Ostrowski 1998; Giacalone & Jokipii 1999; Mace et al. 2000;
Michalek 2001) are restricted to magnetostatic turbulence.

It is the purpose of the present paper to provide the quasi-
linear calculation of perpendicular diffusion for weak dy-
namical magnetic turbulence of arbitrary geometry. Recently
(Shalchi & Schlickeiser 2003 – hereafter referred to SS03) we
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calculated the parallel mean free path of cosmic ray par-
ticles in the composite model and the damping model
of dynamical magnetic turbulence (Bieber et al. 1994)
using the quasilinear theory (QLT) of particle transport.
Here, with the same quasilinear approximation we calcu-
late the relevant Fokker-Planck coefficients and transport
parameters for perpendicular diffusion. In Sect. 2 we de-
rive and discuss general expressions for the both Fokker-
Planck coefficients DXX and DYY , which control the per-
pendicular cosmic ray transport. In Sect. 3 we calculate
the Fokker-Planck coefficients for three different turbulence
geometries: pure slab-, pure 2D- and composite geometry.
With these results it is possible to calculate the spatial diffu-
sion coefficient and the mean free path for perpendicular diffu-
sion (Sect. 4). In Sect. 5 we use the general results of Sect. 4
to calculate the perpendicular diffusion coefficient and the per-
pendicular mean free path for specific heliospheric plasma pa-
rameters. Moreover, we calculate the ratio λ⊥/λ‖ and compare
it with observations.

2. Quasilinear particle diffusion

2.1. Equations of motion

The starting point for the derivation of the quasilinear per-
pendicular spatial diffusion coefficient κ⊥ are the random
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parts of the Lorentz force for the coordinates X and Y of
the guiding center (see Schlickeiser 2002 – Eqs. (S-12.1.9d)
and (S-12.1.9e)). For purely magnetic fluctuations these read

gX = Ẋ = −v
√

1 − µ2 cosφ
δB‖
B0
+

µv√
2B0

(δBR + δBL) , (1)

gY = Ẏ = −v
√

1 − µ2 sinφ
δB‖
B0
+

iµv√
2B0

(δBR − δBL) . (2)

In these both equations we used the pitch-angle cosine µ, the
particle speed v, the gyrophase φ, the magnetic background
field B0 and the turbulent fields in helical coordinates δBR

and δBL. These random force terms determine the correspond-
ing Fokker-Planck coefficients (see Hall & Sturrock 1968)

DXX = lim
t→∞

〈
(∆X)2

〉
2t

,

DYY = lim
t→∞

〈
(∆Y)2

〉
2t

(3)

which have to be calculated from the ensemble-averaged first-
order corrections to the particle orbits in the weakly turbulent
magnetic field. In this section, we go through this derivation
point by point. We explicitly calculate the Fokker-Planck coef-
ficient DXX; the coefficient DYY is calculated in analogous way:
we will give the final result but leave the details as exercise to
the interested reader.

The perpendicular spatial diffusion coefficient κ⊥ and the
corresponding perpendicular mean free path λ⊥ are given by
the µ-average (see Schlickeiser 2002)

κ⊥ =
vλ⊥
3
= κXX + κYY

=
1
2

∫ +1

−1
dµ

[
DXX(µ) + DYY (µ)

]

=
1
2

∫ +1

−1
dµ D⊥(µ). (4)

2.2. Step 1: Quasilinear approximation

The quasilinear approximation is achieved by replacing in the
Fourier transform of the fluctuating magnetic field

δB(x(t), t) =
∫ +∞

−∞
d3k δb(k, t) exp(ık · x(t))

�
∫ +∞

−∞
d3k δb(k, t) exp

(
ık · x0(t)

)
(5)

the true particle orbit x(t) by the unperturbed orbit x0(t),
resulting in

φ(t) = φ0 −Ωt (6)

and (see Eq. (S-12.2.3a))

δBL,R,‖ ≈
+∞∑

n=−∞

∫ +∞

−∞
d3k δbL,R,‖(k, t)Jn(W)

×eın(ψ−φ0)+ı(k‖v‖+nΩ)t+ık·x0 , (7)

respectively, where x0 = (x0, y0, z0) denotes the initial (t = 0)
position of the cosmic ray particle. In the last both equa-
tions we used the gyrofrequency Ω and the parameter W =

v/Ω · k⊥
√

1 − µ2. For the wavevector k we used cylindrical
coordinates:

k‖ = kz

k⊥ =
√

k2
x + k2

y

ψ = arccot(kx/ky). (8)

With these approximations the equation of motion (1) becomes

dX
dt
� − v

√
1 − µ2

B0

∞∑
n=−∞

cos(φ0 −Ωt)
∫

d3k δb‖(k, t)

× Jn(W)eık·x0+ın(ψ−φo)+ıβnt

+
µv√
2B0

∞∑
n=−∞

∫
d3k [δbR(k, t) + δbR(k, t)]

× Jn(W)eık·x0+ın(ψ−φo)+ıβnt (9)

where

βn ≡ k‖v‖ + nΩ. (10)

2.3. Step 2: Formal integration of equation of motion
and square of displacement

If we integrate Eq. (9) over time we obtain with the initial con-
dition X(t = 0) = X0 for the displacement ∆X = X(t) − X0:

∆X(t) = − v
√

1 − µ2

B0

∞∑
n=−∞

∫ t

0
dt′ cos

(
φ0 − Ωt′

)

×
∫

d3k δb‖
(
k, t′

)
Jn(W)eık·x0+ıβnt′

× ein(ψ−φ0)−im(ψ′−φ0)

+
µv√
2B0

∞∑
n=−∞

∫ t

0
dt′

×
∫

d3k
[
δbR

(
k, t′

)
+ δbL

(
k, t′

)]

× Jn(W)eık·x0+ıβnt′ein(ψ−φ0)−im(ψ′−φ0). (11)
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Upon multiplying Eq. (11) with its complex conjugate we find
for the square of the displacement

(∆X)2 =
v2

B2
0

∞∑
n=−∞

∞∑
m=−∞

{(
1 − µ2

) ∫ t

0
dt′

∫ t

0
dt′′

∫
d3k

∫
d3k′

×eın(ψ−φ0)−ım(ψ′−φ0) cos
(
φ0 −Ωt′

)
cos

(
φ0 −Ωt′′

)

×δb‖
(
k, t′

)
δb∗‖

(
k′, t′′

)
Jn(W)Jm

(
W′

)

×eı(k−k′)·x0+ı(βnt′−βmt′′)

+
µ2

2

∫ t

0
dt′

∫ t

0
dt′′

∫
d3k

∫
d3k′

×eın(ψ−φ0)−ım(ψ′−φ0)

× (
δbR

(
k, t′

)
+ δbL

(
k, t′

)) (
δb∗R

(
k′, t′′

)
+ δb∗L

(
k′, t′′

))

×Jn(W)Jm(W′)eı(k−k′)·x0+ı(βnt′−βmt′′)

−µ
√

1 − µ2

√
2

∫ t

0
dt′

∫ t

0
dt′′

∫
d3k

∫
d3k′

×ein(ψ−φ0)−im(ψ′−φ0) cos
(
φ0 −Ωt′

)

×δb‖
(
k, t′

) [
δb∗R

(
k′, t′′

)
+ δb∗L

(
k′, t′′

)]

×Jn(W)Jm
(
W′

)
eı(βnt′−βmt′′)

−µ
√

1 − µ2

√
2

∫ t

0
dt′

∫ t

0
dt′′

∫
d3k

∫
d3k′

×eın(ψ−φ0)−ım(ψ′−φ0) cos
(
φ0 −Ωt′′

)

× [
δbR

(
k, t′

)
+ δbL

(
k, t′

)]
δb∗‖

(
k′, t′′

)
Jn(W)Jm(W)

×eı(k−k′)·x0+ı(βnt′−βmt′′)
}
· (12)

2.4. Step 3: Homogeneous turbulence

Now we use that the turbulence fields are homogenously dis-
tributed, and average Eq. (12) over the initial spatial position of
the cosmic ray particles using

1
(2π)3

∫ +∞

−∞
d3x0 eı(k−k′)·x0 = δ

(
k − k′

)
(13)

implying that turbulence fields at different wavevectors are
uncorrelated. The respective average of Eq. (12) with

〈
δbl

(
k, t′

)
δb∗m

(
k′, t′′

)〉
= δ

(
k − k′

)
Plm

(
k, t′ − t′′

)
(14)

then yields after performing the k′-integration

〈
(∆X)2

〉
=
v2

B2
0

∞∑
n=−∞

∞∑
m=−∞

{(
1 − µ2

) ∫ t

0
dt′

∫ t

0
dt′′

∫
d3k

× eı(n−m)(ψ−φ0) cos
(
φ0 − Ωt′

)
× cos

(
φ0 −Ωt′′

)
P‖‖

(
k, t′ − t′′

)
×Jn(W)Jm(W)eı(βnt′−βmt′′)

+
µ2

2

∫ t

0
dt′

∫ t

0
dt′′

∫
d3k eı(n−m)(ψ−φ0)

× [
PRR

(
k, t′ − t′′

)
+ PRL

(
k, t′ − t′′

)
+ PLR

(
k, t′ − t′′

)
+ PLL

(
k, t′ − t′′

)]
×Jn(W)Jm(W)eı(βnt′−βmt′′)

−µ
√

1 − µ2

√
2

∫ t

0
dt′

∫ t

0
dt′′

∫
d3k

×eı(n−m)(ψ−φ0) cos
(
φ0 − Ωt′

)
× [

P‖R
(
k, t′ − t′′

)
+ P‖L

(
k, t′ − t′′

)]
×Jn(W)Jm(W)eı(βnt′−βmt′′)

−µ
√

1 − µ2

√
2

∫ t

0
dt′

∫ t

0
dt′′

∫
d3k cos

(
φ0 −Ωt′′

)
× [

PR‖
(
k, t′ − t′′

)
+ PL‖

(
k, t′ − t′′

)]
×Jn(W)Jm(W)eı(βnt′−βmt′′)

}
· (15)

2.5. Step 4: Random phase approximation

Next we assume that the initial phase φ0 of the cosmic ray par-
ticle is a random variable that can take on any value between 0
and 2π. The averaging of Eq. (15) over φ0 then represents ex-
actly the ensemble-averaging over the turbulent magnetic field.
Using

1
2π

∫ 2π

0
dφ0 e(ı(n−m)φ0) = δn,m (16)

the double sum over n and m in Eq. (16) is reduced to a single
sum. We obtain after some straightforward resumming

1
2π

∫ 2π

0
dφ0

〈
(∆X)2

〉
=
v2

B2
0

∞∑
n=−∞

∫
d3k

∫ t

0
dt′

∫ t

0
dt′′eıβn(t′−t′′)

×
{

1
4

(
1 − µ2

)
P‖‖

(
k, t′ − t′′

) [
J2

n+1(W) + J2
n−1(W)

+ Jn+1(W)Jn−1(W)
(
e2ıψ + e−2ıψ

)]

+
µ2

2
J2

n(W)
[
PRR

(
k, t′ − t′′

)
+ PRL

(
k, t′ − t′′

)
+ PLR

(
k, t′ − t′′

)
+ PLL

(
k, t′ − t′′

)]
−µ

√
1 − µ2

2
√

2
Jn(W)

[(
PL‖

(
k, t′ − t′′

)
+ PR‖

(
k, t′ − t′′

))

×
(
Jn+1(W)e−ıψ + Jn−1(W)e+ıψ

)
+

(
P‖L

(
k, t′ − t′′

)
+ P‖R

(
k, t′ − t′′

))
× (Jn+1(W)eıψ + Jn−1(W)e−ıψ

] }
· (17)
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2.6. Step 5: Temporal behaviour of magnetic field
correlation tensor

To proceed we have to specify the time behaviour of the mag-
netic field correlation tensor Plm(k, t′ − t′′). We assume that all
tensor components have the same temporal behaviour, i.e.

Plm
(
k, t′ − t′′

)
= P0

lm(k)F
(
k, t′ − t′′

)
. (18)

This assumption allows us to disentangle the time and
k-integrations in Eq. (17). We find

1
2π

∫ 2π

0
dφ0

〈
(∆X)2

〉
=
v2

B2
0

∞∑
n=−∞

∫
d3k T (t, βn)

×
{

1
4

(
1 − µ2

)
P0
‖‖(k)

[
J2

n+1(W) + J2
n−1(W)

+ Jn+1(W)Jn−1(W)
(
e2ıψ + e−2ıψ

)]

+
µ2

2
J2

n(W)
(
P0

RR(k) + P0
RL(k) + P0

LR(k) + P0
LL(k)

)

−µ
√

1 − µ2

2
√

2
Jn(W)

[
(P0

L‖(k) + P0
R‖(k))(Jn+1(W)e−ıψ

+ Jn−1(W)eıψ)
(
P0
‖L(k) + P0

‖R(k)
)

×
(
Jn+1(W)eıψ + Jn−1(W)e−ıψ

) ]}
(19)

where we defined the so-called resonance function

T (t, βn) ≡
∫ t

0
dt′

∫ t

0
dt′′eıβn(t′−t′′)F

(
k, t′ − t′′

)
. (20)

The behaviour of the function T for large times determines
whether perpendicular cosmic ray transport is diffusive (i.e.
limt→∞ T ∝ t), subdiffusive (limt→∞ T ∝ ts, s < 1), or su-
perdiffusive (i.e. limt→∞ T ∝ ts, s > 1), respectively.

2.7. Step 6: Conditions for diffusive perpendicular
transport

We demonstrate here that diffusive perpendicular transport
always exists under two conditions:

(a) the time correlation function F of magnetic turbulence
depends only on the absolute value of the difference t′ − t′′,
i.e. F(k, t′ − t′′) = F(k, |t′ − t′′|);

(b) there exists a finite correlation time tc(k), that can be wave-
number dependent, beyond which the correlation function
F falls to a negligible magnitude.

As one particular choice of the correlation function F we con-
sider here the exponential function

F
(
k, |t′ − t′′|) = exp

(
−η(k)

∣∣∣t′ − t′′
∣∣∣) ,

tc(k) = η−1(k). (21)

This choice is justified in case of plasma wave turbulence
(Schlickeiser 2002, Sect. 12.2.2) where η then has to be iden-
tified with the wave damping rate. Another choice in accord
with the general requirements (a) and (b) would be the damp-
ing model of dynamical magnetic turbulence and the random
sweeping turbulence, discussed by Bieber et al. (1994).

2.8. Step 7: Resonance function for the exponential
correlation function (21)

With Eq. (21) inserted into Eq. (20) we obtain

T (t, βn, η) =
∫ t

0
dt′

∫ t

0
dt′′eıβn(t′−t′′)−η|t′−t′′ |. (22)

The t′′-integration is now split into the two intervals
(i) 0 ≤ t′′ ≤ t′ where |t′ − t′′| = t′ − t′′,
and
(ii) t′ ≤ t′′ ≤ t where |t′ − t′′| = t′′ − t′,
so that

T (t, βn, η) =
∫ t

0
dt′

[∫ t′

0
dt′′ eıβn(t′−t′′)−η(t′−t′′)

+

∫ t

t′
dt′′ eıβn(t′−t′′)−η(t′′−t′)

]
. (23)

After changing integration variables to s1 = t′ − t′′ and s2 =

t′′ − t′ in the first and second t′′-integral, respectively, we obtain
after straightforward algebra

T (t, βn, η) =
∫ t

0
dt′

[∫ t′

0
ds1 e−(η−ıβn)s1 +

∫ t−t′

0
ds2 e−(η+ıβn)s2

]

=

∫ t

0
dt′

[
1 − e−(η−ıβn)t′

η − ıβn
+

1 − e−(η+ıβn)(t−t′)

η + ıβn

]

=
1

η − ıβn

[
t − 1 − e−(η−ıβn)t

η − ıβn

]
+

t
η + ıβn

−e−(η+ıβn)t

η + ıβn

∫ t

0
dt′e(η+ıβn)t′

=
2ηt

η2 + β2
n
+

e−(η−ıβn)t − 1

(η − ıβn)2
+

e−(η+ıβn)t − 1

(η + ıβn)2

=
2η

η2 + β2
n

[
t − 2βne−ηt sin βnt

η2 + β2
n

]

−
2
(
η2 − β2

n

)
(
η2 + β2

n
)2

[
1 − e−ηt cos βnt

]
. (24)

2.8.1. Fokker-Planck coefficient DXX

First of all, we note that for times much larger than the correla-
tion time, t � η−1 = tc, the resonance function (24) approaches
the limit

T (t � tc)→ 2ηt
η2 + β2

n
, (25)

proving that the transport indeed is diffusive for large times.
According to the definition (3) we have to take the limit

lim
t→∞

T (t � tc)
2t

= R(k) =
η

η2 + β2
n
· (26)
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With Eq. (19) the Fokker-Planck coefficient DXX then becomes

DXX = lim
t→∞

1
2t

1
2π

∫ 2π

0
dφ0

〈
(∆X)2

〉

=
v2

B2
0

∞∑
n=−∞

∫
d3k R(k)

×
{

1
4

(
1 − µ2

)
P0
‖‖(k)

[
J2

n+1(W) + J2
n−1(W)

+ Jn+1(W)Jn−1(W)
(
e2ıψ + e−2ıψ

)]

+
µ2

2
J2

n(W)(P0
RR(k) + P0

RL(k) + P0
LR(k) + P0

LL(k))

−µ
√

1 − µ2

2
√

2
Jn(W)

[
(P0

L‖(k) + P0
R‖(k))(Jn+1(W)e−ıψ

+Jn−1(W)e+ıψ) +
(
P0
‖L(k) + P0

‖R(k)
) (

Jn+1(W)eıψ

+Jn−1(W)e−ıψ
)]}
· (27)

This completes the derivation of the Fokker-Planck coefficient
DXX for general turbulence geometries. For further reduction,
the turbulence geometry has to be specified via the tensor
P0

lm(k). This will be the subject of the next sections.

2.8.2. Special cases

It is instructive to inspect several special cases of the resonance
function (24). For an infinitely large correlation time tc = ∞,
corresponding to η = 0, Eq. (24) reduces to

T (η = 0) =
2[1 − cos βnt]

β2
n

=
4 sin2(βnt/2)

β2
n

· (28)

As has been noted before by Jaekel & Schlickeiser (1992) for
large t this resonance function approaches

lim
t→∞ T (η = 0)→ 2πtδ(βn), (29)

yielding again diffusive behaviour, but in this case with the res-
onance function

R(η = 0) = lim
t→∞

T (η = 0)
2t

= πδ(βn). (30)

This is fully consistent with Eq. (26), because of the same limit

lim
η→0
R(k) = lim

η→0

η

η2 + β2
n
= πδ(βn). (31)

The use of the resonance function (30) is only problematic in
cases where βn = k‖v‖ + nΩ = 0, as one encounters for 2D
turbulence, see below (Sect. 4.2). In this case it is appropriate
to go back to the general resonance function (24) which in the
limit βn = 0 is

T (βn = 0)→ 2t
η

[
1 − 1 − e−ηt

ηt

]
. (32)

For large times ηt � 1 this resonance function approaches
T (βn = 0, ηt � 1) � 2t/η, indicating that the motion is still
diffusive and that the resonance condition is

R(βn = 0) = lim
t→∞

T (βn = 0)
2t

=
1
η
= tc, (33)

which agrees with the corresponding limit of Eq. (26). As an
aside, we note that in the limit βn = 0 and η = 0, the resonance
functions (24) and (32) both imply superdiffusive behaviour,

T (βn = 0, η = 0) = t2. (34)

We conclude, that in order to have diffusive behaviour of the
Fokker-Planck coefficients in all limiting cases the existence of
a finite correlation time of the magnetic fluctuations, i.e. con-
dition (b) of Sect. 2.7, is essential.

2.9. Fokker-Planck coefficients DYY and D⊥
By repeating the analysis for the equation of motion (2) we
obtain in analogy to Eq. (27)

DYY = lim
t→∞

1
2t

1
2π

∫ 2π

0
dφ0

〈
(∆Y)2

〉

=
v2

B2
0

∞∑
n=−∞

∫
d3k R(k)

×
{

1
4

(
1 − µ2

)
P0
‖‖(k)

[
J2

n+1(W) + J2
n−1(W)

− Jn+1(W)Jn−1(W)
(
e2ıψ + e−2ıψ

)]

+
µ2

2
J2

n(W)
(
P0

RR(k) − P0
RL(k) − P0

LR(k) + P0
LL(k)

)

−µ
√

1 − µ2

2
√

2
Jn(W)

[ (
P0

L‖(k) − P0
R‖(k)

)

×
(
Jn+1(W)e−ıψ − Jn−1(W)e+ıψ

)
+

(
P0
‖L(k) − P0

‖R(k)
) (

Jn+1(W)eıψ

− Jn−1(W)e−ıψ
) ]}

. (35)

For the sum of Fokker-Planck coefficients we then find

D⊥(µ) = DXX + DYY =
v2

2B2
0

∞∑
n=−∞

∫
d3k R(k)

×
{(

1 − µ2
)

P0
‖‖(k)

[
J2

n+1(W) + J2
n−1(W)

]

+2µ2J2
n(W)

(
P0

RR(k) + P0
LL(k)

)

−µ
√

2
(
1 − µ2

)
Jn(W)

[
P0

L‖(k)Jn+1(W)e−ıψ

+P0
R‖(k)Jn−1(W)eıψ

+ P0
‖L(k)Jn+1(W)eıψ + P0

‖R(k)Jn−1(W)e−ıψ
]}
. (36)

3. Calculation of the Fokker-Planck coefficient D⊥
Now we use the general results for the perpendicular
Fokker-Planck coefficient of the last Sect. (see Eq. (36)) to
calculate D⊥ for different turbulence geometries. To do this
we have to specify the tensor P0

lm. According to Matthaeus &
Smith (1981) the components of this tensor can be written as

P0
lm = g(k⊥, k‖) ·

[
δlm − klkm

k2
+ iσεlmn

kn

k

]
, (37)
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with the magnetic helicity σ. The function g(k⊥, k‖) determines
different turbulence geometries. We will consider two geome-
tries explicitly in the following:
(a) slab turbulence, and
(b) pure 2D geometry.
With the results of these both geometries we are also able to
calculate the perpendicular Fokker-Planck coefficient for com-
posite geometry which is the subject of Sect. 3.3. For our cal-
culations in both geometries we use the damping model of the
dynamical magnetic turbulence.

3.1. Fokker-Planck coefficient Dslab⊥ for pure slab
geometry

In the case of pure slab geometry Eq. (37) becomes to

P0
lm = g(k‖)

δ(k⊥)
k⊥
·
[
δlm − klkm

k2
+ iσεlmn

kn

k

]
· (38)

Consequently, many components of the tensor P0
lm are zero

except

P0
RR = (1 − σ)g(k‖)

δ(k⊥)
k⊥

,

P0
LL = (1 + σ)g(k‖)

δ(k⊥)
k⊥
· (39)

Therefore we obtain for the perpendicular Fokker-Planck
coefficient for slab geometry

Dslab
⊥ =

v2µ2

B2
0

+∞∑
n=−∞

∫
d3k Rslab

DT J2
n(W)

(
P0

RR + P0
LL

)
· (40)

If we use the damping model of dynamical magnetic turbulence
we have according to Eq. (26)

Rslab
DT =

qslab

1 + q2
slab(k‖v‖ + nΩ)2

(41)

because (Bieber et al. 1994)

tc = η
−1 = qslab =

1
αvA | k‖ | , 0 ≤ α ≤ 1. (42)

Using Jn(0) = δn0 we find for the Fokker-Planck coefficient

Dslab
⊥ = 4π

µ2v2

B2
0

∫ +∞

−∞
dk‖ g(| k‖ |) qslab

1 + q2
slabk2

‖ v
2
‖
· (43)

To proceed further, we have to specify the form of the power
spectrum g(|k‖|). Here we use a power-law spectrum with a
sharp cut-off at small wavenumbers:

g(k‖) =
{

0 for | k‖ |≤ kmin

g0 | k‖ |−s for kmin ≤| k‖ | (44)

with 1 < s < 2. In Appendix C we discuss the results for a
power spectrum with finite wave power at small wavennum-
bers (see Bieber et al. 1994; Teufel & Schlickeiser 2003, SS03)

which causes a divergence problem. It is convenient to express
our results in terms of the following parameters:

ε =
vA

v

a =
1
αε
=

v

αvA
=

c
αvA

r√
r2

0 + r2

RL =
v

Ω
=

pc
B0 | q | =

r
B0

R = RLkmin = r
kmin

B0
(45)

with the cosmic ray particle’s rigidity r = pc
|q| and the constant

r0 =
mc2

|q| . The Fokker-Planck coefficient (43) then becomes

Dslab
⊥ =

8παvA

B2
0

a2µ2

1 + a2µ2

∫ ∞

0

dk‖
k‖
g(k‖)

=
8παsvA

B2
0

· a2µ2

1 + a2µ2
· g0k−s

min. (46)

Expressing the constant g0 in terms of the total fluctuating
magnetic field strength of the slab component,

(δBslab)2 =

3∑
m=1

(δBm)2

=

∫
d3k

∫
d3k′ δBm(k)δB∗m(k′)ei(k−k′)x

=

3∑
m=1

∫
d3k Pmm(k) = 8π

∫ ∞

0
dk‖ g

(
k‖

)

= 8πg0

∫ ∞

kmin

dk‖ k−s
‖

=
8π

s − 1
g0k1−s

min , (47)

yields

Dslab
⊥ =

(s − 1)αvA

skmin

(
δBslab

B0

)2

· a2µ2

1 + a2µ2
· (48)

3.2. The Fokker-Planck coefficient for pure 2D
geometry D2D⊥

For 2D geometry

P0
lm = g(k⊥)

δ(k‖)
k⊥
·
[
δlm − klkm

k2
+ iσεlmn

kn

k

]
, (49)

yielding for the individual non-zero components

P0
RR = P0

LL =
1
2
g(k⊥)

δ(k‖)
k⊥

P0
‖‖ = g(k⊥)

δ(k‖)
k⊥

P0
‖R = −P0

L‖ =
σ√

2
e+iΨ · g(k⊥)

δ(k‖)
k⊥

P0
R‖ = −P0

‖L =
σ√

2
e−iΨ · g(k⊥)

δ(k‖)
k⊥
· (50)
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With these components the Fokker-Planck coefficient (36)
reduces to

D2D
⊥ =

v2

2B2
0

+∞∑
n=−∞

∫
d3k R2D

DT · g(k⊥)
δ(k‖)
k⊥

×
[ (

1 − µ2
) (

J2
n+1(W) + J2

n−1(W)
)
+ 2µ2J2

n(W)

+2σµ
√

1 − µ2 Jn(W) (Jn+1(W) − Jn−1(W))

]
. (51)

For the calculations in the 2D-geometry we use

tc = η
−1 = q2D =

1
αvAk⊥

, 0 ≤ α ≤ 1, (52)

implying for the resonance function (21)

R2D
DT =

q2D

1 + q2
2D(k‖v‖ + nΩ)2

· (53)

For vanishing magnetic helicity σ = 0 the Fokker-Planck
coefficient (51) then becomes

D2D
⊥ =

v2

2B2
0

·
+∞∑

n=−∞

∫
d3k

q2D

1 + q2
2D

(
k‖v‖ + nΩ

)2

×g(k⊥)
δ(k‖)
k⊥

[(
1 − µ2

) (
J2

n+1(W) + J2
n−1(W)

)

+ 2µ2J2
n(W)

]
. (54)

Two of the k-integrations can be readily performed, so that

D2D
⊥ =

2πv2

αvAB2
0

+∞∑
n=−∞

∫ ∞

0
dk⊥

g(k⊥)
k⊥

1

1 + ( nΩ
αvAk⊥ )2

×

(
1 − µ2

)
2

(
J2

n+1(W) + J2
n−1(W)

)
+ µ2 J2

n(W)

 , (55)

which can be written as

D2D
⊥ (σ = 0) =

2παvAR2
L

B2
0

∫ ∞

0
dk⊥ k⊥ g(k⊥) f (k⊥) (56)

where for brevity we introduced the functions

f (k⊥) =
(
1 − µ2

)
G(k⊥) + µ2H(k⊥), (57)

G(k⊥) =
1
2

+∞∑
n=−∞

J2
n−1(W) + J2

n+1(W)

V2 + n2
(58)

and

H(k⊥) =
+∞∑

n=−∞

J2
n(W)

V2 + n2
(59)

with

V =
RLk⊥

a
, (60)

W = RLk⊥u (61)

and u =
√

1 − µ2. In Appendix A we derive the following
approximations for the functions G and H:

G(V � 1,W � 1) ≈ J2
1(W)

V2

≈ 2
πWV2

sin2
(
W − π

4

)
≈ 1
πWV2

G(V � 1,W � 1) ≈ 1 +
W2

4V2

G(V � 1,V � W) ≈ 1
V W

G(V � 1,V � W) ≈ 1
V2

(62)

H(V � 1,W � 1) ≈ J2
0(W)

V2

≈ 2
πWV2

cos2
(
W − π

4

)
≈ 1
πWV2

H(V � 1,W � 1) ≈ 1
V2

H(V � 1,V � W) ≈ 1
V W

H(V � 1,V � W) ≈ 1
V2
· (63)

For a simple power law turbulence spectrum with sharp low-
wavenumber cut-off as in Sect. 3.1, but now in k⊥, we obtain
for the Fokker-Planck coefficient (54)

D2D
⊥ =

2παvAR2
L

B2
0

· g0 · k1−s
min

∫ ∞

kmin

dk

(
k

kmin

)1−s

f (k). (64)

Again, the constant g0 can be expressed in terms of the total
fluctuating magnetic field strength in the 2D component:

(δB2D)2 = 4π
∫ ∞

0
dk⊥ g (k⊥)

= 4πg0

∫ ∞

kmmin

dk⊥ k−s
⊥ =

4π
s − 1

g0k1−s
min (65)

so that

D2D
⊥ =

(s − 1)αvAR2

2kmin

(
δB2D

B0

)2

· I2D
⊥ (66)

with

I2D
⊥ =

∫ ∞

kmin

dk
kmin

(
k

kmin

)1−s

· f (k). (67)

Substituting x = k/kmin we find

I2D
⊥ =

∫ ∞

1
dx x1−s · f (V,W) =

(
1 − µ2

)
· A + µ2 · B (68)

in terms of the integrals

A =
∫ ∞

1
dx x1−s ·G(V,W) (69)

and

B =
∫ ∞

1
dx x1−s · H(V,W). (70)
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Table 1. The different cases for the integrals A and B.

Case A B

au � 1 � uR 1
s

(
a
R

)2 1
s

(
a
R

)2

au � uR� 1 1
s

(
a
R

)2 1
s

(
a
R

)2

1 � au � uR a
suR2

a
suR2

1 � uR � au 1
(s+1)π

a2

uR3
1

(s+1)π
a2

uR3

uR � au � 1 2
s(2−s)

(
a
R

)2−s 1
s

(
a
R

)2

uR � 1 � au π(s+1)+4(2−s)
4π(2−s)(s+1)

(
a
R

)2
(uR)s 1

s

(
a
R

)2

In Eqs. (68)–(70) we use

V = x
R
a

(71)

and

W = xuR. (72)

We obtain for G and H

G(x � a/R, x� 1/uR) ≈ a2

πuR3x3

G(x � a/R, x� 1/uR) ≈ 1 +
(au)2

4

G(x � a/R, 1� au) ≈ a
uR2x2

G(x � a/R, 1� au) ≈ a2

R2x2
(73)

H(x � a/R, x� 1/uR) ≈ a2

πuR3x3

H(x � a/R, x� 1/uR) ≈ a2

R2x2

H(x � a/R, 1� au) ≈ a
uR2x2

H(x � a/R, 1� au) ≈ a2

R2x2
· (74)

Using Eqs. (73) and (74) to calculate the integrals A and B we
obtain the approximations shown in Table 1.

3.3. The Fokker-Planck coefficient for the composite
slab/2D geometry Dχ

⊥
The Fokker-Planck coefficient in the composite slab/2D geom-
etry is simply additive and can be written as

D⊥ = Dslab
⊥ + D2D

⊥ . (75)

If we replace δBslab in Eq. (48) and δB2D in Eq. (66) by the total
turbulence δB we find

Dχ
⊥ = χDslab

⊥ + (1 − χ)D2D
⊥ (76)

where the parameter

0 ≤ χ = δB2
slab

δB2
slab + δB2

2D

≤ 1 (77)

measures the relative strength of slab turbulence with respect
to the total turbulence (δB)2.

With the results of the last subsections (Eqs. (48) and (66))
we immediately determine the Fokker-Planck coefficient in the
composite model:

Dχ
⊥ =

(s − 1)αvA

skmin

(
δB
B0

)2 {
χ

a2µ2

1 + a2µ2
+ (1 − χ)

R2

2
· I2D
⊥

}
(78)

with I2D⊥ of Eq. (68).

4. Perpendicular spatial diffusion coefficient
and mean free path

4.1. Perpendicular spatial diffusion for slab geometry

In this section we calculate the perpendicular spatial diffusion
coefficient and the corresponding perpendicular mean free path
for slab geometry. Using the perpendicular Fokker-Planck co-
efficient (48) in Eq. (4) we obtain

κslab
⊥ =

(s − 1)αvA

skmin

(
δBslab

B0

)2 ∫ 1

0
dµ

a2µ2

1 + a2µ2

=
(s − 1)αvA

skmin

(
δBslab

B0

)2

·
(
1 − arctan (a)

a

)
(79)

which can be approximated as

κslab
⊥ � (s − 1)αvA

skmin

(
δBslab

B0

)2

×
{

1 for a� 1
a2

3 ∼ r2

r2
0+r2 for a� 1. (80)

For large values of a � 1 the spatial diffusion coefficient
is independent of a and therefore independent of the rigidity,
whereas for small values a � 1 it increases ∝ r2 below r � r0.
The corresponding perpendicular mean free path is

λslab
⊥ =

3κ⊥
v
=

3(s − 1)αvA

skminv

(
δBslab

B0

)2 (
1 − arctan (a)

a

)
(81)

with the approximative behaviour

λslab
⊥ � 3(s − 1)

skmin

(
δBslab

B0

)2


a−1 for a � 1
a
3 ∼ r√

r2
0+r2

for a � 1. (82)

For large values of a � 1 the mean free path decreases pro-
portional to ∝ v−1, while at small values of a � 1 the mean
free path increases ∝v. If we consider the case α → 0 we have
a→ ∞ and we find that λslab⊥ (α→ 0)→ 0.

4.2. Perpendicular spatial diffusion for 2D geometry

Here we calculate the perpendicular spatial diffusion coefficient
and the corresponding perpendicular mean free path in 2D ge-
ometry. We derive for the perpendicular spatial diffusion coef-
ficient in 2D turbulence geometry

κ2D
⊥ =

(s − 1)αvAR2

2skmin
·
(
δB2D

B0

)2

· K2D
⊥ (83)
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Table 2. Analytical expressions for K2D
⊥,1, K2D

⊥,2 and K2D
⊥ = K2D

⊥,1 + K2D
⊥,2.

ξ(s) denotes the function ξ(s) =
[

1
4(2−s) +

1
π(s+1)

] √
π

4

Γ( s+2
2 )

Γ
(

s+5
2

) .

Case K2D
⊥,1 K2D

⊥,2 K2D⊥

a � R � 1 2
3s

(
a
R

)2 1
3s

(
a
R

)2 1
s

(
a
R

)2

a � 1 � R 2
3s

(
a
R

)2 1
3s

(
a
R

)2 1
s

(
a
R

)2

R� 1 � a (s + 2)ξ(s)
(

a
R

)2
Rs 1

3s

(
a
R

)2 1
3s

(
a
R

)2

R� a � 1 4
3s(2−s)

(
a
R

)2−s 1
3s

(
a
R

)2 1
3s

(
a
R

)2

1 � a � R π
4s

a
R2

π
4s

a
R2

π
2s

a
R2

1 � R � a 1
4(s+1)

a2

R3
1

4(s+1)
a2

R3
1

2(s+1)
a2

R3

with

K2D
⊥ =

∫ 1

0
dµ I2D

⊥ = K2D
⊥,1 + K2D

⊥,2, (84)

K2D
⊥,1 =

∫ 1

0
dµ (1 − µ2) A(µ) =

∫ 1

0
du

u3

√
1 − u2

A(u) (85)

and

K2D
⊥,2 =

∫ 1

0
dµ µ2 B(µ) =

∫ 1

0
du u ·

√
1 − u2 B(u), (86)

respectively. Table 2 shows the approximations for the last two
integrals and for K2D⊥ , yielding approximate formulas for κ2D⊥ .
With these the perpendicular mean free path of 2D geometry
can be written as

λ2D
⊥ =

3(s − 1)
2s

αvAR2

vkmin
·
(
δB2D

B0

)2

· K2D
⊥ . (87)

If we consider the case α → 0 we have a → ∞. Table 2 then
implies λ2D⊥ (α → 0) ∼ 1/α → ∞, but, as shown in Sect. 2.8,
in this formal limit the perpendicular cosmic ray transport is no
longer diffusive.

4.3. Composite slab/2D geometry

For the case of composite geometry we can use Eqs. (80)
and (83) to find

κ
χ
⊥ = χκ

slab
⊥ + (1 − χ)κ2D

⊥

=
(s − 1)αvA

skmin

(
δB
B0

)2

·
{
χ ·

(
1 − arctan (a)

a

)

+ (1 − χ) · R2

2
· K2D
⊥

}
(88)

with the total fluctuating magnetic field strength δB2 = δB2
slab+

δB2
2D. Although not necessary, mainly for illustrating our re-

sults we adopt the same value for the parameter kmin for the
slab and the 2D contribution.

5. Calculating κ⊥ and λ⊥ for heliospheric
parameters

Here we calculate κ⊥ and λ⊥ for electrons and protons for one
set of typical heliospheric parameters and compare them with

the analytical parallel diffusion results of SS03. For our calcu-
lations we use the same set of parameters appropriate for in-
terplanetary conditions at 1 AU as Bieber et al. (1994). For the
magnetic background field we assume B0 = 4.12 nT and for
the Alfvén speed vA = 33.5 km s−1. For the both parameters
of the power spectrum we used kmin = 10−10 m−1 and s = 5/3.
The parameter α is assumed to be 1.

In the following discussions we restrict the rigidity values
to the interesting range 1 MV � r � 104 MV . With typical
heliospheric parameters we then always have R� 1� a.

5.1. The perpendicular spatial diffusion coefficient κ⊥
The value of the spatial diffusion coefficient is given in terms
of the constant κ0 = 1018 cm2/s. For slab turbulence we then
obtain

κslab⊥
κ0
= 1.34 ·

[
1 − arctan a

a

] (
δBslab

B0

)2

≈ 1.34 ·
(
δBslab

B0

)2

· (89)

For the 2D coefficient we use Table 2 to obtain different ap-
proximations for κ2D⊥ . In the case R � 1 � a we find from
Table 2:

K2D =
1
3s

( a
R

)2
(90)

and therefore for the perpendicular spatial diffusion coefficient

κ2D
⊥ =

(s − 1)
6s

αvA

kmin
· a2 ·

(
δB2D

B0

)2

. (91)

Using heliospheric parameters we obtain

κ2D⊥
κ0
= 0.223 · a2 ·

(
δB2D

B0

)2

= 0.223 ·
(

c
vA

)2

· r2

r2
0 + r2

(
δB2D

B0

)2

· (92)

The perpendicular spatial diffusion coefficient for protons and
electrons from slab and 2D turbulence are shown in Fig. 1.

5.2. The perpendicular mean free path λ⊥
The slab perpendicular mean free path becomes for helio-
spheric parameters

λslab
⊥ = 0.08 AU ·

[
1
a
− arctan a

a2

] (
δBslab

B0

)2

≈ 8.9 × 10−6 AU

√
r2

0 + r2

r

(
δBslab

B0

)2

(93)

where we used that 1 AU = 1.5×1011 m. For the 2D perpendic-
ular mean free path we obtain under the restriction R � 1 � a:

λ2D
⊥ =

(s − 1)
2s

a
kmin
·
(
δB2D

B0

)2

(94)
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Fig. 1. Perpendicular spatial diffusion coefficient of 2D geometry
(solid line) and slab geometry (dotted line) for protons (p+) and elec-
trons (e−) for δB/B0 = 0.2.
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Fig. 2. Perpendicular mean free path of 2D geometry (solid line) and
slab geometry (dotted line) for protons (p+) and electrons (e−) for
δB/B0 = 0.2.

which for heliospheric parameters yields

λ2D
⊥ = 0.0133 AU · a

(
δB2D

B0

)2

= 120 AU · r√
r2

0 + r2

(
δB2D

B0

)2

· (95)

The results for the perpendicular mean free path are shown in
Fig. 2.

5.3. The ratio λ⊥/λ‖
In this subsection we calculate the ratio λ⊥/λ‖ for slab, 2D
and composite geometry. For λ2D

‖ we can use the results of

SS03 and for λslab
‖ the results of Teufel & Schlickeiser (2003).

Together with Table 2 we obtain the following results:

λslab
⊥ =

3(s − 1)
sakmin

(
δBslab

B0

)2

λ2D
⊥ =

(s − 1)
2s

a
kmin

(
δB2D

B0

)2

λslab
‖ =

6s
π(s − 1)(2 − s)(4 − s)

R2−s

kmin

(
B0

δBslab

)2

λ2D
‖ =

3s
√
π2s/2

(s − 1)(6 − s)

Γ
(

8−s
2

)
Γ
(

7−s
2

) aR2−s

kmin

(
B0

δB2D

)2

· (96)

For the case s = 5/3 these equations become to

λslab
⊥ ≈

1.20
kmin

αvA

c

√
r2

0 + r2

r

(
δBslab

B0

)2

λ2D
⊥ ≈

0.2
kmin

c
αvA

r√
r2

0 + r2

(
δB2D

B0

)2

λslab
‖ ≈

6.14
kmin

(
r

kmin

B0

)1/3 (
B0

δBslab

)2

λ2D
‖ ≈

1.36
kmin

c
αvA

r√
r2

0 + r2

(
r

kmin

B0

)1/3 (
B0

δB2D

)2

· (97)

With these results it is simple to calculate the ratio λ⊥/λ‖. If we
do this we obtain for pure slab geometry

λslab⊥
λslab
‖
≈ 5.04 × 10−4

√
( r0

MV )2 + ( r
MV )2

( r
MV )4/3

(
δBslab

B0

)4

(98)

and for pure 2D geometry

λ2D⊥
λ2D
‖
≈ 3.40 ·

( r
MV

)−1/3
(
δB2D

B0

)4

· (99)

These results can be seen in Fig. 3. In the case of composite
geometry we have

λ
χ
⊥ = χ · λslab

⊥ + (1 − χ) · λ2D
⊥ . (100)

If we assume that χ is not too small or too large we find that the
slab component controlls the parallel mean free path (see SS03)

λ
χ
‖ ≈

1
χ
· λslab
‖ (101)

and the perpendicular mean free path is controlled by the
2D component

λ
χ
⊥ ≈ (1 − χ)λ2D

⊥ . (102)

Therefore the ratio of perpendicular and parallel mean free path
can be written as

λ
χ
⊥
λ
χ
‖
≈ (1 − χ) · χ · λ

2D⊥
λslab
‖
· (103)
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Fig. 3. The ratio λ⊥/λ‖ for pure slab (dotted line) and pure 2D geome-
try (solid line) for protons (p+) and electrons (e−) for δB/B0 = 0.2.

Note the symmetry of the mean free path ratio arround χ = 0.5
due to the factor (1−χ)χ in Eq. (103). We find for heliospheric
parameters

λ
χ
⊥
λ
χ
‖
≈ 6.74 × 103 · (1 − χ) · χ (r/MV)2/3√

( r0
MV )2 + ( r

MV )2

(
δB
B0

)4

· (104)

Figure 4 shows the results of that ratio for electrons and Fig. 5
shows the results for protons. In both figures we calculated the
ratio λ⊥/λ‖ for different values of χ and for δB/B0 = 0.2.

For non-relativistic particles we always find

λ
χ
⊥
λ
χ

‖
(r � r0) ∼ r2/3 (105)

and for relativistic particles

λ
χ
⊥
λ
χ
‖

(r � r0) ∼ r−1/3. (106)

5.4. Comparison with observations

From proton observations we know that (see Palmer 1982)
0.02 < λ⊥/λ‖ < 0.083 over the rigidity range of 0.5 MV <
r < 5 GV . The observations are not accurate enough to draw
conclusions on the variation of the mean free path ratio with

rigidity. By fitting the appropriate value of
(
δB
B0

)4
the observed

absolute values are in agreement with the quasilinear results
for all three models: slab, 2D and composite turbulence. Future
more precise observations especially of the rigidity variation of
the ratio of mean free paths λ⊥/λ‖, both for protons and elec-
trons, should allow a definite conclusion on the nature of inter-
planetary magnetic turbulence from the comparison with our
theoretical predictions contained in Figs. 1–5.

6. Summary and conclusions

We have presented the quasilinear calculation of perpendicular
diffusion of cosmic ray particles for weak dynamical magnetic
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Fig. 4. The ratio λ⊥/λ‖ as a function of the rigidity for electrons for
different values of χ and for δB/B0 = 0.2.
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Fig. 5. The ratio λ⊥/λ‖ as a function of the rigidity for protons for
different values of χ and for δB/B0 = 0.2.

turbulence of arbitrary geometry. Starting from the equations of
motion we went point-by-point through the derivation of quasi-
linear Fokker-Planck coefficients, identifying seven necessary
steps in this derivation. We demonstrated that, in order to have
diffusive behaviour of the Fokker-Planck coefficients, the exis-
tence of a finite correlation time of the magnetic fluctuations is
essential.

From the perpendicular Fokker-Planck coefficient D⊥ we
then deduced the perpendicular spatial diffusion coefficient κ⊥
and the associated perpendicular mean free path λ⊥ for the
damping model of dynamical magnetic turbulence and three
different turbulence geometries: slab, 2D turbulence and com-
posite turbulence. For a Kolmogorov-type power spectrum
we explicitly calculated these perpendicular transport param-
eters for electrons and protons for realistic heliospheric plasma
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parameters. The analytical form of the perpendicular diffusion
coefficient is of great interest for studies of the solar modula-
tion of galactic cosmic rays.

By comparing with our previous determination of the par-
allel transport parameters, we are able to predict the variation
of the ratio of mean free paths λ⊥/λ‖ with particle rigidity for
the three turbulence models. The comparison of these predic-
tiona with future accurate experimental determinations of the
ratio of mean free paths will allow conclusions on the nature of
interplanetary magnetic turbulence.
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Appendix A: Calculation of the series G(x, y)

To calculate the Fokker-Planck coefficient in pure 2D geometry
we have to calculate the series

G(x, y) =
1
2

+∞∑
n=−∞

J2
n−1(x) + J2

n+1(x)

y2 + n2
· (A.1)

It is not possible to solve this series analytically without us-
ing approximations. In this paper we use the same formalism
to calculate the series as demonstrated in SS03. To start our
calculations we write the sum above as

G(x, y) =
J2

1(x)

y2
+

∞∑
n=1

J2
n−1(x) + J2

n+1(x)

y2 + n2
· (A.2)

Now we use the both well known formulas (see Gradshteyn &
Ryzhik 1966):

J2
n−1(x) = −2

π
(−1)n

∫ π/2

0
dΘJ0(2x cosΘ)

× cos(2Θn − 2Θ)

= −2
π

(−1)n
∫ π/2

0
dΘJ0(2x cosΘ)

× [cos(2Θn) cos(2Θ) + sin(2Θn) sin(2Θ)] (A.3)

and

J2
n+1(x) = −2

π
(−1)n

∫ π/2

0
dΘJ0(2x cosΘ)

× cos(2Θn + 2Θ)

= −2
π

(−1)n
∫ π/2

0
dΘJ0(2x cosΘ)

× [cos(2Θn) cos(2Θ) − sin(2Θn) sin(2Θ)] (A.4)

to get

J2
n−1(x) + J2

n+1(x) = −4
π

(−1)n

×
∫ π/2

0
dΘJ0(2x cosΘ) cos(2Θn) cos(2Θ). (A.5)

Therefore we obtain

G(x, y) =
J2

1(x)

y2
− 4
π

∫ π/2

0
dΘJ0(2x cosΘ) cos(2Θ)

×
∞∑

n=1

(−1)n cos(2Θn)
n2 + y2

· (A.6)

Now we can calculate the sum using (Gradshteyn & Ryzhik
1966)

∞∑
n=1

(−1)n

n2 + y2
cos(2Θn) =

π

2y
cosh(2Θy)
sinh(πy)

− 1
2y2

(A.7)

and we find

G(x, y) =
J2

1(x)

y2
+

2
πy2

∫ π/2

0
dΘJ0(2x cosΘ) cos(2Θ)

− 2
y sinh(πy)

∫ π/2

0
dΘJ0(2x cosΘ)

× cos(2Θ) cosh(2Θy). (A.8)

Using∫ π/2

0
dΘJ0(2x cosΘ) cos(2Θ) = −π

2
J2

1 (x) (A.9)

the series G can be finally written as

G(x, y) = − 2
y sinh(πy)

∫ π/2

0
dΘJ0(2x cosΘ)

× cos(2Θ) cosh(2Θy). (A.10)

This result is still exact, but to proceed with our calculations
we must consider special cases for x and y.

The case y � 1, x � 1

In this case we can consider Eq. (A.10) for small y to obtain

G(x, y) = − 2
πy2

∫ π/2

0
dΘJ0(2x cosΘ) cos(2Θ)

=
J2

1(x)

y2
· (A.11)

The case y � 1, x � 1

In this case we must develop the functions in Eq. (A.10) up to
the next order:

J0(2x cosΘ) ≈ 1 − x2 cos2Θ,

cosh(2Θy) ≈ 1 + 2Θ2y2,

1
sinh(πy)

≈ 1
πy

(
1 − π

2y2

6

)
(A.12)

with these approximations it is simple to calculate G for small
arguments

G(x, y) ≈ −4
π
·
∫ π/2

0
dΘ Θ2 · cos(2Θ)

+
2x2

πy2
·
∫ π/2

0
dΘ cos(2Θ) · cos2Θ (A.13)

which can be written as

G(x, y) ≈ 1 +
x2

4y2
· (A.14)

The case y � 1

In this case Eq. (A.10) can be written as

G(x, y) = −2
y

∫ π/2

0
dΘ J0(2x cosΘ) cos(2Θ)

×
[
e(2Θ−π)y + e−(2Θ+π)y

]
. (A.15)

With the integral transformation z = π − 2Θ we find

G(x, y) =
1
y

∫ π

0
dz J0

(
2x sin

( z
2

))
cos(z)

×
[
e−zy + e−(2π−z)y

]
. (A.16)

Now we consider large y to approximate the integral. If y is a
large number the contribution to the integral comes from very
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small values of z because of the exponential function. Therefore
we can expand the upper limit of the integral to infinity and we
can approximate the circular functions to obtain:

G(x, y) =
1
y

∫ ∞

0
dz J0(xz)e−yz. (A.17)

The integral is elementary and yields

G(x, y) =
1
y

1√
x2 + y2

· (A.18)

We finally find the both cases:

G(y� 1, y� x) =
1
xy

G(y � 1, y� x) =
1
y2
· (A.19)

Finally all the cases can be written as:

G(y � 1, x� 1) ≈ J2
1(x)

y2
≈ 2
πxy2

sin2(x − π/4)

≈ 1
πxy2

G(y � 1, x� 1) ≈ 1 +
x2

4y2

G(y � 1, y� x) ≈ 1
xy

G(y � 1, y� x) ≈ 1
y2
· (A.20)

With these approximations it is possible to calculate the per-
pendicular Fokker-Planck coefficient for special cases. We also
calculated the series G(x, y) numerically to test Eq. (A.20). We
found that the agreement is accurate for all cases.

Appendix B: Calculation of the series H(x, y)

For calculating the Fokker-Planck coefficient in pure 2D geom-
etry we also have to calculate the series

H(x, y) =
+∞∑

n=−∞

J2
n(x)

y2 + n2
· (B.1)

In this section we use the same method to calculate the series
as in the section before. To start our calculations we write the
sum above as

H(x, y) =
J2

0(x)

y2
+ 2

∞∑
n=1

J2
n(x)

y2 + n2
· (B.2)

With the well known integral representation for Bessel
functions

J2
n (x) =

2
π

(−1)n
∫ π/2

0
dΘJ0(2x cosΘ) cos(2Θn) (B.3)

we can rewrite the series as

H(x, y) =
J2

0(x)

y2
+

4
π

∫ π/2

0
dΘJ0(2x cosΘ)

×
∞∑

n=1

(−1)n

n2 + y2
cos(2Θn). (B.4)

Using again Eq. (A.7) we get

H(x, y) =
2

y sinh(πy)

∫ π/2

0
dΘJ0(2x cosΘ) cosh(2Θy) (B.5)

where we also used

2
π

∫ π/2

0
dΘJ0(2x cosΘ) = J2

0(x). (B.6)

Now we must consider special cases for x and y to simplify
Eq. (B.5).

The case y � 1

In this case we can use

cosh(2Θy) ≈ 1 (B.7)

and Eq. (B.6) to find

H(x, y� 1) ≈ J2
0(x)

y2
· (B.8)

If x � 1 and y � 1 we obtain

H(x� 1, y� 1) ≈ 1
y2
· (B.9)

The case y � 1

In the case of large y Eq. (B.5) can be written as

H(x, y) ≈ 1
y

∫ π

0
dzJ0

(
2x sin

( z
2

))
·
[
e−zy + e−(2π−z)y

]

≈ 1
y

∫ ∞

0
dzJ0(xz)e−zy

≈ 1
y

1√
x2 + y2

· (B.10)

For deriving this equation we used the same approximations as
in deriving Eq. (A.17). If we collect all the results we finally
find:

H(y� 1, x� 1) ≈ J2
0(x)

y2
≈ 2
πxy2

cos2(x − π/4) ≈ 1
πxy2

H(y� 1, x� 1) ≈ 1
y2

H(y � 1, y� x) ≈ 1
xy

H(y � 1, y� x) ≈ 1
y2
· (B.11)

With these approximations it is possible to calculate the per-
pendicular Fokker-Planck coefficient for special cases. We also
calculated the series H(x, y) numerically to test Eq. (B.11). We
found that the agreement is accurate for all cases.

Appendix C: A power spectrum with finite wave
power at small wavenumbers

In this section we discuss the results for a power spectrum
with finite wave power at small wavenumbers. To do this we
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consider pure slab- and pure 2D-geometry for the damping
model of dynamical magnetic turbulence:

C.1. The case of pure slab geometry

According to Eq. (46) the Fokker-Planck coefficient can be
written as

Dslab
⊥ =

8παvA

B2
0

a2µ2

1 + a2µ2

∫ ∞

0

dk‖
k‖
g(k‖). (C.1)

Now we assume a power spectrum with finite wave power at
small wavenumbers:

g(k‖) =
{
g0k−s

min f or k‖ ≤ kmin

g0k−s
‖ f or kmin ≤ k‖

(C.2)

to obtain

Dslab
⊥ ∼

∫ ∞

0

dk‖
k‖
g(k‖)

= g0ks
min

∫ kmin

0

dk‖
k‖
+ g0

∫ ∞

kmin

dk‖
k‖

k−s
‖ (C.3)

and we find

Dslab
⊥ ∼ lim

k0→0

∫ ∞

k0

dk‖
k‖
= lim

k0→0
ln

(
kmin

k0

)
→ ∞. (C.4)

Note: this is a feature of the damping model of dynamical mag-
netic turbulence. If we consider the case of α → 0, often ref-
ered as magnetostatic limit (see Bieber et al. 1994) we must go
back to Eq. (40):

Dslab
⊥ = 4π

v2µ2

B2
0

∫ +∞

−∞
dk‖ Rslab

0 (n = 0)g(k‖). (C.5)

Now we use

Rslab
0 = πδ(k‖v‖ + nΩ) (C.6)

and therefore

Rslab
0 (n = 0) = πδ(k‖v‖) =

π

v | µ |δ(k‖) (C.7)

to obtain

Dslab
⊥ = 4π2 v

2µ2

B2
0

1
v | µ |g(0)

=
(s − 1)π

2
v | µ | k−1

min

(
δB
B0

)2

· (C.8)

With this result we can calculate the perpendicular mean free
path and we find

λ⊥ =
3
4

(s − 1)πk−1
min ·

(
δB
B0

)2

(C.9)

which is similar to the results derived by Le Roux et al. (1999)
and Zank et al. (1998).

C.2. The case of pure 2D geometry

The 2D-Fokker-Planck coefficient can be written as (see
Eq. (51))

D2D
⊥ =

πv2

B2
0

+∞∑
n=−∞

∫ ∞

0
dk⊥ Qn(k⊥) (C.10)

with

Qn(k⊥) = R2D
DTg(k⊥)

[(
1 − µ2

) (
J2

n+1(W) + J2
n−1(W)

)
+ 2µ2J2

n(W)
]

(C.11)

if we assume a vanishing magnetic helicity. Now we restrict
our analysis to the n = 0 contribution and we find

Q0(k⊥ → 0) ∼ g(k⊥)
k⊥
∼ 1

k⊥
(C.12)

and therefore

D2D
⊥ ∼ lim

k0→0

∫ ∞

k0

dk⊥
k⊥
= lim

k0→0
ln

(
kmin

k0

)
→ ∞ (C.13)

if we use the damping model of dynamical magnetic turbulence
and the same power spectrum as in Eq. (C.2) but now for k⊥.
Note: for slab- and for 2D-geometry the perpendicular Fokker-
Planck coefficient goes to infinity if we assume a power spec-
trum with finite wave power at small wavenumbers.


