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Abstract. Observations of interstellar turbulence imply that the power spectrum of the wave turbulence must be highly
anisotropic. This anisotropy has to be included when transport of high energy cosmic rays in the Galaxy is discussed. Here
we evaluate the relevant cosmic ray transport parameters in the presence of anisotropic plasma wave turbulence, consisting of a
mixture of shear Alfvén waves and fast magnetosonic waves. By averaging the respective Fokker-Planck coefficient over the par-
ticle pitch-angle we calculate the momentum and spatial diffusion coefficients for different anisotropy parameters. For strongly
perpendicular turbulence (A < 1) we obtain that the momentum diffusion coefficient is proportional to A~1/2 [ln el+InAY 2],
whereas for strongly parallel turbulence (A > 1) the momentum diffusion coefficient is a constant. We also calculate the
anisotropy dependence of the spatial diffusion coefficient and the parallel mean free path for the mixed turbulence. For all
coeflicients we discuss the rigidity dependence for different cosmic ray particles.
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1. Introduction

Observations of interstellar scintillations (Rickett 1990;
Spangler 1991), general theoretical considerations (Goldreich
& Sridhar 1995), and comparison of interstellar radiative cool-
ing in HIl-regions and in the diffuse interstellar medium with
linear Landau damping estimates for fast-mode decay (Lerche
& Schlickeiser 2001a), all strongly imply that the power spec-
trum of wave turbulence in the interstellar medium must be
highly anisotropic. It is not clear from the observations whether
the turbulence spectrum is oriented mainly parallel or mainly
perpendicular to the ambient magnetic field, either will satisfy
the needs of balancing wave damping energy input against ra-
diative cooling. This anisotropy must be included when trans-
port of high energy cosmic rays in the Galaxy is discussed
(Chandran 2001; Yan & Lazarian 2002).

In the first paper of this series (Lerche & Schlickeiser
2001b, hereafter referred to LS) we have started to evaluate
the relevant cosmic ray transport parameters in the presence
of anisotropic fast magnetosonic plasma wave turbulence. All
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technical details of the calculation of Fokker-Planck coeffi-
cients and their relation to the transport parameters of the cos-
mic ray diffusion-convection equation (as the parallel mean
free path, the rate of adiabatic deceleration and the momen-
tum diffusion coefficient) were presented there (see LS Sects. 2
and 3). In the second paper of this series (Teufel et al. 2003,
hereafter referred to TLS) we continued to evaluate the relevant
cosmic ray transport parameters in the presence of anisotropic
shear Alfvén waves. However, in order to calculate these trans-
port parameters in the interstellar medium we must calcu-
late also the influence of the anisotropy parameter on the
Fokker-Planck coefficients for the mixed turbulence, because
interstellar plasma turbulence most probably is a mixture of fast
magnetosonic waves and shear Alfvén waves. This analysis is
the subject of the present paper. In order to avoid unnecessary
repititions we will use the same notation and will frequently
refer to equations in papers LS and TLS.

The organisation of the paper is as follows: in Sect. 2
we summarize the results for shear Alfvén waves of TLS. In
Sect. 3 we present improved (in comparison to LS) calcula-
tions for fast magnetosonic waves. In Sect. 4 we use these new
results together with the shear Alfvén wave results to calcu-
late the Fokker-Planck coefficients and transport parameters for
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the mixed turbulence. In Sect. 5 we calculate the rigidity de-
pendence of the transport parameters for heliospheric parame-
ters for shear Alfvén waves, fast magnetosonic waves and the
mixed turbulence.

2. Transport parameters for shear Alfvén waves

To calculate the transport parameters in the mixed turbulence
we need the Fokker-Planck coefficients for shear Alfvén and
fast magnetosonic waves. Because the mixed momentum dif-
fusion coefficient AMX can be written as the sum of the mo-
mentum diffusion coefficients A* and AF, we write down the
Fokker-Planck coefficients and transport parameters of shear
Alfvén waves. To do this we can use the results of TLS. For all
Fokker-Planck coefficients and transport parameters we have
made the assumption that Ry knin < 1. Therefore we cannot use
our results for high rigidities. We also assume that 1 < s < 2
for the inertial range spectral index.

2.1. The momentum diffusion coefficient AA

For the momentum diffusion coefficient A* for pure shear
Alfvén waves we obtain from TLS(25)

n 5B)? _
A% = 25 = 0 Gk
0

2.2
12 LA, ). (1)
Ry
In Eq. (1) we used the ratio of the turbulent fields and the mag-
netic background field 6 B/ By, the particle speed v and momen-
tum p. The parameter R, is the gyroradius and € is the ratio
va/v where vy is the Alfvén speed. The parameter A is the
anisotropy parameter. This parameter allows us to change the
turbulence geometry. For A = oo we obtain the often consid-
ered case of a slab geometry. A = 1 is equivalent to isotropic
and A = 0 is equivalent to 2D geometry (see Bieber et al. 1994;
Shalchi & Schlickeiser 2004). In Eq. (1) we also used the func-

tion 2 which can be approximated as follows:

A (o Acs+ )2
h(A—l,s)~[(2+ Py )s+2

i 1-2%
s s2-y)

(1 2-s/2 7 1)
X |- - +

)

s s s+2  s+2
A< 1,5) ~ EMH%Z)(LFM)
’ | Vo T \2 T
1 ! 1
2+ T o))
ALy ~ |- ] o
T s s+2

In Table 1 we compare for the special case s = 5/3 the nu-
merical values of the anisotropy function calculated from these
asymptotics with the values calculated from the exact form of
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Table 1. Anisotropy function #* for Alfvén waves and for s = 5/3.

Anisotropy parameter A | hA (A, s =5/3) | kA (A, s =5/3)
A1 0.443 - A6*D2 0.470 - AG*D/2
A=1 0.204 0.077

A>1 0.327 0.327

the anisotropy function from TLS. To obtain the results above,
we use the Fokker-Planck coefficients of shear Alfvén waves

(s = 1)(6B)*(Rrkmin)* v

DA (u<e) ~ et
(k<€) 2J(M)BZR. el
XWA, €, 5) 3)
with
1 2
—— for Ae” > 1
A sAe
WA, €, 5) = - | 4)
—+M for Ae? <1
2 bg
and
— D(OB)* (R kmin)* ™!
DQH(,U - 6) ~ 7T(S )( ) (2L ) v |’u|s+1
2J(M)BiR.,
XWNA, M, s) )
with
WAA, M, )
M| 1-(1+NT
= 1AM w2 < 1L,M?2 < A
sA 2 -9A
1 2 1
Z+M for A<M?<«l1
n
~ R (6)
M
— for 1< M?* <A
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1 4 1
—+M for M?> 1,M?*> A
2 b/d
where
1- 2
M= NITH (7
u
For the function J(A, s) we have
s+2 3
JA,s) = oF =1 —-A
(A, 5) = oF] ( 5 > )
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72[\(\51)/2 (siz) for A<x1
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Table 2. The function g* for Alfvén waves and for s = 5/3.

Anisotropy parameter A | g*(A, €, s = 5/3)
Ax1 0.63eSA~(+D/2
A=1 0.75¢>*

e > A>1 0.45¢ A1
A>e'>1 2.57

2.2. The spatial diffusion coefficient k*
Here we use the results from TLS again to obtain

BZRZ—S

= S v ”
with the function
g5, € > A) = J(A,s) - %% (10)
if € > A, and

A s 2
g (s, A > € > 1)=J(A,s)-m (11)

if A > €* > 1. In Table 2 we show the values of the func-
tion g for the special case s = 5/3.

3. Transport parameters for fast magnetosonic
waves

3.1. The momentum diffusion coefficient AT

To calculate the transport parameters for the mixed turbulence
we also need the parameters for fast magnetosonic waves. For
these waves the momentum diffusion coefficient is the sum of
the gyroresonance contribution AS and the transit-time damp-
ing contribution AT,

AF = AC 4+ AT (12)
because we know that
F _ NG T
DHH_D##+DHH' (13)
3.1.1. Transit-time damping
To calculate AT we use the results from LS that
7(s — DoRS™2ks=) sB2
Dl (u>e) = @
h 2J(A) Bj
xci1(u, R, s)F(u, €, A\, s) (14)
and
T _
DL u<e)=0 (15)

respectively, where we introduce R = Ry kuin and define the two
functions

ci(u, R, s) = f dxx~ D 12(x) (16)
: RV !
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Table 3. Anisotropy function AT for fast magnetosonic waves. In this

. . _ a@rd+s/2) s+4 s+2 .
table we introduced the functions &(s) = ARG /2)B( >, 5=) with

the generalized B-function B(x,y) and c3(s) = %
Anisotropy parameter A | hT(A, €, s)
A< <l AT €6+
<A<l c3()A12 [m e'+n A1/2]
A=1 ci(s)lne!
A>1 c1(8)sA™*?Ine’!

and

(1 _ Iu2)(s+2)/2lus+1

[€ + A2 — €)™

F(u,e, A, s) ~

( —u )(5+2)/2 s+1

€
for A< l,u< —
Es+2 H /_A

1 — y2)s+2)72
d=p forA<<1,,u>>i

AG+2)/2
~ (lﬂ 2)(S+2)/2 A (17)
R for A=
u
(1 _IuZ)(S+2)/2
W for A> 1.

In this paper we restrict our analysis to Rpkmin << 1. Then the
approximation

c1(u, R, s) ~ f dxx_(”l).]f(x)

0
s T(OI2-3)

a0 = e DY

(18)

holds, and we obtain for the momentum diffusion coefficient of
the transit-time damping

2
_ —(s— 1)(63)

(kmmRL)é_] d p hT(A €, S)
B; Ry

(19)
with the anisotropy function AT listed in Table 3.

3.1.2. Gyroresonance contribution

The Fokker-Planck coefficient for the gyroresonance contribu-
tion has also been calculated in LS, but it is possible to derive
improved approximations using Kapteyn series, as is shown in
Appendix C. For small pitch angles u <« € and for Ry kyin < 1
we obtain from Appendix B

(s — DOB)*(Rpkmin)™'v
2J(M)BZR,.
XWSG(A, €, )

| |S—1

G ~
D, (n<e~

(20)
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with
Cr€
W for A<kl
1
w for A=1
USOWIOER S 1)
2€ -2
— for >A>1
VA
1
m for A > 6_2 > 1
where we introduced
20(s+ DI (22 + 1)
o) () _as+nreh o)

Va(s + DI (222) Vo T(53%)

For large pitch angles u > € and Rpknin < 1 we obtain from
Appendix A

7(s = 1)(6B)*(Rpknmin)*'v

DS (u>e) ~ s=1 (1 — 12
(1> €) TMBIRS L 17 (1= 422)
XWE (A, M, 5) (23)
with
L f M? < A
- or
sA
C2 5
WS(A, M, s) ~ for A<M <1 24
1 ( s) M\/K 24)
2 S
2 for A< MLM2> 1
M~A
and with
1— 2
M= K 25)
M

With the definition of the momentum diffusion coefficient A
(Eq. LS(9)) we find for cosmic rays with gyroradii much less
than Ry kmin < 1

= —(s— 1)(‘S )z(kmmRL)S‘ hG(A € 5) (26)
0
with the anisotropy function
WS(A, e, s) = ﬁ fo ‘ due ™' WS (u)
+ﬁ f | dup*™ (1 = P YWP (. 27)

This anisotropy function can again be simplified for different
limits of the anisotropy parameter A. We discuss the different
limits in turn.

3.1.3. Isotropic turbulence A = 1

With the results of Appendix A it is easy to determine WZG in
this case:
for M? <1

WP = (28)

g‘g@l—‘

for M?> 1.
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For h8 we use J(A = 1, s) = 1 and split the integral as

3(s+ 1)

€
s d
4 Efo H
/2
+2c2f dup® Af1 — u?

1
+%f\/_d,u(,us_' _NSH)»

1/V2

WA = 1,¢,5) =

(29)

These integrals are elementary and we obtain to lowest order
ine

hG(A Ls) ~ [653 Fi 1 s+1 s+3 1
= ’s T A1 7_’_’
(s+ 1260221\ T )
11 1 1 1
+—|-- - + - (30
sls s+2 52572 (s+2)2(S+2)/2} (30)

3.1.4. Strongly perpendicular turbulence

2(s+1)
e s <Nx1

In this case we obtain from Appendix A:

1

— for M?*< A< 1
sA
Cc >
wC = for A<M «1 31
! MVA 31
2
22 for A< 1< M2
MVA

For 4 we now find

G 2>s+1)
hiles <A< 1,5)=

1 Cr€ 1
J(A) | 2AG+D/2

26‘2 1/V2
— dup’ 1 -
1/ V1+A
(&)
+—= dup® \J1 =2
VA
1 ]

d/,l (Ius—l _Ius+1)}. (32)
1/ VI+A

Again these integrals are elementary, so that

, | eVl (#£)
RSESTs <« A< 1,5) = () — (33
J(A) 2(s+ DU (452) VA
to lowest order in €. With
1 1-s 13 r(s
JA<1,5)~ — 2Fl( s,—,—,l): @ (2)(34)
AT 2 '2°2 AT r(ﬁ)
2
we find for the anisotropy function /S
RO(EEHs « A < 1,5) v~ ——A"2, (35)
s+2
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3.1.5. Extremely perpendicular turbulence
2(s+1)

N<e s <1

The calculations are similar as before. Here we find:

1 cas) e

G 2/s(s+1) ~
hW(A<e < 1,5 = TAs) 2 AGTE (36)
and therefore
c()I 5£2
WA < 16D « 1, 5) +21 )ES+]. (37)
s
Var ()
Because € < 1 this implies very small values of h% < 1.
3.1.6. Strongly parallel turbulence €2 > A > 1
In this case we obtain:
1
— for M?* < A
G SA
W = 205 (38)
for M? > A.
MAVA
For hS we now find to lowest order in €
1 62Es+1 2C2 1/ VI+A
WE(A>1,5) ~ + == dup A1 — 2
J(A) VA VA
1 1
4+ — d/.l (Ius—l _,uS+1)} i (39)
1/ VI+A

Like in the cases before the integrals are elementary and we
obtain

1 11 1
E?>A>1,5)~ —— |- - : 40
€ > A>1.5) J(A)sA[ s+2 “0)
With
JA>1,5)~ — 41
we finally find
Gy 2 1 1
he“">A>1,5)=—-— . 42)
s s+2
3.1.7. Extremely parallel turbulence A > €2 > 1
In this case we have:
1
X for M? <A
wi=3 5, (43)
2 for M? > A.
MAVA

For hS we then find

1 '
WEA>e?> 1,5~ —
A>e“>1,9) J(A){Zs/\
) 1/ VI+A
+% dup® Af1 — u?
1 ]

d/,l (Ius—l _Ius+1)} (44)
1/VT+A
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Table 4. Anisotropy function 4% for fast magnetosonic waves.
Anisotropy parameter A | hS, _(A,s=15/3) | hS,(A,s=5/3)
e « A< 1 0.178A%/? 0.188A%/?
A=1 0.067 0.212
A>1 0.326 0.327

Table 5. Anisotropy function A" for fast magnetosonic waves.

Anisotropy parameter A | hF(A, €, 5)

<A<l c3()A2 [m e'+n A1/2]
A=1 ci(s)lne!

A>1 1L

and to lowest order in € we find the same result as in the case
before.

1 1

PA>e?>1,8=~-- . (45)
s s+2
The combined result for the case A > 1 therefore is
WA > 1,5~ ot (46)
s s+2

In Table 4 we list the results for the different cases of anisotropy
for the special turbulence spectral index value s = 5/3. We also
calculate the three cases numerically from the exact expression.
As can be seen, the agreement is very good in cases one and
three and acceptable in the second case.

Knowing the variation of the two anisotropy functions from
transit-time damping (k) and gyroresonant interactions (h%),
we are now able to calculate AF:

2
= 265 = 0 ke
0

)S IUEp

hF(A €, 5) 47)

with

(A, €, 5) = hT(A, €, 5) + hS(A, ). (48)

The behaviour of the function hF(A,€,s) is summarized in
Table 5: for the cases €2 < A < 1 and A = 1 the mo-
mentum diffusion coefficient AF can be approximated solely
by the transit-time damping contribution AT, whereas for the
case A > 1 (parallel turbulence) the gyroresonance contribu-
tion dominates the sum, because of the lack of perpendicular
waves which are essential for transit-time damping.

3.2. The spatial diffusion coefficient x©

We restrict our analysis to €2 < A. From LS we know that

D, (u<e = (49)
With the function
_ s— 2 S—l s— 2
G 7l'(S I)R kmm (63) G
Do (u<e) = SN 5 WS (Aes)  (50)
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from Appendix B we obtain for the spatial diffusion coefficient

F _ f H)z
K__ “DF (1)
Dﬂu

4 jo‘ Df;’ﬂ(y <€)

X

1-— 252
+—fdyG =) (51)
4 J. Dy (> €) + D} (1> €)
which can be written as
o R B rine (52)
T 2n(s - DRI 6B2g
where we introduced the function
J(A, s)el=s €
F
A» > = T A -~ d
g (A€ s5) Wihes) Jo u
1 242
(1 —p)
+J(A, d 53
( s)fe W af@ )

with the functions W?, WlG and F(u,e,A,s) defined in
Egs. (21), (24) and (17), respectively. These integrals can be
solved analytically for special cases of A again.

3.2.1. Isotropic turbulence A = 1

Here we find

€ 46—5
A=1, —_—
g ( €)= f 3G+ 1)
S (1—p2)’
+ d
fg 20 T = P M T+ e (U= 2Py
(1- )

(54)

1
+f du
1/V2

where we have used J(A = 1) = 1. It is easy to see that the

second and third integral are of higher order in € <« 1, so that

the function gF is determined by the first integral:
4¢'-s

3+ 1)

s L1 = p2)2 + ey (1 — p2) #0721

gF(A =1, 9~ (55)
3.2.2. Strongly perpendicular turbulence €2 < A < 1

For this case we find

g (A = l,e,s)zJ(A,s){f du
0

ff/ ‘/K 1
+ du
¢ Mz/i;p,us—l + Cl’us+le—2—s

2A(s+1)/2

Cr€’

S (1-42)
* dll (+x)
e/ VA 2¢y (1 Z)Ns 14 a (1 _ 2)(”2)/2[\

MAIT?
& } - (56)

(1 -2y
s (L=t + 21— p

(1 _ 2)2
A(l _ Z)Ius—l + C1(1 _ 2)(s+2)/2A

1/ VI+A
+f du
1/vV2
1
+f du
1/ VI+A
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With M = /1 — 2/ u this can be written as

NG el VR i
g (A = 1,6,3)%1(/\,3){—., +f d,ue—.,
cres™ . ot
(1 -2

1/V2
+ d
«L\/K W T R MA-2 + o, MSP2A-C+92]

1/VI+A a- 2)2
+ du K
1/‘/5 ﬂs+1 [CZMA—I/Z + C1MS+2A_(2+S)/2]
1
St
1/ V1+A

Now we use MA™'/ > 1 in the second and third integral and
MA™'"? < 1 in the last integral. To lowest order in € and for
A < 1 we find that the first term dominates

d-w)
’us+l [ “IM2A-L + C1M5+2A—(2+S)/2] . (57)

1/2

2A(s+1)/2
Jd'(A <165~ J(A)i- (58)
With
yey) _

JA< ) » ———A U2 59
A<D~ e+ (59)
we then obtain

FA< 1,68~ — 2. (60)
g VT L+ De

3.2.3. Strongly parallel turbulence €2 > A > 1

Here we obtain

\/_

02 €’

g(A>>1 €,5) =~ J(A, s){
0

1/VI+A 1
+f du

2coM1A- 1/2 s=1 4 SVANN
1 2
(1-p)
+ f du <;+2) o [ (61)
1/NT+A W) A

i (=) + (1 =
With M = /1 — u?/u this can be written as

VA

P 1

(5+2) +2)

g (A> 1,6 5) ~ J(A, ){

1/Vi+A 1
+f du
. ﬂs+1 [ZCZMA_]/Z + clMs+2A—(s+2)/2]

1
(1 )
+ d . 62
ﬁ/m 'ulus+l [s—lMZA—l + clMs+2A—(s+2)/2]} ( )

We use MA~'/? > 1 in the first integral and MA™"? < 1 in
the second integral. To lowest order in € and for A > 1 we find

1

F
gA=1les)x ——
scy VA - €571

(63)
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Table 6. Anisotropy function g¥ for fast magnetosonic turbulence.

Anisotropy parameter A | gF'(A, €, ) g" (A€, 5 =5/3)
e<Axl e 2.446€'~*
— 4 -5 -5
A=1 —M“H)el 1.038¢'
€23 A> 1 €A | 0.8726 AT
) 2
A>e*>1 G 2.57

3.3. Extremely parallel turbulence \ > €2 > 1
For this case we find
FA>e?> 1,5 ~2°
1 1/ VI+A 1 — 122
+ L du d-u) _
sA /ls_l(l 2) 2L7 +c (A—p )+T
HATZ
1 ! 1 —12)?
+— du a-w (64)
1/VI+A S_](l 2) ZCo (1—# )7
which can be written as
F -2 2—s =2 1 1
A 1,5) =2 ——A72 -
gA>e">1,9) € +2$C1 +2_S 1S
2
N 65
2-54-y) 65)

Table 6 summarizes the derived asymptotic behaviour.

4. Transport parameters for mixed turbulence

After having derived the individual momentum diffusion coeffi-
cients A”, AF and the Fokker-Planck coefficients, it is straight-
forward to determine the transport parameters for the mixed
turbulence once the relevant plasma parameters are specified.
As an illustrative example we assume equal intensity and iden-
tical plasma and anisotropy parameters for shear Alfvén waves
and fast magnetosonic waves, i.e.

6B = 6B" = 6B,
5= s =,
kmin kr?nn = kim
A =AM = AR (66)
The application to other plasma turbulence mixtures is obvious.
In case of the illustrative example (66) the Fokker-Planck
coefficient DMIX can be written as a sum of the Fokker-Planck
coefficients from shear Alfvén waves and fast magnetosonic

waves

MIX _ A F
DMX = pA 4 DF, 67)
4.1. The momentum diffusion coefficient AMIX
With Eq. (67) we obtain
AMIX = A% 4 AF (68)
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Table 7. Anisotropy function #MX for mixed turbulence.
Anisotropy parameter A | AMX(A, €, s)
e <A<l c;(s)%
A=1 ci(s)lne’!
A>1 2(L- %)
which can be written as
T ((SB)2 _, V€
AN = 2 (s = 1D o 1) p =M Aen (©69)
5
with
MX(AL €, 5) = (A, s) + hF(A, €, 5)
= IA(A, 5) + hO(A, 5) + hT(A, €, 5). (70)

With 4#* from Table 1 and 4" from Table 5 we find for the func-
tion A”MX the results listed in Table 7. As can be seen
AMXA > D~ AMNA > D+ASA > 1)

~2A%A > 1)
AMXA =1~ AT(A = 1)
AMX(2 « A< )~ AT(E@ < A < 1). (71)
If €2 <« A < 1 the main contribution to momentum diffusion
in mixed turbulence (66) comes from transit-time damping of

fast magnetosonic waves, whereas for A > 1 the two gyrores-
onance contributions are dominant.

4.2. The spatial diffusion coefficient kKMX

The spatial diffusion coefficient in the mixed turbulence (66)
can be written as

1
Zfo Y=o <o
Hp Hpt

2 f » (1-42) .

4 Je " Dg(u>e)+Dh(u> €+ Dl (u>e)
Now we restrict our calculations to A < € 2. To continue
we must compare the Fokker-Planck coefficient for Alfvén
waves DI‘?H with the gyroresonance contribution from the

Fokker-Planck coefficient for fast magnetosonic waves DS’H.
We start with the case u > €. Here we have (see Sect. 2):

(72)

M2
— i M?> < A
. 1 A or
.
Dy (> €) o< pi? const. for A<M <1 (3)
const. for A< M?* M?*>1
and according to Sect. 3:
G
D, (u>e€)
M2
— fi M? < A
sA or
M
w2 51 for A< MP<1 (74)
vA
2o M
2 51 for A< M?, M? > 1.
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Therefore it is easy to see that for all cases of A and M we have
D, (u>> €) < Dy, (u>> e). (75)

Comparing the Fokker-Planck coefficients for the case u < €,
we can use (see Sect. 2)

D (u<e) e, (76)
and according to Sect. 3
(&)
W for A<k
. 134G+ 1)
Dy (u <€) o€ 5 for A=1 (77)
(&)
— for €?2>A> 1.
VA
Consequently, for all cases
A G
D, (<€) <D, (u<e). (78)

Hence, we obtain for the spatial diffusion coefficient in the
mixed turbulence (66)

2
KMIXzU—feid'u ~ .
4 Jo DS (u<e)

The contribution from shear Alfvén waves and the transit-time
damping contribution from fast magnetosonic waves are neg-
ligibly small in all cases. The spatial diffusion coefficient kM™%
is dominated by the gyroresonance contribution from fast mag-

netosonic turbulence.

(79)

5. Rigidity dependence of the transport
parameters

Here we calculate the rigidity dependence of the transport pa-
rameters. We introduce the rigidity » and the parameter ry

pc
r=-—,
lq
2
o= (80)
lq
so that
k .
Rpkmin = BL:)nr»
[2 . 2
v oa NTOET
e=—2=2A2Y" (81)
v c r
The restriction € < 1 implies
p> 00 0L (82)
2 -0y ¢

For electrons and positrons ryp = 0.511MV, while for protons
ro = 938MV. If we adopt % = 10~ the rigidity restriction
reads

re®) > 107*mv,

ripH) > 10"'MmV, (83)
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8

10

AAA

Rigidity (MV)

Fig. 1. The momentum diffusion coefficient for shear Alfvén waves A*
for protons (solid lines), electrons and positrons (dashed lines). We
show the results for different values of the anisotropy parameter A.

which are assumed in the following analysis. Moreover, the
assumption Rpkmin < 1 becomes

By

r< ~ 10*MV (84)

min

for all particles, if we use kpiy ~ 107101.

5.1. The momentum diffusion coefficient A

For Alfvén waves we use the results from TLS where we have
shown that

AA o 2 r 2 r s—1 A
2 _ (0 V() aA
Ao (MV) +(Mv) (MV) WA 9) (85)
with
kin ( UAOB)?

T min VA s
Ag = Z(s = 1y=min (,YAOPYT aryys
0= 30D (a2 av) (86)

If we do the corresponding calculations for fast magnetosonic
waves we find a similar result, but there the anisotropy func-
tion & is also a function of €, and therefore through Eq. (81)
also a function of particle rigidity r. It is possible to write for
all turbulence models

G el v
Ao MV MV) \MV

where A is the same function for all models. For #* we can
use Table 1, for hAF we can use Table 5 and for #MX we can
use Table 7. In Fig. 1 we show the resulting momentum diffu-
sion coefficients for shear Alfvén waves and in Fig. 2 for fast
magnetosonic waves, respectively.

(87)

5.2. The spatial diffusion coefficient k'

Restricting our analysis to A < €~ we have

k&
—_
<|‘
N—
(9%}
J

(88)

KO ) 2 r
(M—v + (—v)
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A=10"

o ‘ ‘ ‘
10 10 10° 10 10
Rigidity (MV)

Fig.2. The momentum diffusion coefficient for fast magnetosonic
waves AF for protons (solid lines), electrons and positrons (dashed
lines). We show the results for different values of the anisotropy
parameter A.

10"

10 10° 10 10*
Rigidity (MV)

Fig.3. The parallel spatial diffusion coefficient for shear Alfvén
waves «* for protons (solid lines), electrons and positrons (dashed
lines). We show the results for different values of the anisotropy
parameter A.

with
1 cB; 2
=———— (MV)"". 89
= 5 amet MY (89)

For g* we can use Table 2, for gF we can use Table 6 and we
know that gMX ~ ¢F. In Fig. 3 we show the spatial diffusion
coefficient for shear Alfvén waves and in Fig. 4 for fast magne-
tosonic waves, which also gives the spatial diffusion coefficient
in case for the mixed turbulence (66).

5.3. The parallel mean free path A

The parallel mean free path is given by
i_ 3
A= —K.
v

(90)

807

10 ‘ ‘ ‘
10 10 10° 10 10

Rigidity (MV)

Fig. 4. The parallel spatial diffusion coefficient for fast magnetosonic
waves kP for protons (solid lines), electrons and positrons (dashed
lines). We show the results for different values of the anisotropy
parameter A.

A=107]

10 10 10
Rigidity (MV)

Fig. 5. The parallel mean free path for shear Alfvén waves A* for pro-
tons (solid lines), electrons and positrons (dashed lines). We show the
results for different values of the anisotropy parameter A.

This can be written as

A ' (r )2—5 ;

—= — === g N\ES) ©On

/l() (_V) Ko MV

with

2o = X0 92)
C

and we know that AMX ~ AF. Figure 5 shows the parallel mean
free path for shear Alfvén waves, while in Fig. 6 the mean free
path for fast magnetosonic waves and therefore for the mixed
turbulence (66) is shown.
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107 ‘ ‘ ‘
10 10° 10

Rigidity (MV)

Fig. 6. The parallel mean free path for fast magnetosonic waves A¥ for
protons (solid lines), electrons and positrons (dashed lines). We show
the results for different values of the anisotropy parameter A.

6. Summary and conclusions

We have continued to evaluate the relevant cosmic ray trans-
port parameters in the presence of anisotropic plasma wave
turbulence. Using the estimates of the anisotropy parameter in
the strongly parallel and perpendicular regimes, based on linear
Landau damping balancing radiative loss in the diffuse inter-
stellar medium, we have calculated the Fokker-Planck coeffi-
cients, the momentum (A) and parallel spatial diffusion coef-
ficient (k) and the parallel mean free path (1) of cosmic ray
particles for a mixed plasma turbulence of shear Alfvén waves
and fast magnetosonic waves. We elaborated in detail on the
case of equal intensity, plasma and anisotropy parameters of
shear Alfvénic and magnetosonic turbulence, but our formal-
ism easily allows generalization to any intensity ratio of these
plasma waves.

In the equal intensity case, regarding the influence of the
anisotropy parameter A, we find that for strongly perpendicular
turbulence (A < 1) A ~ A~1/2 [ln €' +InA'2?|and x ~ const.
whereas for strongly parallel turbulence (A > 1) we obtain
A ~ const. and k ~ A™1/2. Moreover, for the momentum diffu-
sion coefficient we show that for a non-slab-like geometry the
transit-time damping of the fast magnetosonic waves is domi-
nant. In slab-like turbulence (A > 1) both gyroresonance con-
tributions are equal and dominate over transit-time damping.
For the spatial diffusion coefficient and the mean free path we
find that the Alfvén contribution can be neglected. The gyrores-
onance contribution of the fast magnetosonic waves controls
the spatial diffusion coefficient and the parallel mean free path.

We established that the rigidity dependences of the mo-
mentum and parallel spatial diffusion coefficients for general
values of A # 1 are the same as in the case of isotropic (A = 1)
turbulence discussed earlier by Schlickeiser & Miller (1998);
however, the absolute values of these transport parameters
are strongly dependent on the value of A. As indicated above
the value of momentum diffusion coefficient increases ~A~!/2
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for strongly perpendicular (A < 1) turbulence, whereas the
value of the parallel diffusion coefficient decreases ~A~'/? for
strongly parallel (A > 1) turbulence.

We also demonstrated that in general the parameter €
has a strong influence on the results of transport parameters.
Therefore the plasma wave dispersion relation and the turbu-
lent electrical fields cannot be neglected if one calculates spa-
tial and momentum diffusion coefficients in anisotropic turbu-
lence geometry.

Our results have direct implications for the cosmic ray
transport parameters inferred from the observations of galac-
tic cosmic rays: in particular the cosmic ray anisotropy and the
diffusive cosmic ray escape time, inferred from the decay of
radioactive cosmic ray isotopes and the secondary-to-primary-
ratio, are related to the spatial diffusion coefficients, while the
rate of stochastic acceleration is determined by the momentum
diffusion coefficient. However, a detailed discussion of these
implications is premature, before the role of perpendicular spa-
tial diffusion in the mixed plasma wave turbulence fields has
been clarified. Moreover, it also is useful to extend our study to
arbitrary intensity ratios of Alfvénic and magnetosonic waves
and to investigate the effect of steeper (s > 2) turbulence power
spectra.

A further future study concerns the cosmic ray rigidity
range. For all the calculations done sofar in the three papers
of this series we used the restriction Ry kmi, << 1. But it is also
very important to consider the opposite limit (Rpkmyin > 1) for
ultrahigh cosmic ray energies. These topics will be the subject
of future work.
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Appendix A: Calculation of DS, (u >> e) for fast
magnetosonic waves

From LS we know that

2m0RSAH (L =) | p |1
DO o= T AT Ty n oy a)
BO
with
x+2 1
WEA, 5.1 = Zf X+ 11+ Ax]eD2
x|, (nM \/})] (A2)
and with
(6B)* (s — Dk !
I = min A3
0 4rJ(A) (A3)

under the condition Ry kpi, < 1. We split the integral as
x+2 1

M72
G _
Wk s, = fo S T 5 Ao

N ATR]

n=1
« s 2 1
* jn;—z TS [1+ Ax]6+2/2
X i [ (na V)| (A4)

1l
—

n

and approximate the two sums.
To approximate the first sum we use the Kapteyn series
from Appendix C

oo

_2 1 E_
; J2(nz) = 173 (A.5)
so that
DM AR ~ Y n M ANx) = £ - == (A6)
n=1 n=1

The second sum can be approximated with

s+ 1)
M \x

where we neglect the oscillating part in the approximation of
the Bessel function for large arguments (Abramowitz & Stegun
1972). We then obtain

x+2 1

1M
G _ —
Wl (A, svﬂ) - 4£ .xx+ 1 [1 +Ax](5+2)/2
x+2 X

M2 M~
_?fo Y[+ AxCOR

o -1/2
+§(s +1) f dx X
7TM M—2

We write this as

oo oo

Z n~SJ2(nM \x) ~ Z - A; i

n=1 n=1

(A7)

x+2
X+ 1[1+ Ax]0+272

(A.8)

1K1__K2 L+ D),

WE(A,
(A, s, 1) = 3 -y

K; (A.9)

with the integrals

M2
x+2 1
= j(; dxx + 11 + Ax]6+2/2 (A.10)
M72
x+2 X
K> = f(; dxx+ 11+ Ax]C2 (A.11)
and
o 2 -1/2
K3 = dxx hi a . (A12)
w2 X+ 11+ Ax]6+2/?

We consider the three integrals in the limits of small and
large M? and AM~2 in turn.

A.1. The case of M2 < 1 and M? < A
Here M2

M_z s+2
2f dx[1+Ax]" 7
0

> 1 so that

](] =~
4 _9\~5/2
=m[l—(l+AM ) ] (A.13)
MZ
Kzzzf dxx[1+ Ax]™%
0
1 s+2 _
=W2F1( 2.3, AM) (A.14)
0 dx 42
K3 ~ — [1+Ax]" 2
3 jﬁ;_z \/}[ 1
2M5+! s+2 s+1 s+3 —-M?
= s , R - (A.15
(s + DAG2 2 1( 22 2 A ) (A1)
For WlG we then obtain approximately
1 1 —s/2
G g2 .- L -2
WPM? < LA, 5) ~ — SA[1+AM ]
1 s+2 o
_WZFI( 5 ,2:3; AM)
20(s+1) M s+2 s+1 s+3  M?
= s ; —— - (A.16
s+ Dr A2 2\ T T Ty A 10
In the limit AM~2 > 1 we find
1
WEM* < I,M* < A, 5) ~ = (A.17)
S

To derive the last equations we have used the following ap-
proximations and relations for the hypergeometric functions
(Magnus et al. 1966):

»Fi(a,byc;z< 1) = »F(a,b;c;0) =1, (A.18)

SFi(a,bici7) = (1= 27 oF, (a,c—b; c;il), (A.19)
-~

Fi(abie;2) = (1-2)" oF, (b,c e Ll) (A.20)
=

andifc>a+b

T'e)I'(c—a-b
JFi(abie; 1) = Qe-a-b) (A21)

T(c—a)l(c-b)
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A.2. The case of A <« M? <« 1

Here we obtain for WlG approximately

(&)
VAM

WEA < M < 1)~ (A.22)

with

(s + DT ()

- (A.23)
C Va(s + Dr(££2)

where we have used the same relations and approximations
(Egs. (A.18)—(A.21)) as in the last case.

A.3. The case of 1 < M? < A\

In this case M~2 < 1 is a small quantity and the three integrals
are approximately

M" s+2
K| =~ 2f dx[1+Ax]" 7
0

4 -
- _[1 (1+AM7) /2] (A.24)
K, ~ f dxx[ 1+Ax]__
2
_ Fl(s; 2.3, AM‘Z) (A.25)
K3 ~ 2 f —[1+Ax]_ﬁ
M2
ZMSJrl s+2 s+1 s+3 —-M?
~ , , , A26
(s + DAG2 2 1( 272 2 A ) (A26)
and we then obtain
WOM2 > 1,A s)~i—i[1+AM-2]_”2
! TEYTSA SA
1 s+2
———,F L 2:3—AM™
8m?° ‘( 2 )
47(s+1) M s+2 s+1 s+3 M
’ ; ;__ A.27
(s+ D A2 27T T T A 42D

in the limit AM~2 > 1 and A > 1. With Eqgs. (A.18)—(A.21)
we obtain

Wil < M* < A) ~ — (A.28)
A.4. The case of M? > 1 and M? > A\
In the last case we find for W; approximately
G2 2 2c)
WEM? > 1,M? > A) ~ (A.29)
VAM

where we have used the same relations and approximations as
in the first three cases.

Appendix B: Calculation of DG (;1 X ¢) for fast
magnetosonic waves

From LS we know that
DS (i <€) = § f L+
€
p Rsz - [P+ Al - n2)](s+2)/2

= Q\
xf dkk‘sé(k—n—)Jf(kR“/l—n?). (B.1)
kmin UA

Now we restrict our analysis to Ry ki, < 1. With Eq. (A.3) we
then find

a(s — DR}™ 2veé"ksn‘n (6B)?

G _
DS(u<e = S 5 W.(A,e,s) (B.2)
with
V1-€2 2
1+7
G —
Wi (A€ 9) = f dn— G2
0 [7* + A (1 =7?)]
><Z:n_sj;l2 (E Na! —n2)
€
n=1
! d 1+772
L b o2
vie [P+ A1 -7?)]
x> (g J1- nZ). (B.3)
n=1

With the same approximations for the sums of Bessel functions
as used in Appendix A we obtain

. 1+
N

2)](S+2)/2

L(s+ e

T 0

V=&
WS’ (A g, 5) ~ d

X

[ +A(-7n

1! 1+

+§f A= TS
Vi [P+ A(1-n?)]

l—r]2
x(Z— 2 )

We can express these integrals in terms of hypergeometric
functions:

(B.4)

s+ 1De s+2 1
W?(A,E,S)zg( > ) 2F1( > ,5,1,—(1\—1))
1 21
JArDe p (32 Ly a-n
4 2 2
2 1) 2 l
B L(s+ 1)e JF, s+ ’ (A—l)e
2 2
€ s+2 )
T 2F1(T,1,2,—(A— De )
e s+2
-— ,F —(A - 1)é. B.
16 2 1( > 3;—( )6) (B.5)

Now we consider special cases for A and Ae?:
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B.1. Isotropic turbulence \ = 1

Here we find with Eqgs. (A.18)—(A.21) that
G 3
Wi (A=1€5) = Zg“(s + 1)e

to lowest order in €.

B.2. Strongly perpendicular turbulence N\ < 1

Here we obtain approximately

1 1
WO (A < 1,65) ~ é(s; JE A2 ) (—% 5,1;1)

1
+§(SZ )€ ) (1-5)/2 JFy ( 53 )

If we use €e < 1 and A < 1 we find for this case

s+ e T(%)

WS (A < 1,€,5) ~ 2.
2\/_A(s+1)/2 F(%)

B.3. Strongly parallel turbulence 1 < N\ < €2

In this case we can use approximations for the hypergeometric

functions again to find that

(B.6)

(B.7)

(B.8)

1
WG(A>>1Ae < 1,6, ) 4Gk )EZFI(_ _$ 1;1)

2VA 27 2

§(s+1)6 )
2 1(51 2,2,1).

C4VA

We can express the hypergeometric functions through

I'-functions and in the limit Ae? < 1 we obtain

s+ el (3F)

WSG(A > l,Ae2 < 1,e,s) ~ \/_\/_ F(%)

B.4. Extremelly parallel turbulence 1 < €2 < A
Here we find
fs+ el (1)
VAR T (222

N

20(s + e \-1/2 1 1-s53
BT (14 A Fi= =y
p ( + 6) ily 5

WO (A>1,A€ < 1,65) ~

[}

€ 2\~ 2-s
+Z(1+Ae) 2F1(1,T,2,1)
2

€ 2\~ (542)/2 +2
—1—6(1+Ae) 2F1( L3 1)

and we obtain for this case

WSG (A > 1,/\62 < l,e,s) x~ A

(B.9)

(B.10)

(B.11)

(B.12)

Appendix C: The Kapteyn series 3> n=2J%(nz)

With the Bessel function identities

[2J.(n2)* = (o1 (n2) = Js1 (n2))? (C.1)
and
2

[M} = [Ju-1(nz) + Jn+1(nZ)]2 (C.2)

nz
we find

2
J2n2) = (J"(Z”Z)) DA (). (©3)
Therefore we obtain for the series
o0 L 1 0 B
Z W) = Z] 22 n2)
= Y (1) (n2). (C4)

With the Kapteyn series (Watson 1966)

00

ZZ
Z n2J2(nz) = n (C.5)

n=1

and with (Watson 1966)

2 /2
Ju1(n2)J 1 (nz) = - f d®J,,(2nz cos @) cos(2D) (C.6)
0

we obtain

00

Z n‘2J;l2(nz)

n=1

1 2

/2 s
___= -2
=7 fo dCDcos(ZCD)Zn Jon(2nzcos®).  (C.7)

With (Watson 1966)

00

Z n- Jzn(2nz cos®) = z cos’> @ (C.8)

n=1

we find

Ll , 1 ZZ /2

Zn_z./nz(nz) =1 f d® cos (2d) cos? . (C.9)
T Jo

n=1
It is very easy to solve this integral and we finally find

00

Z n_z.];lz(nz) =

n=1

Z
T (C.10)

Bl

if| z|< 1.



