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Abstract. This is a sequel to Paper I (Chagelishvili et al. 2003), where we presented the so-called bypass concept for the onset
of turbulence in shearing flows. According to this concept, which was worked out during the last decade by the hydrodynamic
community for spectrally stable flows, vortical perturbations undergo transient growth by extracting energy from the shear
(a linear process), thereby reaching an amplitude which is sufficient to allow for non-linear interactions which, by positive
feedback, sustain turbulence. In Paper I we described this transient growth for 2D perturbations in a Keplerian disk; we showed
that their kinematics was the same as in plane-parallel flow, and thus that they were not modified by the presence of the Coriolis
force. In the present paper, we pursue our goal of applying the bypass scenario to astrophysical disks: we investigate the linear
dynamics of 3D small-scale vortical perturbations for single spatial harmonics, in stably stratified, differentially rotating disks,
again in the framework of a nonmodal analysis. We find that these 3D perturbations also undergo substantial transient growth,
and that they reach a peak amplitude that is comparable to that of 2D perturbations, as long as their vertical scale remains of
the order of the azimuthal scale. When the vertical wave-number exceeds the azimuthal one, the amplification rate is reduced,
but this may be more than compensated to by the huge Reynolds number and the high shear rate characterizing astrophysical
Keplerian disks. Whereas in 2D the Coriolis force had no impact on the transient growth, in 3D this force somewhat constricts
the characteristics of the perturbation dynamics in disk flows, and the initial transient growth is followed by some reduction
in amplitude. These differences are quantitative, rather than of fundamental character. But the 3D case presents two interesting
novelties. In plane parallel flow, the perturbations do not decay after their transient amplification, but their energy stays on
a plateau before being dissipated through viscous friction. More importantly, especially for the astrophysicist, in disk flow
the 3D vortex mode perturbations excite density-spiral waves, whose energy also settles on a plateau before viscous dissipation.
These local vortex mode perturbations fit naturally into the bypass concept of hydrodynamic shear turbulence, which was first
developed for plane-parallel flows. We submit that these perturbations will also play an important role in the onset and in the
maintenance of turbulence in Keplerian disks.
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1. Introduction

The prevailing explanation for the accretion process that op-
erates in astrophysical disks is that these disks are turbulent,
and that the turbulence is responsible for the inflow of matter
and the outward transport of angular momentum. The question
that then arises is that of the instability that produces this tur-
bulence. This is not a trivial problem, because cylindrical ro-
tation with a Keplerian profile is linearly (spectrally) stable,
since angular momentum increases outward and since there
is no extremum of vorticity. A solution has been obtained by
Balbus & Hawley (1991), who showed that a weak magnetic
field allows for a linear instability, called magneto-rotational
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instability (MRI). Subsequent numerical investigations fol-
lowed that instability into the nonlinear (turbulent) regime, and
they demonstrated that the turbulent transport then proceeds
in the right direction. Thus for most astrophysicists, the ques-
tion is settled: it is the MRI that is responsible for the turbulent
transport.

However, this linear instability does not preclude the ex-
istence of other instabilities, and it is impossible to predict at
the present stage which one is responsible for the actual tur-
bulence in accretion disks. Also, a significant portion of plan-
etary disks is not ionized enough to allow for the MRI. Thus
it makes sense to explore alternate routes that may lead to tur-
bulence, and to start with the hydrodynamic case. One is en-
couraged in this approach by the recent detection of turbu-
lence in a Couette-Taylor experiment (Richard 2001), under
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conditions similar to those of a Keplerian disk, namely when
angular momentum increases and angular velocity decreases
outward.

One possible route to hydrodynamic turbulence is through
transient growth of small amplitude perturbations, which ex-
tract their energy from the shearing flow. In this scenario, the
amplitude of some vortex mode perturbations increases alge-
braically by a linear mechanism until it reaches the level where
the nonlinear interactions, by redistributing energy among
modes and providing positive feedback, are able to sustain tur-
bulence. This concept, termed “bypass”, has been intensively
developed in recent years by the fluid dynamics community;
for a bibliography of the subject, we refer the reader to Paper I
(Chagelishvili et al. 2003).

In Paper I, we analyzed the dynamics of 2-dimensional per-
turbations, with velocity components in ther (radial, shear-
wise) andϕ (azimuthal, streamwise) directions. We showed
that, in the shearing sheet approximation (i.e. in the limit of
large wavenumber, when curvature can be neglected), the en-
ergy equations are identical in the plane-parallel (Cartesian)
case and in the Keplerian case, after suitable renormalization
of the pressure. The same is true for the equations describing
the temporal evolution of a spatial Fourier harmonics (SFH),
meaning that the Coriolis force does not interfer with the lin-
ear dynamics. Singling out a vortex mode with initial wave-
vector [kr (0), kϕ], we found that its energy grows by a factor
(kr (0)/kϕ)2, before decaying and being dissipated through vis-
cous friction.

The present paper is a sequel to Paper I, extending its re-
sults to 3-dimensional perturbations, in a medium that is stably
stratified in thez-direction; this medium can be either an as-
trophysical disk or the fluid in a laboratory experiment. When
the linear scale of the perturbation is much smaller in the radial
and azimuthal directions than in the direction perpendicular to
the disk (the vertical direction), i.e.lr , lφ << lz, H, whereH
is the half thickness of the disk (or the pressure scale-height),
the problem reduces to the 2D case treated in Paper I; it was
examined by Lominadze et al. (1988) and by Fridman (1989).
On the other hand, Ioannou & Kakouris (2001) considered the
global perturbations wherelr , lφ >> H. Here we shall focus on
perturbations that are influenced by the stratification, and that
may come closer to isotropy, namelylr , lφ, lz << H.

A few words about the mathematical method used in our
study, namely the non-modal analysis, that allowed for the sig-
nificant advances achieved in this field during the last decade.
After changing the variables from the laboratory to a co-
moving frame, this non-modal analysis consists of describing
the temporal evolution of the perturbations expanded inspa-
tial Fourier harmonics(SFH), without performing any spec-
tral expansion in time. This approach considerably simplifies
the mathematical formalism of the problem and, completed by
numerical calculations, it reveals important properties that are
overlooked in the classical modal analysis.

In addition to the linear mechanism of non-exponential
energy exchange between the shear flow and its perturba-
tions, which is the basis of the bypass concept, a novel phe-
nomenon was discovered through this non-modal approach,
namely thelinear mechanism of wave excitation by vortices

(see Chagelishvili et al. 1997, 2000). Indeed, we shall see
below that the 3D vortex mode perturbations, after transient
growth, excite density-spiral waves, which then participate also
in the dynamical processes in Keplerian disks.

The paper is organized as follows. The physical approxima-
tions and the mathematical formalism are introduced in Sect. 2.
In Sect. 3 we present the numerical analysis of the linear dy-
namics of 3D vortex mode perturbations, including the exci-
tation of density-spiral waves. We summarize and discuss the
results in Sect. 4.

2. Mathematical formalism

Consider a differentially rotating thin inviscid hydrodynamic
disk around a central object located atr = z = 0. For simplic-
ity the equilibrium disk is assumed to be non self-gravitating,
and to be locally isothermal, with constant adiabatic sound
speed. The relations between the basic physical characteristics
for this disk, such as angular velocity of rotation (Ω), sound
speed (cs), pressure and density scale height (H), local mean
values of pressure (P0) and density (ρ0), are well known (cf.
Ryu & Goodman 1992):

Ω ∝ r−3/2, c2
s = γ

P0

ρ0
, H =

cs√
γΩ
=

c2
s

γg
, (1)

P0(z)
P0(0)

=
ρ0(z)
ρ0(0)

= exp

(
−|z|

H

)
, (2)

whereγ is adiabatic index that meets the conditionγ ≥ 1. In
Eqs. (1), (2) and further on, the vertical gravityΩ2z is replaced
by the parameterg, which we shall assume constant apart from
a change of sign at the mid-plane of the disk. The expressions
above are valid also for a laboratory experiment,H being the
pressure scale-height.

As in Paper I, we shall write the dynamical equations in
the local co-moving Cartesian frame at the particular pointr =
(r0, 0, 0):

x ≡ r − r0, y ≡ r0(φ −Ω0t), z= z, (3)

whereΩ0 = Ω(r0) is the rotation rate of the frame. The per-
turbations we shall consider have characteristic length-scales
much smaller then the distance to the central object:

l x

r0
,

ly
r0
,

lz
r0
� 1. (4)

Therefore we may neglect the curvature of the flow streamlines,
but we retain the effect of the background velocity shear in the
radial direction (shearing sheet approximation). To simplify the
equations, we normalize byρ0(0) the pressure and density per-
turbationsp′ andρ′, and we filter out the vertical dependence
of the velocity perturbation fieldu′ by factorizing it through
exp(|z|/H):

P = P0(z) + ρ0(0)p′, ρ = ρ0(z) + ρ0(0)ρ′. (5a)

V = V0 + exp

( |z|
H

)
u′. (5b)
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The equations governing the linear dynamics of the perturba-
tion are thus(
∂

∂t
+ 2Ax

∂

∂y

)
u′x − 2Ω0u′y +

∂p′

∂x
= 0, (6a)

(
∂

∂t
+ 2Ax

∂

∂y

)
u′y + 2(Ω0 + A)u′x +

∂p′

∂y
= 0, (6b)

(
∂

∂t
+ 2Ax

∂

∂y

)
u′z +

∂p′

∂z
+ gρ′ = 0, (6c)

(
∂

∂t
+ 2Ax

∂

∂y

)
ρ′ + ∇u′ = 0, (6d)

(
∂

∂t
+ 2Ax

∂

∂y

)
p′ + c2

s∇u′ + (γ − 1)gu′z = 0, (6e)

where

A ≡ 1
2

[
r
∂Ω

∂r

]
r=r0

(7)

is the standard Oort constant which characterizes the back-
ground velocity shear in the local frame (in Paper I we used
another definition forA). In the case of the Keplerian law of
rotation:

A = −3
4
Ω0 < 0. (8)

Next, following the standard method of non-modal analysis (cf.
Goldreich & Lynden-Bell 1965; Goldreich & Tremaine 1978;
Nakagawa & Sekiya 1992) we introduce the spatial Fourier
harmonics (SFH) of the perturbations with time dependent
phases:

ψ′(r, t) = ψ(kx(t), ky, kz, t)

× exp(−kH |z|) exp
(
ikx(t)x+ ikyy + ikzz

)
,

(9a)

kx(t) = kx(0)− 2Akyt, (9b)

whereψ′ ≡ (u′x, u′y, u′z, p′, ρ′), ψ ≡ (ux, uy, uz, p, %) andkH ≡
1/(2H). The common factor exp(−kH |z|) is employed to re-
scale the vertical axis in the stratified medium (see Lerche &
Parker 1967).

Equations (6a)–(6e) and (9a,b) lead to the dynamical
equations for the SFH:

d
dt

ux − 2Ω0uy + ikx(t)p = 0, (10a)

d
dt

uy + 2(Ω0 + A)ux + ikyp = 0, (10b)

d
dt

uz + (ikz − kH)p+ g% = 0, (10c)

d
dt
% + i

[
kx(t)ux + ikyuy + (kz + ikH) uz

]
= 0, (10d)

d
dt

p+ ic2
s

[
kx(t)ux + kyuy + (kz + ikH) uz

]
+ (γ − 1)g uz = 0.

(10e)

The conservation of the potential vorticity is described in the
considered case by the following time invariant solution of
Eqs. (10a)–(10e):

I =
[
kyux − kx(t)uy

]
− 2i(Ω0 + A)ρ (11)

−2(Ω0 + A)(kz+ ikH)
(γ − 1)g

(
p− c2

sρ
)
.

This invariant signals the existence of a vortex/aperiodic mode
in the perturbation spectrum.

To avoid complex coefficients (and consequently complex
physical variables) in the dynamical equations, we renormalize
the perturbed variables in the following way:

ũz ≡ (1+ iα)uz, (12a)

s ≡ (1+ iα)kzc2
s

(γ − 1)g
(p− c2

s%)

=
(1+ iα)γ
2(γ − 1)

kz

kH
(p− c2

s%), (12b)

p̃ ≡ ip, (12c)

where

α ≡ kH

kz
− (γ − 1)g

kzc2
s
=

kH

kz

2− γ
γ
· (12d)

Hence the substitution of Eqs. (12a-d) into (10a-e) yields the
system of ordinary differential equations which governs the dy-
namics of variablesux, uy, ũz, sand p̃:

d
dt

ux = 2Ω0uy − kx(t)p̃, (13a)

d
dt

uy = −2(Ω0 + A)ux − ky p̃, (13b)

d
dt

ũz =
2kH

γ
s− kz(1+ α2)p̃, (13c)

d
dt

s= −kzc
2
sũz, (13d)

d
dt

p̃ = c2
s

[
kx(t)ux + kyuy + kzũz

]
. (13e)

All variablesux, uy, ũz, p̃, s have the same phase, which we
will set to zero, thus making these variables real. The original
variablesuz, % are complex, andp is pure imaginary; for in-
stance% is expressed by:

% = − i

c2
s

p̃− 1− iα
1+ α2

2(γ − 1)

γc2
s

kH

kz
s, (14a)

Re% = − 1
1+ α2

2(γ − 1)

γc2
s

kH

kz
s, (14b)

Im% = − 1

c2
s

p̃+
α

1+ α2

2(γ − 1)

γc2
s

kH

kz
s. (14c)

In the new variables the conservation of potential vorticity
(Eq. (11)) assumes the simple form:

I = kyux − kx(t)uy − 2(Ω0 + A)

c2
s

(p̃− s) . (15)
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The spectral energy density of the perturbations is defined as
follows:

E(t) = Ek(t) + Ep(t) + Et(t), (16a)

with

Ek(t) =
1
2
ρ0(0)

(
u2

x + u2
y +

ũ2
z

1+ α2

)
, (16b)

Ep(t) =
ρ0(0)

2c2
s

p̃2, (16c)

Et(t) =
2kH

γkz

1
1+ α2

ρ0(0)

2c2
s

s2, (16d)

where Ek, Ep and Et correspond respectively to the kinetic,
elastic and thermobaric energy spectral densities of the pertur-
bations (cf. Gossard & Hooke 1975).

Note that the spectral density of the energy would be con-
served in the shearless limit; its variation is due to the velocity
shear of the flow:

d
dt

E = −2Aρ0(0)uxuy. (17)

Formally, Eqs. (1), (2), (6a)–(6e) and the further mathematical
analysis are well-posed for any value of the ratiokz/kH. But
for simplicity the vertical gravityΩ2zhas been replaced by the
constant parameterg. Thus when applying our results to astro-
physical disks, we have to restrict ourselves to perturbations
whose vertical scale is much shorter than the scale-heightH;
hencekH/kz � 1.

2.1. Perturbation spectrum in the shearless limit

The dispersion equation for our system may be obtained in the
shearless limit (A = 0) using the full Fourier expansion of the
variables, including time (ψ ∝ exp(iωt)):

ω
{
ω4 −

(
c2

sk2 + 4Ω2
0

)
ω2

+c2
s

[
N2

Bk2
⊥ + 4Ω2

0

(
k2

z + k2
H

)]}
= 0 (18)

wherek2⊥ ≡ k2
x + k2

y, k2 ≡ k2⊥ + k2
z + k2

H . (The local epicyclic
frequency is here 2Ω0.) NB is the Brunt-Väisälä frequency:

N2
B ≡ (γ − 1)

g2

c2
s
> 0. (19)

This dispersion equation describes three different modes of per-
turbations:
1. a high frequency rotational-acoustic wave mode with

ω2
s =

1
2

(
c2

sk2 + 4Ω2
0

)

×
1+

1−
4c2

s

[
N2

Bk2⊥ + 4Ω2
0

(
k2

z + k2
H

)]
(
c2

sk2 + 4Ω2
0

)2


1
2
 , (20)

or, in kH/kz� 1 approximation,ω2
s ' c2

sk
2 + 4Ω2

0;
2. a low frequency density-spiral wave mode with

ω2
gΩ =

1
2

(
c2

sk2 + 4Ω2
0

)

×
1−

1−
4c2

s

[
N2

Bk2⊥ + 4Ω2
0

(
k2

z + k2
H

)]
(
c2

sk2 + 4Ω2
0

)2


1
2
 , (21)

or, in kH/kz� 1 approximation,ω2
gΩ ' N2

Bk2⊥/k2 + 4Ω2
0k2

z/k
2;

3. a vortex mode with

ω = 0. (22)

The perturbation field of the vortex mode may be derived from
Eqs. (10a)–(10e) and (13a)–(13e). Indeed, the stationary solu-
tion of this system is not trivial and reads as follows:

ux = − ky
2Ω0

p̃, uy =
kx

2Ω0
p̃, uz = 0, % = −kz + ikH

g
p̃,

s=
γkz

2kH
(1+ α2)p̃ =

N2
B − c2

sk
2
z

N2
B

p̃. (23)

Notwithstanding the formal similarity, this vortex mode is
different from the vortex mode occurring in the simple not-
stratified compressible hydrodynamic flow: the difference is
in the topological properties, as well as in the genesis of the
mode. The perturbations of the present vortex mode are polar-
ized in the flow rotation plane; they are 2-dimensional in the
shearless limit (uz → 0 whenA → 0). This mode originates
from the combined action of both the vertical gravity and the
Coriolis force. In the absence of any one of these forces this
mode degenerates into the trivial solution of the system – it dis-
appears. In the case where both forces are absent, the density-
spiral wave mode (gΩmode) degenerates into the vortex mode
that is the key ingredient of turbulence in the simple (plane and
non-stratified) hydrodynamic shear flow.

In previous works, the role of this vortex mode has been
often underestimated (cf. Dwarkadas & Balbus 1996; Ryu &
Goodman 1992; Goodman & Balbus 2001), or it has been con-
fused with fictitious displacements that arise in the Lagrangian
formalism (see Friedman & Schutz 1978). This mode has been
ignored also in the recent paper by Goodman and Balbus
(2001), which retains only the wave modes.

2.2. Velocity shear effects

The velocity shear has a profound effect on the perturba-
tions, since it permits the extraction of energy from the mean
flow (see Eq. (18)). This results in the transient growth of
the vortex mode perturbations – the subject of our study.
This phenomenon has the same nature as the amplification
of vortical perturbations in parallel flows with constant shear
rate (cf. Moffatt 1967; Criminale & Drazin 1990; Gustavsson
1991; Reddy & Henningsson 1993; Chagelishvili et al. 1994).
Moreover, as was found and described in Chagelishvili et al.
(1997, 2000), in relatively complex flows, where vortex mode
coexists with wave modes (which is the case of Keplerian
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flow); the velocity shearcauses their linear coupling: vortices
are able to excite waves even in the linear approximation.
According to Chagelishvili et al. (1997), the efficiency of the
wave excitation mechanism is determined by the value of the
ratio of the shear parameter to the frequency of the considered
wave mode:

R≡ |2A|/ω(t∗), (24)

where the wave frequency is taken at timet = t∗ where
kx(t∗) = 0, when the frequency is minimal and the mode cou-
pling is strongest. We may estimate crudely this efficiency fac-
tor by taking the wave frequencies derived in the shearless limit
(Eqs. (20)–(21)). For the production of density-spiral waves its
value is:

RgΩ =
2|A|√

4Ω2
0

k2
z

k2 + N2
B

k2
y

k2

=
2|A|√

4Ω2
0

k2
z

k2 +
γ−1
γ

4Ω2
0

k2
y

k2

≈ |A|
Ω0
=

3
4
· (25)

For the production of rotational-acoustic waves it is:

Rs =
2|A|√

c2
s(k2

y + k2
z) + 4Ω2

0

' 3kH

2
√
γ(k2

y + k2
z)
· (26)

Let us compare them:

RgΩ

Rs
'

γ(k2
y + k2

z)

4k2
H


1/2

· (27)

In the considered problemkH/kz � 1 and henceRs � RgΩ.
Thus one should expect mainly the excitation of density-spiral
waves. Our calculations justify this expectation.

3. Numerical analysis

Equations (13), (14), together with the appropriate initial val-
ues, pose the initial value problem describing the dynamics of
a perturbation SFH in the Keplerian disk. We solve this system
with initial values corresponding to pure vortex mode pertur-
bations. The numerical calculations are performed using the
Matlab ODE solver, an explicit Runge-Kutta implementation
with the 4(5) pair of Dormand-Prince. Potential vorticity is
conserved with an accuracy of 10−7.

Since we are primarily interested in the transient growth of
vortex perturbations in AD and its comparison with the similar
process in plane shear flow, we analyze the dynamics of plane
shear flow in the same manner. For this purpose we setg = 0,
kH = 0, α = 0, Ω0 = 0 andA < 0 in Eqs. (13), (14). The
evolution of vortex mode SFH, in disk flow and plane shear
flows, are presented in Figs. 1, 2 and 3 for different ratios of
the vertical and azimuthal wave-numberskz/ky: 0.1, 1, 10; in
all caseskx(0)/ky = −150. All calculations for the plane case
are carried out with the same kinematic shear parameter. (When
comparing the figures, note that the graphs are not on the same
scale.)

The numerical results demonstrate the effect of rotation and
vertical stratification on the transient growth in Keplerian disks.
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Fig. 1. Dynamics of the perturbation SFH in the Keplerian disk (left
column) and plane shear flow (right column). From top to bottom:
ux(t)/(ρ0cs), uy(t)/(ρ0cs), ũz(t)/(ρ0cs), p̃(t)/P0, Re%/ρ0 and Im%/ρ0

(heavy and thin curves, respectively; same in the plane flow) and
normalized energyE(t)/E(0) (the latter on logarithmic scale). Here
kx(0)/ky = −150, kz/ky = 0.1. In the AD case:kH/kz = 0.1 and
Rs = 0.1 � RgΩ = 3/4. The initial values the of perturbations cor-
respond to the quasi-two dimensional pure vortex mode. Initial value
of the spectral energy density in both casesE(0)/(ρ0c2

s) = 10−3.

We see that quasi-2D vortex mode perturbations (i.e. withkz�
ky) are amplified by nearly the same factor as in plane shear
flow (Fig. 1). This amplification is slightly less in thekz ∼ ky
case (Fig. 2), whereas the transient growth is strongly reduced
for vortex mode perturbations withkz� ky (Fig. 3).

But the calculations reveal also a novel linear effect which
accompanies the evolution of vortex mode perturbations in the
Keplerian disk, namely the excitation of density-spiral waves
(gΩ modes, or gravito-inertial waves), which may play an im-
portant role in the onset and in the maintenance of turbulence
in AD. For a physical description of this excitation we refer
to Chagelishvili et al. (1997). The phenomenon is clearly vis-
ible in Figs. 1–3, in the graphs ofuz, Re% and E(t)/E(0).
Starting with a pure the vortex/aperiodic SFH atkx(0)/ky < 0,
the perturbation energy reaches a peak value at timet = t∗ ≡
kx(0)/2Aky. After that maximum, the SFH undergoes nearly



784 A.G. Tevzadze et al.: Shear turbulence in stratified Keplerian disks

0 100 200
−5

0

5

U
x

AD

0 100 200
−2

0

2

U
y

0 100 200
−2

0

2

U
z

0 100 200
−0.5

0

0.5

P

0 100 200
−1

0

1

R
e,

 Im
 (

D
)

0 100 200
10

0

10
2

10
4

10
6

time

E
/E

(0
)

0 100 200
−5

0

5
Plane

0 100 200
−10

0

10

0 100 200
−10

0

10

0 100 200
−0.1

0

0.1

0 100 200
−0.1

0

0.1

0 100 200
10

0

10
2

10
4

10
6

time

Fig. 2. The same as in Fig. 1, but atkz/ky = 1. Initial perturbations
correspond to the pure vortex mode with equal vertical and azimuthal
length-scale.

periodic oscillations, meaning that the vortex mode excites a
density-spiral wave corresponding to the same SFH; the result
is a mixed vortex-wave SFH.

While the vortex energy steadily decreases after the max-
imum, as in the 2D case considered in Paper I, the wave en-
ergy remains constant, and is responsible for the plateau in
theE(t) graphs. (In that respect, the disk case bears some sim-
ilarity with the plane case, where the energy also settles on a
plateau.) The plateau energy is more then one order of magni-
tude lower then the peak energy. Forkz/ky = 0.1 (Fig. 1) the
normalized peak energy is 2.23×104 (very close to the theoret-
ical value (kx(0)/ky)2 = 2.25× 104 derived in Paper I) and the
plateau energy is 10.9. Forkz/ky = 1 (Fig. 2) the peak energy is
slightly lower: 2.00× 104, whereas that of the plateau is much
higher than in the preceding case: 2.95×102. This indicates that
the excitation of the wave mode is much stronger whenkz ∼ ky.

Note that in the plane caseux(k) uy(k) is always positive.
Since the flux of angular momentum is determined by

< u′x(r) u′y(r) > =
∫

dk ux(k) uy(k), (28)

we see that all SFH then contribute to transport directed down
the gradient of mean velocity. However in the disk case, as we
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Fig. 3. The same as in Fig. 1, but atkz/ky = 10. Initial perturbations
correspond to the pure vortex mode with length-scale much shorter in
the vertical then in the azimuthal direction.

can see in Fig. 2,uy(k) changes sign att = t∗. Thus the prod-
uct ux(k) uy(k) also changes sign, and becomes negative in the
domain of wavenumber space wherekx ky > 0. According to
Eq. (28), this means that in the disk case there is some can-
cellation in the transport of angular momentum. But the net
contribution of each SFH is outward transport, as shown by
integration in time of Eq. (17), since net positive energy is ex-
tracted from the mean flow (see Fig. 2). The same property car-
ries over in the turbulent regime, because the nonlinear terms
just redistribute energy among modes, and therefore

d
dt

∫
dk E = −2Aρ0(0)

∫
dk ux uy. (29)

Thus the net angular momentum flux is directed outward when
energy is extracted from the mean flow, to be dissipated by vis-
cous friction. In other words, if shear flow turbulence is sus-
tained, it transports angular momentum outward.

As it appears, the action of the Coriolis force reduces the
rate of transient amplification and it somewhat changes its char-
acter in 3D. Consider the casekz = ky (Fig. 2). One sees that,
in the plane flow, the SFH energy increases transiently, but
tends monotonically and smoothly to someEmax whent → ∞
(kx(t)/ky → ∞). In the disk case, the SFH energy reaches its
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Fig. 4. Maximum normalized energyEmax in the plane case, peak en-
ergyEpeakand plateau energyEplat in the disk case, vs.β ≡ (kx(0)/ky)2,
for the sameE(0) andkz = ky.

peak valueEpeakatkx(t) = 0, but after that it decreases, and set-
tles on a plateau with energyEplat at a time wherekx(t)/ky ≈ 10.
To estimate quantitatively the effect of rotation, we have to
compareEmax with Epeak or/andEplat. These quantities are de-
termined by the values ofkx(0)/ky andkz/ky: substantial tran-
sient growth occurs whenkz is less or of the order ofky. Let us
introduce the parameter

β ≡
(
kx(0)

ky

)2

(30)

and calculate the dependence ofEmax, Epeak, Eplat on β, for
the sameE(0) andkz = ky. The results of our calculations are
plotted in Fig. 4. We see that the dependence of the maximal
amplification rate in the plane and AD case is qualitatively the
same, and that it scales linearly withβ, as was shown in Paper I
for 2D perturbations. To reach the same maximal amplification
in the disk and plane flows (i.e.Epeak' Emax), the parameterβ
is less than one order of magnitude higher in the disk than in the
plane flow. To reachEplat ' Emax, β ought to be about 200 times
higher.

Let us analyze the above results in terms of the Reynolds
number, which we define as

Re =
Ω0H2

ν
, (31)

ν being the kinematic viscosity, andH the height of the disk (or
pressure scale height). The smallest perturbation scale whose
transient growth can overcome viscous dissipation may be de-
termined by the local balance between transient growth and
viscous dissipation (for details see Paper I). Thus, from (17)
we have

−2A uxuy = νk
2u2. (32)

We have seen that optimal growth is achieved when both

β =

(
kx(0)

ky

)2

� 1 and ky ≈ kz. (33)
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(βplane= 2.25× 103 andβAD = 4.41× 106).

At |kx/ky| � 1, the vortex mode compressibility is negligible
and the velocity field is mainly parallel to the disk plane (uz�
ux, uy). Thus, from the continuity equation it follows that

|kxux| ≈ |kyuy|. (34)

Applying these equations to the initial valuekx = kx(0), we get
the following relation betweenRe andβ:

Re ≈ 2
3
β3/2. (35)

This permits to transpose the results given above, namely
the amplification factors vs.β given in Figs. 4, 5, in terms of the
Reynolds numberRe. For instance, we see that to achieve the
same amplification in plane and disk flow (i.e.Emax = Eplat),
the Reynolds number must be about 2000 times higher in the
disk flow than in the plane flow.

4. Discussion

In the present paper we focused our attention on the transient
growth of small scale vortices in stably stratified Keplerian disk
flow. For the sake of comparison, the analysis of the disk flow
was performed in parallel with that of the non-rotating plane
shear flow. Let us recall the main results concerning linear dy-
namics.

– The stratification of the disk flow (vertical gravity) is neces-
sary for the existence of the vortex/aperiodic mode in 3 di-
mensions. In the case of rigid rotation (A = 0) the vortex
mode is characterized by a planar velocity field parallel to
the disk plane. ForA , 0 this mode involves vertical veloc-
ity perturbations (uz).

– The vortex mode SFH, with initial wave-numbers satis-
fying the conditionkx(0)/ky < 0 (as A < 0), is able to
transiently amplify by several orders of magnitude through
a linear mechanism. Peak energy is reached att = t∗(≡
kx(0)/2Aky). This peak value scales linearly with the pa-
rameterβ = (kx(0)/ky)2; it is highest for|kz/ky| <∼ 1, where
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it is comparable to that of the 2D case considered in Paper I,
and it diminishes rapidly for|kz/ky| � 1.

– After reaching its peak, the vortex mode SFH gives rise to
a density-spiral wave of same SFH. Further evolution of
the vortex and the excited density-spiral wave proceeds in-
dependently. Whereas the vortex energy decreases steadily,
the wave energy is nearly maintained in time – it forms a
plateau in theE(t) graphs. The wave excitation process is
most efficient for vortices with nearly equal vertical and az-
imuthal wave-numbers:kz ∼ ky. In this case, the plateau en-
ergy is about two orders of magnitude lower than the peak
energy.

– The inhibiting action of the Coriolis force on the transient
growth mechanism is more quantitative then qualitative – to
reach the same plateau energy as in parallel shear flow, the
vortex mode in disk flow requires a Reynolds number three
orders of magnitude higher. The contrast is much lower
when comparing the peak energies.

What conclusions can we draw from of our study?
The transient amplification of vortices, together with the

phenomenon of wave excitation by these vortices, appear to be
a promising mechanism leading to the onset of turbulence in
astrophysical disks. These vortex mode perturbations fit natu-
rally into the recently developed concept of bypass transition
to turbulence for plane smooth shear flows. The detailed de-
scription of the concept was presented in Paper I. Here we only
recall the four basic steps of the bypass scenario:
(i) the linear “drift” of SFH of the vortex mode in thek-space;
(ii) the transient growth of SFH;
(iii) viscous dissipation;
(iv) nonlinear processes that close the feedback loop of the
transition by mode mixing and angular redistribution of SFH
in the k-space.

In this scenario the nonlinear processes do not contribute
to the energy growth, as they would in genuine nonlinear in-
stability, but they serve to close the loop, providing positive
feedback.

In the classical bypass concept, the main contributors to
turbulence in shear flows are the vortex mode perturbations.
But in Keplerian disks, according to the presented study, after
transient growth, vortex mode perturbations are converted into
density-spiral waves, and these long-lived waves become ingre-
dients of the system. Hence, most likely, wave-wave nonlinear
interactions will contribute significantly to step (iv). Moreover,
in 3 dimensions much richer possibilities exist for such inter-
actions than in 2 dimensions, and therefore more opportunities
are offered for positive feedback.

To conclude, the linear phase of the bypass concept is now
well established, and this scenario appears as a very promising
route to turbulence in Keplerian disks. It remains necessary to
confirm the existence of positive nonlinear feedback, which is
required to sustain turbulence, and this can only be achieved
through numerical simulations, performed at high Reynolds
number. Thanks to the steady progress of computer perfor-
mance, this goal should be reached in the not-so-distant future.
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