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Abstract. This is a sequel to Paper | (Chagelishvili et al. 2003), where we presented the so-called bypass concept for the onset
of turbulence in shearing flows. According to this concept, which was worked out during the last decade by the hydrodynamic
community for spectrally stable flows, vortical perturbations undergo transient growth by extracting energy from the shear
(a linear process), thereby reaching an amplitude whichfiscgnt to allow for non-linear interactions which, by positive
feedback, sustain turbulence. In Paper | we described this transient growth for 2D perturbations in a Keplerian disk; we showed
that their kinematics was the same as in plane-parallel flow, and thus that they were not modified by the presence of the Coriolis
force. In the present paper, we pursue our goal of applying the bypass scenario to astrophysical disks: we investigate the linear
dynamics of 3D small-scale vortical perturbations for single spatial harmonics, in stably stratifiedrdially rotating disks,

again in the framework of a nonmodal analysis. We find that these 3D perturbations also undergo substantial transient growth,
and that they reach a peak amplitude that is comparable to that of 2D perturbations, as long as their vertical scale remains of
the order of the azimuthal scale. When the vertical wave-number exceeds the azimuthal one, the amplification rate is reduced,
but this may be more than compensated to by the huge Reynolds number and the high shear rate characterizing astrophysical
Keplerian disks. Whereas in 2D the Coriolis force had no impact on the transient growth, in 3D this force somewhat constricts
the characteristics of the perturbation dynamics in disk flows, and the initial transient growth is followed by some reduction

in amplitude. These ffierences are quantitative, rather than of fundamental character. But the 3D case presents two interesting
novelties. In plane parallel flow, the perturbations do not decay after their transient amplification, but their energy stays on
a plateau before being dissipated through viscous friction. More importantly, especially for the astrophysicist, in disk flow
the 3D vortex mode perturbations excite density-spiral waves, whose energy also settles on a plateau before viscous dissipation.
These local vortex mode perturbations fit naturally into the bypass concept of hydrodynamic shear turbulence, which was first
developed for plane-parallel flows. We submit that these perturbations will also play an important role in the onset and in the
maintenance of turbulence in Keplerian disks.
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1. Introduction instability (MRI). Subsequent numerical investigations fol-
The prevailing exolanation for the accretion process that lowed that instability into the nonlinear (turbulent) regime, and
P 9 exp P y demonstrated that the turbulent transport then proceeds

erates in astrophysical disks is that these disks are turbulenq he i s .
. . X right direction. Thus for m rophysici h -
and that the turbulence is responsible for the inflow of matter e right directio us for most astrophysicists, the ques

fibn is settled: it is the MR that is responsible for the turbulent
and the outward transport of angular momentum. The qUESt&?Qnsport

that then arises is that of the instability that produces this tur- Y this | instability d i lude th i
bulence. This is not a trivial problem, because cylindrical ro- owever, this linear instability does not preciude the ex
tation with a Keplerian profile is linearly (spectrally) stableIStence of other |nstak_)|llt|es, and Itis |m|9053|ble o predict at
since angular momentum increases outward and since t fg presgnt stagg Wh'Fh one 1s resp.on.s_|ble for th_e actual tur-
is no extremum of vorticity. A solution has been obtained L%;ence in accretion disks. Also, a significant portion of plan-

Balbus & Hawley (1991), who showed that a weak magnef ary disks is not ionized enough to allow for the MRI. Thus

field allows for a linear instability, called magneto-rotationég makes sense to explo_re alternate routes t_hat may lead _to tur-
ulence, and to start with the hydrodynamic case. One is en-

Send gfprint requests toJ.-P. Zahn, couraged in this approach by the recent detection of turbu-
e-mail: jean-paul . zahn@obspm. fr lence in a Couette-Taylor experiment (Richard 2001), under
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conditions similar to those of a Keplerian disk, namely whesee Chagelishvili et al. 1997, 2000). Indeed, we shall see

angular momentum increases and angular velocity decredselsw that the 3D vortex mode perturbations, after transient

outward. growth, excite density-spiral waves, which then participate also
One possible route to hydrodynamic turbulence is througihthe dynamical processes in Keplerian disks.

transient growth of small amplitude perturbations, which ex- The paperis organized as follows. The physical approxima-

tract their energy from the shearing flow. In this scenario, thiens and the mathematical formalism are introduced in Sect. 2.

amplitude of some vortex mode perturbations increases alfreSect. 3 we present the numerical analysis of the linear dy-

braically by a linear mechanism until it reaches the level whenamics of 3D vortex mode perturbations, including the exci-

the nonlinear interactions, by redistributing energy amoration of density-spiral waves. We summarize and discuss the

modes and providing positive feedback, are able to sustain trgsults in Sect. 4.

bulence. This concept, termed “bypass”, has been intensively

developed in recent years by the fluid dynamics commung; Mathematical formalism

for a bibliography of the subject, we refer the reader to PapeT’l

(Chagelishvili et al. 2003). Consider a dferentially rotating thin inviscid hydrodynamic

In Paper |, we analyzed the dynamics of 2-dimensional pefisk around a central object locatedrat z = 0. For simplic-
turbations, with velocity components in thre(radial, shear- ity the equilibrium disk is assumed to be non self-gravitating,
wise) andy (azimuthal, streamwise) directions. We showegind to be locally isothermal, with constant adiabatic sound
that, in the shearing sheet approximation (i.e. in the limit @beed. The relations between the basic physical characteristics
large wavenumber, when curvature can be neglected), the ®i-this disk, such as angular velocity of rotatian)( sound
ergy equations are identical in the plane-parallel (Cartesiagpeed ¢;), pressure and density scale heigHj,(local mean
case and in the Keplerian case, after suitable renormalizatigflues of pressureP) and density 4o), are well known (cf.
of the pressure. The same is true for the equations describfyg & Goodman 1992):
the temporal evolution of a spatial Fourier harmonics (SFH),
meaning that the Coriolis force does not interfer with the liny - .-32 2 _ 7& __ S _ )
ear dynamics. Singling out a vortex mode with initial wave- T o’ VQ vy’
vector k (0), k.], we found that its energy grows by a factor
(k:(0)/k,)?, before decaying and being dissipated through vi€o(2) _ po(@ _ ox (_@)
cous friction. Po(0)  p0(0) H)

The present paper is a sequel to Paper I, extending its re-
sults to 3-dimensional perturbations, in a medium that is stapiperey is adiabatic index that meets the conditiprz 1. In
stratified in thez-direction; this medium can be either an agEds. (1), (2) and further on, the vertical grawityz s replaced
trophysical disk or the fluid in a laboratory experiment. Whelpy the parametey, which we shall assume constant apart from
the linear scale of the perturbation is much smaller in the rad@¢hange of sign at the mid-plane of the disk. The expressions
and azimuthal directions than in the direction perpendicular@ove are valid also for a laboratory experime¢ntyeing the
the disk (the vertical direction), i.¢., |, < |, H, whereH Pressure scale-height.
is the half thickness of the disk (or the pressure scale-height), As in Paper |, we shall write the dynamical equations in
the problem reduces to the 2D case treated in Paper I; it Wh§ local co-moving Cartesian frame at the particular poiat
examined by Lominadze et al. (1988) and by Fridman (198$jo. 0, 0):
On the other hand, loannou & Kakouris (2001) considered the _
global perturbations whetg |, > H. Here we shall focus on =" ~'0- ¥ = fo(¢ - Qot).  z=2 )

perturbations that are influenced by the stratification, and thgtere, = Q(ro) is the rotation rate of the frame. The per-

may come closer to isotropy, namely Iy, I, < H.  turbations we shall consider have characteristic length-scales
A few words about the mathematical method used in Ofy,ch smaller then the distance to the central object:

study, namely the non-modal analysis, that allowed for the sig-

nificant advances achieved in this field during the last decade. Iy 12 _ 1 )
After changing the variables from the laboratory to a cay’ ro’ rg '

moving frame, this non-modal analysis consists of describi

2

the temporal evolution of the perturbations expandedra- r1‘%’1ereforewe may neglect the curvature of the flow streamlines,
P P P H but we retain theféect of the background velocity shear in the

tial Fourier harmonics(SFH), without performing any spec-"_ . ~ .~ " . o C
L : . . radial direction (shearing sheet approximation). To simplify the
tral expansion in time. This approach considerably simplifies ™~ . . .
uations, we normalize Ipy(0) the pressure and density per-

the mathematical formalism of the problem and, completed ﬁ? . , , ) .
numerical calculations, it reveals important properties that ar [bationsp’ andp’, and we filter out the vertical dependence
; oFthe velocity perturbation field’ by factorizing it through

overlooked in the classical modal analysis. H):
In addition to the linear mechanism of non-exponentigf(pqzl/ ):
energy exchange between the shear flow and its perturpa= p (z) + po(0)p', p = po(2) + po(O)0’. (5a)
tions, which is the basis of the bypass concept, a novel phe-
nomenon was discovered through this non-modal approach, ('Zl)u’

namely thelinear mechanism of wave excitation by vortice¥ = Yo+ €XP| (5b)
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The equations governing the linear dynamics of the perturbeie conservation of the potential vorticity is described in the

tion are thus considered case by the following time invariant solution of
, Egs. (10a)—(10e):
(2 + 2Ax3) u,— 200+ 22~ 0 (6a) _
ot dy ox T = [k — ke(t)uy| - 2i(Q0 + A)p (11)
0 a\ . op 2+ Ak tiky) (o 2
(E + 2Axa—y) u, + 2(Qo + AU + " 0, (6b) -1y (p sp)
, This invariant signals the existence of a voytgeriodic mode
0 a\ , oap , - -
— + 2Ax— U, + +gp =0, (6¢) inthe perturbation spectrum.
ot 9 0z To avoid complex co@icients (and consequently complex
P P physical variables) in the dynamical equations, we renormalize
(a + 2Ax8—y)p’ +Vu' =0, (6d) the perturbed variables in the following way:
5 5 U= (1+ia)u, (12a)
’ 2 ’ ’ )
(ﬁ + 2Axa—y) p’ +csVU' + (y — L)gu, = O, (6e) .o (1+ Ia)kzcg(p _&y)
where -1 5
1+i k
S Grlalve ), (12b)
= 1 [ra—g] ) 2(y - 1) ky
210 Jrary B=ip, (12c)
is the standard Oort constant which characterizes the bacj\—
: . . where
ground velocity shear in the local frame (in Paper | we use
another definition fod). In the case of the Keplerian law of , _ ki (r-1)g _kn2-y (12d)
rotation: k; koC2 ke v
A= _C_%Q <0 (8) Hence the substitution of Egs. (12a-d) into (10a-e) yields the
Tyt system of ordinary dierential equations which governs the dy-

Next, following the standard method of non-modal analysis (&&mics of variablesy, u,, Uz, sandp:
Goldreich & Lynden-Bell 1965; Goldreich & Tremaine 1978;q

Nakagawa & Sekiya 1992) we introduce the spatial Fouriggtx = 220y — k(D). (13a)
harmonics (SFH) of the perturbations with time dependent

phases: 3= —2(Qo + A)ux — k, P, (13b)
l,b/(r, t) = l//(kx(t)’ ky’ kZ’ t)

9 d. 2k o
x exp(-k2) exp(ike(t)x + ikyy + ik;2) (%a) Gz = 7”5— k(1 + )P, (13c)

ky(t) = kx(0) — 2AK,t, 9%

(0 =1d0) - 28 B0y d kG2l (13d)

wherey’ = (U, U, U, p',0"), ¥ = (Ux, Uy, Uz, p,o) andky =
1/(2H). The common factor expkn|Z) is employed to re- d
scale the vertical axis in the stratified medium (see Lerche &
Parker 1967).

Equations (6a)—(6e) and (9a,b) lead to the dynam
equations for the SFH:

B = 2 [ke(t)ux + kyu, + k] . (13e)

. All variablesuy, u,, T, i, shave the same phase, which we
IGRiNl set to zero, thus making these variables real. The original
variablesu,, o are complex, ang is pure imaginary; for in-

d U — 200U, + ike(t)p = O, (10a) stancep is expressed by:
dt i . 1-ia2(-1)ky
—Uy + 2(Qo + A)ux + ik,p=0, (10b)
a | 1 20 -1k
d Re=-T———"5 1% (14b)
gl + (ke —kn)p+go =0, (10c) et s
1. a 2(y-1)ky

Imo=-=p+ —S. (14c)

%g + i [kt + ik + (e + ki) Ug| = 0, (10d) ca" 1l+a? yZ k

In the new variables the conservation of potential vorticity

d _ _ (Eg. (11)) assumes the simple form:

ot p+ 'Cg [kx(t)ux + Ky Uy + (Kz + ki) Uz] +(y—-1)gu,=0. 2(Qo + A)
2

(10e) £ = Ktk = kO, ~ (P-9. (15)

S
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The spectral energy density of the perturbations is definedaasin ki /k; < 1 approximatione? = c2k? + 4QZ;

follows: 2.alow frequency density-spiral wave mode with
E() = Ex(t) + Ep() + E(D), (168) 42, - %(Cgkz +402)
ith 1

" 42 [N2K + 402 (12 + 12

1 P 02 x[1-{1- > , (21)
Ex(t) = 500(0) (ux + U2+ Taz) (16b) (B2 + 402)

p0(0) or,inky/k; < 1 app_)roximationgujQ ~ N3K2 /k? + 4Q3K2 /K?;
Ep(t) = 22 pe, (16c) 3.a vortex mode with

e 1 0 w=0. (22)
Eq(t) = &1 po0) o (16d)

The perturbation field of the vortex mode may be derived from
Egs. (10a)—(10e) and (13a)—(13e). Indeed, the stationary solu-
where Ex, E, and E; correspond respectively to the kinetiction of this system is not trivial and reads as follows:

elastic and thermobaric energy spectral densities of the pertur-

Yk 1+a? 2¢2

bations (cf. Gossard & Hooke 1975). U= —=L B, U, = Ky 5 Uy=0. o= kg + ik B,
Note that the spectral density of the energy would be con- 20 2Q0 g
served in the shearless limit; its variation is due to the velocity 5 212
shear of the flow: YKz e Ng — Gk
d 2kH NB
—E=-2 O)uyu,. 17
dt AP0l an Notwithstanding the formal similarity, this vortex mode is

Formally, Egs. (1), (2), (6a)—(6€) and the further mathematicjfférent from the vortex mode occurring in the simple not-
analysis are well-posed for any value of the ratigky. But stratified compressible hydrodynamic flow: thefelience is

for simplicity the vertical gravity2?z has been replaced by thdn the topological properties, as well as in the genesis of the

constant parameter Thus when applying our results to astromode. The perturbations of the present vortex mode are polar-
jged in the flow rotation plane; they are 2-dimensional in the

physical disks, we have to restrict ourselves to perturbatidf

whose vertical scale is much shorter than the scale-heightShearless limit; — 0 whenA — 0). This mode originates
henceky /k, < 1. from the combined action of both the vertical gravity and the

Coriolis force. In the absence of any one of these forces this
_ _ o mode degenerates into the trivial solution of the system — it dis-
2.1. Perturbation spectrum in the shearless limit appears. In the case where both forces are absent, the density

The dispersion equation for our system may be obtained in %%lral wave modey2 mode) degenerates into the vortex mode

shearless limitA = 0) using the full Fourier expansion of the hatis the_ .key ingredient of Furbulence in the simple (plane and
non-stratified) hydrodynamic shear flow.

In previous works, the role of this vortex mode has been
w { WA - (c§k2 + 4&23) i often underestimated (cf. Dwarkadas & Balbu_s 1996; Ryu &
Goodman 1992; Goodman & Balbus 2001), or it has been con-

fused with fictitious displacements that arise in the Lagrangian

(18) formalism (see Friedman & Schutz 1978). This mode has been
ignored also in the recent paper by Goodman and Balbus

wherek? = k% + k7, k* = ki + K + k. (The local epicyclic (2001), which retains only the wave modes.

frequency is hereQ,.) N is the Brunt-\&isila frequency:

variables, including timey o« exp(iwt)):

+c2 [Néki + 403 (k§ + kﬁ)]} =0

2 2.2. Velocity sh ffe
N2 = (y - 1)9_ 0. (19) elocity shear effects

c The velocity shear has a profoundfext on the perturba-
This dispersion equation describes threedent modes of per- tions, since it permits the extraction of energy from the mean
turbations: flow (see Eq. (18)). This results in the transient growth of

1. a high frequency rotational-acoustic wave mode with ~ the vortex mode perturbations — the subject of our study.
This phenomenon has the same nature as the amplification

2 _ }(Czkz + 492) of vortical perturbations in parallel flows with constant shear
s s 0 rate (cf. Mdfatt 1967; Criminale & Drazin 1990; Gustavsson
) 1991; Reddy & Henningsson 1993; Chagelishvili et al. 1994).

4c2 [Néki + 402 (k§ + kﬁ)] 2 Moreover, as was found and described in Chagelishvili et al.
- > , (20) (1997, 2000), in relatively complex flows, where vortex mode

(Cék2 +4Q§) coexists with wave modes (which is the case of Keplerian

w

x|11+]1
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flow); the velocity shearcauses their linear coupling: vortices AD Plane

are able to excite waves even in the linear approximation. ° l > l
According to Chagelishvili et al. (1997), théfieiency of the % 0

wave excitation mechanism is determined by the value of the

ratio of the shear parameter to the frequency of the considerec _g _5

wave mode: 5o 100 200 5o 100 200

R= 2A/w(t), | | @) 3 + o———

where the wave frequency is taken at tirhe= t* where
k«(t*) = 0, when the frequency is minimal and the mode cou- -50 -5
pling is strongest. We may estimate crudely thigency fac- 0.5 2
tor by taking the wave frequencies derived in the shearless limit

(Egs. (20)—(21)). For the production of density-spiral waves its 5 0 4"\/\/\/\/\/WW\‘ 0 —l_

value is:
-05 B ——
2|A| 0 100 200 x 10 100 200
Ro = ———— 01 5
402 | N2k
k2 " B i@ A s &, ‘lr 0 ]
Al S (25)
2 2 -0.1 5L—
\/493 e+ 1493 e 0 . 0 100 200 X 10° 100 200
For the production of rotational-acoustic waves it is: ) J
E o AAAAAAARA 0 J
2|A 3k 5 N
= A ~ AT (26) &
2,12 2 2. K2 -0.2 -5
\/ Sk + 1) +4Q7 2 \/V(ky + k) s 100 200 50 100 200
Let us compare them: 5
1/2 o
Rao (7K +K) D
® |\ Tae | @ g 10°
s H 0 100 200 0 100 200
In the considered probleiky /k, < 1 and henc®s < Ryq. time time
Thus one should expect mainly the excitation of density-Spifg} 1. pynamics of the perturbation SFH in the Keplerian dikt(
waves. Our calculations justify this expectation. column and plane shear flowright columr). From top to bottom:

Ux(t)/(ooCs), Uy(t)/(poCs), Tx(t)/(poCs), B(t)/Po, Reo/po and Imo/po
(heavy and thin curves, respectively; same in the plane flow) and
normalized energye(t)/E(0) (the latter on logarithmic scale). Here
Equations (13), (14), together with the appropriate initial vak«(0)/k, = -150, k;/k, = 0.1. In the AD caseky/k, = 0.1 and
ues, pose the initial value problem describing the dynamics®f= 0.1 < R, = 3/4. The initial values the of perturbations cor-
a perturbation SFH in the Keplerian disk. We solve this systéﬁ?pond to the quasi-two dimensional pure vortex mode3|n|t|al value
with initial values corresponding to pure vortex mode pertuf! the spectral energy density in both ca&¢8)/ (poC3) = 10°°.
bations. The numerical calculations are performed using the
Matlab ODE solver, an explicit Runge-Kutta implementation
with the 4(5) pair of Dormand-Prince. Potential vorticity idVe see that quasi-2D vortex mode perturbations (i.e. kyitk
conserved with an accuracy of 70 k,) are amplified by nearly the same factor as in plane shear
Since we are primarily interested in the transient growth 8w (Fig. 1). This amplification is slightly less in the ~ k,
vortex perturbations in AD and its comparison with the similatase (Fig. 2), whereas the transient growth is strongly reduced
process in plane shear flow, we analyze the dynamics of pldagvortex mode perturbations with > k, (Fig. 3).
shear flow in the same manner. For this purpose we se0, But the calculations reveal also a novel linefieet which
ky = 0,a = 0,Qp = 0andA < 0 in Egs. (13), (14). The accompanies the evolution of vortex mode perturbations in the
evolution of vortex mode SFH, in disk flow and plane she&eplerian disk, namely the excitation of density-spiral waves
flows, are presented in Figs. 1, 2 and 3 fdifetient ratios of (gyQ2 modes, or gravito-inertial waves), which may play an im-
the vertical and azimuthal wave-numbéggk,: 0.1, 1, 10; in portant role in the onset and in the maintenance of turbulence
all casesk(0)/k, = —150. All calculations for the plane casein AD. For a physical description of this excitation we refer
are carried out with the same kinematic shear parameter. (WherChagelishvili et al. (1997). The phenomenon is clearly vis-
comparing the figures, note that the graphs are not on the sabhe in Figs. 1-3, in the graphs af,, Reo and E(t)/E(0).
scale.) Starting with a pure the vortgaperiodic SFH aky(0)/k, < 0,
The numerical results demonstrate tifeet of rotation and the perturbation energy reaches a peak value at time* =
vertical stratification on the transient growth in Keplerian diskk,(0)/2Ak,. After that maximum, the SFH undergoes nearly

3. Numerical analysis
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AD Plane AD Plane
5 5 0.2 0.05
3 0 l 0 5 3 9 —/ ofb——" ~—u]
-5 -5 -0.2 -0.05
0 100 200 0 100 200 0 100 200 0 100 200
2 : 10 0.2 2
-2 -10 -0.2 -2
0 100 200 0 100 200 100 200 0 100 200
2 10 0.2 0.2
3 WW o— | 5 OJV« o
-2 -10 -0.2 -0.2 =
0 100 200 0 100 200 0 100 200 x10© 100 200

0.5 0.1 0.1 2

—

-0.5 -0.1 04 Py
10 100 200 010 100 200 0 100 200 x 10 100 200
= it ] =
z AN AN
E O vy © E o 0
(0] [0}
@ o
-1 -0.1 _ -
1o 100 200 0 100 200 5 100 200 20 00 200
10 10
4
510 10 ~
T, T 107 10°
w 10 10 o
10 10 0 0
10 10
0 100 200 0 100 200 0 100 200 0 100 200
time time time time

Fig. 2. The same as in Fig. 1, but &f/k, = 1. Initial perturbations FI% 3. The same as in Fig. 1, but k/k, = 10. Initial perturbations
correspond to the pure vortex mode with equal vertical and azimuth@lrespond to the pure vortex mode with length-scale much shorter in
length-scale. the vertical then in the azimuthal direction.

periodic oscillations, meaning that the vortex mode excitescan see in Fig. 24,(k) changes sign dt= t*. Thus the prod-
density-spiral wave corresponding to the same SFH; the residtu,(k) u,(k) also changes sign, and becomes negative in the
is a mixed vortex-wave SFH. domain of wavenumber space whdgg, > 0. According to
While the vortex energy steadily decreases after the mag. (28), this means that in the disk case there is some can-
imum, as in the 2D case considered in Paper |, the wave egflation in the transport of angular momentum. But the net
ergy remains constant, and is responsible for the plateauctmtribution of each SFH is outward transport, as shown by
the E(t) graphs. (In that respect, the disk case bears some sintegration in time of Eq. (17), since net positive energy is ex-
ilarity with the plane case, where the energy also settles onracted from the mean flow (see Fig. 2). The same property car-
plateau.) The plateau energy is more then one order of magigs over in the turbulent regime, because the nonlinear terms
tude lower then the peak energy. Hork, = 0.1 (Fig. 1) the just redistribute energy among modes, and therefore
normalized peak energy isZ8x 10* (very close to the theoret-
ical value kx(0)/k,)? = 2.25x 10* derived in Paper I) and the — fdk E= —2Ap0(0)fdk Ux U (29)
plateau energy is 19. Fork;/k, = 1 (Fig. 2) the peak energy is d
slightly lower: 200x 10%, whereas that of the plateau is muciThus the net angular momentum flux is directed outward when
higher than in the preceding case92x 10%. This indicates that energy is extracted from the mean flow, to be dissipated by vis-
the excitation of the wave mode is much stronger wkenk,. cous friction. In other words, if shear flow turbulence is sus-
Note that in the plane casg(k) u,(k) is always positive. tained, it transports angular momentum outward.

Since the flux of angular momentum is determined by As it appears, the action of the Coriolis force reduces the
rate of transient amplification and it somewhat changes its char-
<Uru(r) > = fdk ux(K) uy(Kk), (28) acter in 3D. Consider the cake = k, (Fig. 2). One sees that,

in the plane flow, the SFH energy increases transiently, but
we see that all SFH then contribute to transport directed dotemds monotonically and smoothly to sogax whent — oo
the gradient of mean velocity. However in the disk case, as \{&g(t)/k, — ). In the disk case, the SFH energy reaches its
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w10 ¢ ]
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Fig. 5. E(t)/E(0) vs.t for the Keplerian disk and plane cases, kpk=
k, and for values of3 at which Emax/E(0) = Epat/E(0) = 5 x 10*
(Bpiane = 2.25% 10° andBap = 4.41x 1(F).

Fig. 4. Maximum normalized energimay in the plane case, peak en-
ergy Epeakand plateau enerdsyi in the disk case, v@ = (k(0)/k,)?,
for the samee(0) andk; = k,.

ét lke/k,| > 1, the vortex mode compressibility is negligible
and the velocity field is mainly parallel to the disk plame «
Ux, Uy,). Thus, from the continuity equation it follows that

peak valueEpeakatky(t) = 0, but after that it decreases, and se
tles on a plateau with enerdg,: at a time wherdéy(t)/k, ~ 10.
To estimate quantitatively theffect of rotation, we have to
compareEmax With EpeakOr/andEpjar. These quantities are de-jk,u,| ~ 1K, U, |. (34)
termined by the values ¢6,(0)/k, andk./k,: substantial tran-

sient growth occurs wheky is less or of the order &,. Let us Applying these equations to the initial vallig= ky(0), we get

introduce the parameter the fO"OWing relation betweeﬁe andﬁ:
2
k«(0)\ ~ 22
BE( Xk(y)) 30) Re~ 38 (35)

This permits to transpose the results given above, namely
and calculate the dependenceBifax Epeak Epiat ON B, TOT  the amplification factors v given in Figs. 4, 5, in terms of the
the sameE(0) andk; = k,. The results of our calculations arereynolds numbeR.. For instance, we see that to achieve the
plotted in Fig. 4. We see that the dependence of the maxinagf,e amplification in plane and disk flow (iBmax = Epia),

amplification rate in the plane and AD case is qualitatively thge Reynolds number must be about 2000 times higher in the
same, and that it scales linearly wigthas was shown in Paper l §isk flow than in the plane flow.

for 2D perturbations. To reach the same maximal amplification
in the disk and plane flows (i.&peak =~ Emax), the parametes . .
is less than one order of magnitude higher in the disk than in theDiscussion
plane flow. To reacEpjat ~ Emax,
higher.

Let us analyze the above results in terms of the Reyno
number, which we define as

p oughtto be about 200 times, the present paper we focused our attention on the transient
rowth of small scale vortices in stably stratified Keplerian disk

ﬁj&/\/. For the sake of comparison, the analysis of the disk flow

was performed in parallel with that of the non-rotating plane

QoH?2 shear flow. Let us recall the main results concerning linear dy-
Re = : (31) namics.

4

v being the kinematic viscosity, artithe height of the disk (or — The stratification of the disk flow (vertical gravity) is neces-
pressure scale height). The smallest perturbation scale whosesary for the existence of the vorfaperiodic mode in 3 di-
transient growth can overcome viscous dissipation may be de-mensions. In the case of rigid rotatioA & 0) the vortex
termined by the local balance between transient growth and mode is characterized by a planar velocity field parallel to
viscous dissipation (for details see Paper I). Thus, from (17) the disk plane. FoA # 0 this mode involves vertical veloc-
we have ity perturbationsi,).

2.2 — The vortex mode SFH, with initial wave-numbers satis-
—2A U, = vkeu”. (32)  fying the conditionk,(0)/k, < O (asA < 0), is able to
We have seen that optimal growth is achieved when both transiently amplify by several orders of magnitude through
a linear mechanism. Peak energy is reachet at t*(=
kx(0)/2Ak,). This peak value scales linearly with the pa-
rameters = (k«(0)/k,)?; it is highest forlk,/k,| < 1, where

2
gz("xk(yo)) >1  and k ~k (33)
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it is comparable to that of the 2D case considered in Paper I, To conclude, the linear phase of the bypass concept is now

and it diminishes rapidly fojk,/k,| > 1. well established, and this scenario appears as a very promising
— After reaching its peak, the vortex mode SFH gives rise toute to turbulence in Keplerian disks. It remains necessary to

a density-spiral wave of same SFH. Further evolution ebnfirm the existence of positive nonlinear feedback, which is

the vortex and the excited density-spiral wave proceeds negquired to sustain turbulence, and this can only be achieved

dependently. Whereas the vortex energy decreases steatlinpugh numerical simulations, performed at high Reynolds

the wave energy is nearly maintained in time — it forms@umber. Thanks to the steady progress of computer perfor-

plateau in theE(t) graphs. The wave excitation process imance, this goal should be reached in the not-so-distant future.

most dficient for vortices with nearly equal vertical and az-

imuthal wave-numbers; ~ k,. In this case, the plateau enAcknowledgementsThis work is supported by the International
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