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Tidal perturbations of linear, isentropic oscillations
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Abstract. The dfects of the tidal force exerted by a companion on linear, isentropic oscillations of a uniformly rotating star
that is a component of a circular-orbit close binary are studied. In contrast to an earlier perturbation method, which is almost
only applicable to polytropic models, the procedure starts from an arbitrary physical model of a spherically symmetric equi-
librium star. The tidal field and the nonspherical tidally perturbed star are supposed to be determined by means of the theory
of dynamic tides, in which the tides are treated as forced, linear, isentropic oscillations of a nonrotating spherically symmetric
star. The equations governing linear, isentropic oscillations of a tidally perturbed star are established in the domain instanta-
neously occupied by the star and are transformed into equations defined in the domain of the spherically symmetric star, so that
usual perturbation methods can be applied. The procedure is developed for the general case in which the star’s rotation is not
necessarily synchronous with the orbital motion of the companion. The second part of the paper is devoted to the case in which
the star rotates synchronously and is subject to an equilibrium tide. The eigenfrequencies of radial modes are shown to remain
undfected by the tidal perturbation at the lowest order of approximation. For the lowest dégree®, 3, the degeneracy of

the eigenvalue problem of the linear, isentropic oscillations of a spherically symmetric star is lift partially, so thatia-(ald
eigenfrequency is split up intd ¢ 1) eigenfrequencies. A main result is that the eigenfrequencies of the modes belonging to

a given degree are shown to be all split up according to the same pattern. Attention is paid to the linear combinations of
eigenfunctions that have to be adopted at order zero when the polar axis of the spherical harmonics of the angular coordinates
coincides with the star’s rotation axis perpendicular to the orbital plane. The solutions of order zero are also considered in terms
of spherical harmonics of angular coordinates for which the polar axis coincides with the tidal axis.
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1. Introduction linear, isentropic oscillations of the incompressible MacLaurin

S . I ._spheroids was solved in a more direct way by Smeyers (1986):
Igri e:rs;isb?; Iéimu(ia dqg'r“g(r)';mrgg;g)lz Ozgglgﬂgne n:ﬁ?berisu(r)r: 'C'ER[ modes associated with spherical harmonics of a given az-
b q P 9 q Imuthal number up to a certain degree, the author integrated

figurations have been studied in a way largely parallel to tl inite set of equations, expressed in terms of spherical coor-

: ) . afi
effects of an axial rotation. For both phenomena, one is fac&l‘%ates, from the centre of the spheroid and passed on to the
use of oblate spheroidal coordinates in order to impose the

with the distortion of the equilibrium configuration from the

Statir?a{lsfiszlnsccilji)cl)?sm o(?‘tlri%ear isentropic oscillations ofuni-b oundary conditions at the spheroid's surface. Subsequently,

forml r)(;tatin equilibrium cor;fi uratic?ns have been deteP—e Boeck (1997) adopted this method for the determination of
y 9 €9 9 several low-degree, linear, isentropic oscillations of the com-

mined for the MacLaurin spheroids. The case of the INCOMessible MacLaurin spheroids and confirmed earlier results

pressible MacLaurin spheroids was treated by Bryan (18881. Tassoul & Tassoul (1967) derived by means of the virial

Later, Chandrasekhar and Lebovitz used the virial method "(P)naeth od

series of papers in order to determine low-degree linear, isen- As far as equilibrium configurations distorted by an equi-

tropic oscillations of the compressible as well as the incorpB ; . ; .
ressible MacLaurin spheroids (Lebovitz 1961, Chandrasekhat tide are concered, analytical solutions have been
P . P ) ' ) &tablished for the second-harmonic oscillations of the homo-
& Lebovitz 1962a,b, 1963; Chandrasekhar 1968; see also . )
Chandrasekhar 1969). The eigenvalue problem of tﬁgneous masses with prolate spherm_dal forms that were con-

' sidered by Jeans (1917), and reconsidered by Chandrasekhar

Send gfprint requests toP. Smeyers, & Lebovitz (1963) by means of the virial method. Analytical
e-mail:paul . smeyers@ster.kuleuven.ac.be solutions have been determined for both the incompressible
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and the compressible Jeans spheroids (see also Chandraselifpliacement had been omitted but that this omission did not
1969). affect the corrections to the eigenfrequencies.

For the study of linear, isentropic oscillations of gaseous In this investigation, we concentrate on the determination
stars distorted by an axial rotation g@gadby an equilibrium of the dfects of the tidal force exerted by a companion on lin-
tide, one has recourse to methods leading to adequate appreai; isentropic oscillation modes of a uniformly rotating star
mations because of the absence of any general analytical tréfzat is a component of a close binary with a circular orbit. We
ment. One of these methods is perturbation theory. consider both the case in which the star rotates synchronously

Ledoux (1951) for the first time used a perturbation methadth the companion’s orbital motion and the case in which it
in order to determine theffiects of a slow uniform rotation on does not. In the first case, the tide generated by the companion
the eigenfrequencies of linear, isentropic oscillations of a sigran equilibrium tide, in the second case, a dynamic tide.
to the first order in the rotational angular velocity. For both cases, we develop a perturbation procedure that

Ledoux’ perturbation method was extended to the secofplies not only to polytropic models but even to physically
order in the rotational angular velocity by Simon (1969) for theealistic models of unperturbed spherically symmetric stars. To
determination of theféects of a slow uniform rotation on radialthis end, we determine the perturbed nonspherical model of the
oscillation modes of a star. The second-ordéees stemming Star by using the theory of dynamic tides, in which the tides are
from the star’s distortion by the centrifugal force were incogonsidered as forced, linear, isentropic oscillations of a nonro-
porated by a mapping of the various points in the domain &#ting spherically symmetric star.
the rotating star on the points in the domain of the nonrotating The present paper is the first in a series of three papers.
spherical star. The mapping was performed purely along the kgre, we first establish the equations governing linear, isen-
dius and was followed correspondingly by a transformation §Ppic oscillations in a uniformly rotating star that is subject
the governing equations. The perturbation related to the chat@dhe tidal force of a companion moving in a circular orbit,
of the surface of the rotating star is of a type that is referred¥1ether or not the star rotates synchronously. The governing
as a surface perturbation (see, e.g., Brillouin 1937). equations are derived in the domain instantaneously occupied

Simon’s perturbation procedure was generalized @y the tidally distorted star. Next, by means of an adequate
Smeyers & Denis (1971) for a determination of the seconfapping, we transform the governing equations into equations
order rotational fects on nonradial oscillations of a star. Thes®at are defined in the domain of the unperturbed spherically
authors used curvilinear coordinates and observed that, frE#inMetric star.

a geometrical point of view, one of the steps involved in the [N the second part of the paper, we consider the case in
mapping procedure is a parallel transport of the Lagrangi@hich the star's rotation is synchronous with the compan-
displacements of the mass elements of the rotating star. TpeS orbital motion. We present a time-independent perturba-
necessity of the parallel transport was later emphasized i procedure which allows one to determine tiieets of
Smeyers & Martens (1983). Denis (1972) adapted the perturf3g equilibrium tide generated by the companion on the star’s
tion procedure for the determination of the lowest-ordizas 0scillation modes. For modes belonging to the lower degrees
of an equilibrium tide on linear, isentropic oscillation modes df = 1.2.3, we show that the corrections to the eigenfrequen-
a stellar component in a close binary. cies obey some general rules and determine the lowest-order

Although its validity has been checked only for distorteBPProximations of the eigenfunctions. _ o
equilibrium configurations with a uniform mass density, the The validity of the perturbation method will be verified in
perturbation procedure of Smeyers & Denis (1971) and DeAf§® second paper. This verification will be done by a com-
(1972) applies to any stellar model whose nonspherical pBRrson with a_nalyt|cal expressions which we derl\_/e for the_
turbed equilibrium state can be determined. The latter cd#9enfrequencies of the compressible Jeans spheroids and witr
dition however restricts the applicability of the perturbatiofigenfrequencies of a tidally perturbed polytropic model with
procedure in practice almost to polytropic models as tholexn = 3 obtained by Saio (1981). The third paper will
constructed by Chandrasekhar’s method (1933). be devoted to the tidalfiects on linear, isentropic oscillation

Later, Saio (1981) adopted the perturbation procedurerB_PdeS o_f a sta_r that does_not rotate synchronously with the or-
Smeyers & Denis (1971) and Denis (1972) to treat the rotdi{é/ motion of its companion. .
tional and tidal &ects on nonradial oscillations of a polytropic 1 1€ plan of the paper is as follows. In Sect. 2, the basic

model up to the second order in the angular velocity of rot§guations are presented. In Sect. 3, we briefly recall the deter-
tion Q. In the introduction of his paper, he noted: mination of the tidal field and the structure of the nonspherical

tidally perturbed star. In Sect. 4, we present the equations that

One of the dificulties in including the terms of ord&? govern linear, isentropic oscillations in the tidally perturbed
is that we must have a nonspherical model distorted by star and transform them into equations that are defined in the

atidal force angbr the centrifugal force. Since there are  domain of the unperturbed spherically symmetric star. From

some unresolved problems ... . in thenspherical mod- Sect. 5 on, we concentrate on linear, isentropic oscillations of a
els, we apply our analysis to a tidally androtationally component of a close binary with a circular orbit that rotates
distorted rotating polytrope ... of index= 3. synchronously with the orbital motion of its companion. In

Sect. 5, we present a time-independent perturbation method in
With regard to Saio’s investigation, Smeyers & Martensrderto determine theffects of an equilibrium tide on a linear,
(1983) observed that the parallel transport of the Lagrangiaentropic oscillation mode of the component. In Sect. 6, we
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apply the perturbation method to an arbitrary oscillation mo@ The tidal field and the nonspherical star
belonging to one of the lowest degrees 0,1, 2, 3. The final

section is devoted to concluding remarks. We determine the time-dependent structure of a star that is sub-

ject to the tidal action of a companion moving in a circular
Keplerian orbit by starting from a physical model of a nonro-
tating spherically symmetric star in hydrostatic equilibrium, in
which the mass elements have no velocities. Next, we introduce

Consider a uniformly rotating star with malt that is a com- the tidal force of the companion. Let (oa7)_, with j = 1,2,3,
ponent of a close binary and is subject to the gravitational fore@ the components of the tidal displacement of a mass element
of its companion with masisl,. We assume that the star rotateWith respect to the local coordinate basis. In accordance with
uniformly with an angular velocity2 around an axis perpen-the theory of dynamic tides in which the tides are considered as
dicular to the orbital plane. The companion is considered to Bgced, linear, isentropic oscillations of a spherically symmet-
a point mass and to move in a circular orbit around the star. ric star, the equations governing the linear tidal motions inside
We use a frame of reference that is corotating with tfi@e star are obtained by linear perturbation of Egs. (2) and take

star. Its origin coincides with the star’s mass centre and form‘
z-axis is perpendicular to the orbital plane. With respect to this 92 (6q')T _ )
frame of reference, we introduce a system of spherical coi- —5z — * Ui (5qJ)T =-VW =123 (4)

dinatesr, 6, ¢, which are also denoted as generalized Coordfhe operatordljj are similar to the components of the operator

1 ~2 A3
natesq’, g°, g°. _ ) ) applying to the free, linear, isentropic oscillations of a spheri-
Let R; be the mean radius of the tidally distorted stethe cally symmetric star and are defined by

radius of the companion’s relative orbit, angla small dimen-

2. Basic equations

- . ; d 1
sionless parameter defined as Uij (5qJ)T = Vi®} - % ViP + p ViP;. (5)
R\ M, A prime on a quantity denotes the Eulerian perturbation of that
er = (;) M, (1) quantity.

Equations (4) are completed by the equation expressing the
Furthermore, letP be the pressurgy the mass densityp mass conservation of the moving elements
the potential of self-gravitation, andg: W the tide-generating , _ o N1 (smi) ©
potential. pr =-Vi [p (6q )T] =-pat (6q )T Vip, (6)

We neglect the féects of the centrifugal force and of the® €nergy equation expressing that the tidal motions are
force of Coriolis. The motions of the star's mass elements af§NtroPIC

then governed by the equations P, =- (5qi)T ViP-plar, 7)
PRl 1 and Poisson’s dlierential equation

L gV = —gk =

ot + " Vg’ = —g" | VkD + T VKW + P VkP) s qu)fr — 471.pr|_. (8)
j=123 (2) Inthese equations,is the isentropic sound velocity, angl the

divergence of the tidal displacemendp)t and ¢P)r are the
The operatoWy stands for the operator of partiakigirentiation Lagrangian perturbations of the mass density and the pressure
with respect to the generalized coordinafeas it applies to related to the tidal displacement.
a scalar, and for the operator of covariantetientiation with The solutions of Egs. (4) and (6)—(8) must satisfy boundary
respect to that generalized coordinate as it applies to a vectogenditions: at the star’s centre, the tidal displacement remains
a tensor component. Thgt are the contravariant componentsinite; at the star’s distorted surface, the pressure vanishes, and
of the metric tensor. Einstein’s summation convention is usethe gravitational potential and its gradient are continuous.

The second-degree tide-generating potential, attiatéhe The second-degree tidal displacement has components with

point with spherical coordinates®, ¢, can be expressed as respect to the local coordinate basi®r, 4/96, d/d¢ of the

form

ET W(r, t) = &7

GM;[r\1
i (ﬁl) : e ((5r)T(r,9,¢,t)=5T{§st(r) P,(cosd)

+2£4(r) P3(cost) cos2[4 + (@ - m) )},
er (60)1 (r, 0, 0,1) = sT{ULg) —szfjcose)
whereG is the Newtonian gravitation constamt,the mean Hayn(r) dP2(cosh) ' o 9)
motion, and whereP,(cos6) and P3(coss) are respectively — +2 2 " cog2[¢ +(Q2—n) t]}},
the second-degree Legendre polynomial and the associated Nayn(r)
second-degree Legendre polynomial with azimuthal number g1 (04)r (.6, 6,1 = e12 —
The first term gives rise to a static tide, and the second term to Pg(cose) 0

a dynamic tide. X~k 90 cog2[¢ + (Q-n)t]}.

X {Pz(cose) - % P2(cost) cos{2[¢ + (Q —n) t]}} ,(3)
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The subscript “st” refers to the static tide, and the subscrigpt The equations governing linear, isentropic

“dyn” to the dynamic tide. The functiofy(r) is the solution of oscillations of a tidally distorted star

the second-order flerential equation

d? 4 _ . . .

d%t a T ddé—St - =&t=0 (10) We now consider the tidally distorted star to be subject to a
r m(r) dr rpde T linear, isentropic oscillation. We derive the governing equa-

that remains finite at = 0 and satisfies the boundary conditiofions by perturbing linearly Egs. (2) in the domain instanta-

4.1. The initial equations
1 dn(r) 1

atr =R, neously occupied by the tidally distorted star. The resulting
equations are
(o) L 2 () 5L a1 N
dr ), R\t /R 2R a@) v (e i
_ o k| +q Vi (@) +(Vid!) () | = ~Uwod,
In Eq. (10),m(r) is the mass contained in the sphere with ra-
dius r. Since the static tide is divergence-free, the functiop= 1,2, 3, (18)
nst(r) is related to the functiofs(r) as ]
with
1) = & S [r2a(0) a2 | P, L
st 6 dr st ’ Uyi 6q' = V@ — — VP + = V(P (19)
P P
and the divergence of the tidal displacement is determined .,
purely by the dynamic tide as Thesd and the(qJ) are, respectively, the components of the
1 d 5 Lagrangian displacement and the components of the Eulerian
erar(r,0,¢,t) = 2er [_2 = [rz fdyn(f)] - Udyn(r)] perturbation of the velocity of a mass element with respect to
re dr r the local coordinate basis. The latter components are related to
x P3(cost) cog2[¢ + (- n)t]}. (13) thefirst ones and to the components of the tidal velocity of the

. . . mass element as
In the particular case in which the star rotates synchronously

with the companion’s circular motio2 = n, and the tide- ;v d(69)) y a(69)) og
generating potential (3) is time-independent and generategq(?) ~ ot 9 7%q - 4q g 17 123 (20)
divergence-free equilibrium tide in the star. The relations then ) .
hold To Egs. (18), we add the equation expressing the mass conser-
1 1 d vation of the moving mass elements
fayn(r) = =7 &) nayn(r) = =5, - [r2éa(n)]. A9 - i (ped). (21)
The companion is considered to be situated in the directionigg energy equation expressing that the oscillations are isen-
the x-axis of the corotating frame of reference. tropic
The spherical coordinates 6, ¢ of a mass element in the ‘
tidally distorted star are related to the spherical coordimates P’ = —6q ViP — pc? e, (22)

0o, ¢o of that mass element in the spherically symmetric equi- . .
librium star. In the linear approximation, the relations take thaend the perturbed intregal formula of Poisson
form

_ _ _ O (r) = —Gfp(r’) [5qi Vilr - r|‘1] (ryav (r), (23)
q (a3 65, a3 t) = dp + &r (o) (a5 6B, o 1) v

=123 (15) Wherea is the divergence of the Lagrangian displacement field
defined asr = V; 8q', andV the volume instantaneously occu-

The coordinateg, 6o, ¢o are considered as Lagrangian paranpied by the tidally distorted star.

eters which characterize the moving mass element. Our aim is to solve Egs. (18) and (21)—(23) by means of a
The velocity components of a moving mass element wifferturbation procedure in whieh is the small expansion pa-
respect to the local coordinate basis are given by rameter, and the approximation of the Lagrangian displacement

. at order zero is a free linear, isentropic oscillation of the spher-
i 3(5q')T ically symmetric equilibrium star. It should be noticed that the
q4=er |5 » 1=123. 16) " gomain instantaneously occupied by the tidally distorted star
fo differs from the domain occupied by the spherically symmet-
Correspondingly, the various physical quantities at the poii¢ equilibrium star, so that we have to deal with a surface
with spherical coordinates 6, ¢ in the tidally distorted star perturbation. This perturbation has previously been taken into
can be related to their values at the point with spherical cogensideration by Simon (1969), Smeyers & Denis (1971), and
dinatesrg, 6o, ¢o in the spherically symmetric equilibrium starDenis (1972).
by means of their Lagrangian perturbations: Following the procedure developed by the latter authors, we
transform the governing equations determined in the domain
f(r.0,¢:1) = fo(ro) + &1 (6)7 (ro. 6o, go; 1) . (17)  of the tidally distorted star into equations determined in the
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domain of the spherically symmetric equilibrium star. For thiShe covariant components of the metric tensor are expanded as

purpose, it may be recalled that each pdntwith spherical ki

coordinates, 6, ¢, in the domain of the tidally distorted star(gy) = (gkj +er 6—51 (5qS)T) . (30)

is related to a poinPy, with spherical coordinates, 6o, ¢o, q

in the domain of the spherically symmetric equilibrium star bgor the transformation of the right-hand members of Egs. (18),

means of the relations given by Egs. (15). the divergence of the Lagrangian displacement is developed as
The transformation is performed in two steps.

o

First, the operators of partialfiierentiation with respect to ¢ (r) = ao (ro) + et @1 (ro) (31)
the spherical coordinatesé, ¢ are transformed into operatorsyith
of partial diferentiation with respect to the spherical coordi- 4
tesro, 6 Fo(ro) = | = 2 5q’ 32
natesro, 0o, ¢o as ao (ro) = @8_(11(\@ Q)ro’ (32)
‘ d(oq i _
%= 6',-—eT(—,-)T = @) (o) = {|-Z (o), 29\ &
q dgy )99, agi| g oq
The operator of partial eierentiation with respect to time, with 0 (5qi) 1 8 —j
constant spherical coordinatesy, ¢, is related to the opera- R I - Er (\/aéq )
tor of partial diferentiation with respect to time, with constant @ V909
spherical coordinates, 6o, ¢o, as 1 0 i (o) =k
p s, 6o, $o - [\/al"i‘k (5q')T 5q ] . (33)
P P a(6d).) 4 Vo fo
(E) = (ﬁ) —er { 7 T] 9 (25) The Eulerian perturbation of the mass density is developed by
r r qo
0 fo means of Eq. (21) as

Next, the Lagrangian displacement at each p#imm the do- p'(r) = p{ (ro) + &1 p; (o) (34)
main of the tidally distorted star is subject to a parallel trans-,

port to the associated poiR in the domain of the spherically With

symmetric equilibrium star. The componefié of the vector 50 (ro) = (—poffo _ % (gal) (35)
displaced to the poir®, are related to the componemity of 0 aq fo

the Lagrangian displacement at the pdtds _, _ _
p1(ro) = |=poa1— (dp)1 a0

(6),, = (o), +orrh (oct), (od) =123 (20

Po 9po N 154 90p)T =

< . . * g |V (00);oa - =5 ea) (36)
where theFi'k are the Christfiel symbols of the second kind. q q ro
By using expansions fgs and P of the form of the expan-

4.2. The governing equations defined in the domain sion given by Eq. (17), substituting the expansiondqrand

of the spherically symmetric star transforming the operatay/dq¥, one derives that
Inthe left-hand members of Egs. (18), the use of the equalitiesp’ 0P\ | pg i 3(5qi)T dPg il a7
given by Egs. (20) and (25) yields I A - K Rioq| (37)

o

t gz |99 e (oo & | i FLoPy 9P (p)r , P ISP

Rqdq = -2 20 p R0 0P P 38
_ T TR T ok T 0T 2 Tk %9
o (9*(oa), _; a(od), 2 (571]) The Eulerian perturbation of the pressure is developed by
=7 5 | “araq STt atag [ (27) means?qu. (22)a~s
o P’ (r) = Py (ro) + er P{ (ro) (39)
Furthermore, one has with
. ~j =, (9P0 ~i —
| afea). (% P(r0) = |- 50 6 - (o), 0] (40)
[V (@) ], = |er o) ) : (28) 7 2=,
r(? Pi (ro) = {8_ql [Vi (6qJ)T] oq

(&) ()] =|er [Vi a((;c:J)T]aait) : (29) _a((;sc';)T 50 ~[5(p ), |0~ (0 &%), 51} - (42)

o
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By using the expansion fer, substituting the expansion fé,
and transforming the operator of partiaffdrentiationd/ag,
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associated poirfy with position vectorrg. In terms of gener-
alized coordinates, one has

one derives that

o(5d). | @’ (1) = ) (o) + &1 P} (ro) (49)
1 9P 1 oq :
= == —gr— 2T 10 L 6C 42) with
(pf?qk)r po[k T ook ]8q qr “2 ()
0 = ’
~ Po(fo
; @ (ro) = —Gf dv(r}
with - ~ 0 vo |rg - fo| ( 0)
—i  (6p)r 0Py 1 9P (r’)gf(r’)
Pkidog = — — . (43) polfo 0 /
! 2 ad " po ook e e e LS (50)
0
The Eulerian perturbation of the gravitational potential is de- Py , -1
veloped by means of the perturbed integral formula of Pmssgn(ro) [( qi) —_0 +Gf %rd (ré)
given by Eq. (23), which, in terms of Cartesian coordinates, T oq Vo e

takes the form
’ ’ j 0 ’ -1 ’ ’
) (r):—Gj\;p(l’)(éX]m r —r| )(r)dV(r ). (44) '—l’ol

c 4
The integral over the domaM of the tidally distorted star is So ( ) g,

X [(6qi)T Viio (,00 5?]]) +po 55?1] Viio (5qi)T] (ré) dv (ré)

o

transformed into an integral over the dom&of the spheri- ' _

cally symmetric equilibrium star by means of the mass conser- x (aqf). (rg) o7 (r) dSo (fé)} ~ (51)

vation of the moving elements fo

, , , , One furthermore has
p(r)aV (1) = po(rg) AV (rf). (45) ) o
, o’ : a(6d'), | 0oy .y
the Taylor expansion (6qk )r = {[5;( —er o | g + &1 Fyi 6q (52)
’ -1 _ ’k ’ -1 fo

r—r = {1+eT (6x )T 3_X(')k] rg—r|. (46) with

and the equalities given by Egs. (24) and (26). It follows thai: i 0D,
kol = e (53)

At this point, the terms of the equations are all considered at the
geometrical poinPy, with coordinatesy, 6o, ¢o, in the domain

of the spherically symmetric equilibrium star. From here on,
we drop the subscript 0 on the coordinatgsfy, ¢o for the

(1) = —qu [ ——M—W]OOWOQ

; 2
’ /K Pl 0 ’ -1
ﬁokmmmm%M kqw”w
sake of simplification of the notations.

9%y 9%
x(rg)av (rg). (47) Finally, by introduction of the linear operatorsy

Partial integration, and use of Gauss’ integral theorem and e Vki(t) as
definition ofpg (ro) yield

_, by pyop, 1 0P
— UQsq =0 _fo o, =270 (54)

d>’(r)=—Gf po,( )dv( re) - Gfmds(fé) | q¢  pg 9a°  po 0 |
Vo r - rl So ro - rl ij(t) éfaj — [Rkj(t) + ij(t) + Fk](t)] éfal’ (55)

_ r|-1

Tg

and use of the property that the covariant derivative of the met-
ric tensor is identically zero, the transformed equations can be

+ET G f
Vo

Je

9 N =i , written as
x poi] (,00 ('), ox )} (r6)av (rg) o (5&]) #(od).]
P r’—r|_1 gki @ ETIKi ViTT}éal
216 [ po(rg)| =5 |(r0)
s Lo )P (%)
(60, (1) ) o). 09 oy iy )

whereSy is the surface of the spherically symmetric equilib-
rium star.

The Eulerian perturbation of the gravitational potential at a
point P with position vector can then be expanded about th&k = 1,2, 3.

5,

Y

gk

] Ui(jO) + et Vij(t)

(56)
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These transformed equations, which are valid in the domainagfmissible azimuthal numbems = —¢, ..., £. The linear com-

the spherically symmetric equilibrium star, allow one to detebination can be expressed as

mine the &ects of a tide on the linear, isentropic oscillations ,

of a component of a close binary. The tide is considered te- i i .

be generated by a companion moving in a circular orbit. Tg% )n,O(r) - Z /a”"” (6qj)n,0;m (. j=123, (60)

equations apply to both the case in which the star rotates syn- m=-

chronously with the companion’s orbital motion and the cagéere the coéicientsann are undetermined constants.

in which the star rotates asynchronously. In the remaining part For the first-order perturbations of the eigenfunctions, we

of this paper, we concentrate on the first case. use expansions in terms of the corresponding components of
the Lagrangian displacements of the spheroidal modes that ex-
ist in the spherically symmetric equilibrium star

5. Tidal perturbation of linear, isentropic

~ . .
oscillations of a synchronously rotating stellar (5q )n,l ()= Z bay (5qj)4,ow . j=123 (61)
component e

. .. where the cofficientsb, , are also undetermined constants.
\t/)\_/h?n thg starhrot%tes synchrogct))uslz with the companions or- A spheroidal mode of the spherically symmetric equilib-
ital motion, the tide generated by the companion is an eqyj- -
librium tide. Therefore, the cdicients of Egs. (56) are time—Hhm star obeys the wave equations
independent, and solutions can be sought that depend on tj@%gkj (5qi) - U|(<0') (5qj) =0, k=1,23 (62)
by a factor exp(irt), whereo is the angular frequency with A0 ! A0
respect to the frame of reference corotating with the st®ubstitution of the expansions into Egs. (57) yields, at or-

Consequently, the equations reduce to dergg,
~j ; ~j 0)\ [ =
o’ [gkj 59" + 1 gij T (60 6q]] = (20— Ug) (5q )nO =0 k=123 (63)
_ a(sq i and, at ordeer,
a(sq
k=123 (57) (2 Tn0Tn1gkj + 0h0 g T (60°)7 + (aTk)T ul?
In order to determine theflect of a second-degree equilib- (=i 2 oN(=i\
rium tide on an oscillation mode of the star, we use a time- _VKJ] (6q )n,o + (o'n»o g — U )(5q )n,l =0
independent perturbation method. k=123 (64)

5.1. The perturbation method Equations (63) are transformed by substitution of the expan-

sions for the componenééa') and by use of wave Egs. (62).
Adopting er as the expansion parameter, we introduce the =~ = ki"*o
following expansions for the eigenfrequency and the complultiplication by oo (66), o, Where the bar denotes the com-

nents of the vector resulting from the parallel transport of tHi€X conjugate, integration over the domaig of the spheri-
Lagrangian displacement: cally symmetric equilibrium star, and use of the orthogonality

property between spheroidal modes lead to identities, so that

_ 2 the constantsy ny, with m’ = —¢, ..., ¢, remain undetermined
In R Ono * & ?”'1 * O(ST)’ _ (58) at orders?.
(gal) (r) = (gal) O(r) for (Sd’) 1(r) +0(2), By the use of wave Egs. (62), Egs. (64) reduce to
n n, n, .
=123 (59) [2 TnoTn1gkj + U'ﬁ,o gii Vi (5qi)T _ ij] (gal)n’o
Let the moden in the spherically symmetric equilibrium star (Uﬁogkj - Ul(g)) ((ﬁj) = 0. (65)
’ nl

be a spheroidal modep{, g-, or f-mode) belonging to a de-

greel, which has a given radial order in the cases pfmode First, by substitution of the expansions for the compo-
and of ag-mode. Because of the degeneracy of the eigenvalue , (—|
) : . A nents(&q
problem of the linear, isentropic oscillation modes of a spher- 1
ically symmetric star with respect to the azimuthal numingr gration over the domaid of the spherically symmetric equi-
the approximation of the eigenfunctions at order zero consiéitgium star, and use of the orthogonality property between
of a linear combination of the Lagrangian displacements gpheroidal modes, one derives the system of equations
the spheroidal modes of the spherically symmetric equilibrium
star that are associated with the same eigenfrequepewand , 9n.1

14
_— = H - N m:—f,...,f, 66
with the spherical harmonicg™ (¢, ¢) of the degree’ and the oo B =, Bnam Finminm (68)

) and(éﬁj) , multiplication bypo (6X),, . iNte-
n,0 n o
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where the coicients Hy v v are defined as Correspondingly, the divergence of the Lagrangian displace-
ment and the Eulerian perturbations of the mass density and

Homor = 1 [Zi f pokaj (6qi) v the pressure at order zero can be expressed as
Nnom [ o7 o Jve .0y 1 d g(g +1)
anom(r, 6, ¢) = {rz o 2] - i g(r)}
. | k
‘fvo pogi; [Vi (09! ); | GInom (60'), o, V|- (67) Y0, 9) = an (1) Ym(e 0 (72)
) i 1d
The factorN,, om is the square of the norm of the eigenmade o, o(r- 6. ¢) = —po [an o(r) + — fn z(f)} Y76, ¢)
of order zero that is associated with the spherical harmonic of , m po
degree’ and azimuthal numben and is determined by = PN Y7(0.9). (73)
dPo
- P (r0,0) = —|— &ner) + poCa r}YmG,
Nnom = [ 6004 @ g (60, V. o) rom Y [ N K
Vo 0; = P (r) Y76, ¢). (74)

For a moden of a degred, Egs. (66) form a linear, homoge-grthermore, the Eulerian perturbation of the gravitational po-
neous system of 2+ 1) equations for the (2+ 1) unknown iantial at order zero can be written as

constantsa, . The condition for the system of equations to

admit of a non-trivial solution yields an equation for the firsty, (5 o _ f Prom () oV (1)
order correctiorr, 1 to the angular eigenfrequency. Once this n,0m s 17 =Tl
correction is determined, the constaatg, can be fixed. po (r") (6)nom (r’) ,
Secondly, after substitution of the expansions for the com- -G fso T as(r).  (79)

| | .
ponents(éq ) and (6q ) into Egs. (65), we multiply by By expansion of the reciprocal of the distance between a point
£0(60%) 0,00 Where/l is any mode dferent from the mode. With position vector” and the point with position vectarin
By mtegratmg over the domaw, of the spherically symmetric terms of spherical harmonics and use of the orthogonality prop-
equilibrium star and taking into account the orthogonality proj+ty between the spherical harmonics, the Eulerian perturbation
erty between spheroidal modes that are associated with-di of the gravitational potential becomes
ent eigenfrequencies and with spherical harmonicsfééidint ;

r—({’+1) f p;’f (r/) rr({’+2) dr’
0
0_2

degrees, one derives that D, o1, 6, ) = _AnG
R

by = Z anm Hagnm. (69) +rff o (e g LR ER)
b

20+1
0~ Tao v R-1

The expansion for the components of the vector resulting from (- #) = @51 Y;'(6. ¢)- (76)
the parallel transport of the Lagrangian displacement then tal@s means of

the expressions for the components of the
the form

Lagrangian displacement, the square of the norm of the eigen-

¢ moden can be expressed as

(5') © = p) anm[(éq rom ()

N _Am ()
2 oM 20+ 1 (€ - m)!
n,0
+e ——— H ) rN|. (70 5(5 +1)
T/I;;H O'ﬁyo _ 0_/10 An,nmt ( q ) ( ) ( ) f (r) é:n[(r) + ﬁ’f(r) r2 dr
For the resolution of the homogeneous system of Egs. (66), = —+% (¢+1m)! No. 77
explicit expressions for the cfigientsHn mnm are required. 20+1 (¢~ m))!

. . 5.3.Th fficients Hp .
5.2. Form of the eigenfunctions at order zero € COBTICIENtS Fn.min.m

The derivation of the explicit expressions for the fiméents
The components of the Lagrangian displacement at order Zgfo D v i 100 long to be reproduced here. Therefore, we re-

that are associated with a spherical harmoffi¢d, ¢) can be  gyict yrselves to a presentation of the final expressions. A

expressed as derivation is given to some extent in Reyniers (2002). It fol-
lows that

(60)nom(rs 0, 9) = &ne(r) Y76, 4), 20+ 1 (6—m)! 1

m Hnm‘n = 4.m P ——
(6O)nom(r, 6, ¢) = Un[(r) —aY (©.) (71) mn = Aeie, 4r  (C+|m)! Nno

(5¢)n,0;m(r,9,¢)="nf(” 1 Y6.9) x{(}o [(Fl)n,w(Fz)n,w(Fs)n,g]+(F4)n,g}-(78)

r2 sirg 9¢
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The codficient A, ., m results from the integrations over thes.3.3. The third term

angular coordinatesand¢ and is given by The term(Fs)., is defined as
3)n,t

Acarsem = f4 YI" (6, 6) Y70, 9)

Fane=g=— [ 70V 5@ omFia (6),,,, (). (87)

1
Arnriem
and it results that

where @ is the infinitesimal solid angle. It depends on the de- R

gree¢ of the moden considered and on the azimuthal numFs)ne = {por* &ns (fa)} (R) +f P (1) 12 [f3(1)], dr, (88)
bersmandnt. For the various degreésthe constantdy ny-sm 0

different from zero obey the relations where the functiongfs(r)], , are given by

1 1
x | Ya(6) — 7 Y3(6, ¢) — 7 Y,2(6, ¢) | dw, (79)

Af,m;f,m = Af,m;{’,m»
A(,m;l,m = A(,—m;f,—m

80) [fa(Nln, {(fst

47G
All non-zero codficientsA, ny..m With m # 0 andornY # 0 can o0+ 1

be related to the cdicientsA, .. 0. Consequently, for a given
moden of a degre€, the codficientsH,, mnw can also be re- with
lated to the coficientH, 00, SO that only the latter cdigcient

3 st (D/ )

(@ = (G2t - (ga)n,g+(g4)n,[}}(r) (89)

needs to be determined. [gl(r)]n _ r—(t’+1)f Pn (r' )r’“l [ffst(r )+3 nst(r’ )}
The four terms inside the braces in the right-hand member
of Eqg. (78) are defined as follows. R
- (78) "’f phe (1t —(£+1)§st(r’)+3—"3tr(, )}dr’, (90)

5.3.1. The first term o [ o
0200 = €D [ o) ()] o

The term(F1),,, is defined as

R
1 - . _ 14 " pr—(+2) ’ ’
(F)ns = o~ fvo 0 (6 o R (6q])n,0;m av, (81) €+ Dr jr‘ po(r)r [ha2 (r")]n dr’, (91)
and it results that [ga()]n, = r~ @Y forpo (") r't [hg (1)), dr
_ R dPo 1 dpo R
(Fl)n,f = _L é:ﬂ,f W [(hl)n,f + % W (hZ)n,[:| (r) dr (82) r{’f 00 (r/) r/—{’ [h3 (r/)]n’[ dr,, (92)
i | (R)] po(R &ns(R)
_ Tstl Lo n¢ rl
IOl = (2640) - 9222+ 3220 ), T el o e
vafams @ (1, QD) o dnst(r) (1) and
r 3 st r q
1)) dne(r) o désdr) d._»:n[(r) ()l = { (dr "ft)fnf
+3(§St(r) o ) a T Tar d (83)
st| 7n,
[ho(r)]n = [ O e s 3(551«) ol )) Unl(r)] - (89) i+ 1) - g 07| T }“)' (94)
5.3.2. The second term 5.3.4. The fourth term
The term(F),,, is defined as The term(F4),, is defined as
Fohne = & m fvopo (6@ )nom P (60') gy OV (B5)  (Fa)o, = ‘Agnt.m
and it results that va pogii ©Pnom [Vic(6), | (60). ., dV. (95)
R dP, °
(FZ)n,Z = _L a’n,l’(r) PO CS (hl)n,f + —ro (h2)n,f}(r) dr and it results that

dPo

R
e oo tac+ G0 fR. @) Fiur= [ pul) e (s + a0

1059
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6. Low-degree oscillation modes of a star The condition for this system to admit of non-trivial solutions
perturbed by an equilibrium tide for the constants,,m, yields three roots for the first-order rela-

tive corrections to the eigenfrequency:
In this section, we present the solutions of the homogeneous

system of Egs. (66) for oscillation modaof the lowest de- o e
greest = 0,1,2,3in an arbitrary component of a close binar}éﬁ = —2Hnono 2 Tn1 = Hnono (103)
that is subject to an equilibrium tide. ono e ono b

The first root is a single root, and the second one a double root.

Hence, between the corrections to the eigenfrequency of a
For ¢ = 0, the zero-order modesare radial oscillation modesfirst-degree mode, the relation holds
of the spherically symmetric equilibrium star. From the defini-

tion of the codicientsA, ny.,.m, it follows that o 1 )

2 nl
Aoo:00=0, (97)

so that, according to Eq. (78),

6.1. Oscillation modes belonging to ¢ = 0

(104)

By solvm% the homogeneous system of Egs. (102) for the cor-
rect|ono- , to the angular eigenfrequency, one derives

Hnono =0 (98)

a0=0, an1=an1, 105
for any radial oscillation mode. The system of Egs. (66) then ° ! ! (105)

reduces to the single equation and for the correctiorr?) to the angular eigenfrequency,

On1

2-" _ o, (99)

Ono an1 = —an-1, (106)
Hence, for any radial modeof a star, the first-order correction .

to the eigenfrequency due to a perturbing equilibrium tide ith _the coéﬁmentan,o_ remaining undetgrmmed. Hence, one
equal to zero. obtains a set of three independent solutions for the transported

Lagrangian displacement.

In order to determine the compone#itg of the Lagrangian
tor remain unchanged at the lowest order of approximation lfisplacement in the domain of the tidally perturbed star, it
are dfected at ordesr by the contributions stemming from thesufiices to use the relations given by Egs. (26). The result-
nonradial spheroidal modes, as it follows from the expansi@y lowest-order approximations for these components with re-

given by Eq. (70). After parallel transport to the point in thepect to the local coordinate basigr, 4/96, 8/d¢ are
domain of the tidally perturbed star, one obtains components

of the Lagrangian displacement of the form

The componenté&dj) j = 1,2,3, of the transported vec-

@EN(r:1) =

(5qj)n (r) = ano|d) (Mo (1) éno(r) VY6, 9) exp[i (U'n,O +er o-g‘)l) t] ,
o2 _ OW(r:t) =
ter A;ﬂﬁ Hayino (501), o (0. (100) (@ r);no(( N )(,N<k>(6 9 vt (om0 o1 o) (107)
r2 00 ’
6.2. Oscillation modes belonging to £ = 1 6)W(r; 1) = "“;roz(r) sir?ze 8V§'z((:, ?)
For¢ = 1, the homogeneous system of Egs. (66) takes the form>< exp[l (Uno ter aﬁ )1) t] k=12
2 Z:f) Bnm = le B Hnmrs M= =1, 1 (101) here the function¥ (6, ) are defined as

Because of the relations between the non-zerdfiooents
Avm:im and the cofficientA;o.10, and the resulting relations V{9(, ¢) = A; [Yll(e, ) + Y7i(6, ¢)],

between the cdBcientsHnmnm and the coiicientHnono, the ) 3 (108)
system of equations reduces to VA(6,4) = BLY1(0) + C1 [ Y1(6,9) - Y1'(6. )|,
1 . . .
p It a-1= -5 (a1,-1 + 3a11) Hnonos and A;, Bi, C; are undetermined constants. With the single
P eigenfrequency o + 1 o', One eigenfunction is associated,
2 g 20 = 10 Hnono, (102) which involves the constarAl, while, with the double eigen-
on1 1 frequencyong + et an 1» two linearly independent eigenfunc-
2 a1=-3 (3az,-1+a11) Hnono-

no tions are associated, which involve the consta@itandC;.
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Unperturbed eigenfrequency

Since the axis that joins the mass centre of the tidally per-

turbed star to the companion is an axis of symmetry of the star, \L

it is interesting to pass also on to a system of spherical coor= A ® 73
dinatesr, 6*, ¢* whose polar axis coincides with this axis and m=0 If=1
to transform the componends, 66, 6¢ of the Lagrangian dis- ! }

Eigenfrequencies in the tidally perturbed star

placement into componends, §6*, 6¢* expressed in terms of
spherical harmonic!s’f‘ (6%, ¢*). According to the transforma- Fig. 1. Schematic representation of the ratios between the perturbed
tion equations for contravariant vector components, the hogigenfrequencies of a first-degree made

zontal component&* ands¢* are given by

56 = (Z% 50+ ZZ 56, 6.3. Oscillation modes belonging to £ = 2
Ers o¢* (109) Fore = 2, the homogeneous system of Egs. (66) takes the form
6" = 00 + 0¢.
9 a0 ¢ 9 on1 2
. 2 anm = Z anm Homnmw, M=-2,...,2 (114)
The angular coordinatésand¢ are related to the angular co- ono s
ordinate®* and¢* as and reduces to
. . 1
cosf = sing* sing*, 2 In1 a o= (—az,_z + = a2,0) Hno:n,0
O-n’o 4
sing sing = siné" cos¢”, (110) 570t 5 1 = 2 (a1 - 321) Huono
O'n’o = 2 = s n,0;n,0s
sind cos¢ = cosH*. o
2 O_n’l a0 = (6ag_2+azo + 6az2) Hhono. (115)
n,0

Then, the solution with the single eigenfrequeneyo, +
81-0'53 is associated with the first-degree spherical hag
monicY: (6%, ¢*), and the two solutions with the double eigen- 90

On1

1
%21=7 (=8ap-1+az1) Hnono,

frequencyono + e70) are associated with the first-degree 7™ 5, , — (% a0 az’z) Hnono-
spherical harmonic¥] (6%, ¢*) andY;* (6", ¢*): Ino
The condition for this system to admit of non-trivial solutions
®irn WR g 4 for the constanta, n, yields five roots for the first-order relative
o t) = r ) ;
OO (1D = &no) WIT(E". ¢7) corrections to the eigenfrequency:
i (k)
X exp[l (O'n,o +eT o-nyl) t] , , 0-53 ~on , ﬂ 4
W(k) _ Tno = n,0;n,0> ono = n,0;n,0»
n 1 - 2 %
' i 69 )] (111) p7ni_ 2Hnono-
xexp|l(ono + 10 t], ono T
e first root is a single root, the two other roots are double
9 The first root i ingl t, the t th t doubl
(5¢*)(k)(l" f)= mno(r) 1 8M (6%, ¢%) roots.
"2 i ¢ Hence, between the corrections to the eigenfrequency of a
y exp[i (Uno ter O'(k)l) t] k=12 second-degree mode, the relations hold
3 n ’ 9 &
’ 1
@ _ (1) 3 _ (1)
Op1 =~ E On1 Opn1= "Ony1 (117)

where the functiong/(¢*, ¢*) andW?(¢*, ¢*) are defined as

For the correctiomrﬂ, the relations hold

W0, ¢7) = —2 A1 Yi(6). 1
! (112) app=--ano, a1=0, a,_1=0,

ol 3k k ok * * — % 3k 4

MZ)(9’¢)=BlY11(9»¢)+C1Y11(9’¢) (118)
an-2 = an2,

and the constantB; andCj are related to the constanBs 2 .
andC, as for the correctionr 73, the relations

i i a0=0, @1=a-1, @2=-a- 2 (119)
B =5 (B1+2Cy), Ci=5 (-B1+2Cy). (113)  and for the correctionr?), the relations

i i i irst- 1

The ratios between the pgrturbed elgenfreq_uen_ues _of a fllat’l - a1, 82" — 8oy Bn2 = 8n_2. (120)
degree moda are schematically represented in Fig. 1 in terms 12

of the absolute value of the azimuthal numbethey are asso- One thus obtains a set of five independent solutions for the
ciated with. transported Lagrangian displacement.
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Unperturbed eigenfrequency

One passes on to the componeiupsof the Lagrangian dis-

placement in the domain of the tidally perturbed star by means ¢

of the relations given by Egs. (26). The resulting lowest-order —— 44— 4———@ 3
approximations for these components with respect to the local ~ ™=° =1 =2
coordinate basi8/ar, 9/96, 0/d¢ are /P ¢ ¢

Eigenfrequencies in the tidally perturbed star

(5r)§1k)(,—; t) = &no(r) Vék)(a, ) F_ig. 2. Schemqtic representation of the ratios between the perturbed
’ eigenfrequencies of a second-degree mude
xexp[ (O'no + STO'( ))t] ,

NG
©O)W(r; 1) = _Un,roz(f) N, (6.9)

09 (121) where the functions\éM(6", ¢*), W (6", ¢*), andWI (6", ¢*)
x expli (ono + er o) t]. are defined as
(K
mo(r) 1 0V,7(6,¢)
@AY = 75— — = W o _ .
r>2 sirfg ¢ WS7(6°,¢%) = =2 A2 Y2(6),
(K _
X eXp[ (O'no +éEeT O' )t] 5 k = 1, 2, 3, W§2)(9*’ ¢*) — BZ Y%(H*, ¢*) + C; Y2—l(9*’ ¢*)’ (124)
where the functiony{(¢, ¢) are defined as W97, ¢*) = D3 Y2(6", 6°) + E5 Y52(6, ¢7)
Vél)(e’ ) = Az[Yz(H) _* Y2(9 ¢ —> Y 29, ¢)] and the constan;, C3, D3, E; are related to the constaris,
Cz, Dy, Es as

V(6. 9) = B2 [ Y3(6.¢) + Y56, ¢)]
+C2[Y3(0. 9) - Y3°(6. )]
VE)(0,4) = D2 [Y3(0.¢) - Y276, 0)]

Y2(0) + %2 Y22(9, é) + %2 Y2‘2(9, ¢)} , The ratios between the perturbed eigenfrequencies of a second-
degree mode are schematically represented in Fig. 2 in terms

and A, By, Cy, Dy, E, are undetermined constants. witHPf the absolute value of the azimuthal numbethey are asso-

the single eigenfrequenay,o + &t aﬂ, one eigenfunction ciated with.
is associated, while, with each of the double eigenfrequencies
onot+er o-f11 andono+er o-nl, two linearly independenteigen-g 4 oscillation modes belonging to ¢ = 3
functions are associated. The first eigenfunction involves the
constant?,;, and the other two eigenfunctions involve respe¢-or¢ = 3, the homogeneous system of Egs. (66) takes the form
tively the constant8, andC, and the constanf3, andE,.

In terms of the spherical coordinates”, ¢*, the solution ., 3
with the single eigenfrequeneyo + s1 o) is associated with 2 anm = Z anm Homnm, m=-3,...,3 (126)
the second-degree spherical harmO(y(ﬂ ¢*), the two solu- Ino m=-3
tions with the double eigenfrequency,o + &1 o-ff) are asso-
ciated with the second-degree spherical harmo)@c(@*,q&*)
andY‘1 (6%, ¢*), and the two solutions with the double eigen-

> = —j =i —
(122) B | (Bz+ 2C2) CZ | (BZ 2C2)

1 E2 « 1 E2
2(D2 3) B2 = 2(D2 3)

(125)
D3 =

+E2

and reduces to

frequencyoo + 1 0'( ) are associated with the second- degre% = ( 10as 3+ az-1) Hnono
spherical harmomc‘s&‘2 (0", ¢") andY;2 (6", ¢*): o 1
2 nl _ = H. o
Tn az-2 = 8 az 0 Fno;n0,
(@R 1) = Eno(r) WO, ¢") o
" ) 2 ZO_Llas 1——(10613 —3+ag-1-2ag1) Hnono.
xexpli (ono + £ o)1 one
n,
g - o) @ 9) 2" a0 = (15as,-z + 20+ 1532) Haono (127)
rt) =
’ S (123) ,om
2 1= 7 ( 2a3 1+ ag1 +10ag3) Hnono.
X exp[ (O'n ot+erToy, 1) t] ono
K) [ o 1
66MW(r:1) = mo(r) 1 8\/\4 @, ¢") 2 O_n’l a2 = 8 a0 Hnono,
ne r>  sirf g o¢* 0”’0 1
. n1 _ = _
X exp[l (om0 +er o) t], k=123, 2 p— 33 = 3 (331~ 10333) Hnono-
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The condition for this system of equations to admit of norwhere the functionvg‘)(e, ¢) are defined as
trivial solutions for the constants,, yields seven first-order

relative corrections to the eigenfrequency:

@ @

1 On1 3
2 s = -2 Hn,O;n,O» 2 o= o Hn,O;n,O,
7% w T2
o o 5
2 -0, 22 = ZH gm0
0n0 0n0 2

The first root is a single root, the three other roots are double

roots.

Hence, between the corrections to the eigenfrequency of a

third-degree mode, the relations hold

3 5

4 n1’> 4 nl:
For the correction"), the relations hold

o3 =0

ano=0, a2=0, a,_»=0,
a1 =28n-1, an1=—-0an3 an3=an_3

for the correctiom—fﬂ, the relations

ano = —12an2, an1=-ah-1, a1 =—-28an3,
An2 = —an-2, 9n3 = an-3;

for the correctiom—f‘i, the relations

ano =0, an1=-an_1, @1 =10ay3,
An2 = —an-2, n3 = an-3;

and, for the correctionr), the relations

ano = 20ap2, apny = —an_1, an1 = 30a,3,

An2 = adn-2, an3 = —an-3-

-1
One thus obtains a set of seven independent solutions for Yae ) } . )
ono+er o, are associated with the third-degree spherical har-

transported Lagrangian displacement.

V(0. 9) = Ao {8[VE0.9) + Y5'(0.0)]
-[¥36.9)+ ;30.0)]}.

V(0.6) = B {2[V30.9) - Ys'(0.9)]

-[V360.9) - ;%@.0)]}

+ C3 {12Y3(0) - [ Y3(6. 9) + Y526, )]}

120) VE6.0) = Da{10[¥3(0.0) + Y;(6.0)]
+[Y3(0.0) + Y53, ¢)]}
+ E3[Y3(60, 9) - Y36, )]

(130)  V%6.9) = Fs {30[¥(0. ) - Y3*(0.4)]
+[¥30.9) - %;%0.0)}

+G3 (20Y3(0) + [Y2(60, ) + Y32(6.9)] .

(128)

(135)

(131)
and Az, B3, C3, D3, E3, F3, Gz are undetermined constants.
With the single eigenfrequenayno + et o), one eigenfunc-

tion is associated, while, with each of the double eigenfrequen-

ﬁ andono+er # two linearly

ciesono+er a® o1

n1 Onotero

independent eigenfunctions are associated. The first eigenfunc-

tion involves the constart;, and the other three eigenfunctions
involve respectively the constaries andCg, the constant®;
andEjz, and the constants; andGs.

(132)

In terms of the spherical coordinates*, ¢*, the solution
with the single eigenfrequency,o + 1 o) is associated with
the third-degree spherical harmonig (¢, ¢*), the two solu-
tions with the double eigenfrequeneyo + et 0'53 are associ-

ated with the third-degree spherical harmoﬁi’és(a*,rp*) and

(133)

®3)

One passes on to the componeiapsof the Lagrangian dis- monicsYZ (6, ¢*) and Y32 (6*, ¢*), and the two solutions with
placement in the domain of the tidally perturbed star by meath& double eigenfrequenoy,o+e1 o) are associated with the

nl

of the relations given by EqS (26) The resulting Iowest'ordﬂ'ﬁrd_degree Spherica| harmonM§ (9*’ ¢*) andY§3 (9*’ ¢*)
approximations for these components with respect to the local

coordinate basi8/or, /00, d/0¢ are

@NV(r; ) = £no(r) V(6 9)
()

X exp[i (o-n,o +er O—n,l) t] ,

mnolr) 9V5°(6,9)
r2 06
X exp[i (O'n,o + &7 o-Elk)l) t] ,
(K
®(r ) — mo(r) 1 6V3'(6,9)
o =150 - S

X exp[i (o-n,o +er o-g‘)l) t] ,

©OW(r;t) =

k=1,234,

©NY(r;t) = éno(r) WX (@, 67)
(k)

x expli (oo + &1 o9 1t].
Un,o(r) 6W:(3k) (6*’ ¢*)
. " (136)
X exp[i (o-n,o + &7 o-gk)l) t] ’
66)0(r: 1) = mot) 1 OWR(@E, ¢7)
n ’ r2 Sm2 o+ a¢*

X exp[i (U'n,O +eée7 o-g‘)l) t] ,

(66")W(r;t) =
(134)

k=1,234,

(6%, ¢%), the two solutions with the double eigenfrequency
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Unperturbed eigenfrequency In view of the subsequent use of perturbation methods, we
¢ have transformed the governing equations into equations that
S 2 3 are defined in the domain of the unperturbed spherically sym-
M=0 M=t Im|=2 Im|=3 metric star by using the inverse of the tidal field. The resulting
bt i i equations are Egs. (56).

Eigenfrequencies in the tidally perturbed star

In the second part of the paper, we have concentrated on the
Fig. 3. Schematic representation of the ratios between the perturlgase in which the star rotates synchronously, so that the tide
eigenfrequencies of a third-degree made generated by the companion is an equilibrium tide. We have
presented a time-independent perturbation method in Sect. 5.1,
in which et is the small expansion parameter. The perturbation
method applies to any physical model of a spherically symmet-

ric star.
where the functionsMiP(67,¢%), W (6", ¢%), W67, ¢%), Attention is paid to the degeneracy of the eigenvalue prob-
andwé“)(g*’(ﬁ*) are defined as lem of the linear, isentropic oscillations of a spherically sym-

metric star with respect to the azimuthal numiner For a

W)/ pe oy . moden belonging to a degreg the (Z + 1) unknown constants
W07, ¢7) = 48AsYs(0), a,m which are involved in the approximation of the eigenfunc-
W‘Z)(g*, ) = B Y§(9*’ ¢ +C; Ygl(e*’ "), tion at order zero are determined by means of the linear, homo-

3 (137) geneous system of Egs. (66). The condition for the system of
Wf)(g*, ¢*) = D3 Y3(6°, ¢%) + E3 Y52(6°, %), equations to admit of non-trivial solutions leads to an equation

for the first-order correctioor, ;1 to the eigenfrequency.
WE (6%, %) = F3Y3(6%, 67) + G5 Y3367, 67) The system of Egs. (66) contains @@gientsHp mynny, With

mm = —¢,...,¢. Detailed expressions for these €osents
and the constant;, C;, D, E;, F;, G; are related to the are presented in Sect. 5.3. It results thatfioents diferent
constants3, Cg, Ds, Es, F3, Gz as from zero are related to the dfieientH,, o0 in a simple way,
so that from a computational point of view only the latter coef-
ficient needs to be determined.

We have solved the system of Egs. (66) for an arbitrary
moden of the lowest degrees= 0,1, 2, 3.
It follows that the eigenfrequency of any radial madee-
Fj =i (4 Fs+ 263), Gj = i (4 Fs— 263). mains unﬁect_ed by the tidal perturbation at the lowest order
3 3 of approximation.

The ratios between the perturbed eigenfrequencies of a third- For the degrees= 1,2, 3, the degeneracy of the eigenvalue
degree mode are schematically represented in Fig. 3 in termfyoblem with respect to the azimuthal number is lift partially

ciated with. the unperturbed star is split info+ 1 eigenfrequencies, which

are not equidistant. The partial removal of the degeneracy is
due to the introduction of the preferential direction of the tidal
axis into the equilibrium configuration. A main result of our
7. Concluding remarks investigation is that the eigenfrequencies of the various modes
. ) i belonging to a given degregare split according to a com-
In this paper, we have established the equations that gova{Bn pattern with a scale depending only on the value the co-
linear, isentropic os_C|IIat|0_ns in a star that is a component éﬁicientHn,o;n,o has for the mode considered. These patterns
a close binary and is subject to the tidal action of & COMpagy, represented schematically in Figs. 1, 2, and 3 and are most
ion moving in a circular orbit. The star is supposed to rotafgnyeniently described when the modes are considered to be
uniformly around an axis perpendicular to the orbital planggsqciated with spherical harmonics of angular coordirtites
We have adopted the rotation axis as #exis of a corotat- anq 4+ for which the polar axis coincides with the tidal axis
ing frame of reference and as the polar axis for a system gfihe stellar component. We have denoted the azimuthal num-
spherical coordinates, ¢ with associated spherical harmony e, of the latter spherical harmonics By With the azimuthal

ics Y7'(6, 4). _ ) ) ) _numberm = 0, the single eigenfrequency
The equations are derived in the assumption that the tides

generated by the companion are determined by the theoryo% (1 - &1 Hnono)

dynamic tides in which they are considered as forced, linear,

isentropic oscillations of a nonrotating spherically symmetris associated, while with the absolute values of the azimuthal
star. An important limitation of our investigation is that the efaumber diferent from zero, double eigenfrequencies are as-
fects of rotation are neglected. We have left it open whetherswciated. A9m| increases, the perturbed eigenfrequencies in-
not the star rotates synchronously with the companion’s orbitakase or decrease according as thetment H, 0.0 iS posi-
motion. tive or negative.

B;=-4i(2B3+C3), C;=-4i(2Bz-Cs),

Dj; = 4Ds + Es, E; =4D3 - E, (138)
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