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Projected properties of a family of triaxial mass models:
High-order residuals
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Abstract. A family of triaxial mass models is described, for which the projected surface density can be calculated analytically,
and can show ellipticity variations, isophote twists and high-order residuals. These can be compared with observations. These
models are flattened versions of thenodel with density(r) o r~7(by + r)*~* and the modified Hubble model with density

profile p(r) o (b3 +r?)~3/2, and are constructed by addition of five spherical harmonic terms to the spherical models. The
potential of the models can be expressed in a simple form.
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1. Introduction into an analytical form by de Zeeuw & Merritt (1983). The pro-

. . . jected properties of such triaxial Hubble mass models are de-
CCD photometry of elliptical galaxies shows that the isophot Stibed in CT00. We shall refer to these model$ g@smodels.
are approximately elliptical, and ellipticity and position angle

. ) O - Although models with ellipticity variations and isophote
vary with radius. A triaxial mass model can produce variations. : : . X
}msts have been discussed, high-order residuals in these mod-

Inqoedlgrlmg;y vav:j[r:j ggigli?n a:sglae ;Sr:stigrzoéicri%?ﬁ: (S:Z::eggaels have not been adequately treated. A small value-6f4%
Py yp ' of the shape parameter has been reported in ZC96. Likewise,

made triaxial by considering the expression fgr) and re- . - ;
placingr? by n? = 32 + y2/p? + 2/q2, where & y,2) are the it:e Jlisgghotes at large radii are shown to be slightly boxy

usual Cartesian coordinates. The density is stratified on coaxial”_. hi have di danh . del. |
ellipsoids. In case the axial ratipsandq are constants, the pro- Rix & White (1990) have discussed a photometric model, in

jected density is stratified on similar and aligned ellipses (StaW'Ch an exponentla_l disk is embeddgd n the equatorial plane
1977; Binney 1985). It was demonstrated by e.g. Madejsky an ob_Iate spheroid of (_:onstant ellipticity, and have_ found
Mollenhaof (1990) that models with equal density coaxial elt-h":lt the isophotes are pointy. In a sense, the model is a two
lipsoidal shells with radially varying axial ratios can generate%?mpo,nent m_odel. pontopoulos & Gr_osbpl (1989) have found
variety of ellipticity and position angle profiles. an orbital fqmlly Wh!Ch can lead to pointy |sophot¢s. Thus, the
Triaxial mass models of an alternative form p(e, 6, ¢) = mo_del of R'.X & Wh|t_e IS bY No means an exclusive _mterpre—
F(r) - g(r)YS(G) N h(r)Y§(6, #), wherep is density in the usual tation of ellipticals with pointy isophotes. Fur_ther, aney &
spherical polar coordinates ¢, ¢), f(r) is a spherical mass dis- Petro_u (198_5) have found that an oyerpopu_latlon of a particular
tribution (which is usually a widely studied modef)r) and two dimensional subset of tube orbits can yield boxy isophotes.

h(r) are two suitably chosen radial functioh’g, _ % coLg— L Therefore, it will be worthwhile to examine density forms

and Y2 = 3sirfdcos2 are the usual spherical harmonics 2 triaxial ma;s_mode_l W.h'Ch may pr_oduce non elliptical
ophotes. For this investigation, we considerthk models of

These models also exhibit ellipticity variations and isopho . .
twists in their projections (de Zeeuw & Carollo 1996, hereaft C9.6 "’?”d €T00. The_ e}dvantage of this approach Is that the po-
lential is known explicitly, and that the projected surface den-

ZC96, Chakraborty & Thakur 2000, hereafter CT00). Such tri- . . .
axial models withf(r) as the sphericaj-models of Dehnen sity can be calculated easily (and often, analytically). A disad-

(1993), are presented in ZC96. Schwarzschild (1979) stud}\éadqtage mtlght be that ﬂl]le Iusedoftonly t;el I(;\r/]vetrg)rder sphencai
the triaxial model, whereiri(r) is considered as the spherica armonic terms generafly leads to mode’s that become peanut-
modified Hubble model, in a numerical form. Later it was Ca%.paped. The addition of higher order spherical harmonic terms
' eads to more nearly ellipsoidal shapes (Schwarzschild 1993),

Send gfprint requests toD. K. Chakraborty, and “refines” thefgh models (ZC96).
e-mail: ircrsu@sancharnet.in Here we extend the studies éh models by including
* Also a Visiting Associate of IUCAA, Pune, India. higher-order spherical harmonic terms. We find that the models
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take more nearly ellipsoidal shapes, and further, the isophotédsere

have high-order residuals. Depending upon the viewing direc-
tions, the isophotes are either boxy or pointy. Previous studiég’ ¢ #) = u(r)

of the fgh models lack this feature.

It was shown that the intrinsic shapes of triaxial mass Mogljyctions. YO = 3cofe — L Y2 =
els can be estimated by using photometric data (Thakur oz 5 P &
Chakraborty 2001). It is necessary to have a larger ens
ble of models, before this method may be applied to ellipticat
galaxies. The present study of nearly ellipsoidal mass model
also a step towards this goal. Further, the profiles of high-ord)

—o(1)Y3(6) + w(r)Y3(6. ). (6)

In the aboveu(r), v(r), w(r), v1(r) andw,(r) are five radial
3sirfocosd, Y) =
835 cod 6 — 30 cod 6 + 3), Y2 = L7 cog6 - 1)sirf o cos 2,

"= 105 sirf # cos 4 ande is a parameter.

Sis Applying Egs. (1)-(3), we obtain the associated density
ch 0, ¢), given by

residuals of the models have some specific features. This may g 4) = py(r, 6, ¢) + S(r) [yg(g) —aYi(. ¢)]

be used to select a galaxy which may be suitable for compari-
son with the models. For example, for the shape determination

+t(r)YZ(60, ¢), @)

of elliptical galaxies, Statler (1994) had selected NGC 33{%¢re
and called it the “standard” elliptical galaxy, because, apart

from factors like no sign of ripples or other fine structurgq(r,6,¢) = f(r) — g(r)Ys(6) + h(r)Y3(6, ¢).
NGC 3379 has almost no isophote twist or ellipticity variatio
The latter characteristics make NGC 3379 a suitable candid
for comparison with the models used by Statler, which also

not produce any isophote twist and ellipticity variation.

In Sect. 2, we describe the mass models and in Sect. 3,4%
present the projected properties. Section 4 is devoted to res

and a discussion.

2. Mass model

2.1. A potential-density pair

First, we consider a potential of the form

Va(r,6,¢) = ui(r) + u(r)Y["(6, ¢), (1)

whereuy(r) anduy(r) are two radial functions, and™(9, ) =

P"(cost) cosmy. Here, P"(cost) are the usual associate
Legendre polynomials, and we have considered only the r
part of the spherical harmoni®§". Then, Poisson’s equation

gives the mass densipy of the form
2 dU1

d2U1 m
az Trar T g2(n)Y", 2

whereg,(r) is the contribution to density correspondingitr)
in potential, and is given by
2 dUz

d2u, I(1 + 1)
20 = Gz *va e

In the above, we have used théfdiential equation

1 0 (. oP"
——(sing——| +
smeaa( )

AnGp, =

Up. (3)

(4)

me

(8)

Hae radial functiond (r), g(r), h(r), s(r) andt(r) are obtained

om u(r), o(r), w(r), v1(r) and wy(r), respectively, by using
relations which can be read from Egs. (1)-(3). The density
g, 0, ¢) and the associated potential(r, 9, ¢) define thefgh

dels.

It was realized by Schwarzschild (1979) that while the first
term in (8) is spherical, the second term contain'(@gshortens
the z-axis and lengthens the andy axes equally. The third
term containing(z2 lengthens the-axis and shortens theaxis.
This gives rise to a triaxial figure with the major axis along
the x-coordinate, the median one along theoordinate and
the minor one along the-coordinate. The additional, second
and third terms in (7) just reverse the aboYieets, provided
a > 3/(8x 105). We taker = 0.01 for the present study.

We now consider two specific examples of models. We con-

osider an extension of the models in ZC96, according to the

ggpeme proposed above, and refer to these as médaéle
consider a potential of the form (5) and takg) of the form

% Inﬁ , fory =2,
=4 . (©)
r
o () 1] forv 22

with 0 < v < 3. In the aboveM is the mass of the model and
bo is the scale length. The radial functiar{s) andw(r), chosen

in ZC96, have the forn?=” /(1 + r)*. Then the correspond-
ing radial functions in the expression of density, as obtained by
using Eg. (3), turn out to be positive at all Following this,

we consider a formm™” /(1 + r)™7, both foruvy(r) andw(r).

The corresponding radial functions in the expression of den-
sity are positive at alt, if n = 4 andm < 9. The lower limit

of mis restricted so that (r) andw1(r) decrease faster tha(r)

satisfied byP[". For| = 2 expression (3) reduces to the formandu(r), at large radii. These considerations lead us to the fol-

used by Schwarzschild (1979).

2.2. A family of triaxial mass models
We now consider a potenti®(r, 9, ¢) of the form

V(1,60,9) = Va(r,0,¢) + va(r) [Y3(6) - @Y (6, ¢)]

+w1Y2(6, ¢), (5)

lowing choices. We choose

b1r2‘7
U(r) = —MG W, (10)
b3|’2_7
w(l’) = -MG W, (11)
¢ 4y
vi(r) = MG — (12)

b3 (c2+ )%
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Fig. 1. Axial ratios of constanp; surfaces (dotted lines), constansurfaces (solid lines) witp = 0.75, g = 0.6. Framea) presents the model
Awith y = 1.5 and framéb) presents the modd.

and 0= -mc2 " (21)
N=-MG=2 —,
S v b2 (b2 + r2)372
w) = -MG 2 13 C 4
) b3 (Ca + 1) (13) v(r) = -MG — ' (22)

02 (G2 +r2)7/2’
The associated densitr, 6, ¢) is given by (7) and (8), where 4
o) = -MG 2 — . (23)

- 03 (G2 +r2)7/2
f(r) = Mby (3 )’)4_ ’ (14) b (G4 +717)
4r 1 (bo+ 1)+ The mass model is defined by (7) and (8) with the radial
Mby [4r2 + 46— y)rby + y(5- y)bﬁ] functions
g(r) = = : (15) M1
An r7(by +r)o~ fry = = (24)
4r% + 4(6 - y)rb 5-y)b2 4 (b2 +r2)3/2°
h(r) = Mbs [47°+ (6—y)rbs +y(5 - y)by (16) o
T 4n rv(bs + 1)~ ’ 3M b3 2r% + 702r2
~ Mc® r2 [Sr2 +8(10- y)rca + y(9 - y)cg] 17 9(r) = A b_g (02 +12)772° (25)
s(r) = 47Tbg rr(c, + r)lO—'y (17)
() 3M b3 2r* + 7022 (26)
= ——=———,
and 4n B (02 +12)7/2
l\/lcg r2 [8r2 + 8(10—y)rcy + y(9— y)Cﬂ M S 206 4 1124
0= o TR S8 gy = M AT TR (27)
by r7(Cs +r) 4n B (2 +r2)iL2
In the abovebs, by, bs, ba, €1, C2, C3 andcy are constants. and
As an another example of triaxial models, we taig to be
- i ifi - 7M ¢ 2r®+11c2r4
the potential of the spherical modified Hubble model, defmqg) _ M =3 4 (28)
by the choice 4r B3 (G +r2)11/2
MG r r2 The four ratiosZ, ..., 2 in the mass models andB can be ex-
bo
ur) = ———In bt L+ (19) pressed in terms of the axial ratigqs., g.) and (o, do) of the
0

density distributiorp at (asymptotically) large and at (asymp-
and consider its triaxial generalization of the form (5). Thedetically) small radii (see ZC96 & CT00), where the surfaces
models will be called modeB. de Zeeuw & Merritt (1983) had of constant density are approximately ellipsoidal.

adopted a formn?2/(1 + r2)3/2, both foru(r) andw(r). Following We find that even whepo = p = pandgo = g. = qare
this, we consider a form'/(1 + r2)™, both forv:(r) andws(r). considered, the axial ratios of constaatsurfaces fall short of
We find that the corresponding radial functions in the densif/anda, at intermediate radii (see Fig. 1). Confining ourselves

are also positive ih = 4 andm < 9/2. We choose to the case wherpy = p = pandqo = g» = ¢, we set the
values ofcy, ..., ¢4 such that at a large (finite) and at a small (fi-

nite) major axis lengths, the axial ratios of constarstirfaces
become close tp andq (Appendix A).

B2 g2
o) = -MG =& —"

L 20
b3 (b2 +12)372 (20)
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Fig. 2. Sections of the constapt- surfaces (dashed lines), constargurfaces (solid lines) and the ellipsoids (dotted lines) waite 0.75,
g = 0.6 with different choices of the major axis lengéyon thex— z plane. Frame) presents the modé with y = 1.5 and frameb) presents
the modelB.

We have adopted a form (7) of density distribution anfibr modelsB, and are presented in Appendix C. This can be
a procedure to determird, ..., c4. The resulting density fig- regarded as an added advantage of considering the modified
ure is nearly ellipsoidal: serious dimples of tligh model Hubble model. For model, these integrals are calculated by
have almost disappeared (see Fig. 2). The method adopted heraerical quadrature of the formulae given in Appendix D.
is different from that adopted by Schwarzschild (1993), whbhese can also be expressed in terms of elementary functions
used a form equivalent to a 10 term development in spherifat integery (Appendix E).
harmonics. Although the potentiaVi(r, 6, ¢) and the associated den-
sity p1(r, 0, ¢) are the same as in thiegyh models studied by
earlier workers, we note thag (R, ®) is now diferent from the
projected densit{,n(R, ®) of the fgh models. The additional
The form (7) of the density of the models allows a straighterms with radial functions(r) andt(r), which are included
forward calculation of the projected surface denZityor any in the present study, also contributeXgR, ®). However, the
viewing direction. We choose coordinates, //, Z) with the contributions from these additional terms are small compared
Z-axis along the line of sight and with thé-axis in the &, y) to those from the terms with radial functioh@), g(r) andh(r).
plane. Let ¢, ¢') be the standard spherical coordinates of thEhe functional form of£1(R, ©) is same as that & (R, B).
line of sight (de Zeeuw & Franx 1989) anR,@®) be the polar We follow the derivations made in ZC96 and define the position
coordinates in thex(, ) plane. The projected surface densitpangle®,s, of X, by
2(R, ©) is then given by O, = }tan‘l & (34)
T(R ©) = 4(R O) + P4(R) cos 4 + Ps(R) sin 40, (29) 2 P2

and the axial ratid/a of X1 by

3. Projected properties

where Po(a) — Pa() COS B, — P3(8) sin 20,5, = Po(b)
21(R ®) = Py(R) — P2(R) cos D — P3(R) sin 20. (30) —P2(b) c0s 2@ 5, — 7/2) — P3(b) Sin2@.x, — 7/2). (35)
The radial functions,, ..., Ps are expressed in terms of theRelation (34) gives the position angle of the major axis,
integralsS:1(R), S>(R), S3(R), given by provided
¢ S(I’) dr P3 SII’] Z’D*Zl < 0. (36)
Si(R) = R VIZ_RZ (31) The termsP4 and Ps are related to high-order residuals, on
2 ©gr) dr constantX; contour, as can be seen by rewriting (29) as
R) = —_— 2

S2(R) fR = (2 2R 6) = (R O)+ By, cos 460 - O.3,)

o0 + Sin4@ — B,s,), 37
Sg(R) _ R4f S(r) dr . (33) A421 ( *21) ( )

R IBVIZ-R where
and similar integral3y, T, T3, G1, G2, Hy, Ho andFyinterms  Bas, = PacoS®,s, + P5Sin40,s,, (38)
of the functiond(r), g(r), h(r) andf(r), respectively. The actual
forms of these functionB,, ..., Ps are presented in Appendix B.A4 = P5COSM,s5, — PysSind0,s,. (39)

The integrals needed iRy, ..., Ps are calculated analytically
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Table 1. Profiles of the isophotal shape parameBgr position angle®. of the major axis and the ellipticity of the best-fitting ellipses,
all as a function of the semimajor axis lengthexpressed in terms of the scale length These can be compared with the corresponding
parametersys, 9*21 andeg, of the constanE,; contours.

a/bg B, Bus, [OR 0.5, € &, comments

1 0.005 0.017 920° 885° 0.20 0.22 Model A

2 0.023 0.032 90° 88.7° 0.22 0.22 p=09,q9=07
3 0.033 0.035 90° 90.4° 0.22 0.22 vy=15

4 0.033 0.034 om° 910° 0.21 0.21 0 =80

5 0.030 0.030 9P° 914° 0.21 0.21 ¢ =20

6 0.025 0.026 92° 917° 0.20 0.21

1 -0.019 -0.019 -29.8° -29.6° 0.07 0.07 Model B

2 -0.021 -0.015 -34.0° -34.5° 0.09 0.08 p=09,q=07
3 -0.014 —-0.009 -35.1° -35.6° 0.08 0.08 0 =30

4 -0.010 —0.006 -35.4° -35.7° 0.08 0.08 ¢ =20

6 —-0.006 -0.003 -355° -35.7° 0.08 0.08

8 -0.004 —-0.002 -35.6° -35.6° 0.08 0.08

12 -0.003 -0.001 -35.6° -35.6° 0.08 0.08

20 —-0.002 -0.001 -35.6° -35.6° 0.07 0.07

choice ofp andq, the modelB exhibits the maximum relative

0.02 - 7 0.002 71  change in the axial ratios 6f11.6% for constanj; surfaces
C ] ] and ~1.6% for constanp surfaces. For the rounder models,
Ao 7] Bao = e.g.withp = 0.9, q = 0.7 these variations are relatively small.
\/ C ] In Fig. 2, we present the sections of constant density sur-
N ) -0.002 - b faces of the models and the ellipsoids, with the sanamdq,
0.01 prHHHHHHHHHH in the (x — 2) plane. While the constanir is dimpled (peanut-

shaped), the constaptis relatively smooth and closer to the

E 0.005 E MU

] ] ellipsoid.

3 B,oF 3 In Sect. 3, we have defineByy, and Ass,, which are re-

B F E lated to high-order residuals on constaateontours. The sur-

{1 00051 7  face photometry data of elliptical galaxies are obtained by con-
NN I, _0.01 ol Tremt e Sidering variations around the best-fitting ellipse. In order to
1 2 3 4 5 6 5 10 15 20  compare the model with data, we use the standard routines of

R/b, R/b,

ellipse-fitting based on the algorithm of Jedrzejewski (1987),
@) (b) and obtain the parameters of the best-fitting ellipse& amd

Fig. 3. Radial profiles oB, and A, for models withp = 0.9, q = 0.7. the high-orde.r.residual@g: Bs, A4, B4 On the ellipses. We find
Framea) presents modeh with y = 15,6 = 3(°, ¢’ = 20° and thatBs is positive when viewed almost along the{y) plane
frameb) presents modeB with ¢’ = 8C°, ¢/ = 20°. and it is negative when viewed at narrow angles with respect to
the +z directions. At intermediate viewing angld®;, is partly
) . positive and partly negativéy, is small compared t®,4, and
4. Results and discussion the residual#\; andB; are negligible.

We have obtained the projected density of a family of triaxial Figure 3 and Table 1 present the radial profileBpandA,
mass models which are nearly ellipsoidal. Although the cort a radial distance of nearly four times thigeetive radius of
plexity of the problem has led us to some long expressions, #&ch model. Table 1 also presents the profiles of basic param-
numerical evaluation of these to obtain the projected pararféers, namely, the position angde of the major axis and the
ters, in terms of dferent choices of the model parameters argllipticity e of the best-fitting ellipse, and the corresponding pa-
viewing angles, is straightforward. rameter®,s, andes, of the constank; contour. It is seen that
Figure 1 shows the axial ratios of constant density suhe basic parameters of the best-fitting ellipses are very close to
faces of the modelé& and B. We find that the axial ratios those of the constari; contours. Finally, we find the centres
of constanis; surfaces at intermediate radii, vary considegf the best-fitting ellipses coincide with the centrezof
ably from their values at asymptotic radii. These variations are Models A and B appear to be either boxy or pointy, de-
relatively small for the constant-surfaces. For the modé& pending upon the viewing direction. Regions of these viewing
with p = 0.75q = 0.6, y = 1.5, the maximum relative directions are shown in Fig. 4. We find that the modetx-
change in the axial ratios of constantsurfaces is~25.0%, hibits three distinct regions of viewing angles producing boxy
which drops to~8.3% for constanp surfaces. For the same(region 1), partly boxy and partly pointy (region 2) and pointy
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Fig. 4. Viewing directions for boxy and pointy isophotes for models, witlk 0.9, g = 0.7. Points indicate the viewing angles at which the
ellipse-fitting tasks were performed. Filled squares, filled triangles and open circles indicate the viewing directions for boxy, pointy and pa
pointy isophotes, respectively. Framppresents the modéi with y = 1.5 and frameb) presents the modé.

Table 2. <(s+t)/(g + h)> and the maximum variations in axial ratios.

Model p q y Maximum variation in axial ratios <(s+1)/(g + h)>
constanie; surfaces constantsurfaces
A 0.9 0.7 1.5 15.6% 6.3% 0.37
0.75 0.6 1.5 25.0% 8.3% 0.30
B 0.9 0.7 - 8.5% 1.4% 0.055
0.75 0.6 - 11.6% 1.6% 0.046
(region 3) isophotes. On the other hand the md&lshows re- The analytical formulation gives us some insight. We find
gions 1 and 2 only. that the fourth order residuaBss, andAqs, arise, only from the

. _ fourth order spherical harmonic termsgdnand no third order

TO undersfnand this featur.e, we perform the followmg.n_%-r higher order residuals are present in our analytical formula-
mgncal expenmen_t. We obtain the residuals on the befSt'f'mﬂgn. Our results of the ellipse-fitting algorithm are consistent
elllpsgs Ore:. .The_|sophotes af, are found to be .boxy in all ith these analytical findings. We also note that the projected
the viewing directions. It follows that the pointy isophotes Ogensity has the symmets(R ©) = £(R © + ). The radial co-
Z arise only from thes andt te_rms_ inp (see Egs. (B.2) and ordinate of the points on an ellipse, with centre as origin, also
.(8'3))' A measure of the contr|but|o.ns from tis@ndt terms has this symmetry. We may anticipate that the centre of the
in p, may be the average of the ratis £ t)/(g + h). Further, best-fitting ellipse should coincide with the centeofThis is
note that the terms andt were added to reduce the variationg, 440 be true.

N the axtlaclj ﬁt'?fhc’f the‘tgg rr:_odeI? (cf.gg. dlt)f ThereLorel, dlt Although,Bssz, can not be compared with the observations,
IS expected hat tne contributions from Bandtterms Should 4 .5, sijl| be used for a gualitative estimate of the variation

be related to the variations in the axial ratios. Table L Presefishe high-order residual with the viewing direction. Only for
these paramefcers. It is seen thj@” /(g + h)> IS _sma_ller N the rounder models witlp = 0.9,q = 0.7, Byg, is close toB,
mo.deI.B than in .modelA. Con3|§tently, the variation in axial (see Table 1). However, the ellipticity and position angle of the
ratios in modeB is smaller than in mode. best-fitting ellipse are quite close to the ellipticity and position

The isophotes of elliptical galaxies with disks have beeingle ofzy, for any semi major axis length, even for the flatter
found to exhibit similar behavior (Scorza & Bender 1995; Rignodels withp = 0.75,q = 0.6.
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Appendix A E; =

We expands(r) andt(r) at large and at smatl and retain the

terms of highest orders only, in. Requiring that at a large E4 =

and at a small major axis lengths, denotednd as, respec-
tively, axial ratios of constang-surfaces are same asandgq,
we obtain

Es =
o - " Bloix — p1z + Py, — p1a)) A1) °
od {1+ p" - 2a00"} ’ '
Ee =
n _ alnﬁ n_ ny _ neq n
cj = d2{1+pn_2a0qn}{plx|(p aoq") — p1y, P"(1 - a0q") ? =
+p120"a0(L - P}, A2) 87
where p1, = p1(&,0,0), p, = p(0@p,0), p1z = g, =

p1(0,0,a0), B = 4nb3/M andag = 2 — 105, and f, dy, dy)

—-3c0s2’ {2H, — 5T} — 1260« sir? ¢’ cos 4
X {S3 — Sy} + 105 cod ¢ cos B’ {Tz — Ty},

6 sin 2’ cost’ {2H, — 5T2} + 5040« sin 2p’

X C0S 2’ sinf ¢ cos? {Sz — Sy} — 210 sin 2’

x cos (oS & — 2sirt 0){Ts — Ta},

3Tssin4 0'Sz — 210a cos ¢ cos4y'S3
+105sirf ¢’ coS ¢ cos ' Ta,

—210a cos4’'Ss,

1260« cos 4’ coS ¢'S; — 105c0s 2’ i’ ¢ Ta,
—1680a cos 2’ sin 2¢’ cos ¢'S3

+210sin 2’ sir? ¢’ cosd' Ts,

= 1680« sin 2’ cos 2’ cosd’ Ss,

are (68, 60) for modelsA and (514, 105) for modelsB. On which can be written in the form (29). We have

the other hand ats, we obtain

Po =
¢ B {Plxs P + p1ys — p12(1 + pm)} (A3)
corn © dhal  {qM(1+ p™) - 2a0p™ ' P2 =
c3 _ 28 P; =
' dad {gM(1 + p™) - 2a0p™}

Py =

x{p1x (A" — 30p™ - 1, (4" - @)
—p1z,20(1 - pM). (A4) Py
where p1x, = p1(8s5,0,0), py,, = p1(0,a5p,0), p1, =

1 1
E]_ + E(Ez + E3) + §(3E5 + 3E5 + E7),
1
—E(Ez — B3 + Es - Eo),
1
Z(2E4 + Eg + Eg),
1
é(Es +Eg - E7),

1
—é(Es — Eo).

p1(0,0,a40), and O, m d, dz) are (62-7v,¥(9-7), 15v(9-¥)) Appendix C

for modelsA (with y # 0) and are (54, 77, 1155) for modelS.

(B.3)

(B.4)

We takea, = 20b, andas = 0.5h, and find that the terms, which 1he radial functionsS,, Sy, Sg, Ty, Tz, Ts, Hi, Ha, Gi, Go

are dropped while obtaining (A1)—(A4), are negligible.

easily. Writting

Appendix B
PP |1 = R6t1 + 3R4t2 + 3R2t3 + 4,
Integratinge along the line of sight, we obtain I, = Rty + 2R + ta
Y = E; + E;SiP @ + E3cos O + E4 Sin® cos® I3 = Rt + 1t
+Essin*® + Egcos' © + E7sif ©®cosS © and
+Egcos® sin® @ + Egsin® cos O, (B.1)
lg = tg, (C.1)
where 128 1 16 1 8 1
3 5 Where tl = 3_15(C%+R2)5’ t2 = 3_15_(C%+R2)4' t3 = m_(C%+R2)3'
E, = 2F1+ Gy + ZS]_+3CO§9/ {Gz—G1+§(82—81)} ty = @(022_'_%2)21
+Sir? ¢ cos 2’ (6(H1 — Hp) + 15(T2 — T4)} we have
105sirf ¢ cog ¢ cos ' (T3 — 2T+ T M
* » :{))53 2+ T SuR) = 5 (1463 + T7E5S1:)
- (210a sin*# cos 4’ — 7 cog 9’) ﬂRg
M 5 5
X {S3 - 2S5+ S}, B2 SR = pos (14c212 + 77c3c3la).
E, = - sinf ¢ (2G, + 5S,) + 302 # cos 2 {2H, — 5To) MR (s 5.2
2= 3 2 2 2—5T> S3(R) = gt (14c1|3 + 776 2|4). (C.2)

1 .
+%3sm2 ¢’ cos ¢ (24a cosd’ — 1)

X {Sg — Sg} — 105(cos' ¢/ + sin' &’ — 4 sirf ¢/

X O 9') cos ' {Tz—Ta}, which have similar appearances, as above.

Ti1,...T3 can be obtained fromQ2) by replacing ¢, cs)
by (cz, c4). Expressions fo;, G, Hi, H, andF; have been
reported earlier (CT0O0). These can also be rewritten in forms

537

andF; in Py...Ps can be evaluated analytically. The integrands
can be cast as integral powers of éaghich can be integrated
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Table E.1.The functionsS;, S,, S; for special values of, expressed in terms of the elementary functidhgx).

y Function
0 SiR)= s L [2W(R/C2) + LOWe(R/C7) — 60W; (R/C2) + LOOW(R/C)
—70W(R/C2) + 18Wio(R/C2)]
Sa(R) = 57 [PWH(R/Co) + LAWG(R/c:) — 3M(R/Cz) + L8WAo(R/co)]
So(R) = 57 [P (R/c) + 18Wio(R/co)]
1 Sl(R) = %[ZWS(R/CZ) + lQNG(R/Cg) - 40\/\/7(R/C2) + 42\N8(R/C2)
~14W(R/c,)]
S:(R) = MZ%C? [2W1(R/C;) + 14Ws(R/Cz) — 14Ws(R/C2)]
So(R) = ST 12 - 2Wh(R/cz) — AWs(R/cz) — W (R/C) — BWe(Rc2)
—10Ws(R/C2) — 12W5(R/C2) — 14Wg(R/c2) — 14Wo(R/C2)]
2 Sl(R) = %%[4W5(R/C2) + 20\/\/6(R/C2) - 45\N7(R/C2) + 21W3(R/C2)]
S:(R) = 2”;,367[7“2 TWi(R/C;) — TWa(R/C;) — TWa(R/C) — TWa(R/C2)

—TW5(R/C2) — TWe(R/C2) — 3W5(R/C7) + 21Wg(R/C2)]

M01

27rb309[ + 24\/\/2(R/C2) + 41W3(R/C2) + 51W4(R/C2)
+54VV5(R/02) + SMG(R/Cz) + 39\/\/7(R/C2) + 21W8(R/Cz)]

S3(R) =

Appendix D

and

The formulae given in (31)—(33) are not very useful for numer-

ical computations because of the infinite integration intervals
and singularities of the integrands. Following Dehnen (199§)3(
and Thakur & Chakraborty (2001), we put

r
= 1 _
T \/r = Cz( + o)
where
R
o = s
C2
to obtain
Mc§
Si(R) =

2103 (1 + o) 192

X ‘fol f(r)(o +72)>7 (1-1)*dr,

McSR?
2ab3C)(1 + o) 1927

S2(R) =

x fo l f(@) (o + )7 (1-7°)°dr,

McSR?
200331 + ) 1927

f(r)(1-72)%dr

(O’ + T2)1+T

, (D.4)

r

(D.1) where

1
27+ 2 (1-0)

X {8(0’+7'2)2+8(10—y) (o-+‘1'2) (1—72)

-7 (1-7)):

f(r) =

(D.5)

(D.2)
The integrads are free from the singularities and intervals of
integrations are finite. These can be computed easily by using
standard routines of numerical quadrature.

Similar forms for integrald=;, G; andG; are reported in
(D-3)  Thakur& Chakraborty (2001).
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Appendix E In Table E.1, we present the functioig, S, andSs, expressed
in terms ofW,(X). FunctionsF, G1, G, in terms ofW,(X) are

For integery, the integralF1, Gi, G,, Si, S and Sz can be reported in ZC96.

written in terms of functiondV,(x), which are defined as fol-
lows (2C96): References
Binney, J. 1985, MNRAS, 212, 767
L n Y@ g<x<1), Binney, J., & Petrou, M. 1985, MNRAS, 214, 449
Vi@ X Chakraborty, D. K., & Thakur, P. 2000, MNRAS, 318, 1273 (CT00)
Wi (X) = (E.1) Contopoulos, G., & Grosbol, P. 1989, Astr. Ap. Rev., 1, 261
1 3 x=1), de Zeeuw, P. T., & Carollo, C. M. 1996, MNRAS, 281, 1333 (ZC96)
marccoé , x>1), de Zeeuw, P. T., & Franx, M. 1989, ApJ, 343, 617
de Zeeuw, T., & Merritt, D. 1983, ApJ, 267, 571
Dehnen, W. 1993, MNRAS, 265, 250
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