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ABSTRACT

In this work, two new axisymmetric models for the Galactic mass distribution are presented. Motivated by recent results, these two
models include the contribution of a stellar thin disc and of a thick disc, as massive as the thin counterpart but with a shorter scale-
length. Both models satisfy a number of observational constraints: stellar densities at the solar vicinity, thin and thick disc scale lengths
and heights, rotation curve(s), and the absolute value of the perpendicular force Kz as a function of distance to the Galactic centre.
We numerically integrate into these new models the motion of all Galactic globular clusters for which distances, proper motions, and
radial velocities are available, and the orbits of about one thousand stars in the solar vicinity. The retrieved orbital characteristics are
compared to those obtained by integrating the clusters and stellar orbits in pure thin disc models. We find that, due to the possible
presence of a thick disc, the computed orbital parameters of disc stars can vary by as much as 30–40%. We also show that the
systematic uncertainties that affect the rotation curve still plague computed orbital parameters of globular clusters by similar amounts.

Key words. Galaxy: structure – Galaxy: disk – Galaxy: kinematics and dynamics

1. Introduction

The study of the orbits of stars and stellar systems, like globular
and open clusters in the Milky Way, is essential to understand
the properties of the different Galactic stellar populations (thin
and thick discs, stellar halo) and their mode of formation. To
integrate stellar orbits, realistic models of the mass distribution
in the Milky Way are needed. Because of the facility of imple-
mentation and usage, it is also highly desirable that these mod-
els are fully analytical. Several mass models of this type have
been developed in the last two decades. Among them, the most
widely used is certainly the axisymmetric model proposed by
Allen & Santillan (1991), that consists of a stellar thin disc, a
central bulge, whose mass is about 15% of that of the disc, and a
dark matter halo which guarantees a nearly flat rotation curve at
large radii. This model has been recently revised by Irrgang et al.
(2013), who used the most recent observational constraints to up-
date masses and mass distributions of the thin stellar disc, bulge,
and dark matter component. Asymmetries, like the central stel-
lar bar and spiral arms, can also be added to an axisymmetric
model, and their related effect on stellar orbits can be quantified,
as done by Pichardo et al. (2003, 2004). In all cases, these mod-
els are all based on the assumption that most (>80%) of the stel-
lar mass of the Galaxy is redistributed in a thin stellar disc, and
that the remaining fraction is contained in a centrally concen-
trated bulge. In particular, although the discovery of the presence
of an additional stellar component – the thick disc – in the Milky
Way dates back to more than 30 yr ago (see Yoshii et al. 1979;
Gilmore & Reid 1983; Reid & Majewski 1993), this component

has been neglected in all the previously cited mass models. This
is attributed to the fact that it has long been considered that the
thick disc is a minor component of the Galaxy, contributing by
up to 10–20% to the total stellar budget. These are the fractions
found by assuming the same scale length for the two popula-
tions, standard values for the scale height, and local densities,
with the thin disc having a scale height equal to 250 pc, and con-
taining 90–98% of the total local stellar mass, and the thick disc
having a scale height between 600 and 1200 pc and containing
2–10% of the total local stellar mass. Most recently, the mod-
els by Smith et al. (2015), Barros et al. (2016), McMillan (2011)
and McMillan (2017) have added the presence of a thick stel-
lar disc to the Galactic potential. However, their modelled thick
disc contributes still only marginally to the total stellar budget,
the thick-to-thin disc mass ratio adopted in these models being
between 10% and 20%.

In the last years, however, a number of pieces of evidence
have accumulated that may lead to a revision of the aforemen-
tioned picture, suggesting that the mass budget of the Galac-
tic stellar components may be significantly different from what
has been previously thought. The classical bulge appears to
be very limited or not existent (Shen et al. 2010; Kunder et al.
2012, 2016; Di Matteo et al. 2014, 2015; Di Matteo 2016) and
the α-enhanced thick disc appears to be as massive as the thin
disc (Snaith et al. 2014, 2015). The latter was obtained (see
Snaith et al. 2014, 2015) by reconstructing the star formation
history of the Milky Way disc by fitting a chemical evolution
model to the age-[Si/Fe] relation found on solar vicinity data by
Haywood et al. (2013). The fact that the α-enhanced stellar thick
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disc may be massive finds also an independent confirmation
in the revised estimates of thick disc radial density. Accord-
ing to Bensby et al. (2011), Bovy et al. (2012a, 2016), indeed,
α-abundant thick disc stars have a short scale length of 1.8–
2 kpc, about a factor of two smaller than what was suggested
by previous works, mainly based on colour selections (see, for
example, Juric et al. 2008). With such a short scale length, that
turns out to be also a factor of two smaller than that of the corre-
sponding thin disc (Bovy et al. 2012a), it appears that the thick-
to-thin disc mass ratio at the solar vicinity is not representative of
the global thick-to-thin disc ratio and that indeed most of the α-
enhanced thick disc is present in the inner regions of the Galaxy.
A confirmation of the dominant role of the thick disc in the in-
ner Galaxy can be found also in the Apache Point Observatory
Galactic Evolution Experiment (APOGEE) data, which are now
revealing the presence of a substantial amount of stars with thick
disc metallicities in the inner disc, that is, inside the solar circle
(see for example the results by Anders et al. 2014; Hayden et al.
2015).

Motivated by these recent discoveries, in this work we pro-
pose two new Galactic mass models that include a massive stel-
lar thick disc with properties similar to those observed for the
Galactic α-enhanced thick disc. Mostly because of the current
uncertainties still affecting our knowledge of the Galactic rota-
tion curve, these two models differ in the presence (or not) of a
classical bulge in the inner Galactic regions, and in the mass of
the dark matter halo at large radii. After presenting the charac-
teristics of these models (Sect. 2), we discuss how they fit the
most recent observational constraints (Sect. 2.5). We then in-
tegrate the orbits of a sample of stars at the solar vicinity ob-
tained by Adibekyan et al. (2012) for which proper motions and
parallaxes are available from the Hipparcos mission, and all the
Galactic globular clusters for which positions, radial velocities,
and proper motions are available (Casetti-Dinescu main cata-
logue of Galactic globular clusters). As a reference and com-
parison, we also integrated all the orbits of stars and globular
clusters into the model of Allen & Santillan (1991), to quantify
the differences found when a massive thick disc component is
included (see Sects. 3.2 and 3.3), also taking into account the
remaining significant uncertainties in the rotation curve of the
Milky Way. Finally, the conclusions of our work are presented in
Sect. 4.

2. Galaxy models with a massive thick disc

Before entering into the description of our models, we would like
to emphasize that our aim is not to provide a best fit mass model
of the Milky Way, but to quantify the difference that the adop-
tion of a massive thick disc makes compared to a widely used
model (in this case, the Allen & Santillan 1991, model) without
a thick disc.

Among the main observational constraints that any Galac-
tic mass model needs to reproduce, there is of course the rota-
tion curve of the Galaxy. As we will see in the following, our
knowledge of the Galactic rotation curve still suffers from se-
vere uncertainties: the profile in the inner 5 kpc from the Galac-
tic centre, as well as the value of the rotation curve at the solar
radius and beyond, can vary considerably from one study to an-
other (Burton & Gordon 1978; Bovy et al. 2012b; Sofue 2012;
Bovy & Rix 2013; Reid et al. 2014). Because some of the dif-
ferences among the rotation curves available in the literature
are difficult to reconcile, particularly in the inner regions of the
Galaxy where a massive centrally concentrated thick disc has its

strongest impact, in this paper we choose to develop two differ-
ent mass models:

1. a model (hereafter Model I) that consists of a thin disc, a
thick disc (as massive as the thin), a central bulge, and a dark
matter halo, and that – as we will see – generates a rotation
curve compatible with the estimates of Sofue (2012);

2. a model (hereafter Model II) which also contains a thick disc
as massive as the thin counterpart, but which lacks a cen-
tral bulge, and whose rotation curve is compatible with that
obtained by Reid et al. (2014) using maser sources.

In both models, as we will see, the thick disc scale length is about
a factor of two shorter than that of the thin disc, in agreement
with the results by Bovy et al. (2012a). The choice of present-
ing two mass models for the mass distribution of our Galaxy is
mainly dictated by two reasons. First, the need to add a central
bulge to the global gravitational potential to reproduce the rota-
tion curve in the inner kpcs of the Milky Way strongly depends
on the observational data with which one compares the theoret-
ical curve: to reproduce the rise observed in the inner kpcs (see
the observational data adopted by Caldwell & Ostriker 1981),
Allen & Santillan (1991) introduced a central mass concentra-
tion, whose mass is about 15% of the disc mass. However, the
central rise observed in the rotation of the molecular gas in the
inner Galaxy (for more recent estimates see, for example, Sofue
2012) may be an effect of non circular motions generated by
large scale asymmetries like the bar, as has been shown recently
by Chemin et al. (2015). Moreover, this feature is not reported in
all the observational studies (see, for example, Reid et al. 2014).
Secondly, there is growing evidence that the mass of any classi-
cal bulge, if present in the Milky Way, must be small (Shen et al.
2010; Kunder et al. 2012, 2016; Di Matteo et al. 2014, 2015).
For these reasons, we prefer to present a second model, our
Model II, which does not include any spherical central compo-
nent, and which is still compatible with the rotation curve of
the Galaxy, as given by Reid et al. (2014). Because it has been
widely used in the last decades, and due to the facility of its im-
plementation, we explicitly aim at generating Galactic models
similar to the Allen & Santillan (1991) model, so to make any
implementation of these new models, and any comparison with
Allen & Santillan (1991), straightforward. As for the model pro-
posed by Allen & Santillan (1991), Models I and II are axisym-
metric and time-independent, and do not include stellar asymme-
tries such as a bar or spiral arms. No truncation is assumed for the
discs, while the halo is truncated at 100 kpc, in agreement with
the choice of Allen & Santillan (1991). As we describe in the fol-
lowing section, the analytic forms for the discs, halo, and bulge
potentials are the same as those adopted by Allen & Santillan
(1991). To allow an easy comparison with the Allen & Santillan
(1991) model, in the following we will make use of the same
system of units adopted by these authors: the potential is given
in units of 100 km2/s2, lengths are in kpc, masses in units of
2.32 × 107 M�, time in units of 0.1 Gyr, velocities in units of
10 km s−1 and the vertical force in units of 10−9 cm s2. In these
units, the gravitational constant G is equal to 1 and the mass vol-
ume density is in units of 2.32 × 107 M�/kpc3.

Finally, a few words on the functional form of the stellar
disc(s) adopted in this paper. We maintained the Miyamoto-
Nagai density distribution adopted by Allen & Santillan (1991)
to model both the thin and thick discs. As discussed in the fol-
lowing lines, the characteristic scale lengths and heights were
chosen so that the resultant stellar disc, as well as its con-
stituent – the thin and the thick – can be fitted by exponential
profiles with scale heights and lengths similar to those found
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by Bovy et al. (2012a) in the radial range where these have
been measured to a useful precision with current spectroscopic
surveys – typically a few kpc from the Sun. We are aware that
the Miyamoto-Nagai density profile cannot be fitted with a sin-
gle exponential over the whole radial range, but in the case of
the Milky Way, there is no evidence that the disc should be rep-
resented by a single exponential over its whole extent as done,
for example, by Dehnen & Binney (1998). In fact there may be
some evidence to the contrary: the outer disc (R > 8−10 kpc) has
a longer scale length than the inner disc at R < 8−10 kpc (see
Bovy et al. 2012a; Golubov et al. 2013), and it may be difficult
for a single exponential to represent a good fit over the whole
radial extent. More generally, given the complexity of the ra-
dial distribution of the different “mono-abundance” populations
as illustrated by the analysis of recent surveys such as the Sloan
Extension for Galactic Understanding and Exploration (SEGUE)
or APOGEE (see Bovy et al. 2016), it is yet to be demonstrated
that a single exponential can give a satisfactory fit on more than
a few scale lengths, or at least a better fit than a Miyamoto-Nagai
density profile.

In the following part of this section, for the sake of complete-
ness, we firstly recall the main features of the Allen & Santillan
(1991) model (Sect. 2.1, hereafter Model A&S), then we present
Models I and II (Sects. 2.2 and 2.3, respectively), and finally we
compare the predictions of these two models to observational
data (Sect. 2.5).

2.1. Model A&S

The model of A&S consists of the sum of an axisymmetric
potential, Φthin(R, z), for the stellar disc of Miyamoto-Nagai
type (Miyamoto et al. 1975), a Plummer potential (Binney &
Tremaine Binney & Tremaine 1987), Φbulge(r), for the central
bulge, and a spherical potential, Φhalo(r), truncated at R =
100 kpc, for the dark matter halo, that is:

Φtot(R, z) = Φthin(R, z) + Φbulge(r) + Φhalo(r), (1)

where r =
√

R2 + z2, being R the in-plane distance and z the
height above the plane.

The analytical forms of these potentials are, respectively:

Φthin(R, z) =
−GMthin(

R2 +

[
athin +

√
z2 + b2

thin

]2
)1/2 (2)

Φbulge(r) =
−GMbulge(

r2 + b2
bulge

)1/2 (3)

Φhalo(r) =
−GMhalo

r
−

Mhalo

1.02ahalo

×

 −1.02

1 +
(

r
ahalo

)1.02 + ln

1 +

(
r

ahalo

)1.02


100

R

, (4)

where Mthin,Mbulge and Mhalo, athin, bthin, bbulge, ahalo are the
disc, bulge, and halo constants, respectively (see Table 1 in
Allen & Santillan 1991, and Table 1 of this paper, where these
parameters are recalled).

Table 1. Adopted parameters of the two new Galactic mass models.

Parameters Model I Model II Model A&S
Mbulge 460.0 – 606.0
Mthin 1700.0 1600.0 3690.0
Mthick 1700.0 1700.0 –
Mhalo 6000.0 9000.0 4615.0
athin 5.3000 4.8000 5.3178
athick 2.6 2.0 –
ahalo 14.0 14.0 12.0
bbulge 0.3000 – 0.3873
bthin 0.25 0.25 0.25
bthick 0.8 0.8 –

Notes. Masses are in units of 2.32 × 107 M�, distances in units of
kpc, following Allen & Santillan (1991). For comparison, the param-
eters of the Allen & Santillan (1991) model are also given. Both Mod-
els I and II are designed to have stellar discs with masses similar to
the Allen & Santillan (1991) stellar disc, but with half of this total mass
contained in a thick disc.

The corresponding densities, related to these potentials by
means of the Poisson equation, are:

ρthin(R, z) =
b2

thinMthin

4π

×

(
R2athin + 3

(
z2 + b2

thin

)1/2
) (
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(
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)2
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(
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)5/2(

z2 + b2
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(5)

ρbulge(r) =
3b2

bulgeMbulge

4π(r2 + b2
bulge)5/2

(6)

ρhalo(r) =
Mhalo

4πahalor2

(
r

ahalo

)1.02 [
2.02 + (r/ahalo)1.02

(1 + (r/ahalo)1.02)2

]
· (7)

The total mass of the system is 9× 1011 M�, considering that the
halo is truncated at 100 kpc.

2.2. Model I

The gravitational potential of Model I is the sum of a spher-
ical bulge, Φbulge(r), and a spherical halo, Φhalo(r), with the
same functional form as Model A&S (Eqs. (3) and (4), respec-
tively), and two stellar discs, whose potentials are indicated by
Φthin(R, z) and Φthick(R, z), respectively, and which correspond to
the thin and the thick disc components. The total potential in this
model is given by:

Φtot(R, z) = Φbulge(r) + Φthin(R, z) + Φthick(R, z) + Φhalo(r), (8)

where the functional form of Φthin(R, z) and Φthick(R, z) are
still described by a Miyamoto & Nagai profile (Eq. (2)), with
characteristic masses, scale lengths and scale heights given by
Mthin,Mthick, athin, athick, and bthin, bthick (see Col. 1 in Table 1).

In this model, the mass of the central bulge has been reduced
with respect to the value adopted in Model A&S, and the total
stellar mass included in the two discs – the thin and the thick – is
slightly lower than that of the single stellar disc in Model A&S
(see Table 1, Col. 3). The mass of the thin and the thick discs are
both equal to 1700, in mass units. This implies a total stellar disc
mass (at infinity) of 7.8 × 1010 M�, in agreement with estimates
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of the Milky Way stellar disc mass (see, for example, Kafle et al.
2014). The characteristic lengths of the discs have been chosen
in such a way that their corresponding exponential scale lengths,
found by fitting the radial surface density profiles of the discs
for 3 kpc ≤ R ≤ 9 kpc, are compatible with those given by
Bensby et al. (2011), Bovy et al. (2012a), that is, ∼2 kpc for the
thick disc and ∼3.6 kpc for the thin disc (see Fig. 1, top pan-
els). For the characteristic heights of the thin and thick discs we
have adopted bthin = 0.25 kpc and bthick = 0.8 kpc, respectively.
The corresponding exponential scale heights, found by fitting the
vertical density profile at the solar radius for 0 ≤ z ≤ 3 kpc,
are zd,thin = 0.2 kpc and zd,thick = 0.7 kpc, respectively (see
Fig. 1, bottom panels). These values are well within the range
of estimated parameters found in the literature (see, for exam-
ple, Bland-Hawthorn & Gerhard 2016).

Our modelled Miyamoto-Nagai discs can be well fitted by
exponentials both in the radial and in the vertical direction, for
the selected radial and vertical ranges, with the residuals ∆ de-
fined as the difference between the densities and the fit functions,
both expressed in logarithmic scale, never exceeding 0.05 (again,
see Fig. 1). This corresponds to differences in densities of 10%
at most, well within the uncertainties in the current estimates.

A point that we want to emphasize is that the choice to repre-
sent the stellar disc by two discs, a thin and a thick, is probably a
simplification with respect to the results of Bovy et al. (2012c),
who found that the thick disc is not distinct from the thin disc, but
rather the Galactic thick stellar disc is a continuum of decreas-
ing scale heights with decreasing α-abundances. In our models,
we are discretizing, and representing by means of a unique com-
ponent, a thick disc whose properties, and in particular the scale
height, may vary more continuously with the chemistry. We con-
sider this a first approximation before moving to more complex
models.

With this choice of parameters, at the solar vicinity, the
thin and thick disc volume densities are respectively 6.63 ×
107 M�/kpc3 and 1.50 × 107 M�/kpc3 and their corresponding
surface densities 3.32 × 107 M�/kpc2 and 2.51 × 107 M�/kpc2.
The corresponding total volume and surface densities are re-
spectively 0.08 M�/pc3 and 58.3 M�/pc2, in good or reason-
able agreement with the recent estimates of the baryonic (gas
and stars) density from McKee al. (2015) (0.084 ± 0.04 M�/pc3

and 47 ± 3 M�/pc2). These values are also in agreement with
the baryonic (gas and stars) volume and surface densities at the
solar vicinity (e.g. Flynn et al. 2006, their Table 2). Because our
models do not contain any gaseous disc, we take into account its
mass and corresponding density in the stellar discs. Figure 3 (top
panel) shows the total rotation curve of Model I, together with
the contribution of all the different components to it.

2.3. Model II

Model II consists of a spherical dark matter halo Φhalo(r),
with the same functional form adopted in the Allen & Santillan
(1991) model (Eq. (4)), but more massive, and two disc com-
ponents (a thin and a thick disc) both described by Miyamoto
& Nagai potentials, as for Model I. Differently from Model I
and from Model A&S, this model does not include any central
spheroid, that is, this is a bulge-less model whose total potential
is the sum of three components only:

Φtot(R, z) = Φthin(R, z) + Φthick(R, z) + Φhalo(r). (9)

The total stellar disc mass (at infinity) is equal to 7.6 × 1010 M�,
the corresponding exponential scale lengths of the discs, found
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Fig. 1. From top to bottom, first panel: total radial surface density (solid
black curve), thin disc surface density (dashed blue curve), and thick
disc surface density (dotted red curve) of Model I. For each curve, the
shaded area shows the exponential fit to the curve, in the distance range
of 3–9 kpc. The corresponding exponential disc scale lengths of the
total, thin, and thick discs are reported in the plot. Densities and dis-
tances are in model units. Second panel: residuals of the exponential
fit to the density curves in the 3–9 kpc radial range. Third panel: total
vertical volume density (solid black curve), thin disc volume density
(dashed blue curve), and thick disc volume density (dotted red curve)
of Model I. The black shaded line shows the two-exponential fit to the
curve, as given in the legend, in the z range of 0–3 kpc. The blue and
red shaded lines show the contribution of the exponential thin and thick
discs, respectively, to the total vertical density. Bottom panel: residuals
of the two exponentials fit to the total vertical density in the 0–3 kpc
z-range. The residuals in this and in the second panel are defined as the
difference between the densities and the fit functions, both expressed in
logarithmic scale.
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Fig. 2. Same as in Fig. 1, but for Model II.

by fitting the radial surface density profiles in the radial range
3 kpc ≤ R ≤ 9 kpc, are compatible with those given by
Bensby et al. (2011), Bovy et al. (2012a), that is, ∼2 kpc for the
thick disc and ∼3.6 kpc for the thin disc (see Fig. 2, top panel).
For the characteristic heights of the thin and thick discs we have,
again, adopted bthin = 0.25 kpc and bthick = 0.8 kpc, respectively.
The corresponding exponential scale heights, found by fitting to
the total vertical density profile at the solar radius in the z-range
of 0–3 kpc, are zd,thin = 0.2 kpc and zd,thick = 0.7 kpc, respec-
tively (see Fig. 2). As for Model I, also in this case the residuals
of the radial and vertical fits never exceed 0.05 (see Fig. 2, sec-
ond and fourth panels), implying differences between the mod-
elled densities and exponential distributions of less than 10%,
in the spatial range explored. With this choice of parameters, at
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Fig. 3. Top panel: total rotation curve of Model I (black line). The con-
tribution to the total rotation curve of the bulge, thin disc, thick disc,
and dark matter halo are indicated by the solid green, dashed blue, dot-
ted red, and dot-dashed grey curves, respectively. Velocities are in units
of km s−1, distances in kpc. Bottom panel: same as in the top panel, but
for Model II.

the solar vicinity, the thin and thick disc volume densities are
respectively 6.11 × 107 M�/kpc3 and 1.22 × 107 M�/kpc3, and
their corresponding surface densities are 3.06 × 107 M�/kpc2

and 2.09 × 107 M�/kpc2 (corresponding to 0.073 M�/pc3 and
51.5 M�/pc2, also in good agreement with the estimates of
McKee al. 2015).

In Fig. 2, the surface and vertical densities of the thin disc,
thick disc, and total (=thin+thick) disc for this model are shown.
The resulting rotation curve is shown in Fig. 3. As for Mod-
els A&S and I, all the parameters of Model II are summarized in
Table 1 (see Col. 2).

The resulting edge-on stellar density maps and total gravita-
tional potential of Model I, Model II, and Model A&S are given
in Figs. 4 and 5. From Fig. 4, one can see that, as expected,
the thickness of the stellar distribution increases when a massive
thick disc is added to the mass distribution, and that the gravi-
tational potential of Models I and A&S are very similar at large
radii, while that of Model II is systematically deeper than the
two other models. As we will discuss in the following, this has
an impact on the orbital characteristics of stars and star clusters
reaching large apocentres.

A66, page 5 of 20

http://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361/201527346&pdf_id=2
http://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361/201527346&pdf_id=3


A&A 598, A66 (2017)

20 15 10 5 0 5 10 15 20
x

20

15

10

5

0

5

10

15

20

z

-4.0

-4.0

-3.0

-3.0

-2.0

-2.0

-1.0 -1.00.0
1.0

Model I

5

4

3

2

1

0

1

2

3

St
el

la
r d

en
si

ty

20 15 10 5 0 5 10 15 20
x

20

15

10

5

0

5

10

15

20

z

-4.0

-4.0

-3.0

-3.0

-2.0

-2.0

-1.0 -1.00.01.0

Model II

5

4

3

2

1

0

1

2

3

St
el

la
r d

en
si

ty

20 15 10 5 0 5 10 15 20
x

20

15

10

5

0

5

10

15

20

z

-5.0 -5.0

-5.0 -5.0

-4.0

-4.0

-3.0

-3.0

-2.0
-2.0

-1.0
-1.00.01.0

A&S

5

4

3

2

1

0

1

2

3

St
el

la
r d

en
si

ty

Fig. 4. Stellar density maps projected into the x − z plane, for Model I
(top panel), and Model II (middle panel). For comparison, the corre-
sponding density map of Model A&S is also shown. Densities are in
units of 2.3 × 107 M�/kpc2, distances in kpc. Densities are in logarith-
mic scale.
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Model I (top panel), and Model II (middle panel). For comparison, the
corresponding density map of Model A&S is also shown. Energies are
in units of 100 km2/s2, distances in kpc.
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2.4. Concerning the use of Miyamoto-Nagai density profiles
to model the Milky Way disc(s)

Estimates of the density profiles, scale length and scale height
of the Milky Way disc(s) are currently available in a range from
about 3 to 9–10 kpc in radius and up to 3–5 kpc from the plane, in
the vertical direction. The most recent estimates come from spec-
troscopic surveys like SEGUE and APOGEE, and in particular
from the works of Bovy and collaborators (Bovy et al. 2012a,b,c,
2016). The picture emerging from these works is complex. In a
first approximation, the thick disc (defined as the α-enhanced
stellar disc) has a scale length of ∼2 kpc, while the thin disc (de-
fined as the low-α stellar disc) has a scale length of about 3.6 kpc
(see Bovy et al. 2012a, 2016). These estimates are in agreement
with those derived by Bensby et al. (2011) using a much smaller
sample of stars in the inner and outer Galactic disc. As shown
in Figs. 1 and 2, in the same radial range as that covered by the
observations, a Miyamoto-Nagai density profile can be fitted by
an exponential with a scale length compatible with observations
(the uncertainties in the scale lengths derived from observational
data are of about 10%, see Table 2 in Bovy et al. 2012a). In this
radial range, the differences between the fitted exponential and
the Miyamoto-Nagai density profile correspond to differences in
densities smaller than 10%, thus smaller than the current uncer-
tainties in the estimates of the Galactic disc surface densities. As
an example, Flynn et al. (2006) report uncertainties in the esti-
mates of stellar surface densities at the solar vicinity of 10–15%.
Thus, in the radial range covered by current observations, it is
not possible to make the difference between the two profiles –
a Miyamoto-Nagai profile, as adopted in this work, and an ex-
ponential profile, as adopted for example by Dehnen & Binney
(1998) – because the uncertainties in the surface density esti-
mates and in the scale lengths are still too large to disentangle
between those two profiles.

Looking deeper into the results of Bovy et al. (2012a), the
situation is even more complex: the stellar disc cannot be rep-
resented by two single exponentials – one for the thin and one
for the thick disc – but it is rather made of “mono-abundance”
populations, with different scale lengths. Among the low-α pop-
ulation – which classically corresponds to the thin disc – sev-
eral mono-abundance populations can be identified, with scale
lengths varying from ∼1.8 kpc to more than 4 kpc (Fig. 5 in
Bovy et al. 2012a). It is difficult to reconcile this finding with a
single exponential fit in the radial direction for the whole stellar
disc, especially because the populations with large scale length
(i.e. greater than 4 kpc) constitute a not negligible fraction of
the surface density at the solar vicinity (about 10–20%, as eval-
uated from the metallicity distribution function of stars at the
solar vicinity). Uncertainties are still too large to predict the fall-
off of the stellar density with radius, but Bovy et al.’s findings
may suggest that the fall-off of the Galactic disc at large radii is
more complex than that expected from a single exponential law.

In the vertical direction, the choice to model the disc with
two Miyamoto-Nagai density profiles does a good job in the ver-
tical range where data are available (see Figs. 1 and 2). When
the total vertical density profile is fitted with two exponentials –
one representing the thin disc, the second representing the thick
disc – the recovered scale heights are in good agreement with
observations (again, we refer to Bovy et al. 2012a, for a com-
parison). Observational data may suggest an even more complex
scenario for the vertical profile of thin and thick disc populations.
Citing once again the work of Bovy et al. (2012a), they point out
that their α-poor and α-enhanced populations are, both, statis-
tically better fitted by two exponentials in the vertical direction

rather than one, with one of the two dominating in mass. Thus,
also in the vertical direction the density profile of the thin and of
the thick discs may be more complex than a single exponential.
Unfortunately, the SEGUE sample is not large enough to under-
stand whether this effect is true, or whether it is affected by small
statistics or by the abundance resolution of the survey.

Finally, it is worth remembering here that even for exter-
nal galaxies, the fall-off of the stellar disc light is not always
that of a single exponential. A not negligible fraction of galax-
ies exist with so called anti-truncated profiles (Erwin et al. 2005;
Maltby et al. 2012; Eliche-Moral et al. 2015). One of the main
questions of the Galactic structure, that will be possible to ad-
dress in the near future with Gaia and follow-up spectroscopic
surveys, is indeed the nature of its stellar disc and its behaviour
at large radii.

2.5. Comparing to observational data

We have seen in the previous section that Models I and II have,
by construction, a number of characteristics compatible with es-
timates available for the Milky Way disc: total stellar disc mass,
thin and thick disc scale lengths and heights, and baryon den-
sity as measured at the solar vicinity. In this section we discuss
more in detail two other observational constraints: the agreement
of the models with the Galactic rotation curve(s) and with the
estimates of the perpendicular force in the inner disc, as mea-
sured by Bovy & Rix (2013) from APOGEE data. We reiterate
that our objective is not to provide a best fit model, but to assess
the effect of a thick disc and the uncertainties on the rotation
curve of the Milky Way on the orbits computed in a widely used
potential. This last point is justified by the present state of con-
fusion regarding the rotation curve, with systematic differences
that largely exceed the error bars, as illustrated in Fig. 6.

2.5.1. Rotation curves

Model I can well reproduce the shape of the Galactic rotation
curve, as given by Sofue (2012; see Fig. 6, upper panel): the
rise of the rotation curve in the inner few kpcs is well repro-
duced by adding a centrally concentrated, classical bulge, whose
impact on the total rotation curve decreases very rapidly out-
side the inner 2–3 kpc. From Fig. 6 (upper panel), one can also
see how similar the recovered rotation curve of Model I is to
that proposed by Allen & Santillan (1991). At the solar radius
(assumed to be at R = 8.5 kpc, as in Allen & Santillan 1991),
Model I predicts a circular velocity of 221.4, very similar to that
of the A&S model at the same radius, which is 219.9 km s−1.

With a classical bulge mass set to zero, and a more mas-
sive dark matter halo, Model II is in better agreement with the
observational data of the rotation curve derived by Reid et al.
(2014). With respect to Model A&S, Model II lacks the central
rise of the rotational velocity curve, whose physical significance
has been also recently questioned by Chemin et al. (2015), and
predicts a larger circular velocity (230.0 km s−1) at the solar ra-
dius (Fig. 6, lower panel). Outside the inner regions (R > 2 kpc)
both Models I and II are bracketed by the two observed rotation
curves.

2.5.2. The perpendicular force in the inner disc

Figure 7 shows the predicted perpendicular force, Kz, at a ver-
tical distance from the plane of 1.1 kpc., in the region between
4 and 10 kpc, for both Models I and II. For completeness, the
corresponding profile of the Allen & Santillan (1991) model is
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Fig. 6. Upper panel: total rotation curve of Model I in the inner 20 kpc
(black curve) compared to the CO/HI data by Sofue (2012; cyan points).
For comparison, the rotation curve predicted by the Allen & Santillan
(1991) model is also shown (grey curve). Lower panel: total rotation
curve of Model II (black curve), compared to the Galactic rotation curve
obtained with VLBI observations of maser sources by Reid et al. (2014;
cyan points). The Allen & Santillan (1991) rotation curve is shown for
comparison (grey curve). Models I and II are well bracketed by the two
observed rotation curves.

also given. These curves are compared to the values derived by
Bovy & Rix (2013) for the inner disc, at |z| = 1.1 kpc, with
APOGEE. As can be seen, the match between models’ predic-
tions and data is very good for all the radial extent covered by
the data.

3. Orbit integration

3.1. Numerical method

We integrated in these two new mass models the orbits of a thou-
sand stars at the solar vicinity from the Adibekyan et al. (2012)
sample, and the orbits of all the Galactic globular clusters with
available positions and 3D velocities in the main catalogue of
Casetti-Dinescu1. With this selection, we have the opportunity
to have a limited but still representative sample of orbits of

1 See http://www.astro.yale.edu/dana/gl_2012_J2000.cat1
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Fig. 7. Absolute value of the perpendicular force Kz as a function of the
Galactic distance R at a vertical distance |z| = 1.1 kpc from the Galactic
plane: Model I (blue curve), Model II (red curve), Model A&S (grey
curve). The Kz distribution at |z| = 1.1 kpc, as derived by APOGEE data
(Bovy & Rix 2013), is shown for comparison (cyan points).

stars and stellar systems in the Galaxy, associated mainly to the
thin and thick discs. Some halo stars are also present. To inte-
grate the orbits, first of all we need to transform equatorial co-
ordinates, parallaxes, heliocentric radial velocities, and proper
motions in a Cartesian Galactocentric inertial reference frame,
where the x-axis coincides with the Sun-Galaxy centre direc-
tion and is positive towards the centre, the y-axis is oriented
parallel to the motion of the Local Standard of Rest (LSR) in
the disc, and the z-axis is positive towards the North Galactic
pole. In this coordinate system, the position of the Sun is (x�,
y�, z�) = (−8.5, 0., 0.). To make the transformation, we have
adopted the formulas in Johnson & Soderblom (1987), with co-
ordinates defined at J2000.0 epoch. For each model we have as-
sumed the velocity of the local standard of rest to be given by
the value of the rotation curve at R� = 8.5 kpc. For Model I
this choice gives VLSR = 221.4 km s−1 and for Model II this
corresponds to a slightly higher velocity, VLSR = 230.0 km s−1.
For the solar motion with respect to the LSR, we have adopted
the values given by Schonrich et al. (2010): U� = 11.10 km s−1,
V� = 12.24 km s−1, and W� = 7.25 km s−1. Having defined the
coordinate system, as well as the initial positions and velocities
of all stars and globular clusters with respect to it, we have inte-
grated the orbits forward in time for 7 Gyr, by using a leap-frog
algorithm (see for example Heggie & Hut 2003) with a constant
time step of 0.1 Myr. Using this time step, we obtain a very good
energy conservation for all the integrated orbits, the average er-
ror in energy and angular momentum (that is ∆E/E and ∆L/L)
is, respectively, of the order of 10−6 and 10−16 for stars, and 10−5

and 10−16 for globular clusters. The fact that the error in energy
conservation is in general higher for globular clusters than so-
lar vicinity stars is probably associated to the former larger ec-
centricities, and consequently larger variations in the range of
accelerations that they experience.

3.2. Orbits of thin and thick disc stars at the solar vicinity:
the Adibekyan et al. (2012) sample

The orbits of a subsample of about one hundred stars ex-
tracted randomly from the Adibekyan sample, projected on the
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Fig. 8. Comparison of the orbits of Adibekyan et al. (2012) stars pro-
jected in the R − z plane for Model I (top panel), Model II (middle
panel), and Model A&S (bottom panel). Only one out of ten stars of
those in the Adibekyan et al. (2012) sample is shown. Different colours
correspond to different stars.

meridional plane R − z, are shown in Fig. 8. As evident from the
plot, the sample contains thin and thick disc stars whose orbits
span a range of characteristics: some stars have orbits confined in
the Galactic plane, with very small excursions from the solar ra-
dius (low eccentricities, thin disc orbits), while some other stars
have orbits still confined in the Galactic plane, but with larger ra-
dial excursions, leading them to reach larger distances from the
Sun (high eccentricity, thin disc orbits). Finally, thick disc stars
are in general characterized by mild to high eccentric orbits with
moderate to large vertical excursions from the Galactic plane.
From this plot, one can already note some differences between
the appearance of the orbits in the three models: in Models I and
II some orbits appear to be thicker (i.e. larger vertical excursions)
than the corresponding orbits in Model A&S; moreover Model II
shows outer thin disc orbits which are slightly less elongated
than the corresponding orbits in Models I and A&S. This last
trend is particularly evident for stars reaching larger apogalac-
tica (Rmax > 20), as we will comment in the following part of
this section.

A quantitative comparison between the orbital characteris-
tics recovered in Models I, II, and A&S is made in Fig. 9,
where the pericentres Rmin, apocentres Rmax, maximal verti-
cal distances from the plane zmax, 2D eccentricities2, num-
ber of disc crossings, and period of vertical oscillations are
shown and compared to those predicted when integrating in the
Allen & Santillan (1991) model. While the values of pericentres
are very similar in the three models, one can see that some dif-
ferences appear in the apocentres of stars, Rmax, with Model II

2 The 2D eccentricity is defined as ecc2D = (Rmax−Rmin)/(Rmax+Rmin).

predicting apocentres up to 36% smaller than those recovered by
the Allen & Santillan (1991) model. The largest differences are
found for stars with large apogalactica (Rmax > 15 kpc), such
as HIP 71979, HIP 87062, HIP 34285, and HIP 74234. This be-
haviour is a consequence of the deeper gravitational potential of
Model II, compared to Models I and A&S: at large radii, Fig. 5
indeed shows that Model II has a deeper potential well than that
of the two other models, with the consequence that stars are more
bound. This is also visible in the maximum vertical heights, zmax,
reached by their orbits: stars whose zmax is greater than 5 kpc
in Model A&S, never reach vertical distances from the plane
greater than 5 kpc in Model II. Among those stars are HIP 34285,
HIP 63918, HIP 80837, HIP 100568, and HIP 116285. This is,
again, a consequence of the presence of a more massive dark
matter halo in Model II, with respect to Models I and A&S.

For stars whose vertical excursion is closer to the Galactic
plane, the inclusion of a (massive) thick disc tends to increase the
value of zmax: Models I and II can indeed lead to maximum verti-
cal heights up to 60% higher than that predicted by Model A&S
(Fig. 9, middle left panel). This is because in the A&S model,
having no thick disc, all the disc mass is more concentrated to-
wards the Galactic plane, increasing the restoring force at small
heights (see Fig. 7). Because of the larger vertical excursions in
Models I and II, the period of vertical oscillations of those stars
in general increases, and as a consequence, the number of disc
crossings decreases. No significant differences are found in the
2D eccentricities predicted by the different models.

Finally, Fig. 10 shows the comparison between Models I
and II, by showing the differences ∆ between the orbital char-
acteristics of Models I and II. For each quantity (i.e. pericentre,
apocentre, maximum vertical distance from the plane, etc.) ∆ is
defined as the difference between the value attained by this quan-
tity in Model II minus the corresponding value for Model I, all
normalized to Model I. One sees that for most of the parame-
ters, there is no significant difference between the two models,
except for: (1) the pericentre distances Rmin, where the relative
difference between Models I and II can be as high as 50% for
stars with pericentres in the innermost regions of the Galaxy
(R < 2 kpc); (2) the apocentres found by integrating the orbits
of stars in Models I and II can differ by more than 10% for stars
having large Rmax.

3.3. Orbits of Galactic globular clusters
from the Casetti-Dinescu catalogue

The vast majority of the stars in the Adibekyan et al. (2012) sam-
ple are thin and thick disc stars currently at the solar vicinity.
To sample also the halo population, and the bulge or thick disc,
we integrated all the orbits of Galactic globular clusters in the
main catalogue of Casetti-Dinescu, which contains 59 clusters.
As for the stars, also the orbits of those clusters were integrated
for 7 Gyr in the two thin and thick disc potentials (Models I
and II) and in the Allen & Santillan (1991) potential. Figure A.1
shows the comparison in the derived orbital characteristics of
the clusters in the three models (see Tables A.1–A.3 for the
corresponding values). Consistent with the evidence found for
stars, the outermost clusters – those which, in the A&S model,
reach distances beyond 20 kpc from the Galactic centre such
as NGC 1851, NGC 3201, NGC 4590, NGC 5024, NGC 5466,
NGC 5904, NGC 6205, NGC 6934, NGC 7006, NGC 7078,
NGC 7089, and Pal12 – have apocentres up to ∼30% smaller
in Model II than in A&S (see Fig. A.2), while no significant
difference is found for clusters with Rmax below 20 kpc. Orbits
in Model II are less elongated radially, but also vertically, as
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Fig. 9. Comparison of the orbital characteristics of stars of the Adibekyan et al. (2012) sample integrated in Model I (blue points) and Model II (red
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found when comparing the maximal vertical oscillations above
and below the plane: the value of zmax can be reduced by as
much as 30% for Model II compared to Model A&S. Among the
clusters which show zmax significantly smaller in Model II than
in Model A&S there are: NGC 5024, NGC 5466, NGC 5904,
NGC 6934, NGC 7006, and NGC 7089. It is also interesting to

note the presence of some clusters, like NGC 6121, NGC 6388,
and NGC 6441, NGC 6626 and NGC 6779, which have a zmax ≤

2 kpc in Model II, but greater than 2 kpc in Model A&S. Their
orbits are shown in Fig. A.3. Some of them, like NGC 6388
and NGC 6441, are bulge clusters confined in the innermost few
kpcs of the Galaxy, where they are perturbed and scattered by
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the central spheroid in Model A&S. When the central spheroid
is not present, as in the case of Model II, their vertical excur-
sions are reduced and their orbits become more disc-like. Fi-
nally, differences in the orbital properties (Rmax, zmax, ...) are re-
flected also in the number of disc crossings and in the related pe-
riod of vertical oscillations that clusters experience over time. As
shown in the bottom panels of Fig. A.1, while Model I predicts
values very similar to those of the A&S model, Model II can
depart significantly from the A&S estimates: there are clusters
like NGC 6266, NGC 6273, NGC 6293, NGC 6304, NGC 6316,
NGC 6342, NGC 6388, and NGC 6441 for which Model II pre-
dicts a number of disc crossings up to 30% less than those
found in the A&S model. These clusters are thus character-
ized by longer periods of vertical oscillations in Model II than
in Model A&S. There are also clusters, like Pal13, NGC 5466,
NGC 6934, and NGC 7006, where the situation is the opposite,
and for which Model II predicts periods of disc crossings sig-
nificantly shorter than those found in Model A&S. Finally, in
Fig. A.4 we show the comparison between the orbital parameters
of Galactic globular clusters in Models I and II. As in Fig. 10,
for each quantity (pericentre, apocentre, maximum height above
the plane), we have quantified the differences found in the two
models with the quantity ∆, defined as the difference between the
value attained by this quantity in Model II and the corresponding
value for Model I, normalized to Model I. The largest differences
between the two models are found at large radii and large heights
above the plane, where Model II predicts smaller values of Rmax
and smaller zmax, as expected from its deeper gravitational poten-
tial. Lower values of zmax are also reflected in shorter periods of
vertical oscillations for these clusters, and consequently a larger
number of disc crossings. Halo cluster orbits thus tend to be less
extended both radially and vertically in Model II than in Model I,
and consequently suffer – over a fixed time interval – more fre-
quent disc crossings.

Overall we have seen that the uncertainties that affect our
knowledge of the Galactic rotation curve are still considerable,
both in the inner few kpc of the Galaxy, and at the solar radius
and beyond (cf. Fig. 3). To quantify how a given uncertainty in
the rotation curve is reflected in the corresponding uncertainties
in the orbital parameters of globular clusters, for each cluster in
the main catalogue of Casetti-Dinescu, we have integrated its or-
bit for 7 Gyr in a potential similar to that of Model II, but with the
dark matter halo mass changed so as to generate a rotation curve
that differs from that of Model II by ±5%, ±10%, and ±20%.
In Fig. 11, we report the value of the expected uncertainties in
the pericentres Rmin, apocentres Rmax and maximal heights from
the plane zmax for all these clusters, assuming ±5%, ±10%, and
±20% offsets in the circular velocity of Model II. The uncer-
tainties are defined relatively to the parameters obtained assum-
ing the rotation curve of Model II. As can be seen, for a given
offset in the velocity curve, the largest uncertainties are found
in the values of Rmax and zmax: uncertainties as high as 30% in
these quantities can be reached with typical offsets in the rota-
tion curve of ±10%. It is thus clear that these effects need to be
taken into account for all integrations of stars and stellar systems
in the Galaxy, because they are not negligible.

4. Conclusions

Recent observational results suggest the need to reconsider the
mass budget of the stellar populations in the Milky Way and
their relative weights. In particular there is growing evidence of
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Fig. 11. From top to bottom: expected relative uncertainties in the peri-
centres Rmin, apocentres Rmax, and maximal heights from the plane zmax
for all Galactic globular clusters in the main catalogue of Casetti-
Dinescu, assuming ±5%, ±10%, and ±20% offsets in the circular ve-
locity of Model II. The uncertainties are defined relatively to the pa-
rameters obtained assuming the rotation curve of Model II.
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a massive and centrally concentrated α-enhanced thick disc in
the Galaxy, and a limited – or non existent – classical bulge.

Motivated by these findings, we have built two new mass
models for the Galaxy which include a massive and centrally
concentrated thick disc, characteristics disregarded in all mass
models proposed so far for orbits’ computation.

We have shown that:

– These mass models can satisfy a number of observational
constraints: galactic rotation curve(s), disc(s) scale lengths
and heights, baryon density at the solar vicinity, perpendicu-
lar force Kz at 1.1 kpc from the Galactic plane;

– The inclusion of a massive thick disc, the absence of a clas-
sical spheroid, and the presence of a more massive dark mat-
ter halo in one of the two models, all these changes have an
impact on the reconstructed orbits of stars and globular clus-
ters in the Milky Way. In particular, some Galactic globular
clusters show less extended orbits in Model II than what is
predicted by the Allen & Santillan (1991) model.

– When a classical bulge is not present, because of the absence
of its scattering effect, some inner clusters tend to have more
flattened, disc-like orbits.

– These changes have implications for the period of vertical
oscillations of clusters in the Galaxy, and their frequency of
disc crossings, with possible consequences for their tidal dis-
ruption times.

Overall, we find that the large uncertainties still affecting our
current knowledge of the Galactic rotation curve have a major
impact on the Galactic mass models (i.e. the presence or not of a
central spheroid, dark matter content), and on the derived orbital
properties of stars and star clusters in the Galaxy. We have seen
that, depending on the mass model adopted, for some stars and
globular clusters the differences in orbital parameters can be as
high as 30% with respect to the A&S model and can be reached
with typical offsets in the rotation curve of ±10%. These uncer-
tainties are comparable to those found when taking into account
only the current errors in the estimate of distances, proper mo-
tions, and radial velocities (see for example Dinescu et al. 1999).
Before new and more refined mass models for the Galaxy will be
developed and constrained by the new data from the Gaia mis-
sion, this suggests that those uncertainties need to be considered
for reconstructing the orbits of stars and stellar systems in the
Galaxy.
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Appendix A: Additional data

Table A.1. Orbital parameters for the 59 globular clusters considered in this study for the case of the Allen & Santillan model.

ID Rmin Rmax zmax ecc3D E Lmin Lmax Lz Pz
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)
NGC 104 5.187 7.648 3.609 0.162 −1272.930 132.576 157.815 −117.741 1.603
NGC 288 2.124 12.158 9.991 0.582 −1162.000 106.014 172.323 63.315 6.331
NGC 362 0.681 11.330 7.476 0.884 −1256.750 34.565 113.901 28.708 17.672
NGC 1851 5.540 36.756 15.131 0.718 −753.223 235.684 266.943 −215.174 6.107
NGC 1904 4.043 21.070 9.565 0.656 −964.715 160.831 201.057 −143.888 3.494
NGC 2298 2.453 17.939 14.713 0.639 −1019.120 136.613 205.487 80.379 3.546
NGC 2808 2.256 12.425 4.454 0.668 −1195.120 87.232 122.203 −84.371 1.672
NGC 3201 8.672 25.278 8.412 0.468 −862.928 287.383 307.072 270.785 2.452
NGC 4147 4.498 27.951 24.809 0.503 −822.096 286.731 334.392 136.844 4.494
NGC 4372 2.907 7.579 2.078 0.435 −1374.420 89.639 115.379 −86.411 1.747
NGC 4590 7.940 32.010 17.076 0.559 −757.453 321.932 350.639 −261.381 5.976
NGC 4833 0.271 8.882 5.612 0.941 −1411.470 15.802 85.886 −15.795 1.085
NGC 5024 4.925 37.577 36.320 0.404 −684.709 457.585 492.269 −138.614 6.769
NGC 5139 1.224 6.639 3.175 0.675 −1491.870 45.758 86.927 44.834 0.899
NGC 5272 2.794 16.792 14.228 0.556 −1030.610 154.190 217.468 −85.374 4.408
NGC 5466 0.163 61.053 63.002 0.815 −554.531 262.227 331.610 6.696 8.837
Pal 5 3.325 18.173 17.417 0.322 −946.962 247.600 295.466 −84.942 0.872
NGC 5897 0.802 9.249 8.053 0.797 −1298.390 46.079 127.600 −25.333 3.452
NGC 5904 0.530 43.739 42.673 0.939 −690.671 71.967 193.125 −23.566 11.769
NGC 5927 4.705 5.848 0.863 0.108 −1414.670 109.827 116.720 −108.637 1.745
NGC 5986 0.054 5.555 4.024 0.975 −1627.280 3.046 71.446 −3.032 8.985
NGC 6093 0.533 3.210 3.779 0.238 −1557.770 54.909 80.937 −9.619 0.763
NGC 6121 0.203 6.748 4.330 0.940 −1542.600 11.664 73.181 11.652 0.729
NGC 6144 1.121 2.597 2.644 0.214 −1661.100 45.480 63.599 20.961 0.987
NGC 6171 1.850 3.422 2.604 0.248 −1602.920 53.575 75.987 −37.698 0.739
NGC 6205 0.672 22.960 23.113 0.611 −915.090 185.159 256.360 21.505 0.741
NGC 6218 2.105 5.585 3.266 0.431 −1477.710 65.028 99.148 −52.841 0.829
NGC 6254 2.390 5.243 2.854 0.357 −1492.170 68.345 97.288 −57.577 4.936
NGC 6266 1.238 2.476 1.047 0.303 −1815.910 35.297 44.192 −33.207 1.053
NGC 6273 0.390 1.743 1.800 0.261 −1847.930 30.539 40.956 8.320 1.003
NGC 6284 6.291 10.158 3.569 0.215 −1176.730 167.234 188.475 −156.794 0.443
NGC 6287 0.020 6.189 4.622 0.992 −1580.190 1.155 75.138 1.150 0.444
NGC 6293 0.007 3.340 2.396 0.988 −1860.450 0.353 40.667 0.352 1.884
NGC 6304 1.827 3.395 0.616 0.304 −1721.480 48.265 55.085 −47.495 0.793
NGC 6316 0.304 2.471 1.259 0.720 −1922.460 13.866 24.104 13.462 0.404
NGC 6333 0.751 5.352 2.831 0.715 −1594.650 30.000 66.106 −29.304 0.453
NGC 6341 0.440 10.965 5.409 0.877 −1284.140 20.922 87.658 −20.530 0.311
NGC 6342 0.406 1.669 1.457 0.433 −1944.470 23.426 33.235 −10.723 0.693
NGC 6356 2.757 7.586 3.114 0.467 −1377.560 84.976 114.294 −77.650 1.333
NGC 6362 1.963 5.892 2.451 0.470 −1497.590 62.007 90.208 −59.612 0.342
NGC 6388 0.207 3.419 2.029 0.886 −1844.980 10.858 39.583 10.853 1.186
NGC 6397 2.895 6.674 2.553 0.377 −1413.520 85.406 111.714 −81.744 0.879
NGC 6441 0.056 3.853 2.671 0.964 −1794.370 3.061 47.847 −3.052 0.381
NGC 6584 0.712 14.117 9.371 0.897 −1162.130 37.564 121.276 −28.918 1.053
NGC 6626 0.505 3.240 2.159 0.730 −1772.420 22.370 46.540 −17.415 0.477
NGC 6656 3.020 10.023 1.984 0.532 −1280.480 101.766 122.468 −99.741 2.197
NGC 6712 0.313 6.732 3.818 0.773 −1478.880 13.999 57.884 −13.340 0.519
NGC 6723 0.161 2.115 2.656 0.144 −1681.040 43.599 56.949 −2.749 1.194
NGC 6752 4.705 5.813 1.811 0.100 −1390.930 108.623 123.510 −103.457 0.860
NGC 6779 0.532 13.245 6.948 0.921 −1217.940 29.062 104.946 29.017 0.711
NGC 6809 0.498 7.035 5.954 0.801 −1435.310 31.803 101.539 −15.078 1.051
NGC 6838 4.937 7.148 0.320 0.183 −1357.780 126.527 128.180 −126.399 1.313
NGC 6934 1.567 48.690 49.933 0.766 −629.106 263.661 327.372 61.029 1.249
NGC 7006 15.748 103.098 53.675 0.703 −349.532 682.987 698.208 −585.158 0.601
NGC 7078 5.595 20.430 15.469 0.425 −930.612 241.086 284.847 −159.915 10.387
NGC 7089 1.959 43.153 41.266 0.743 −690.596 243.589 309.707 72.553 19.008
NGC 7099 2.319 7.282 6.226 0.372 −1317.520 93.732 142.743 55.235 4.460
Pal 12 6.946 24.882 22.545 0.244 −805.656 377.298 411.862 −168.957 8.434
Pal 13 8.564 100.660 69.227 0.780 −370.875 506.007 535.811 339.931 1.691

Notes. Column 1: identifier. Column 2: pericentre (kpc). Column 3: apocentre (kpc). Column 4: maximum vertical distance from the plane
(kpc). Column 5: 3D eccentricity. Column 6: energy (100 km2/s2). Column 7: minimum value of the total angular momentum (10 km s−1 kpc−1).
Column 8: maximum value of the total angular momentum (10−1 kpc−1). Column 9: z-component of the angular momentum (10 km s−1 kpc−1).
Column 10: period of disc plane crossing (108 yr).
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Table A.2. Orbital parameters for the 59 globular clusters considered in this study for the case of Model I.

ID Rmin Rmax zmax ecc3D E Lmin Lmax Lz Pz
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)
NGC 104 4.891 7.692 3.628 0.185 −1332.350 133.933 153.830 −118.690 1.577
NGC 288 1.937 12.282 10.047 0.599 −1223.470 104.881 158.051 62.088 6.190
NGC 362 0.712 11.069 6.999 0.877 −1319.620 35.621 96.039 27.937 16.184
NGC 1851 5.509 36.435 14.964 0.716 −808.579 238.069 260.169 −217.000 6.207
NGC 1904 3.970 21.264 9.958 0.654 −1018.560 165.331 195.369 −146.195 3.555
NGC 2298 2.346 18.025 15.421 0.617 −1071.750 147.867 199.326 78.550 3.536
NGC 2808 2.103 12.871 4.537 0.710 −1245.760 86.948 116.684 −85.303 1.665
NGC 3201 8.589 25.153 8.996 0.466 −916.618 288.707 303.257 269.657 2.396
NGC 4147 4.363 27.768 24.457 0.510 −881.584 284.597 319.218 135.448 4.739
NGC 4372 2.927 7.569 2.781 0.437 −1428.840 93.659 113.223 −87.205 1.697
NGC 4590 7.920 33.633 19.889 0.549 −814.227 324.902 347.311 −262.008 5.868
NGC 4833 0.325 8.430 4.528 0.896 −1466.750 16.697 71.785 −16.493 1.155
NGC 5024 4.915 37.127 35.282 0.392 −740.378 462.513 486.733 −139.424 6.725
NGC 5139 1.135 6.658 2.859 0.685 −1552.470 44.936 75.861 44.072 0.983
NGC 5272 2.698 16.745 14.156 0.560 −1090.430 156.231 203.581 −86.378 4.295
NGC 5466 0.143 58.119 60.195 0.805 −612.915 269.379 317.664 5.959 8.554
Pal 5 3.151 18.289 17.382 0.340 −1007.750 245.946 281.831 −83.848 0.837
NGC 5897 0.756 9.096 7.945 0.759 −1367.600 50.311 116.581 −25.073 3.379
NGC 5904 0.520 42.025 40.894 0.924 −760.278 82.894 175.756 −24.049 10.973
NGC 5927 4.710 5.336 0.849 0.061 −1483.770 110.327 114.877 −108.937 1.703
NGC 5986 0.064 4.888 2.779 0.796 −1701.880 3.038 38.618 −2.915 8.517
NGC 6093 0.489 3.243 3.762 0.261 −1642.910 54.218 81.106 −9.497 0.799
NGC 6121 0.181 6.721 4.123 0.948 −1601.050 10.738 64.650 10.735 0.588
NGC 6144 1.124 2.530 2.624 0.199 −1751.850 45.222 63.392 20.959 0.933
NGC 6171 1.745 3.396 2.599 0.257 −1686.220 54.039 75.619 −38.072 0.641
NGC 6205 0.634 22.589 22.334 0.582 −974.760 198.255 248.186 20.684 0.714
NGC 6218 1.965 5.461 3.262 0.430 −1550.570 66.056 95.643 −53.464 0.787
NGC 6254 2.211 5.188 2.851 0.371 −1563.950 69.171 94.414 −58.234 4.738
NGC 6266 1.488 2.293 1.037 0.213 −1917.150 37.588 44.840 −33.464 1.003
NGC 6273 0.406 1.802 1.917 0.312 −1935.870 29.114 42.152 8.345 0.956
NGC 6284 6.237 9.589 3.471 0.188 −1243.010 166.995 182.423 −155.855 0.448
NGC 6287 0.043 4.611 4.375 0.849 −1670.110 19.041 71.063 1.253 0.468
NGC 6293 0.009 3.255 2.369 0.989 −1955.270 0.483 41.266 0.482 1.871
NGC 6304 1.794 3.252 0.613 0.289 −1816.940 48.715 53.942 −47.873 0.854
NGC 6316 0.322 2.441 1.191 0.710 −2023.730 14.187 24.473 13.725 0.402
NGC 6333 0.973 4.548 2.744 0.648 −1688.320 36.686 66.471 −29.415 0.462
NGC 6341 0.370 11.312 6.240 0.936 −1343.570 21.392 83.631 −21.386 0.312
NGC 6342 0.475 1.582 1.462 0.348 −2036.820 24.152 33.714 −10.744 0.735
NGC 6356 2.526 7.425 3.128 0.478 −1442.250 84.610 108.904 −76.755 1.160
NGC 6362 2.110 5.564 2.445 0.444 −1568.310 66.727 88.425 −59.973 0.364
NGC 6388 0.248 2.991 1.600 0.757 −1939.700 11.365 27.125 10.999 1.164
NGC 6397 2.962 6.605 2.696 0.364 −1467.650 90.502 110.854 −82.661 0.889
NGC 6441 0.049 3.684 2.681 0.968 −1886.320 2.648 48.811 −2.625 0.365
NGC 6584 0.727 13.514 10.381 0.877 −1231.180 39.076 119.952 −28.371 1.094
NGC 6626 0.532 3.228 2.087 0.717 −1862.230 22.655 45.640 −17.855 0.515
NGC 6656 2.926 9.704 2.211 0.526 −1339.690 103.146 121.602 −100.510 2.261
NGC 6712 0.297 6.824 3.224 0.841 −1558.450 13.962 56.700 −13.666 0.510
NGC 6723 0.162 2.135 2.722 0.175 −1767.850 43.078 58.134 −2.777 1.279
NGC 6752 4.379 5.708 1.796 0.121 −1456.340 109.446 121.201 −104.199 0.804
NGC 6779 0.522 13.136 6.686 0.923 −1268.600 28.499 88.693 28.413 0.704
NGC 6809 0.485 6.460 5.713 0.821 −1516.190 30.015 93.036 −15.593 1.034
NGC 6838 4.699 7.146 0.321 0.206 −1407.540 127.431 128.430 −127.302 1.435
NGC 6934 1.561 48.070 47.898 0.749 −689.816 276.812 321.123 61.110 1.186
NGC 7006 15.586 97.353 47.856 0.686 −401.967 683.780 694.245 −583.918 0.717
NGC 7078 5.583 20.096 15.358 0.408 −989.720 246.692 278.062 −160.572 9.792
NGC 7089 1.897 41.836 40.095 0.739 −751.476 244.909 292.406 72.134 17.893
NGC 7099 2.116 7.330 6.168 0.387 −1386.490 93.111 134.445 54.724 4.421
Pal 12 6.915 24.138 21.748 0.223 −867.352 378.288 402.841 −168.597 8.117
Pal 13 8.426 93.733 67.975 0.768 −422.770 508.325 528.904 338.854 1.607

Notes. Column 1: identifier. Column 2: pericentre (kpc). Column 3: apocentre (kpc). Column 4: maximum vertical distance from the plane
(kpc). Column 5: 3D eccentricity. Column 6: energy (100 km2/s2). Column 7: minimum value of the total angular momentum (10 km s−1 kpc−1).
Column 8: maximum value of the total angular momentum (10 km s−1 kpc−1). Column 9: z-component of the angular momentum (10 km s−1 kpc−1).
Column 10: period of disc plane crossing (108 yr).
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Table A.3. Orbital parameters for the 59 globular clusters considered in this study for the case of Model II.

ID Rmin Rmax zmax ecc3D E Lmin Lmax Lz Pz
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)
NGC 104 5.023 7.692 3.575 0.168 −1808.770 140.127 157.485 −124.392 1.582
NGC 288 1.605 12.242 10.195 0.642 −1696.660 95.130 149.237 54.705 4.747
NGC 362 0.636 10.439 6.909 0.857 −1807.370 30.795 102.843 23.302 11.176
NGC 1851 5.613 30.202 12.590 0.662 −1247.590 250.749 268.598 −227.976 4.795
NGC 1904 4.150 20.677 9.385 0.634 −1443.670 179.606 203.653 −160.071 3.352
NGC 2298 1.860 17.760 15.758 0.645 −1514.920 142.338 192.026 67.556 3.298
NGC 2808 2.377 12.726 4.338 0.673 −1704.850 96.665 121.597 −90.903 1.771
NGC 3201 8.504 19.075 7.141 0.353 −1415.160 283.466 295.671 262.871 2.314
NGC 4147 3.599 25.495 22.513 0.541 −1309.490 269.995 301.467 127.053 3.544
NGC 4372 3.079 7.527 2.623 0.404 −1911.060 98.051 116.033 −91.985 1.778
NGC 4590 7.832 26.565 15.940 0.464 −1270.200 331.678 349.705 −265.778 4.870
NGC 4833 0.525 8.230 2.698 0.873 −1960.220 20.964 60.670 −20.693 1.169
NGC 5024 4.844 30.144 28.821 0.306 −1151.340 479.688 498.593 −144.298 5.102
NGC 5139 1.121 6.666 2.072 0.690 −2047.190 40.284 64.485 39.487 0.953
NGC 5272 2.781 15.858 13.353 0.528 −1548.740 166.812 206.635 −92.416 3.755
NGC 5466 0.037 44.428 44.175 0.749 −1046.830 278.261 318.088 1.531 6.539
Pal 5 2.478 18.249 17.403 0.427 −1451.550 233.004 267.018 −77.264 0.822
NGC 5897 0.744 8.581 7.721 0.727 −1868.680 48.027 116.102 −23.509 3.080
NGC 5904 0.582 31.012 29.767 0.890 −1253.800 85.214 170.032 −26.953 7.564
NGC 5927 4.682 5.460 0.873 0.075 −1969.940 112.165 116.624 −110.738 1.702
NGC 5986 0.078 4.613 2.498 0.956 −2200.360 2.575 59.374 −2.210 5.755
NGC 6093 0.546 2.945 3.808 0.232 −2144.660 51.037 76.851 −8.764 0.821
NGC 6121 0.139 6.589 0.629 0.935 −2090.420 5.245 29.999 5.222 0.773
NGC 6144 1.168 2.903 2.950 0.332 −2226.820 38.681 66.707 20.944 1.029
NGC 6171 2.199 3.242 2.596 0.142 −2165.130 57.180 76.762 −40.325 0.610
NGC 6205 0.471 19.256 19.419 0.526 −1448.100 204.645 246.046 15.750 0.843
NGC 6218 2.251 5.358 3.247 0.359 −2038.320 70.408 98.626 −57.212 0.878
NGC 6254 2.475 5.183 2.776 0.319 −2051.410 72.717 96.480 −62.183 3.826
NGC 6266 1.897 2.492 1.119 0.144 −2358.080 38.686 48.538 −35.011 1.060
NGC 6273 0.414 2.937 2.520 0.728 −2310.850 12.909 55.015 8.490 0.998
NGC 6284 6.071 8.412 3.123 0.136 −1755.230 161.512 174.654 −150.210 0.537
NGC 6287 0.065 5.410 3.937 0.971 −2100.750 2.623 77.310 1.878 0.713
NGC 6293 0.062 2.758 2.281 0.954 −2349.350 1.845 49.557 1.258 1.682
NGC 6304 2.107 3.492 0.648 0.248 −2282.690 51.010 56.515 −50.145 1.023
NGC 6316 0.821 2.197 1.109 0.468 −2473.620 17.384 33.453 15.303 0.659
NGC 6333 1.020 5.505 2.905 0.668 −2101.290 35.122 74.916 −30.080 0.498
NGC 6341 0.693 10.475 5.266 0.865 −1816.880 30.635 90.249 −26.534 0.471
NGC 6342 0.702 1.885 1.697 0.478 −2438.130 16.007 37.305 −10.876 0.919
NGC 6356 2.323 7.308 3.137 0.495 −1943.110 78.837 104.605 −71.373 1.572
NGC 6362 2.304 5.462 2.452 0.385 −2057.200 69.209 91.612 −62.145 0.561
NGC 6388 0.527 2.834 1.202 0.690 −2419.160 13.047 36.096 11.877 1.163
NGC 6397 3.224 6.582 2.673 0.320 −1947.910 96.232 115.087 −88.175 0.940
NGC 6441 0.002 3.495 1.208 0.998 −2373.870 0.065 33.419 −0.061 0.498
NGC 6584 0.664 11.983 8.622 0.860 −1738.450 35.666 112.482 −25.081 1.133
NGC 6626 0.874 3.207 1.460 0.571 −2346.390 22.841 46.235 −20.501 0.500
NGC 6656 3.073 9.491 2.362 0.501 −1816.360 107.897 119.216 −105.132 2.084
NGC 6712 0.442 7.004 2.434 0.881 −2035.480 16.616 57.461 −15.629 0.569
NGC 6723 0.164 2.931 3.756 0.616 −2222.450 21.842 67.432 −2.944 1.271
NGC 6752 4.597 5.851 1.818 0.109 −1935.250 114.194 124.696 −108.665 0.893
NGC 6779 0.551 12.870 1.646 0.917 −1734.980 24.980 56.285 24.776 0.924
NGC 6809 0.630 6.396 5.000 0.765 −2011.820 28.264 92.275 −18.686 1.070
NGC 6838 4.900 7.145 0.321 0.186 −1882.290 132.866 133.747 −132.732 1.304
NGC 6934 1.562 33.946 33.209 0.657 −1179.890 278.197 314.778 61.597 1.239
NGC 7006 14.346 69.946 35.247 0.613 −762.341 681.637 690.413 −576.457 0.742
NGC 7078 5.655 16.681 12.678 0.327 −1470.520 250.219 275.201 −164.525 6.295
NGC 7089 1.749 31.256 30.015 0.678 −1228.060 239.586 280.374 69.611 11.736
NGC 7099 1.932 7.264 6.163 0.416 −1889.240 88.410 129.727 51.653 3.531
Pal 12 6.870 18.631 16.803 0.100 −1324.790 374.303 393.486 −166.429 5.687
Pal 13 7.584 65.879 51.527 0.709 −796.896 508.846 525.906 332.374 1.563

Notes. Column 1: identifier. Column 2: pericentre (kpc). Column 3: apocentre (kpc). Column 4: maximum vertical distance from the plane (kpc).
Column 5: 3D eccentricity. Column 6: energy (100 km2/s2). Column 7: minimum value of the total angular momentum (10 km s−1 kpc−1). Col-
umn 8: maximum value of the total angular momentum (10 km s−1 kpc−1). Column 9: z-component of the angular momentum (10 km s−1 kpc−1).
Column 10: period of disc plane crossing (108 yr).
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Fig. A.1. Comparison of the orbital characteristics of Galactic globular clusters integrated in Model I (blue points) and Model II (red points) versus
the Allen & Santillan (1991) model. From top-left to bottom-right: pericentres Rmin, apocentres Rmax, maximum vertical distance from the plane
zmax, period of vertical oscillations, and 3D eccentricities are given. The insets in some of the plots show a zoom in the inner regions. In all the
plots, distances are in kpc, time in units of 108 yr.
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Fig. A.2. Projections in the x−y and in the R−z planes of the orbits of the Galactic globular clusters NGC 1851, NGC 3201, NGC 4590, NGC 5024,
NGC 5466, NGC 5904, NGC 6205, NGC 6934, NGC 7006, NGC 7078, NGC 7089, and Pal 12. In each plot, the black curve corresponds to the
orbit predicted by Model A&S, the red curve to that predicted by Model II, as indicated in the legend, and the yellow diamond indicates the current
position of the cluster.
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Fig. A.3. Projections in the x − y and in the R − z planes of the orbits of the Galactic globular clusters NGC 6121, NGC 6388, NGC 6441,
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Fig. A.4. Comparison of the orbital characteristics of Galactic globular clusters integrated in Model I versus Model II. From top-left to bottom-
right: pericentres Rmin, apocentres Rmax, maximum vertical distance from the plane zmax, period of vertical oscillations, and 3D eccentricities are
given. The insets in some of the plots show a zoom in the inner regions. In all the plots, the y-axis shows the difference between Model II and
Model I, relative to Model I. Distances are in kpc, time in units of 108 yr.
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