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ABSTRACT

The physics of the outer layers of a star are not well understood but these layers make a major contribution to the large separation. We
quantify this using stellar models and show that the contribution ranges from 6% from the outer 0.1% of the radius to 30% from the
outer 5%; it would therefore be inconsistent to impose the large separation as a constraint on surface layer independent model fitting.
The mass and luminosity are independent of the outer layers and can be used as constraints, the mass being determined from binarity
or from surface gravity and radius. The radius can be used as a constraint but with enhanced error estimates. Using stellar models we
show that the errors in estimating mass from the scaling relation between mass, radius and large separation can be up to 30%, and that
the errors are not reduced on using the asymptotic value of the large separation estimated by extrapolation to high frequencies.
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1. Introduction

The average large separation ∆ of a set of frequencies νn`
defined as

∆ = 〈νn+1,` − νn,`〉 (1)

is widely used when seeking to infer the properties of an ob-
served star, where 〈. . . 〉 is some averaging procedure. There is
no unanimity on the averaging procedure which may be over all
observed frequencies, over a subset of those frequencies around
the peak of oscillation power νmax, or by the autocorrelation of
the observed time series; the values obtained depend on the av-
eraging procedure but are usually within 1% of each other.

The average large separation is frequently used in model fit-
ting where one seeks a model whose frequencies, or combina-
tions of frequencies, match those of the observed star. There are
two approaches to model fitting: one is seek to match the fre-
quencies (possibly incorporating a surface offset derived by a
linear scaling of the solar value, Kjeldsen et al. 2008); the sec-
ond recognises that our modelling of the outer layers of a star
is subject to many uncertainties (cf. Christensen-Dalsgaard et al.
1988; Dziembowski et al. 1988) and therefore seeks to match
functions of the frequencies which are (almost) independent of
the structure of the outer layers of a star, the most popular being
the ratio of small to large separations (Roxburgh & Vorontsov
2003, 2013).

When implementing model fitting procedures it is usual to
impose some global constraints on the models such as mass, lu-
minosity, effective temperature, surface gravity, radius, compo-
sition, and the average value of the large separation ∆. In Sects. 2
and 3 below we show that the outer layers of a star make a major
contribution to the value of the large separation so that, since the
objective of surface-layer independent model fitting is to sub-
tract out the effect of the outer layers of the star, it is inconsistent

to constrain surface layer independent model fitting by requiring
that the model has the observed large separation.

A second use of the average large separation ∆ is to obtain
an estimate of the mass M of a star from ∆ and its radius R using
a scaling relation which we write in the form

M
M�

= λ

(
∆

∆�

)2 (
R
R�

)3

, (2)

where ∆� (≈135 µHz) is the solar value (cf. Huber et al. 2011).
It is customary to take λ = 1 but in general this is not valid as
it depends on the dimensionless structure of the star and is the
source of the error in using the relation with λ = 1. It has been
argued by Mosser et al. (2013) that were one to extrapolate from
the observed ∆ to its asymptotic value ∆T = 1/(2T ), T being the
acoustic radius, then one can use this relation with λ = 1. Quite
apart from the difficulties in such an extrapolation (cf. Hekker
et al. 2013), we show in Sect. 5 that the uncertainties on using
∆T are as large as those from using the observed value of ∆.

2. The contribution of the outer layers to the large
separation – simple analysis

We first consider a simplified analysis based on the first order
asymptotic approximation where the oscillation frequencies sat-
isfy the equation (Vandakurov 1967; Tassoul 1980)

νn,` = ∆T (n+`/2+ ε), where ∆T =
1

2T
and T =

∫ Ra

0

dr
c(r)

(3)

is the acoustic radius of the star, Ra is the radius of the top of the
atmosphere, c the sound speed and ε is a constant. Since c(r) is
smallest in the outer layers the contribution of these layers to T
and hence to ∆T is significant, uncertainties in the structure of
the outer layers producing significant uncertainty in ∆T .
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Table 1. Contribution δ∆ to ∆T versus x f (M = 1.10 M�).

x f 0.0 0.50 0.90 0.95 0.97 0.99 0.995 0.999
δ∆ (µHz) 119.6 91.16 45.4 33.5 26.4 15.7 10.7 4.4

To quantify this we separate T into its contribution t f from
the interior of the star below the radial distance r f , and τ f the
contribution from the outer layers above r f :

T = t f + τ f , t f =

∫ r f

0

dr
c(r)

, τ f =

∫ Ra

r f

dr
c(r)
· (4)

On multiplying the definition of ∆T in Eq. (3) by 2T∆T we have

∆T = 2 (t f + τ f ) ∆2
T , (5)

so the contribution to ∆T from the outer layers above the frac-
tional radius x f = r f /R is δ∆ = 2τ f ∆

2
T .

In Table 1 we show the contribution δ∆ (in µHz) from the
layers above x f for a model main sequence star (Model A) of
1.10 M�, initial composition X = 0.72,Z = 0.02 evolved to
a central hydrogen abundance Xc = 0.25; with the top of the
atmosphere at an optical depth of 10−3 this has an an acoustic
radius of t = 4181 s and hence a ∆T = 119.6 µHz. As can be
seen from Table 1, just the outer 0.1% of the star contributes 4%
to ∆T and the outer 5% contributes 30%, so errors in modelling
the outer layers can produce a substantial change in ∆T , much
greater than the error estimates on the mean large separation of
typical frequency sets obtained by the CoRoT or Kepler missions
which are typically 0.1−0.4 µHz (cf. Creevey et al. 2013).

3. Full analysis

The first order asymptotic relation (Eq. (2)) is, in general, a
poor approximation and the mean large separation ∆ around
the peak of p-mode power, νmax, differs from the value given
by the acoustic radius ∆T . For the 1.10 M� stellar model ∆ ≈
117.0 µHz, whereas ∆T = 119.6 µHz. We therefore use a full
non-asymptotic analysis to further study the effect of uncertain-
ties in the outer layers, replacing the asymptotic relation (3) by
the expression

νn,` = ∆ (n + `/2 + εn`), (6)

where ∆ is now an average large separation around νmax and the
phase shifts εn`(νn,`) are defined by this relation once the value
of ∆ has been specified.

As shown by Roxburgh & Vorontsov (2000, 2003),
Roxburgh (2009), on matching the solution of the oscillation
equations integrated away from the centre with the solution inte-
grated in from the surface at any intermediate acoustic radius t,
the eigenfrequencies of a star satisfy the equation

2πTν = π[n + `/2] + α`(ν, t) − δ`(ν, t), (7)

where again T is the total acoustic radius star (from the centre to
the top of the atmosphere r = Ra). This equation is identical in
form to Eq. (6), but with ∆ = 1/(2T ) and εn` = (α` − δ`)/π.

Here δ`(ν, t), α`(ν, t) are inner and outer phase shifts defined
by the equations

2πνψ
dψ/dt

= tan[2πνt − `π/2 + δ`(ν, t)] t ≤ t f , (8a)

2πνψ
dψ/dτ

= tan[2πντ − α`(ν, τ]] t ≥ t f , (8b)

Fig. 1. Echelle diagram of the frequencies of model A, a main sequence
star of mass 1.10 M� with central hydrogen abundance Xc = 0.25.

Fig. 2. Phase shifts δ`(ν) and α`(ν) for Model A and modes of degree
` = 0, 1, 2. Note that the α`(ν) all lie on the same curve.

where ψ = rp′/(ρc)1/2 with p′(r) the Eulerian pressure perturba-
tion, t the acoustic radius at r, and τ = T − t the acoustic depth.
For modes of degree ` = 0, 1, where the fourth order system of
oscillation equation collapse to second order (cf. Takata 2005;
Roxburgh 2006, 2008a), the α`(ν, τ f ) at any acoustic radius t f
are determined solely by the structure of the layers above t f , and
δ`(ν, t f ) at any t f are determined solely by the structure interior
to t f . This is also a very good approximation for modes of degree
` = 2, 3 provided t f is taken in the outer layers where the density
is small.

To demonstrate this we again use the model of a 1.10 M�
main sequence star (ModelA) , whose frequencies for ` = 0, 1, 2
are shown in Fig. 1 in a traditional echelle diagram. Figure 2
shows the α`(ν) and δ`(ν) for this model at a fitting radius t f ,
corresponding to a fractional radius x f = r f /R = 0.95. The re-
sult that, to high accuracy, all the α`(ν) lie on the same curve
independent of ` is the basis of surface layer independent model
fitting techniques such as comparing separation ratios.

The phase shifts α`(ν, t), δ`(ν, t) can be evaluated for any
acoustic radius t f and any frequency ν, but for an eigenfre-
quency ψ and dψ/dt must be continuous. On equating Eqs. (8a)
and (8b) at t f we obtain (as in Eq. (7))

2πνn` (t f + τ f ) − `π/2 + δ`(νn`, t f ) − α`(νn`, t f ) = nπ, (9)

where we have used the trivial result that A + B = nπ when
tan(A + B) = 0, for integer n.
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Fig. 3. Contribution δ∆ of the outer layers to the large separations ∆n0
for different depths, for a stellar model of 1.10 M� with ∆ ∼ 117 µHz.
Rp is the photospheric radius.

Subtracting this equation from the corresponding equation
for n + 1 we obtain after some manipulation

1
∆n`

=

[(
2t f +

1
π

∂δ`
∂ν

)
i
+

(
2τ f −

1
π

∂α`
∂ν

)
o

]
, (10)

where

∂δ`
∂ν
≡
δ`(νn+1,`) − δ`(νn,`)

νn+1,` − νn,`

∂α`
∂ν
≡
α`(νn+1,`) − α`(νn,`)

νn+1,` − νn,`
· (11)

The first term in brackets with subscript i in Eq. (10) is deter-
mined solely by the structure interior to the fitting point t f and
the second term with subscript o is determined solely by the
structure exterior to t f . On multiplying Eq. (10) by ∆2

n` we de-
duce that the contribution of the outer layers to ∆n` is

δ∆n`(t f ) =

(
2τ f −

1
π

∂α`
∂ν

)
∆2

n`. (12)

Figure 3 shows δ∆ for modes ` = 0 and n = 14, 27, and for
different depths, in terms of the fractional radii x f = r/Rp =
0.95, 0.97, 0.99, 0.995, 0.999. Here the outer 0.1% of the radius
contributes 7% to ∆ and the outer 5% contributes 30%, in broad
agreement with the results of the simple analysis in Sect. 2. So
inaccuracies in the modelling of the outer layers can have a large
effect on the value of ∆.

These results apply equally to more evolved stars. To show
this we undertook the same analysis for Model B, a highly
evolved post main sequence star of mass 1.15 M� with initial
composition X = 0.72, Z = 0.015 in the shell burning phase
moving over to the red giant branch. The model has many mixed
modes as can be seen in the echelle diagram (Fig. 4). The phase
shifts are shown in Fig. 5: the inner phase shifts δn` for ` = 1, 2
no longer lie on smooth curves but the outer phase shifts αn` still
all lie on a single curve for all `. In Fig. 6 we give the contri-
bution of the outer layers to the large separation ∆ for 14 ` = 0
modes with n = 9, 22, as a function of fractional radius x f . Here
the outer 0.1% of the radius contributes 6.5% to ∆ and the outer
5% some 32%, more or less the same as for Model A.

4. Global constraints on surface layer independent
model fitting

The above analysis demonstrates that the even small differences
in the structure of the outer layers of a star can make a significant

Fig. 4. Echelle diagram of the frequencies of model B, a 1.15 M� post
main sequence model in the shell burning phase – the model has many
mixed modes for both ` = 1 and ` = 2.

Fig. 5. Inner phase shifts δ`(ν) and outer phase shifts α`(ν) for Model B
and modes of degree ` = 0, 1, 2. Note that the α`(ν) (in green) still all
lie on a single curve.

Fig. 6. Contribution δ∆ of the outer layers to the large separations ∆n0
for different depths, for Model B with ∆ ∼ 48 µHz. Rp is the photo-
spheric radius.

difference to the value of the large separation ∆. When using sur-
face layer independent model fitting (separation ratios or phase
matching), one is seeking to subtract out the effect of the outer
layers so it is inconsistent to constrain the search by requiring
the model fit the observed large separation.
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Fig. 7. HR diagram of the main sequence stellar models used in the
analysis. The reference model, indicated by the large dot, has Mo =
1 M�, R = 1.004 R�, Z = 0.020, α = 1.6 and ∆o = 135.8 µHz.

One can ask what global constraints should one impose. The
two obvious global constraints are the mass M and luminos-
ity L, since these are essentially determined solely by the inner
structure of the star. The luminosity L can be estimated from
parallax and either magnitude or bolometric flux. The mass M
may be determined dynamically for stars in binary systems
(e.g. α Cen A&B), or from spectroscopically determined surface
gravity g, and surface radius R estimated either from interferom-
etry or from L,Teff , the resulting value of M being independent
of the structure of the outer layers although dependent on at-
mospheric modelling. The contributions of the outer layers to R
are much smaller than their contribution to ∆; the layers above
x f = 0.99 contribute 1% to the radius but 17% to the large sep-
aration, so one could impose a radius constraint but with an en-
hanced error estimate to allow for the uncertain contribution of
the outer layers.

5. Mass estimates from the scaling relation

As mentioned in the introduction the average large separation is
often used to estimate stellar mass using the scaling relation

M
M�

= λ

(
∆

∆�

)2 (
R
R�

)3

, λ =
f
f�

(13)

with λ set equal to 1, whereas it actually depends on the values
of the dimensionless parameters f which are determined by the
composition, evolutionary stage, physics of convection, mixing,
diffusion, equation of state . . . , so using this relation with λ = 1
is likely to give incorrect estimates of the mass.

We examine this by using stellar models, comparing the
masses of the models M with the values M∆ obtained using the
scaling relation with λ = 1 and R and ∆ of the models. For con-
sistency we take as a reference one of the model set with proper-
ties similar to the Sun rather than the Sun itself, replacing solar
values in Eq. (13) by values of the reference model.

The model set we used is illustrated in Fig. 7: it has main se-
quence models with masses 0.9 to 1.5 M�, initial composition
X = 0.7, a range of Z values from 0.005 to 0.030, two val-
ues of the mixing length parameter α = 1.6, 2.0, and at var-
ious stages of evolution from the zero age main sequence to
the terminal main sequence with central hydrogen abundance
Xc = 0.001. The models were computed using the STAROX

Fig. 8. Comparison of masses of main sequence stellar models with
masses from the scaling relation for the set of stellar models shown
in Fig. 7. The reference model is indicated by the large cross.

code (Roxburgh 2008b), GN93 relative composition (Grevesse
& Noels 1993), OPAL EOS5 equation of state (Rogers &
Nayfonov 2002) , OPAL opacities (Iglesias & Rogers 1996) sup-
plemented by Wichita low temperature opacities (Ferguson et al.
2005), NACRE nuclear reaction rates (Angulo et al. 1999), no
overshooting nor diffusion, and an Eddington atmosphere out to
an optical depth of τa = 10−3.

The frequencies were calculated using the OSCROX code
(Roxburgh 2008a), and the average large separations determined
from the five ` = 0 frequencies centred on a frequency νmax
defined as (cf. Brown et al. 1991; Kjeldsen et al. 1995)

νmax = ν�

(
M
M�

) (R�
R

)2 (
T�
Teff

)0.5

(14)

with ν� = 3050 µHz and T� = 5777 oK.
Our reference model has a mass Mo = M�, Z = 0.02, α =

1.6, Ro/R� = 1.004 and ∆o = 135.8 µHz.
The results are displayed Fig. 8, the errors in the scaling rela-

tion increase with increasing mass and decreasing metallicity Z.
The vertical coordinate λ = M/M∆ varies between 0.98 and 1.3.
Even larger variations are obtained if one varies other parame-
ters. The cross on the 1 M� models is the reference model.

In a recent paper Mosser et al. (2013) argued that rather than
using the large separations, derived from the observed frequen-
cies, one should use ∆T , the asymptotic value at high frequency
defined in terms of the acoustic radius (as in Eq. (3)), and de-
rived by extrapolation from the observed values of εn` defined in
Eq. (6). As shown by Hekker et al. (2013) this is not so straight-
forward, but even if this were possible, it does not solve the prob-
lem of the variation of the factor λ with dimensionless structure
since the acoustic radius is likewise dependent on the factors f .

This is illustrated in Fig. 9, where we compare mass esti-
mates from the scaling relation with λ = 1 for the same set of
models as in Fig. 8, but now using model values of ∆T and the
value ∆To = 138.9 µHz from the reference model. The results are
almost identical to those in Fig. 8, demonstrating that there is no
improvement in the accuracy of the scaling relation by using the
asymptotic large separation ∆T = 1/(2T ).

6. Conclusions

The average large separation, and the acoustic radius, are sen-
sitive to the detailed structure of the outer layers of a star and
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Fig. 9. Same as in Fig. 8 except for using the large separation ∆T =
1/(2T ) where T is the acoustic radius of the models. The reference
model has ∆To = 138.9 µHz.

therefore should not be used as constraints on surface layer in-
dependent model fitting. The luminosity is independent of the
outer layers of the star, as is the mass if determined from binary
motion or from surface gravity g and surface radius, and both
can be used as constraints on surface independent model fitting.

Additional constraints on the models such as the radius, ef-
fective temperature, composition and large separation, are not
independent of the structure of the outer layers and are subject
to the uncertainties discussed above.

Estimates of the stellar mass from the scaling relation are
subject to quite large errors due to the different dimensionless
structure of stars, and there is no improvement to be gained by
using estimates of the asymptotic large separation ∆T derived
from the observed frequencies by extrapolation; ∆T = 1/(2T ),

where T is the acoustic radius, depends on the dimensionless
structure of the star in essentially the same way as does the ob-
served average large separation.
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