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ABSTRACT

Aims. We study the period of the Slichter mode (vibrational mode of the inner core of a planet) of Mercury in relation to its interior
structure and assess the possibility to observe this mode with the probes MESSENGER and BepiColombo.
Methods. The methodology of Grinfeld & Wisdom (2005, Phys. Earth Planet. Int., 151, 77) for the determination of the period of
the polar Slichter modes of a planetary interior consisting of three homogeneous layers is generalized to models with an arbitrary but
finite number of layers. Slichter modes periods are calculated for a large set of interior structure models of Mercury. We study the
possible excitation of Slichter modes by a colllision with a meteoroid and estimate the minimal size of the meteoroid that could lead
to a detection of these modes by BepiColombo.
Results. The Slichter mode period obtained is on the order of several hours. Observation of the Slichter mode of Mercury allows
constraining the inner core. An impact by a meteoroid with a radius of at least 100 m could excite the Slichter mode to a level
observable by BepiColombo (assuming that the Slichter mode is the only excited mode), but since the estimated damping time of the
Slichter mode is well below the average time between impacts of at least that size such an impact must have occured recently (less
than 0.5 My ago).

Key words. planets and satellites: individual: Mercury – planets and satellites: interiors – planets and satellites: physical evolution –
planetary systems

1. Introduction

The Slichter modes of a terrestrial planet are vibrational modes
of the inner core of the planet corresponding to translational os-
cillations of the inner core within the outer core. These modes
are referred to as the Slichter modes as they were theoretically
introduced, but not observed, by Slichter (1961) after the earth-
quake in Chile, in 1960. With the development of superconduct-
ing gravimeters, the quest for the experimental discovery of the
Slichter modes of the Earth was boosted. The Slichter modes of
the Earth are yet to be detected (e.g. Jensen et al. 1995; Hinderer
et al. 1995; Kroner et al. 2004; Sun et al. 2006; Rosat et al.
2007) even though some scientists already claimed their detec-
tion (e.g. Smylie 1992; Courtier et al. 2000; Xu et al. 2010).
The search for the detection of the Slichter modes of the Earth
still continues.

The high mean density of Mercury compared to the other
terrestrial planets is thought to imply that the core of Mercury
is relatively much larger than the core of the other terrestrial
planets of the solar system (about 60% or more of the mass of
Mercury, Rivoldini et al. 2009, compared to 32% for the Earth).
Many factors also seem to indicate the presence of an inner core.
Observations of periodic changes in Mercury’s spin rate have
shown that at least the outer part of Mercury’s core is liquid
(Margot et al. 2007). The global magnetic field (observed by
Mariner 10 in 1974 and confirmed by MESSENGER, Anderson
et al. 2008), if due to a hydrodynamo, can be considered as ev-
idence of the presence of a growing inner core, although other
hypotheses for the origin of the magnetic field have been studied
(as crustal magnetization (e.g. Aharonson et al. 2004) or ther-
moelectric dynamo (e.g. Giampieri & Balogh 2002). An inner
core is also consistent with thermal evolution models of Mercury

although they cannot rule out a fully liquid core (Hauck II et al.
2004; Breuer et al. 2007), and with the lobate scarps on the sur-
face of Mercury (e.g. Melosh & McKinnon 1988; Watters et al.
2004, 2009), which are thought to be created by the contraction
of the planet and may partly be caused by the formation of a
solid inner core.

The motivation for this study is that, thanks to its possibly
larger inner core (due to its larger core), the Slichter modes of
Mercury could be easier to detect than the Slichter modes of
the Earth. Therefore, we study the possibility of observation by
probes like MESSENGER – now in orbit about Mercury since
March 18, 2011 – or BepiColombo – probably in orbit about
Mercury in 2020.

The first analytical study to determine the period of the
Slichter modes of the Earth was performed by Busse (1974).
Busse considered an Earth divided into a static rigid man-
tle, a homogeneous fluid outer core and a rigid inner core,
and assumed that no mantle motion is associated with the
Slichter modes. More recently, Grinfeld & Wisdom (2005)
developed a method for a model of the Earth consisting of
three homogeneous layers that takes into account the motion of
the mantle.

The internal structure of Mercury being still unknown, we
first develop a set of three-layer models of Mercury and use
them in order to calculate the Slichter mode period of Mercury
(Sect. 2). We also extend, in Sect. 3, the model of Grinfeld &
Wisdom (2005) to calculate the Slichter mode for models with
stratified layers. Finally, we assess the possibilities for orbiting
spacecraft to observe the Slichter mode of Mercury using a sim-
ple model of excitation of the Slichter mode due to collision with
a meteoroid (Sect. 4).
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Fig. 1. Interior structure of Mercury consisting of a solid inner core,
a liquid outer core and a solid mantle.

2. Models of Mercury

In order to obtain the period of the Slichter modes of Mercury,
we consider and generalize the methodology developed by
Grinfeld & Wisdom (2005) for a three-layer model of Mercury.
We therefore first consider models of the interior structure of
Mercury in which the mantle, the outer core, and the inner core
are of constant density. We divide Mercury into three homoge-
neous layers of density ρk, radius Rk and mass Mk, as represented
in Fig. 1. The subscript k takes values 1, 2 and 3 for the inner
core, the outer core and the mantle, respectively. The goal of this
section is to derive basic three-layer models of Mercury with
varying inner core radius and core sulfur concentration in order
to be able to assess the impact of these parameters on the Slichter
mode. To develop these models, we will use the methodology
developed in Van Hoolst & Jacobs (2003).

As many nickel-iron meteorites contain sulfur under the
form FeS, sulfur can be considered as a major candidate for
light-elements in planetary cores of terrestrial planets (Rivoldini
et al. 2009). Moreover, sulfur has a high solubility in molten
iron and can therefore be more easily incorporated into planetary
cores during the process of core formation. We will here consider
that the core of Mercury is only composed of iron and sulfur.
Other light (oxygen, carbon...) or heavy (nickel) elements are
neglected. We first consider interior structure models of Mercury
with an entirely liquid core and a range of sulfur concentration
of the core xS between 0.1 wt% (almost pure iron core) and
14 wt%. This last value is chosen to include models with a light
element concentration as high as that of Mars (Dreibus & Wänke
1985). The mass concentration of FeS, xFeS, corresponding to
these sulfur concentrations xS can be calculated using

xFeS = xS
MFeS

MS
(1)

where MX stands for the molar mass of the component X. For a
given core concentration, we first calculate an interior structure
model with an entirely liquid core and then consider increasingly
larger inner cores until the core is entirely solid. When the core

Table 1. Thermoelastic properties of Fe and FeS (solid and liquid).

Thermoelastic Solid Liquid
properties γ Fea FeS IVb Fec FeS

Tref (K) 1573 600 1811 1800d

V (cm3/mole) 7.53 17.16 7.96 24.74d

α (10−5 K−1) 7.7 7.16(51) 9.20 16.28d

+6.08(1.31)T
KT (GPa) 103 62.5(9) 85 20(2)e

K′T 5 4 5.8 8e

dKT
/
dT (GPa/K) −0.020 −0.0208(28) −0.031 −0.0208

Notes. The accuracy of experimental data are indicated in brackets. The
value of dK

/
dT for liquid FeS is taken equal to the value for solid

FeSIV.

References. (a) Ahrens et al. (2002); (b) Urakawa et al. (2004);
(c) Anderson & Ahrens (1994); (d) Kaiura & Toguri (1979); (e) Nishida
et al. (2008).

is entirely liquid, the density of the mantle, ρ3, is assumed to be
3500 kg/m3 (Van Hoolst & Jacobs 2003; Rivoldini et al. 2009).

Since sulfur does not dissolve well in solid Fe at Mercury
core pressures (Li et al. 2001), we consider that pure iron pre-
cipitates to form the inner core. As a result, the inner core is as-
sumed to consist of pure γ-Fe and the outer of a Fe-FeS solution.
The pressure inside Mercury’s core varies from about 3 GPa at
the core-mantle boundary to 44 GPa at the center of Mercury
(Rivoldini et al. 2009). We assume here a constant density
of 20 GPa in the whole core. The temperature inside Mercury’s
core is taken equal to 2200 K. The densities of the different core
layers are calculated from the density of iron and iron-sulfur at
reference conditions (Table 1) by correcting separately for tem-
perature and pressure. In particular, for the liquid outer core, we
will not assume as Van Hoolst & Jacobs (2003) that the density
of liquid FeS is 3.5% lower than solid FeS, but we will use new
observational data for liquid FeS (Nishida et al. 2008).

First we correct for temperature. For each element, such as
γ-Fe in the inner core, the dependence of density on temperature
is given in terms of the coefficient of thermal expansivity

α(T ) =
∂ ln V(T )

∂T

∣∣∣∣∣
P

(2)

as

ρ0(T ) = ρref exp

[
−
∫ T

Tref

dT ′α(T ′)
]

(3)

where the subscript 0 indicates that the density is calculated at
the reference pressure and ρref is the density at reference pressure
and temperature (Table 1). For the liquid solution of Fe and FeS,
we assume that it can be described by an ideal solution model,
i.e. the molar volume of the solution is the sum of the molar
volumes of the components weighted by their molar fraction.
The molar volume of the composition of the core at reference
pressure and local temperature T can then be expressed as

V0(χFeS, T ) = χFeSVFeS(T ) + (1 − χFeS)VFe(T ) (4)

with χFeS the molar fraction of FeS and VFe(S) the molar volume
of Fe(S) at temperature T (calculated using Eq. (3)). In a solution
of A and B, the relation between mass fraction xA and molar
fraction χA is given by

χA =

[(
1
xA
− 1

)
MA

MB
+ 1

]−1

. (5)
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The density of a solution of Fe and FeS is then calculated from

ρ0 =
χFeSMFeS + (1 − χFeS)MFe

V0
· (6)

We next correct densities for pressure, using the third-order
Birch-Murnaghan isothermal equation of state

P =
3
2

KT,0

⎡⎢⎢⎢⎢⎢⎣
(
ρ

ρ0

)7/3

−
(
ρ

ρ0

)5/3⎤⎥⎥⎥⎥⎥⎦
×
⎛⎜⎜⎜⎜⎜⎝1 + 3

4
(K′T,0 − 4)

⎡⎢⎢⎢⎢⎢⎣
(
ρ

ρ0

)2/3

− 1

⎤⎥⎥⎥⎥⎥⎦
⎞⎟⎟⎟⎟⎟⎠ . (7)

Here KT is the bulk modulus given, at reference temperature, by

KT,ref = − ∂P
∂ ln V

∣∣∣∣∣
T
, (8)

while K′T is its derivative with respect to pressure. At
temperature T , the bulk modulus is given by

KT,0(T ) = KT,ref +

(
dKT

dT

) ∣∣∣∣∣
P
(T − Tref). (9)

The bulk modulus of a solution of Fe and FeS, and its derivative
with respect to pressure are given by (Rivoldini et al. 2011)

KT,0 = −V0

(
χFeSVFeS

KT,0,FeS
+

(1 − χFeS)VFe

KT,0,Fe

)−1

(10)

and

K′T,0 = −1 +
K2

T,0

V0

⎡⎢⎢⎢⎢⎢⎣χFeSVFeS

K2
T,0,FeS

(1 + K′T,FeS)

+
(1 − χFe)VFe

K2
T,0,Fe

(1 + K′T,Fe)

⎤⎥⎥⎥⎥⎥⎦ . (11)

As before, subscripts 0 indicate the value at local T and reference
pressure.

Given a concentration of FeS in the core of Mercury we can
calculate the mean density of the core as the density of the so-
lution at a pressure of 20 GPa and a temperature of 2200 K. For
an entirely liquid core, we have only two layers, the mantle and
the core in which we consider concentrations of sulfur of 0.1, 2,
4, 6, 8, 10, 12 and 14 wt%. The radius of the core R2 is given by
the total mass of Mercury

M =
4π
3

[
ρ2R3

2 + ρ3(R3
3 − R3

2)
]

(12)

as

R2 =

⎛⎜⎜⎜⎜⎝3M
/
4π − ρ3R3

3

ρ2 − ρ3

⎞⎟⎟⎟⎟⎠
1/3

, (13)

where R3, the radius of Mercury, is 2439 km (Oberst et al. 2011;
Perry et al. 2011).

The cooling of Mercury is at the origin of the inner core
formation. When the liquid of the core with sulfur concentra-
tion χS cools and locally reaches the liquidus, liquid core ma-
terial solidifies. Since only iron is considered to solidify, the
formation of the inner core causes a release of light elements
at the inner core boundary and thus an increase of the sulfur
concentration of the outer core. Assuming that there is no mass

exchange between the core and the mantle (i.e. the mass of the
core is constant), the outer core FeS concentration is given by
(Van Hoolst & Jacobs 2003)

xFeS(t) =
xFeS(0)

1 − (M1(t)
/
Mc

) , (14)

where the increasing mass of the inner core is

M1(t) =
4π
3
ρ1R3

1(t) (15)

and Mc = M1(t)+M2(t). The radius of the outer core is obtained
from the total mass of the core

R2 =

⎛⎜⎜⎜⎜⎝3Mc
/
4π − (ρ1 − ρ2)R3

1

ρ2

⎞⎟⎟⎟⎟⎠
1/3

, (16)

while the density of the mantle is given by the total mass of
the planet

ρ3 =
3M

/
4π − ρ2(R3

2 − R3
1) − ρ1R3

1

R3
3 − R3

2

· (17)

The phase diagram of the Fe-S solution is characterized by a
sharp minimum in the liquidus curve. Experimental studies at
a pressure of 21 GPa (Li & Fei 2005) show that this point is
reached when the sulfur concentration of the outer core is ap-
proximately 16 wt%. When the eutectic point is reached, the sul-
fur of the outer core precipitates along with iron. As iron-sulfur
is lighter than iron, the inner core can be divided into two parts:
a central iron part (with radius R1 and density ρ1) and an exter-
nal part with eutectic composition (radius Reut

1 and density ρeut
1 ),

as represented in Fig. 2. From the eutectic point on, composi-
tional buoyancy in the outer core stops as there is no more sul-
fur released during the inner core formation. The presence of a
global magnetic field seems then to indicate that the inner core
of Mercury hasn’t yet reached the eutectic point. Moreover, due
to the low melting temperature of the eutectic point (between
about 1200 K and 1400 K, Rivoldini et al. 2009), it seems unre-
alistic that the inner core has already reached the eutectic point.
Nevertheless, we here consider also models in which the outer
core has reached the eutectic point. For a new solidified layer,
the inner core is then assumed to consist of solid γ-Fe and solid
iron-sulfur FeS IV (Ono et al. 2008). The mass of the inner core
at the eutectic point can be determined by using Eq. (14)

Meut
1 = Mc

(
1 − xFeS(0)

xeut
FeS

)
· (18)

From this equation, we obtain the radius R1 of the inner core at
the eutectic. Again, the radius and densities of the outer core and
of the mantle are calculated using Eqs. (16) and (17).

3. Slichter modes

We describe the Slichter mode with the method developed by
Grinfeld & Wisdom (2005) which takes into account the motion
of the mantle associated with the Slichter modes. However, the
method was applied to models of the interior structure consisting
of three homogeneous layers. Since Mercury’s interior is better
modeled by four layers when the eutectic composition is reached
in the outer core, we extend the method to more than three layers.
We develop an extension to an arbitrary number N of layers in
order to be able to apply it to more general models with stratified
layers, e.g. developed by Rivoldini et al. (2009).
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Fig. 2. Interior structure of Mercury once the eutectic point is reached.
The inner core is divided into two parts: a central iron part and an
external part with eutectic composition.

We consider an inner core divided into ic layers and a mantle
divided into m layers. In order to simplify the calculations, we
keep only one layer for the outer core so that we have N = ic +
m + 1 layers in total. An extension to several layers in the outer
core is possible but not needed since, as will be shown is Sect. 4,
observation of the Slichter mode is only expected for sufficiently
large inner cores for which a constant density in the outer core is
a good approximation.

We assume that the planet is not rotating. The rotation of
the planet leads to a splitting of the Slichter mode into a triplet
(Busse 1974). However, due to the slow rotation of Mercury
(in 58.6 terrestrial days), the splitting of the Slichter mode can
be neglected to a very good approximation (the splitting will be
on the order of a few seconds).

Following Grinfeld & Wisdom (2005), we determine the fre-
quency of the Slicher mode from the equation of conservation of
momentum of the planet and from the Newton’s second law for
the inner core.

3.1. Equation of conservation of momentum

We consider a spherically symmetric, static Mercury as the
equilibrium state. The spherical symmetry allows us to con-
sider an inner core velocity in only one direction. For simplic-
ity, we choose the ẑ direction. The equation of conservation of
momentum in the ẑ direction is

N∑
j=1

M jv
z
j = 0, (19)

with vz
j = iω eiωtR jA

z
j where ω is the frequency of the

Slichter mode and Az
j is the normalized oscillation amplitude of

the j-layer along ẑ.
The normal velocity of an interface k between different

layers is expressed in terms of harmonic series

Ck(θ, φ) = iω eiωtRk

∑
l,m

Clm
k Ylm(θ, φ), (20)

where Rk is the radius of the kth layer, θ is the colatitude
and φ the longitude. We use here spherical harmonics Ylm(θ, φ)
normalized to unity on the unit sphere.

The velocity of an interface can be related to the velocity of
adjacent layer. For example, if the kth layer is moving with a
velocity uk = iω eiωtRkAz

k ẑ, the resulting normal velocity Ck at
the interface is

Ck = uk · N

= iωRkeiωt

√
2π
3

√
2 Az

k Y1,0 (21)

so that we have C10
k =

√
4π
/
3Az

k. From comparison with
Eq. (20), we obtain the amplitude of the interface velocity
C10

k =
√

4π
/
3Az

k as a function of the amplitude of the inner core
oscillation Az

k. Equation (21) also shows that for an oscillation
along the ẑ axis, the interface velocity can be fully represented
using only harmonics l = 1 and m = 0.

For practical purposes, we divide Mercury into N spheres
of radius R1, ... and RN , density [ρ]1 = ρ1 − ρ2, ..., [ρ]N−1 =
ρN−1 − ρN and [ρ]N = ρN . The equation of conservation of
momentum then becomes⎛⎜⎜⎜⎜⎜⎜⎝

ic∑
j=1

[ρ] jR
3
j

⎞⎟⎟⎟⎟⎟⎟⎠RicC
10
ic +

⎛⎜⎜⎜⎜⎜⎜⎝
N∑

j=ic+1

[ρ] jR
3
j

⎞⎟⎟⎟⎟⎟⎟⎠RNC10
N = 0 (22)

where subscript ic is used for the inner core and subscript N for
the mantle of Mercury. We assume here that the inner core and
mantle behave rigidly, which implies that the normal velocities at
the surface of the different layers of the inner core and mantle are
equal, i.e. R jA

z
j ≡ RicAz

ic for j ∈ {1, ..., ic} and R jA
z
j ≡ RN Az

N for
j ∈ {ic + 1, ...,N}. Note that, unlike Grinfeld & Wisdom (2005),
we will not use nondimensional expressions in order to be able
to verify the dimension of our different equations.

The ratio between the amplitude of the normal velocity of
the mantle and the inner core is given by

|RNC10
N |

|RicC10
ic |
=

∑ic
j=1[ρ] jR3

j∑N
j=ic+1[ρ] jR3

j

· (23)

For the different models of Mercury, the amplitude of the mantle
displacement can reach nearly 15% of the amplitude of the inner
core displacement, so that the motion of the mantle cannot be
neglected (see Fig. 3). For the case of the Earth, the amplitude
of the mantle displacement is smaller than 0.1% of that of the
inner core (Grinfeld & Wisdom 2005) because of the relatively
small inner core of the Earth compared to these considered for
Mercury. Different colors are used to represent different initial
sulfur contents of the core. We will always use the same colors
in our different figures.

3.2. Newton’s second law for the inner core

The forces exerted on the inner core are the gravitational force
and the pressure force applied at the ICB. Newton’s second law
for the inner core is therefore

MI a = −
∫

VI

ρ∇ψ dΩ −
∫

S I

pNdS , (24)

where N is the outward normal to the inner core boundary,
p the pressure applied on the surface of the inner core and ψ
the gravitational potential. We denote the total mass of the inner
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Fig. 3. Amplitude ratio of the mantle and the inner core velocity for
the three and four-layer models of Mercury. Different colors represent
different initial sulfur contents of the core, from 0.1 wt% to 14 wt%.
Amplitude ratio for full internal structure models of Mercury (Rivoldini
et al. 2009) are represented with big bullets.

core by MI , its volume by VI and its surface by S I . In the vol-
ume VI of the inner core, we can distinguish ic spheres of vol-
umes V1, ..., Vic, with radius R1, ..., Ric, density [ρ]1, ..., [ρ]ic−1
and ρic. Newton’s second law can then be expressed as

MI a = −
ic−1∑
j=1

∫
V j

[ρ] j∇ψ dΩ −
∫

Vc

ρic∇ψ dΩ −
∫

S I

pNdS , (25)

we take the time derivative of this equation and use the theo-
rems of Reynolds and Green to transform the right-hand side
of this equation. By also assuming that the outer core is in-
viscid (∇ · u = 0), it follows that Newton’s second law can be
written as

MI
da
dt
= −

ic−1∑
j=1

∫
S j

(
[ρ] j

∂ψ

∂t
N +C j[ρ] j∇ψ

)
dS

−
∫

S I

(
ρic
∂ψ

∂t
N +Cicρic∇ψ +Cic ∇p +

∂p
∂t

N
)

dS . (26)

Since the amplitude of the Slichter modes is expected to be
small, we linearize Newton’s second law by writing the time-
dependent gravitational potential ψ(t, r) and pressure p(t) as
ψ(t, r) = ψ0(r) + ψ(t, r) and p(t) = p0 + p(t), where ψ0 and p0

are the gravitational potential and pressure at rest and ψ and p
are small increments. In the outer core, ψ0 and p0 satisfy the
equation for hydrostatic equilibrium, so that at the bottom of the
outer core, we have

∇p0 + ρo∇ψ0 = 0, (27)

where ρo is the density of the outer core. By only keeping terms
up to the first order in the interface velocities, we then obtain

MI
da
dt
= −

ic−1∑
j=1

∫
S j

(
[ρ] j

∂ψ

∂t
N +C j[ρ] j∇ψ0

)
dS

−
∫

S I

((
ρic
∂ψ

∂t
+
∂p
∂t

)
N +Cic

(
ρic − ρo

)∇ψ0

)
dS . (28)

As we can restrict ourselves to an oscillation of the inner
core along the ẑ axis, we project this equation onto this axis,
which gives

MI
daz

dt
= −

√
4π
3

⎡⎢⎢⎢⎢⎢⎢⎣
ic−1∑
j=1

∫
S j

[ρ] j

(
∂ψ

∂t
+C j

∂ψ0

∂r

)
Y10 dS

+

∫
S I

((
ρic
∂ψ

∂t
+
∂p
∂t

)
+Cic

(
ρic − ρo

)∂ψ0

∂r

)
Y10 dS

⎤⎥⎥⎥⎥⎥⎥⎦
(29)

where we have used a · ẑ = az, N · ẑ = cos θ and ∇ψ0 · ẑ =
∂ψ0

/
∂r cos θ. The factor

√
4π
/
3 appears due to the normalisation

of the spherical harmonics Y10(θ, φ) =
√

3
/
4π cos θ. Below we

develop the terms ∂ψ0
/
∂r, ∂ψ

/
∂t and ∂p

/
∂t in the inner core and

at the inner core boundary.
The gravitational potential ψ(r) inside and outside a spher-

ical and homogeneous mass distribution of radius R and
density ρ is given by

ψ(r) =
4π
3

Gρ

{ 1
2 r2 − 3

2 R2 if r � R
−R3r−1 if r � R.

(30)

Since we have N mass distributions with radius R j and densi-
ties [ρ] j, the gravitational potential ψ0 in the kth layer of the
inner core (k < ic) is

ψ0(r) =
4π
3

G

⎛⎜⎜⎜⎜⎜⎜⎝1
2
ρkr2 − 3

2

N∑
j=k

[ρ] jR
2
j −

k−1∑
j=1

[ρ] jR
3
j r
−1

⎞⎟⎟⎟⎟⎟⎟⎠ (31)

and we have

∂ψ0

∂r

∣∣∣∣∣
S k

=
4π
3

G

⎛⎜⎜⎜⎜⎜⎜⎝ρkRk +

k−1∑
j=1

[ρ] jR
3
jR
−2
k

⎞⎟⎟⎟⎟⎟⎟⎠ . (32)

As the gravitational potential verifies ∇2ψ = 4πGρ, we see
that ∂ψ

/
∂t is harmonic and can be written as

∂ψ j

∂t
=

⎛⎜⎜⎜⎜⎜⎝S lm
j

(
r

R j

)l

+ T lm
j

(
r

R j

)−l−1⎞⎟⎟⎟⎟⎟⎠Ylm(θ, φ) (33)

in each spherical mass distribution j. The gravitational poten-
tial must be finite at the origin and must disappear at infinity.
Therefore, inside the mass distribution, T lm

j must be equal to

zero while outside the mass distribution, S lm
j = 0. Imposing

continuity of ∂ψ
/
∂t at the surface S j leads to the equality of

the S -coefficient inside the mass distribution to the T -coefficient
outside the mass distribution. Since the jump in the normal spa-
tial derivative of the time variation of the potential at the sur-
face S j is equal to 4πGC j[ρ] j, the coefficient S lm

j is given by

S lm
j = −

4π
2l + 1

G[ρ] j R2 iωeiωtClmYlm (34)

and the time derivative of the gravitational potential ψ j of the
spherically symmetric mass distribution with radius R j and mass
density [ρ] j is

∂ψ j

∂t
= −

4πG[ρ] jR2
j iωeiωtClm

j

2l + 1
Ylm

⎧⎪⎪⎨⎪⎪⎩
( r

R j

)l r � R j( r
R j

)−l−1 r � R j.
(35)
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Again, we have here N mass distributions with radius R j

and densities [ρ] j. As we are interested in oscillations along
the ẑ axis, we can restrict ourself to harmonics l = 1 and m = 0.
In the kth layer of the inner core, ∂ψ

/
∂t is then given by

∂ψ

∂t
= −4π

3
GY10iωeiωt

⎛⎜⎜⎜⎜⎜⎜⎝
k−1∑
j=1

[ρ] jR
4
j r
−2C10

j +

N∑
j=k

[ρ] jR jrC10
j

⎞⎟⎟⎟⎟⎟⎟⎠ (36)

so that, since the normal velocities at the surface of the different
layers of the inner core and mantle are equal,

∂ψ

∂t

∣∣∣∣∣
S k

= −4π
3

GY10iωeiωt

⎡⎢⎢⎢⎢⎢⎢⎣ρoRkRNC10
N

+

⎛⎜⎜⎜⎜⎜⎜⎝
k−1∑
j=1

[ρ] jR
3
jR
−2
k +

ic∑
j=k

[ρ] jRk

⎞⎟⎟⎟⎟⎟⎟⎠ RicC
10
ic

⎤⎥⎥⎥⎥⎥⎥⎦ . (37)

In order to obtain an expression for ∂p
/
∂t, the outer core is as-

sumed to be incompressible, inviscid and homogeneous with
density ρo. Pressure and velocity are given by Euler’s equation
of motion and the incompressibility condition

∂u

∂t
+ u · ∇u = − 1

ρo
∇p − ∇ψ (38)

∇ · u = 0. (39)

We linearize these equations by expressing u and p around the
equilibrium state (u0 = 0 and p0) as u(t; r, θ, φ) = u(r, θ, φ) and
p(t; r, θ, φ) = p0(r, θ, φ)+p(r, θ, φ), where u and p are the velocity
and pressure perturbation.

By taking the time derivative of Eq. (38) and neglecting
quadratic terms in u, we obtain

∂2u

∂t2
= − 1

ρo
∇∂p
∂t
− ∇∂ψ

∂t
· (40)

By taking the divergence of this equation and using equation (39)
and Poisson’s equation, we see that also ∂p

/
∂t is harmonic,

and p(r, θ, φ) can therefore be written as

p(r, θ, φ) = ρo ω
2P10(r)Y10(θ, φ)eiωt (41)

with P10(r) = P10
+ r + P10− r−2. In order to determine P10

+ and P10− ,
we write, from (35)

∂ψ

∂t
= −4π

3
GY10iωeiωt

⎛⎜⎜⎜⎜⎜⎜⎝
ic∑

j=1

[ρ] jR
3
j r
−2RicC

10
ic + ρorRNC10

N

⎞⎟⎟⎟⎟⎟⎟⎠
≡ −4π

3
GY10iωeiωt

(
A10r + B10r−2

)
. (42)

We define H10(r) ≡ −(A10r + B10r−2). By substituting (41)
and (42) into Eq. (40) we obtain expressions for ur, uθ and uφ:

ur = iω F10(r)Y10(θ, φ)eiωt

uθ = iωr−1G10(r)
∂Y10(θ, φ)

∂θ
eiωt (43)

uφ = 0,

with

F10(r) =
dP10

dr
+

1
ω2

4π
3

G
dH10

dr
(44)

G10(r) = P10(r) +
1
ω2

4π
3

GH10. (45)

By imposing continuity of the normal components of the veloc-
ities of the inner and outer cores at the ICB and of the velocities
of the outer core and the mantle at the CMB, we have1

⎛⎜⎜⎜⎜⎜⎜⎜⎝
RicC10

ic

RNC10
N

⎞⎟⎟⎟⎟⎟⎟⎟⎠ =
⎛⎜⎜⎜⎜⎜⎜⎜⎝
1 −2R−3

ic

1 −2R−3
N

⎞⎟⎟⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
P10
+ − 1

ω2
4π
3 GA10

P10− − 1
ω2

4π
3 GB10

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ . (46)

Finally, the time derivative of Eq. (41) at the inner core surface is

∂p
∂t

∣∣∣∣∣
S I

= iωρo ω
2
(
P10
+ Ric + P10

− R−2
ic

)
Y10(θ, φ)eiωt, (47)

with P10
+ and P10− given by (46).

3.3. Slichter mode frequency

Since the time derivative of the z-component of the acceleration
of the inner core can be expressed as

daz

dt
= −

√
3

4π
iω3RicC

10
ic eiωt, (48)

Newton’s second law can be rewritten, by replacing ∂ψ0
/
∂r,

∂ψ
/
∂t and ∂p

/
∂t by their expressions (32), (37) and (47), as a

linear algebraic equation in C10
ic and C10

N . To find the Slichter
mode frequencyω, we then use the fact that a homogeneous lin-
ear system of equations (here the system composed of the equa-
tion of conservation of momentum (Eq. (22)) and the Newton’s
second law for the inner core) has a nonzero solution if and only
if its determinant is equal to zero. For the models for the inte-
rior structure of Mercury developed in Sect. 2, the periods are
on the order of a few hours and increase with increasing inner
core radius to infinite period (no more oscillations) when the
whole core is solid. The periods obtained show that the smaller
the density jump at the ICB, the longer the periods. The jump
in the Slichter mode period once the outer core reach the eutec-
tic composition can then be explained by the fact that the density
jump at the ICB is smaller. Moreover, the increase of the Slichter
mode period with increasing inner core radius is due to the larger
inertia of the inner core. The Slichter mode periods for a se-
lected set of more general models of Mercury (Rivoldini et al.
2009) have also been calculated for comparison. Those models
confirm the trends found for the models with a few homoge-
neous layers, with an increase of the Slichter mode period with
increasing inner core radius (see Fig. 4).

For a three-layer model of Mercury, the Slichter frequency
can be expressed as (Grinfeld & Wisdom 2005)

ω2 =
4π
3

Gρ2
DM

3
2 EM + D (M − m)

(49)

with M the mass of Mercury, m the difference between the mass
of the inner core and the mass of a body with the volume of the
inner core and density of the outer core, D = (ρ1 − ρ2)(R3

2 − R3
1)

and E = ρ2R3
2. Compared to the period for four-layer mod-

els of Mercury when the outer core is at the eutectic compo-
sition, the Slichter mode periods are a few hours to more than
100 h shorter, corresponding to a relative difference in period
that ranges from 50 to almost 100% (Fig. 5).

1 Note that in their article, Grinfeld & Wisdom (2005) have omitted
the factors Ric and RN before C10

ic and C10
N .
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Fig. 4. Slichter mode periods for the different models of Mercury.
Legend used is the same as in Fig. 3.
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Fig. 5. Difference between the periods obtained for four-layer models
of Mercury and for three-layer models of Mercury. Legend used is the
same as in Fig. 3.

If the motion of the mantle (i.e. C10
N = 0) is neglected, the

frequency can be expressed as (Busse 1974)

ω2 =
4π
3

Gρ2
2D

3E + 2D
· (50)

Although the motion of the mantle can be as large as 15% of the
motion of the inner core, neglecting the mantle motion reduces
the Slichter mode period by less than one minute for models with
three layers (Fig. 6). This surprising result is probably due to the
fact that the contribution of the mantle motion to the Slichter
mode period is reduced by the low density difference between
the inner and the outer cores (Escapa & Fukushima 2011).

When the inner core is very small compared to the outer core,
the frequency of the Slichter mode can be approximated as

ω2 ≈ 4π
3

Gρ2
2(ρ1 − ρ2)
2ρ1 + ρ2

≈ 8πG
9

(ρ1 − ρ2), (51)

so that, when the inner core is small, the Slichter mode frequency
depends mainly on the density jump at the ICB. This explains
why the Slichter mode periods of Mercury are quite similar to
that of the Earth when the inner core is small. It also explains
the difference in periods with density jump at the ICB observed
in Fig. 4.

0 500 1000 1500 2000
0

10

20

30

40

50

60

Inner core radius �km�

P
er
io
d
di
ffe
re
nc
e
�s
�

14 � S
12 � S
10 � S
8 � S
6 � S
4 � S
2 � S
0.1 � S

Fig. 6. Difference between Slichter mode periods obtained with and
without mantle motion for the three layers models of Mercury. Legend
used is the same as in Fig. 3.

4. Slichter modes detection

We assess here whether Slichter modes of Mercury can be de-
tected by spacecraft. Probably the best way to detect Slichter
modes of Mercury is to measure the surface gravity anomalies
due to the motion of the inner core of Mercury with a lander
(Grinfeld & Wisdom 2005). If the inner core moves with an am-
plitude A, the mantle moves by conservation of momentum with
an amplitude B

B =

∑ic
j=1[ρ] jR3

j∑N
j=ic+1[ρ] jR3

j

A, (52)

so that the inner core is a distance A+B closer to the surface
in the direction of motion of the inner core. In first order, the
gravitational potential at a distance r from the center of Mercury
is given by

ψ′ ≈ −GM
r
− Gm

r2
(A + B). (53)

The surface gravity anomaly is then

Δψ ≈ Gm
r2

M∑N
j=ic+1[ρ] jR3

j

A. (54)

As already stated by Grinfeld & Wisdom (2005), the gravity
anomaly due to the Slichter mode increases with increasing size
of the inner core and can be up to two orders of magnitude
greater than the expected gravity anomaly due to the Slichter
mode of the Earth (less than 1 ngal, Hinderer et al. 2007) for a
very large inner core.

As the center of mass of Mercury remains fixed during a
Slichter mode oscillation, gravity anomalies due to this mode
cannot be measured from orbit. However, the Slichter modes
of Mercury can also be detected from orbit by measuring the
motion of the mantle of Mercury. The precision of the surface
position due to altimeter and orbit errors of MESSENGER and
BepiColombo is respectively 10 m (Solomon et al. 2001) and
smaller than 1 m (Iess et al. 2009). Figure 7 presents the am-
plitude of the inner core oscillations associated with a surface
motion of 1 m (BepiColombo). For MESSENGER, the ampli-
tudes are an order of magnitude larger. As expected, the smallest
inner core displacement required for detection by MESSENGER
or BepiColombo decreases with increasing inner core radius.
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Fig. 7. Amplitude of the inner core oscillations that could lead to a de-
tection of the Slichter mode by BepiColombo. Legend used is the same
as in Fig. 3.

For inner core radii smaller than a few hundred km, displace-
ments on the order of one km or more are needed. For the largest
inner cores, the displacement can be as small as ten meters and
still allows detection.

We now assess whether a collision with a meteoroid can ex-
cite the Slichter modes to an observable level. In the collision
with Mercury, most of the kinetic energy of the impacting body
is converted into heat or spent in creating the impact crater. The
energy efficiency k, which is the ratio of the seismic energy and
the initial kinetic energy is given by (Shishkin 2007)

k = 2.8
(
σ

S

)2
(

R
/
Rm

αvm
/
cp

)2/3

, (55)

where S is the shear modulus of Mercury, σ its shear strength,
R its radius, Rm the radius of the impacting body, cp is the prop-
agation velocity of the longitudinal waves, vm the impact veloc-
ity and α = 2gR

/
c2

p (g is the gravity at Mercury’s surface). For
Mercury, we will use σ

/
μ = 2.4 × 10−3 and cp = 7.35 km s−1

(Shishkin 2007). As the gravity at the surface of Mercury is
g = 3.70 m s−2, we obtain α = 0.33. For an impact velocity of
30 km s−1 (mean impact velocity, Killen et al. 2007), the energy
efficiency of a meteoroid impact is then on the order of 10−2 for a
meteoroid with a radius of some hundred meters and 5×10−4 for
a radius of 10 km.

Although all the seismic modes are excited by a collision
(Smith 1976; Rosat & Rogister 2012), we consider that all the
energy remaining is transfered to the Slichter mode of Mercury
as an ideal favorable case. Therefore, we have

k
mmv

2
m

2
=

Mmv
′2

2
+

MIV2

2
(56)

where mm is the mass of the impact body, Mm and v′ is the mass
and the velocity of the mantle and MI and V the mass and the
velocity of the inner core of Mercury. Considering that the mag-
nitude of the oscillation velocity of the inner core and mantle can
be expressed as v′ = ωB and V = ωA = ωηB (where η is given
by (52)), the mass of the meteoroid needed to excite the Slichter
mode to as surface displacement amplitude B is expressed as

mm =
ω2B2(Mm + MIη

2)
kv2

m
· (57)
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Fig. 8. Mass of the meteoroid that could lead to a detection of the
Slichter mode by BepiColombo assuming that all the remaining energy
is transfered to the Slichter mode. Legend used is the same as in Fig. 3.

However, k varies with the radius of the meteoroid and therefore
with its mass. This dependence can be written as

k = 2.8
(
σ

S

)2
(

R

αvm
/
cp

)2/3 (4πρm

3

)2/9

m−2/9
m ≡ k̃ m−2/9

m (58)

assuming that the meteoroid is spherical with a mean density
ρm = 1000 kg/m3. The mass of the meteoroid needed to excite
the Slichter mode to a surface displacement amplitude B is then

mm =

(
ω2B2(Mm + MIη

2)

k̃ v2
m

)9/7

· (59)

The Slichter mode could be detected by BepiColombo (B = 1 m)
if the mass of the meteoroid is at least on the order of 1016 kg
(meteoroid of about 10 km radius) for a small inner core but
the minimal mass decreases up to about 1010 kg (meteoroid of
about 100 m radius) for a large inner core (Fig. 8). As the rate
of impact of Jupiter family comets of radius greater than 1 km
on Mercury is about 8.6× 10−10 meteoroids per year (Levison &
Duncan 1997), the Slichter mode excitation of Mercury would
occur in average one time over a billion years if the inner core is
very small. However, the average interval between two impacts
is 140 My for a 100 m radius meteoroid (Marchi et al. 2005) so
that, when the inner core is large, the Slichter mode of Mercury
could be more frequently excited.

Holsapple (1993) has developed scaling laws describing the
properties of a crater impact from the radius and velocity of the
impactor. When the gravity dominates the strength of the ma-
terials in the formation of the crater, the rim radius of a simple
bowl-shaped crater is given by (Holsapple 1993)

Rsc = 14.95g−0.17R0.83
m v0.34

m (60)

where the units of g, Rm and vm are respectively m s−2,
m and km s−1. For an impactor of 10 km radius, the rim radius is
of the order of 80 km. However, when the crater radius is greater
than a transition value of R∗ = 5 km (Pike 1988), the slumping
of the walls leads to a complex crater of radius

Rcc =

(
1.02

Rsc

R0.079∗

)1.086

· (61)

Using this last formula, an impact of a meteoroid or comet of
10 km radius and a velocity of 30 km s−1 would leave a crater
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Table 2. Magnetic properties of Mercury.

Magnetic properties Notations Values References
Radial magnetic field Br 0.01 mT 1
strength in the core
Electrical conductivity σ 6 × 105 S m−1 2
Magnetic permeability μ 4 × 10−7 π H m−1 2
Magnetic diffusivity η 1.33 m2 s−1 2

References. (1) Dumberry (2011); (2) Wicht et al. (2007).

of more than 100 km radius on the surface of Mercury. For an
impact velocity of 30 km s−1, the rim radius is as small as 1.7 km
for an impactor with a radius of 100 m. A near-global catalog of
craters with a radius greater than 10 km has recently been com-
piled from Mariner 10 and MESSENGER images (Fassett et al.
2011). It remains to be studied whether a suitable impact exists.

Until now, we have considered that once excited the oscil-
lations of the inner core of Mercury continue forever. The in-
troduction of dissipative processes leads to a damping of the
Slichter mode. If we neglect the deformation of the inner core
during Slichter mode oscillations, the damping of the Slichter
mode is principaly due to magnetic and viscous stresses in the
outer core (Buffett & Goertz 1995; Rieutord 2002). As the vis-
cosity in the outer core of Mercury is still unknown, we consider
here only dissipation due to a magnetic field.

The correction to the Slichter mode frequency due to
magnetic stresses is given by (Buffett & Goertz 1995)

δω

ω
=

3
4
Λ

L
Ric

ρoc

ρic

(1 + i)
√

1 − iΛ

1 − iΛ +
√

1 − iΛ
(62)

where Λ ≈ B2
r
/
(L2ω2μρoc) is the ratio of the magnetic force to

the inertial force and L =
√

2η
/
ω is the depth of the magnetic

boundary layer at the ICB (skin depth). Subscript ic is used for
the inner core and subscript oc for the outer core. The different
magnetic properties of Mercury (radial magnetic field strength in
the core Br, electrical conductivity σ, magnetic permeability μ
and magnetic diffusivity η) used here are given in Table 2.

The e-folding time τ is given by τ = [
(δω)]−1. For a small
inner core, the damping time is about 10 ky (see Fig. 9), so that
the observation of the Slichter mode should be very unlikely
with an excitation one time over a billion years. When the inner
core is very large, the damping time is about 0.5 My, still below
the average time between impacts of 100 m radius meteoroid.
Moreover, as we have considered here only dissipation due to
the magnetic field of Mercury, the effective damping time will
be smaller than 0.5 My. The observation of the Slichter mode
of Mercury, if excited by meteoroid impacts, would therefore
require a fortunate recent impact.

5. Discussion and conclusion

In order to study the Slichter modes of Mercury, we have de-
veloped models of the interior structure of Mercury consisting
of three and four homogeneous layers. We have generalized the
methodology developed by Grinfeld & Wisdom (2005) for the
study of the Slichter modes to a planet with more than three
layers. We have taken into account the motion of the planet’s
mantle, even if, as stated by Grinfeld & Wisdom (2005), the
Slichter mode periods are only little influenced by this motion.
Nevertheless, this motion is needed to study the possibility of
observing the Slichter mode, as this observation could be per-
formed by measuring the motion of the mantle. The Slichter
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Fig. 9. Magnetic damping time of the Slichter mode of Mercury. Legend
used is the same as in Fig. 3.
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Fig. 10. Slichter mode periods taking into account instantaneous phase
transformations at the ICB when the outer core reaches the eutectic
composition. Legend used is the same as in Fig. 3.

mode period obtained ranges from a few hours to more than
100 h and depends strongly on the properties of Mercury’s core.
If the period is on the order of a few hours, it mainly depends
on the density jump at the inner core boundary and observa-
tion of the period would constrain the composition of the core.
If Mercury has a Slichter mode period longer than ten hours,
the radius of the inner core would be at least 1700 km.

When the outer core reaches the eutectic composition, new
solid deposited on the inner core upon further cooling has the
same composition as the liquid and the composition of the outer
layers of the inner core at the ICB is similar to that of the outer
core. Phase transformation at the ICB can then be associated
with oscillations of the inner core. Following the methodology
of Grinfeld & Wisdom (2010) generalized to a four-layer planet,
we calculated the period of the Slichter mode by taking into ac-
count instantaneous phase transformations. The Slichter mode
periods are shortened by an order of magnitude and are on the
order of ten minutes (see Fig. 10). However, as already stated
above, it seems unrealistic that the outer core of Mercury has
already reached the eutectic composition.

Measuring gravity anomalies due to the Slichter mode can-
not be performed from orbit as the center of mass of Mercury
remains fixed during the Slichter mode oscillations. We have
therefore studied the possible observation of Slichter modes of
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Mercury by the probes MESSENGER and BepiColombo by
measuring the motion of the mantle of Mercury using an altime-
ter. We have shown that the observation of the Slichter mode of
Mercury is possible if the inner core is very large and is excited
to an amplitude of the order or greater than ten meters. If the
Slichter mode of Mercury is assumed to be excited by a collision
with a meteoroid, the mass of the meteoroid must be at least of
the order of 1010 kg (for a large inner core). On average, such a
collision occurs once every 100 My, which is much larger than
the dissipation time of the Slichter mode, therefore requiring a
recent impact (less than 0.5 My ago).

Acknowledgements. We thank the anonymous referee for useful comments and
suggestions.
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