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ABSTRACT

We present a theory for hydromagnetic waves in an axi-symmetric background magnetic field in which the wave equations for the
horizontal transverse magnetic field and velocity perturbations can be transformed into Klein-Gordon (KG) equations. For harmonic
time variations, the KG equations become a set of ordinary differential equations that can be solved along any individual field line,
subject to boundary conditions at the two ends. The solutions provide the spatial (latitudinal) profiles of the transverse magnetic field
and velocity oscillations, especially in the horizontal direction, along the field line. In particular, we examine the KG solutions for two
background field geometries: a local dipole field line, and a stretched global dipole field line which may approximate coronal loop
geometries in the solar corona. The results yield the oscillation frequencies in agreement with observations (periods on the order of
minutes), and the spatial profiles which are characteristic of a propagating type near the center of the loop and a possible evanescent
type towards the footpoints of the loop. The latter solution arises when the oscillation frequency is less than a critical cut-off frequency
which varies spatially along the loop. The oscillation amplitude is also affected by an adiabatic growth/decay factor along the loop.
We discuss the implications of our results and future applications to coronal loop oscillations.

Key words. Sun: corona – Sun: magnetic topology – Sun: oscillations

1. Introduction

Coronal loop oscillations have been observed for decades
in space by direct remote-sensing imaging of EUV emis-
sions and the Doppler shift signatures in certain spectral lines
(Aschwanden et al. 2002; Schrijver et al. 2002; Wang et al. 2002,
2003), among other means (Aschwanden 2004; Nakariakov &
Verwichte 2005). Especially with the advent of the Transition
Region and Coronal Explorer (TRACE) satellite, systematic
and comprehensive observational studies as first carried out by
Aschwanden et al. (2002) and Schrijver et al. (2002) are made
available and are more reliable. Those authors reported a set
of observations of transverse coronal loop oscillations and an
analysis of their geometric and oscillatory characteristics. In
particular, they reported the oscillation periods in the range of
P = 2−33 min (average about 5.4 min), and a lower limit of the
loop density in the range of 0.13–1.7 × 109 cm−3, together with
other loop oscillation parameters, such as the transverse ampli-
tude, the loop half length based on a circular loop model, and
decay times. These observations, especially the oscillation pe-
riods, have generally been related to fast kink-mode magneto-
hydrodynamic (MHD) waves, based on linearized MHD equa-
tions for a straight slab or cylindrical geometry of a coronal loop
(Aschwanden 2004; Nakariakov & Verwichte 2005, and refer-
ences therein). The kink modes are believed to possess “ver-
tical”, as well as “horizontal” mode (e.g., Wang et al. 2008).
The “vertical” mode indicates oscillations in the loop plane, and
the “horizontal” mode indicates oscillations perpendicular to the
loop plane.

A number of theoretical works have been proposed to ex-
amine various aspects of loop oscillation characteristics, and the
underlying mechanisms for wave excitation and damping (e.g.,
Terradas et al. 2006; Van Doorsselaere et al. 2004; Nakariakov
& Verwichte 2005). A special issue of Space Sci. Rev. (vol. 149,
2009) contains a collection of review articles on the subject of
solar coronal seismology related to loop oscillations. In particu-
lar, Ruderman & Erdélyi (2009) provided a comprehensive re-
view of the theory of transverse oscillations in coronal loops
concerning fast kink waves in a magnetic flux tube of finite ra-
dius and various effects. Van Doorsselaere et al. (2009) reviewed
both the theory and numerical simulations on the effect of loop
curvature on kink oscillations, including curved slab and curved
cylinder models of the coronal loops. Other works have also
included the curvature of a loop in either 1D or 2D geometry,
and even non-planar loops (Ruderman & Scott 2011). Rigorous
3D MHD simulations have also been performed (e.g., Miyagoshi
et al. 2004; Ofman 2009; Selwa & Ofman 2010).

To complement the foregoing works, here we report on a
simple theory of transverse hydromagnetic waves that was de-
veloped and applied earlier to Earth’s dipole magnetic field
(McKenzie & Hu 2010; Webb et al. 2012). We present the theory
as an alternative model of transverse (toroidal) coronal loop os-
cillation (applicable to the aforementioned “horizontal” mode)
in an axi-symmetric background magnetic field. In the spheri-
cal coordinates, (r, θ, φ), a background magnetic field line (loop)
geometry is prescribed in the (r, θ) plane, such as a dipole to be
discussed later, and the oscillation is along the φ direction (and
∂/∂φ = 0). In the present study, we concentrate on the theoretical
investigation of qualitative mode identification, and quantitative
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comparison of oscillation frequency/periods with observations
only, under general solar coronal conditions.

The paper is organized as follows: in the next section, we dis-
cuss the background equilibrium state and the governing equa-
tions of the perturbations. Then we show the wave equations of
the toroidal perturbations of both the magnetic field and velocity,
that can be transformed into a special form of ordinary differen-
tial equations. We then apply the equations to the coronal loop
oscillations subject to two background magnetic field geometries
that may mimic a real closed loop geometry in the solar corona
in Sect. 4. We show solutions of the equations in terms of os-
cillation frequencies and wave forms for different modes of as-
cending orders, subject to a set of boundary conditions. Lastly
we summarize our results and discuss future applications of our
model.

2. Background equilibrium state

The equilibrium state of the background plasma and magnetic
field under investigation is governed by the ideal MHD equa-
tions, without mean background flow. Therefore the set of equa-
tions is given by the momentum equation and the Maxwell’s
equations satisfied by the magnetic field. Under the assump-
tion of axi-symmetry in the spherical coordinate (∂/∂φ = 0),
we consider toroidal wave perturbations (bφ, uφ) in the mag-
netic field and fluid velocity in a background magnetic field
B0 = (Br, Bθ, 0). The corresponding electric field becomes

E = −u × B = −uφBrθ̂ + uφBθr̂. (1)

The only non-vanishing φ component of Faraday’s law and the
φ component of the momentum equation yield, respectively,

∂bφ
∂t
=

Bθ

r

duφ
dθ
+

uφBθ

r
1
lb
, (2)

∂uφ
∂t
=

Bθ

ρr

dbφ
dθ
+

bφBθ

ρr
1
lu
, (3)

where all spatially dependent variables are functions of the sin-
gle coordinate θ only, along an individual field line (Webb et al.
2012). Here the function 1

lu
= − 1

lb
= d

dθ ln(r sin θ) is evalu-
ated along the field line and is determined by the background
magnetic field topology.

In these equations, there is no contribution from the pres-
sure gradient term, nor the gravity, because of the assumed axi-
symmetry, i.e., ∂/∂φ = 0. However in the other dimensions, i.e.,
in the (r, θ) plane, under the linear wave approximation, the force
balance is such that both the pressure gradient and gravity forces
counter the Lorentz force. In perhaps the simplest but yet real-
istic background magnetic field geometry of a dipole (a poten-
tial field) as illustrated in Fig. 1a where several field lines of
different apex heights from the solar surface and different lo-
cations of their footpoints are drawn, the usual hydrodynamic
equilibrium ∇p = ρg is maintained. This case is to be examined
in Sect. 4.1. Whereas in Sect. 4.2, we examine a more general
stretched dipole field configuration, as illustrated in Fig. 1b of
one particular loop, that maintains a magnetohydrostatic equilib-
rium with non-vanishing Lorentz force (Gibson & Low 1998).

We note that our approach is focused on modeling the mag-
netic field line oscillations. We are aware that from observations,
the bright loop structures are mostly representative of enhanced
plasma density features (e.g., Aschwanden 2004). Therefore the
coronal loops are often assumed to be of finite cross-section

areas with magnetic field embedded. In the current investiga-
tion, we do not explicitly incorporate such a finite-column den-
sity structure. Nor do we consider the interaction of the loop
plasma with the background plasma and loop-loop interactions.
We adopt a rather realistic field-line geometry to approximate the
loop and do apply an enhanced plasma density along the loop,
given the fact that in our approach, all conditions are applied and
solutions are obtained along an individual field line. Unlike the
kink mode in the standard theory as reviewed by Ruderman &
Erdélyi (2009); Nakariakov & Verwichte (2005) for a cylindri-
cal loop model of a finite radius and enhanced density, we are
investigating the Alfvénic oscillations along an individual field
line without such a columnated density structure.

3. The Klein-Gordon equation

Following McKenzie & Hu (2010), we consider spatial varia-
tions only along the prescribed background field lines. We found
an error in their original derivation and have presented the set of
corrected formulas in a separate report (Webb et al. 2012). We
repeat some of the relevant results below. We obtain the follow-
ing wave equations for the perturbations bφ and uφ from the set of
coupled Eqs. (2) and (3) (Webb et al. 2012), in which V = Bθ/

√
ρ

is the poloidal Alfvén wave speed and ∂/∂θ := d/dθ denotes the
total derivative along an individual field line at a fixed time,

∂2bφ
∂t2

=
V2

r2

{
∂2bφ
∂θ2
− 1

Lb

∂bφ
∂θ
+

bφ
Mb

}
(4)

∂2uφ
∂t2

=
V2

r2

{
∂2uφ
∂θ2
− 1

Lu

∂uφ
∂θ
+

uφ
Mu

}
· (5)

These fundamental equations are for transverse hydromagnetic
waves (i.e., Alfvén waves) in an inhomogeneous media with a
background axi-symmetric magnetic field. Here all the coeffi-
cients within the brackets are given by the following (all eval-
uated along B0 as functions of the co-latitude θ only), and are
explicitly known for a given background magnetic field model
and a density profile along the field line:

− 1
Lb
=

d
dθ

ln

(
Bθ

ρr

)
(6)

1
Mb
=

rρ
Bθ

d
dθ

(
Bθ

ρr
1
lu

)
− 1

l2b
(7)

− 1
Lu
=

d
dθ

ln
( Bθ

r

)
(8)

1
Mu
=

r
Bθ

d
dθ

(
Bθ

r
1
lb

)
− 1

l2u
, (9)

and

1
lb
= − d

dθ
ln(r sin θ) = − 1

lu
· (10)

Equations (4) and (5) are of the form

∂2Φ

∂t2
=

V2

r2

[
∂2Φ

∂θ2
− 1
L
∂Φ

∂θ
+

1
MΦ

]
(11)

where

1
L = −

d
dθ

ln(F(θ)). (12)
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Fig. 1. a) The local-dipole loop geometry for a specific case (red line; radius a is chosen as the distance from the center to one footpoint of co-
latitude θF): La = A + c = 4.91a; b) an example of a stretched global dipole field line (red): the loop apex height A = 0.1 Rs (solar radius), and
θF = π/2 − π/64. The blue line represents a standard dipole field line passing through the same footpoints of the red loop on solar surface, while
the green one represents a dipole field line of the same apex height of the red loop. See Sect. 4 for details.

They can be transformed into the Klein-Gordon (KG) form
through the substitution

Φ = ψ exp
∫

dθ
2L = ψ f (θ) (13)

to yield

∂2ψ

∂t2
+ ω2

cψ =
V2

r2

∂2ψ

∂θ2
(14)

in which

ω2
c =

V2

r2

[
1

2L2

(
1
2
+

dL
dθ

)
− 1
M

]
· (15)

The so-called adiabatic-geometric growth/decay amplitude fac-
tor (McKenzie & Hu 2010) in Eq. (13) is written

f (θ) = exp
∫

dθ
2L =

1
F1/2(θ)

· (16)

It is clear that they possess the form

fu(θ) =
( Bθ

r

)− 1
2

, fb(θ) =

(
Bθ

ρr

)− 1
2

, (17)

for the velocity and magnetic field oscillation, respectively.
The quantity ωc, given by Eq. (15), in Eq. (14) is a cut-off

frequency as is readily seen by taking a harmonic time variation
∝ exp(iωt) for then Eq. (14) becomes

d2ψ

r2dθ2
= − (ω2 − ω2

c)

V2
ψ ≡ −κ2ψ. (18)

Alternatively, by denoting rdθ = Bθ

B ds (Webb et al. 2012), where
the field-line segment is denoted by ds, one may rewrite the
above equation in the form (VA = B/

√
ρ, the Alfvén speed)

d2ψ

ds2
= − (ω2 − ω2

c)

V2
A

ψ. (19)

A normal mode analysis (plane wave approximation) yields a
dispersion relation ω2 = ω2

c + k2V2
A. So the phase speed would

generally take on values great than VA, and in the limit of ω �
ωc, a value equal to VA, the Alfvén speed.

As pointed out in McKenzie & Hu (2010), an equation of
this form possesses propagating-type solutions for ω > ωc and
evanescent solutions for ω < ωc. Since the cut-off frequency ωc
varies with θ along the individual field line, both types of solu-
tions may co-exist and be coupled. The solutions are also subject
to boundary conditions at the footpoints of the field line. The fi-
nal wave forms of the perturbations are obtained by multiplying
the amplitude factor f (θ) of Eq. (16) with the corresponding KG
equation solution.

In the cases to be examined below, the boundary conditions
are chosen as uφ = 0 at both footpoints of the loop. An addi-
tional condition dψ/dθ = s, an arbitrary constant, is chosen to
enable the solutions of ω and ψ simultaneously (an eigenvalue
problem for ω) via an ODE solver implemented in Matlab soft-
ware package. The procedure is to solve the KG equation of uφ
with the complete set of boundary conditions to obtain an eigen-
frequency ω and the solution of uφ. Then the magnetic field per-
turbation bφ is obtained from Eq. (2) directly utilizing the known
solution of uφ.

4. Transverse oscillations in coronal loops

We now consider the transverse oscillations in coronal loops
where the KG equations can be applied. We examine two possi-
ble geometries of a coronal loop, all based on a standard axi-
symmetric dipole field model. The KG equations for such a
dipole field have been worked out in Webb et al. (2012). Here
we repeat some relevant results for completeness and extend the
applications to solar coronal conditions.

A background dipole magnetic field is given by

B0/B0 = 2
(a

r

)3
cos θr̂ +

(a
r

)3
sin θθ̂ (20)

where a is the radius at which B = B0 at the equator θ = π/2.
The equation of a field line becomes

dr
dθ
=

rBr

Bθ
= 2r cot θ (21)

which yields

r = La sin2 θ (22)
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where La is the radius at which a given field line cuts the equator
(so-called L shell in Earth’s dipole field). Then for this geometry,
we have (Webb et al. 2012)

1
lb
= − 1

lu
= −3 cot(θ) (23)

and subsequently,

1
Lb
= 7 cot θ +

1
ρ

dρ
dθ

(24)

1
Lu
= 7 cot θ (25)

1
Mu
= 15 cot2 θ + 3 (26)

1
Mb
= −3

(
11 cot2 θ + 1 + cot θ

dln ρ
dθ

)
· (27)

It is clear that the KG equation and its solution depend on the
density profile along the field line. For example, as in McKenzie
& Hu (2010), we assume ρ ∝ r−p along the field line, i.e.,

ρ = ρ0(a/r)p = ρ0L−p sin−2p θ, ρ0 ≡ const. (28)

Subsequently, we obtain the cut-off frequency for the magnetic
field perturbation in the form

ω2
c =

ω2
c0

L8−p sin(16−2p) θ

(
13
2
− p

) [(
15
2
− p

)
cos2 θ + sin2 θ

]
, (29)

with ω2
c0 = (B2

0/ρ0)/a2. The corresponding cut-off frequency for
the velocity perturbation is

ω2
c =

ω2
c0

4L8−p sin(16−2p) θ

(
cos2 θ + 2

)
. (30)

For wave frequencies ω in excess of (less than) the cut-off
frequency the time harmonic KG Eq. (18) yields propagating
(evanescent) modes. Often the cut-off frequency ωc exhibits a
profile symmetric about the equator, with a minumum value at
the equator and monotonically increasing values towards the
footpoints (Webb et al. 2012). Thus for a determined eigen-
frequency ω within the range of minimum and maximum cut-
off frequency, we expect propagating modes equator-ward of
where ω = ωc, and evanescent modes for ω < ωc towards the
footpoints.

The corresponding growth-decay factors are also obtained
for both the magnetic field and velocity perturbations, respec-
tively (Webb et al. 2012). For example, the amplification factor
for the velocity perturbation becomes

fu =
L2a1/2

B1/2
0

sin7/2 θ. (31)

Note that for a constant density along the field line (ρ ≡ const.,
i.e., p = 0 in the above equations), the function 1/L becomes
identical, and the factor f = 1/

√
F differs by only a constant

factor, in the equations of bφ and uφ, as seen from Eqs. (6), (8),
and (17).

4.1. A local dipole-field loop

First we consider a loop geometry of a local dipole field line near
the solar surface. As illustrated in Fig. 1a, such a coronal loop
may be represented by one field line of a standard dipole that has
an arbitrary radius, a, and a symmetry axis not necessarily cross-
ing the center of the Sun. In principle, certain parameters char-
acterizing the loop geometry may be determined from remote-
sensing observations, such as the loop apex height, A, and the
half-length between loop footpoints, lF (see, e.g., Aschwanden
et al. 2002). From Fig. 1a, the following is satisfied approxi-
mately (with the implication, lF � Rs, the solar radius),

a ≈
√

c2 + l2F = La sin2 θF ≈ (A + c)
c2

a2
· (32)

Therefore, it follows a3 = (A + c)c2, i.e., (A + c)c2 = (c2 + l2F)
3
2 .

Then the unknown parameter, c, the depth of the dipole center
can be first determined by solving (c > 0)

2Ac5 +
(
A2 − 3l2F

)
c4 − 3l4Fc2 − l6F = 0, (33)

with known parameters A and lF from observations. Then the
other parameters can be determined subsequently.

Figure 1a shows one example for A = 0.05 and lF = 0.01
(all normalized by Rs). The resulting parameters are c = 0.0051,
La = 0.0551, a = 0.011, and L = 4.91. The full loop length
is about 88 Mm. The angle θF = tan−1 c/lF = 27◦, and it is
possible to fully determine the dipole magnetic field (B0) from
the observation of B at one loop footpoint (θ = θF) by

B0 = B/
√

4 cos2 θF + sin2 θF. (34)

Of course the observation of B is often only available on the
photosphere where the loop footpoint is not always rooted.
Therefore magnetic field extrapolation would be needed, in
practice, to obtain the suitable measurement of B at the loop
footpoint. Under this geometry, all the formulations derived in
Webb et al. (2012) and given above by Eqs. (20)–(31) remain
unchanged. We choose a constant (corresponding to p = 0)
but relatively enhanced plasma number density along the loop,
n = 109 cm−3 (Aschwanden 2004; Aschwanden et al. 2002),
and B0 = 100 G. In reality, these parameters may take a vari-
able range of values and can be determined from observations.
For example, the choice of B0 is related to the magnetograph
measurement (B) at the loop footpoints by Eq. (34) with θF de-
rived from measurements by the procedure described above if
the local dipole approximation is satisfactory. Therefore a value
of 100 Gauss is reasonable, which corresponds to B ≈ 184 G,
especially for a loop rooted in active regions of strong magnetic
field.

Figure 2 shows the cut-off frequency and the factor f (θ) of uφ
for various L values corresponding to the loop geometries shown
in Fig. 1a. They show significant variations along the loop: the
cut-off frequency changes more than one order of magnitude,
while the amplitude factor changes up to tens of times, espe-
cially for larger L values. The wave forms of different modes are
similar to those in Webb et al. (2012), but are of different eigen-
frequencies, ω. The fundamental mode for this particular case is
shown in Fig. 3. The spatial profiles of higher-order harmonics
are given in Fig. 4 for both bφ and uφ. They all exhibit the feature
of a propagating-type solution near the center and an evanescent
type towards the footpoints. The oscillation frequency increases
with the increasing order of the harmonics while the amplitude
decreases. The corresponding time periods (P = 2π/ω) of the
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Fig. 2. The cut-off frequency ωc (with B0 = 100 Gauss, a = 0.011 Rs,
and n = 109 cm−3), and the adiabatic growth/decay factor as a function
of θ for various L values (ρ ≡ const. along the loop) for the transverse
velocity oscillation.
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Fig. 3. Wave form from the solution of the KG equation for the local
dipole field line (L = 4.91): the fundamental mode. Both uφ and bφ are
of arbitrary units.

oscillation range from the longest 31 min of the fundamental
mode to about 1.3 min of the multiple-order mode in Fig. 4d.
The time period of the fundamental mode is on the same order
of magnitude as the high-end of the range of the values reported
from observations (Aschwanden et al. 2002).

Figure 5 shows the variation of the fundamental mode fre-
quency with respect to the set of L values for different density
profiles. The corresponding loop lengths are also indicated by
the right axis. It is seen that the frequency decreases with in-
creasing L value, but increases with exponent p. The results
seem to be consistent with Oliver et al. (1993), who exam-
ined the MHD waves in a potential magnetic arcade structure

of translation symmetry in a Cartesian coordinate system. To
further visualize our result and to make connection with ac-
tual observations, we illustrate, in Fig. 6, the spatial profiles
of oscillating magnetic field lines at the moment of maximum
amplitudes, corresponding to the fundamental, 1st-order, and
2nd-order harmonics, respectively. They show certain resem-
blance to actual observations (e.g., Aschwanden et al. 2002). In
reality, one may foresee the difficulty in mode identification in
terms of the number of nodes, especially that associated with
higher-order modes due to projection effect etc.

4.2. A stretched global dipole-field loop

Now we consider an alternative model of the coronal loop
which may better mimic the observed geometry under certain
circumstances. Gibson & Low (1998), in an attempt to de-
velop a theoretical model for Coronal Mass Ejections (CMEs)
based on MHD and a self-similar solution, utilized a radial-
stretching transformation to better simulate the observed rather
complex geometry and morphology of CME cavities with em-
bedded magnetic field. The resulting configuration maintains the
solenoidal condition of the magnetic field and a magnetohydro-
static equilibrium. The approach was able to transform a sim-
pler and regular magnetic field configuration to a more complex
one, for example, from a circle to a water-drop shape that better
mimics coronagraph image of a CME. This approach suits our
purpose well. Following Gibson & Low (1998), we apply their
stretching transformation r → Λ to a global dipole field line
(symmetry axis always crossing the center of the Sun)

Λ = kr + rd, (35)

where parameters k and rd are constant. Then the resulting field
line equation for such a stretched dipole field becomes

r = La sin2 θ − rd

k
cos2 θ. (36)

And the magnetic field components are (Gibson & Low
1998, where lower-case b denotes the original dipole field,
and rc ≡ rd/k):

Br =

(
Λ

r

)2

br(Λ, θ, φ)

=
2B0a3

k
cos θ

r2(r + rc)
(37)

Bθ =
Λ

r
dΛ
dr

bθ(Λ, θ, φ)

=
B0a3

k
sin θ

r(r + rc)2
· (38)

It is clear that for the parameter rd ≡ 0 and k = 1, the magnetic
field geometry returns to a standard dipole, and here a ≡ Rs.

Figure 1b shows one example of such a coronal loop (red
line) for the chosen parameters: La = 1.1a, A = 0.1a, and
lF/a = π/64 = π/2 − θF (keeping k = 1 hereafter). It devi-
ates from a standard dipole field line and is non-potential. The
full loop length is about 164 Mm. All the formulas related to the
KG equations of the perturbations can be derived for this partic-
ular field-line geometry. They are listed below (rc ≡ rd/k):

1
lu
= cot θ

(
3 +

2rc

r

)
(39)

1
lb
= − 1

lu
, (40)
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Fig. 4. Wave forms from the harmonic solutions of the KG equation of multiple orders: a) 1st, b) 2nd, c) 3rd, and d) multiple orders. Both uφ
and bφ are of arbitrary units. The eigen-frequency ω is denoted in each panel.

and
1
Lu
= cot θ

(
7 +

4rc

r

)
(41)

1
Lb
=

1
Lu
+

d ln ρ
dθ

(42)

1
Mu
=

1
Lu

1
lu
− d

dθ

(
1
lu

)
− 1

l2u
(43)

1
Mb
= − 1

Mu
− 2

l2b
+

1
lb

d ln ρ
dθ
· (44)

It can be checked that all the above equations return to the forms
corresponding to a standard dipole as reported in Webb et al.
(2012) and Eqs. (23)–(27) for rc ≡ 0 (without stretching).

Figure 7 shows the variations of bothωc and f (θ) for this par-
ticular case of a stretched dipole field loop (with B0 = 100 G, a ≡
Rs, and constant number density along the loop, n = 109 cm−3).
Note that the angular extent of the loop becomes very limited on
a global scale in this case. But the overall behavior remains sim-
ilar with extreme values still at the equator. However the range
of variations (the ratio of maximum over minimum values) is
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Fig. 5. The variation of the fundamental mode frequencies as a function
of L for different density profiles (exponent p). The loop length for each
L value (denoted by a circle) is given by the right axis.

Fig. 6. Spatial profiles of the oscillating magnetic field lines (of maxi-
mum amplitude; black curves) for the fundamental, 1st-order, and 2nd-
order harmonics (from left to right), corresponding to Fig. 3, Fig. 4a
and b, respectively. The gray curve is the same background field line at
rest and the cross symbol denotes the footpoint. The view angle of each
panel is altered separately in order to optimize the visualization of each
oscillation pattern and amplitude.

significantly less than the previous case in Sect. 4.1. Figures 8
and 9 show the wave forms and the corresponding oscillation fre-
quencies for the fundamental, and higher-order mode harmon-
ics. Again the frequencies increase with higher orders. But the
wave forms contain the propagating-type solutions only since
ω > ωc is satisfied throughout the latitudinal interval of the loop
in this particular case. Therefore their wave forms are closer to
a sinusoidal form than the previous case without pronounced
decaying behavior towards the footpoints. The oscillation pe-
riods range from 17 min for the fundamental mode to about
45 s for the multiple-order mode in Fig. 9d. The fundamen-
tal mode period falls within the observed range of periods of
transverse oscillations in coronal loops (e.g., Aschwanden et al.
2002). Figure 10 again shows the oscillating magnetic field lines
of different modes for this particular case. They are Alfvénic
(ω � ωc) standing waves between the footpoints with increas-
ing number of nodes (0,1, and 2, respectively), increasing oscil-
lation frequency, and decreasing oscillation amplitude.

5. Summary and discussion

In summary, we present a hydromagnetic theory of the trans-
verse magnetic field and velocity perturbations in an axi-
symmetric background magnetic field geometry which applies
to one particular (“horizontal”) transverse oscillation of solar
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Fig. 7. Same format as Fig. 2 for the stretched dipole field loop (L =
1.1). The insets show the same curves over the loop interval θ ∈ [ π2 −
π
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64 ] only.
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Fig. 8. Wave form from the solution of the KG equation for the stretched
dipole: the fundamental mode. Both uφ and bφ are of arbitrary units.

coronal loops. The corresponding wave equations are cast into
a special KG form that is represented by an ordinary differen-
tial equation after a wave amplitude transformation with har-
monic time variations (∝eiωt). We illustrate its applications to
coronal loop oscillations by adopting two background field-line
models that may mimic real coronal loop geometries. We ob-
tain the oscillation periods (P = 2π/ω) of the fundamental
and higher-order harmonics for the two models. They range
from tens of minutes for the fundamental mode to <1 min for
multiple-order mode, with the chosen set of magnetic field and
plasma parameters, for the chosen loops. The fundamental mode
periods are generally on the same order of magnitude as the
observed periods of transverse coronal loop oscillations (e.g.,
Aschwanden et al. 2002; Goossens et al. 2002), especially con-
sidering the variability in the parameter values of our model
(e.g., ω ∝ ωc0 = B0/(a

√
ρ0)), if our approximation warrants
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Fig. 9. Wave forms from the harmonic solutions of the KG equation of multiple orders: a) 1st, b) 2nd, c) 3rd, and d) multiple orders. Both uφ and
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such a comparison with some emission-line observations. The
observations of higher-order harmonic oscillations (overtones)
were reported before (e.g., Andries et al. 2009). Direct compari-
son with theory is desirable, but would still be challenging, given
the ambiguity in distinguishing different spatial profiles. Some
wave forms show spatially coupled solutions of a propagating
type near the equator (ω > ωc) and an evanescent type towards
the ends (ω < ωc), while others exhibit purely propagating type
throughout the loop interval, owing to the behavior of the cut-
off frequency, ωc, of different field-line geometries. These wave
forms, characteristic of the KG equations, yet need to be fur-
ther studied and compared with observations. We will pursue
these detailed studies in future work. For example, different den-
sity profiles seem to lead to different eigen-frequencies that fit

different observations. One caveat, as we discussed in Sect. 2,
is that the distinction between the magnetic field line and the
loop itself as manifested from emission-line observations is not
addressed in our model.

In practice, the choice of boundary conditions has to be
guided by observations. As we pointed out earlier (McKenzie
& Hu 2010), the observation-based boundary conditions will as-
sign proper physical units to uφ and bφ, which will enable further
comparison of our results with observations in terms of oscilla-
tion amplitude and exact spatial wave forms. For example, the
asymmetric spatial profile of loop oscillations may be simply
modeled by choosing asymmetric loop footpoints, i.e., asym-
metric interval of loop co-latitude θ, and/or different boundary
conditions at different footpoints. For real event, a better model
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Fig. 10. Spatial profiles of the oscillating magnetic field lines (of maxi-
mum amplitude) for the fundamental, 1st-order, and 2nd-order harmon-
ics (from left to right), corresponding to Figs. 8, 9a and b, respectively.
Format is the same as Fig. 6.

for coronal loop (magnetic field line) is probably the combina-
tion of the two cases presented in Sect. 4, i.e., a stretched local
dipole-field line, which also allows a non-potential field topol-
ogy (Gibson & Low 1998). The simplest case would be shifting
the center of the global dipole (with fixed a = Rs) away from the
solar center to account for a loop plane not crossing the center of
the Sun. Then the analysis in Sect. 4.2 readily applies, and ob-
servations would facilitate the determination of various param-
eters associated with the analysis outlined in previous sections.
In the present study, we limited our investigations to one family
of theoretical solutions subject to one particular set of boundary
conditions that yield oscillation periods consistent with observa-
tions, but of small and arbitrary wave amplitudes. One limitation
of our theory is that we do not address the damping of the oscil-
lations in time that is commonly observed (e.g., Aschwanden
et al. 2002; Wang et al. 2002), partially owing to the fact that we
do not incorporate finite loop thickness and various other effects
in our model (Ruderman & Erdélyi 2009; Goossens et al. 2002).
However it might be possible for us to simulate such behavior by
employing time-varying boundary conditions. Of course the un-
derlying mechanisms for wave excitation and dissipation would
remain separate subjects that need to be addressed.

One interesting feature of our solutions is the determina-
tion of the magnetic field along the loop once the constant
parameter B0 is determined from, e.g., the magnetograph

measurement, given the underlying magnetic field model as-
sumed. Alternatively, if the oscillation frequency ω is well
determined from observations, a similar eigen-value problem
for the unknown parameter B0 (κ2 in Eq. (18)) can be con-
structed for a specific field-line model. Thus the magnetic field
along an individual loop can be determined by examining the
corresponding loop oscillation characteristics, provided that the
observed loop geometry fits the magnetic field model satis-
factorily. This would provide an additional tool for “coronal
seismology”.
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