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ABSTRACT

Context. Interferometric astrometry at radio and optical wavelengths serves as a fundamental and high-precision method for measur-
ing the positions of celestial objects and for geodetic and Earth orientation measurements.
Aims. We determine the importance and form of the degeneracy which arises when the interferometric baselines and the celestial
target positions are estimated simultaneously from the same data under circumstances where the declination range of the targets is
limited.
Methods. Heuristic analyses of an idealised interferometric experiment were used to determine how a degeneracy could arise as
a result of limited declination coverage and what form it might take. Singular Value Decomposition of simulated experiments with
different declination coverages and different hour-angle coverages were then used to quantify the level of degeneracy present and the
form of the degeneracy in example cases.
Results. A significant degeneracy was found which depends strongly on the declination coverage and less strongly on the hour-angle
coverage of the experiment. The degeneracy is significant even when the declination coverage extends from the pole to the equator.
The degeneracy takes the form of a systematic distortion of the measured coordinates in the declination direction which is larger near
the equator than at the poles, together with a corresponding baseline distortion.
Conclusions. Taking into account this degeneracy in a quantitative way can have a significant effect on the design and interpretation
of astrometric and geodetic experiments.
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1. Introduction

Interferometric measurements allow high-sensitivity determina-
tions of the angular positions of astronomical sources. At radio
wavelengths, Very Long Baseline Interferometry (VLBI) mea-
surements form a basis for the International Celestial Reference
Frame (ICRF) (Ma et al. 1998), while at optical wavelengths
there are projects pursuing astrometric interferometry either for
fundamental wide-angle astrometry (Hummel et al. 1994) or
for exoplanet detection using narrow-angle astrometry (Shao &
Colavita 1992; Launhardt et al. 2007).

The interferometric measurement of angular position de-
pends on accurate knowledge of the interferometric baseline, i.e.
the vector between the two telescopes or antennae whose signals
are being interfered. In order to measure celestial positions at
the milliarcsecond level, knowledge of the baseline to an accu-
racy of a few parts in 109 is required. This kind of accuracy is
difficult to obtain by direct measurement of the telescope posi-
tions, and it is standard practice to determine both the baseline
and the source positions simultaneously from interferometric ob-
servations of a series of celestial sources. A useful bonus of this
approach is that it yields baseline measurements that can be used
to determine geodetic and Earth orientation parameters (Sovers
et al. 1998).

A danger of determining baselines and source positions from
the same data is that it can lead to degeneracies in the model be-
ing fit to the data, that is to say that errors in one set of model pa-
rameters can mask errors in another set. The most well-known of

these degeneracies is that an error in the right ascension (RA) of
all the celestial sources can be offset by an equal error in the as-
sumed orientation of the baseline. This degeneracy is taken into
account by using the interferometric measurements to determine
only the relative RAs of the sources rather than determining ab-
solute values.

Less often considered is a corresponding global degeneracy
in declination. As will be demonstrated later in this paper, this
degeneracy arises purely from the geometry of interferometric
measurements and is present to a greater or lesser extent in any
experiment which attempts to measure the baselines and source
positions simultaneously. The degeneracy is in most cases only
a partial one and depends both on the range of declinations of
the sources which are observed and the baseline geometry em-
ployed. There is some evidence that the effects of this degen-
eracy are known in the literature: Thompson et al. (2001) state
that to do reliable astrometry with an interferometer, one should
observe sources over “as wide a declination range as possible”.
However, questions as to how wide this range needs to be and
what the consequences of not having a wide enough range are
have not to the author’s knowledge been answered quantitatively.

In this paper a quantitative analysis of this degeneracy is pre-
sented. A general measurement model is developed and then a
simplified scenario is used to illustrate the nature of the degen-
eracy in a heuristic fashion. The degeneracy is then quantified
numerically for representative experimental geometries. The im-
plications for a sample of astrometric and geodetic experiments
are then discussed.
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equinox

pole

Fig. 1. Geometry for the interferometric experiment. The vector si is
pointing towards the a celestial object with right ascension αi and dec-
lination δi. The baseline vector D j has polar and equatorial components
pj and ej as shown, and makes an angle with the equinox of hj at time
t = 0. The baseline is rotating at angular velocity ω with respect to the
celestial frame.

2. Measurement model

The simplified model for an interferometric astrometric exper-
iment used here is intended to apply to ground-based interfer-
ometers in both the optical and radio wavebands, but could also
be applied to a space-based interferometer on a rotating plat-
form. The modelled interferometer consists of a set of point-like
collecting elements (hereafter “telescopes” or “antennae”) and
it observes a set of fixed point-like celestial targets (hereafter
“stars” or “sources”). The interferometer measures the difference
in time of arrival (“delay”) of signals arriving at different tele-
scopes from a given star. A delay can be measured between any
two telescopes in the interferometer, and depends on the instan-
taneous vector separation or “baseline” between the telescopes.

The delay measured for a given star and telescope pair is
sampled at discrete times and the dataset consists of a series of
delay measurements for each star-baseline combination, with no
assumptions being made about the completeness of this set in
terms of which star-baseline combinations are measured. An al-
ternative formalism for interferometric astrometry uses the tele-
scope coordinates rather than the baselines as the parameters to
be solved for. When a given telescope is a member of more than
one baseline, the telescope-based formalism may have superior
noise-propagation performance compared to the baseline-based
formalism used here, but we show in the Appendix that the gen-
eral characteristics of the degeneracies which arise are not af-
fected by whether or not a baseline or telescope-based formalism
is used.

Figure 1 shows the coordinate system used to define the star
and telescope coordinates. The telescopes are fixed in a frame
which is rotating at angular velocity ω with respect to the celes-
tial frame. The rotation axis of the frame will be referred to as
the “polar” axis and the plane perpendicular to this axis as the
“equatorial” plane. A particular direction in the equatorial plane
which is fixed with respect to the celestial frame is denoted as
the “equinox”.

The stellar directions {si, i = 1 . . .Nstar} are measured relative
to the equatorial plane and the equinox in terms of their right as-
censions αi and declinations δi as shown in the figure. It should

be noted that this definition of the celestial coordinates with re-
spect to the rotation axis at the epoch of observation means that
Earth orientation effects such as precession and nutation can be
ignored. The baselines {D j, j = 1 . . .Nbas} are denoted in terms
of the lengths of their polar and equatorial components p j and e j
respectively, and the hour angle h j between the baseline and the
equinox at time t = 0. In radio VLBI it is conventional to denote
the hour-angle separation between the source and the baseline at
time t in terms of the “interferometer hour angle” (IHA) given
by

Hi j = ωt − h j − αi − π/2 (1)

(Pearson 1991).
For simplicity, relativistic corrections, the effects of refrac-

tion, geophysical corrections such as those due to Earth tides,
and effects due to mechanical imperfections in the telescopes
are not included in the model. Given these assumptions, the kth
sample of the delay measured on star i with baseline j is given
by

di jk = p j sin δi − e j cos δi sin Hi jk + c j + ni jk, (2)

where Hi jk is the IHA at the time at which the delay is sampled,
ni jk is a random “noise” error in the delay measurement and c j
is a baseline-dependent systematic error assumed to be fixed for
the duration of the experiment. This systematic error is typically
due to quasi-static signal propagation delays within the inter-
ferometer and is known as the “clock offset” in radio VLBI or
“constant term” in optical interferometry. This term can be con-
sidered as part of the baseline model. Note that throughout this
paper “delays” are denoted in terms of an optical path difference,
i.e. a distance: the corresponding time delays can be derived by
dividing by the speed of light.

A change of notation is now introduced in order to linearise
the problem. Let the star and baseline coordinates be written as
{αi + Δαi, δi + Δδi} and {e j + Δe j, p j + Δp j, h j + Δh j, c j + Δc j}
respectively where αi, δi, e j, p j, h j, and c j are a priori estimates
of the star positions and baseline parameters and Δαi, Δδi, Δe j,
Δp j, Δh j, and Δc j are unknown (but assumed small) offsets be-
tween the a priori estimates and the true values. A first-order
expansion of Eq. (2) gives the difference between the measured
delay and that expected from the a priori coordinates as

Δdi jk = Δp j sin δi
+Δδi(p j cos δi + e j sin δi sin Hi jk)
−Δe j cos δi sin Hi jk

+(Δαi + Δh j)e j cos δi cos Hi jk
+Δc j + ni jk.

(3)

This equation represents the set of simultaneous linear equations
which are to be solved for the offsets in the baselines and star
positions, given the set of differences between the expected and
measured delays.

3. Heuristic exploration

3.1. Simplified model

The structure of Eq. (3) can be made more clear by writing it as

Δdi jk = Ai j cos Hi jk + Bi j sin Hi jk +Ci j + ni jk (4)

where

Ai j = e j cos δi(Δαi + Δh j) (5)

Bi j = e j sin δiΔδi − cos δiΔe j (6)

Ci j = sin δiΔp j + p j cos δiΔδi + Δc j. (7)
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It can be seen that Ai j and Bi j are quadrature coefficients of a
sinusoidally oscillating (“diurnal”) delay and Ci j represents the
“DC” or time-invariant delay for a given combination of star and
baseline.

A considerable simplification of the mathematics results
from assuming that the interferometric delays can be sampled
uniformly in hour angle (HA) for all the stars for a complete
revolution of the rotating frame, i.e. over a complete 24-h pe-
riod for Earth-based observations. While this cannot usually be
achieved in practice, the assumption will reveal the degeneracies
for a “best case” set of observations.

If every star is observed at N equally-spaced times within a
revolution for each telescope pair then, for N > 2 Eq. (4) can be
solved for the values of Ai j, Bi j and Ci j using a discrete Fourier
transform, yielding three estimators Âi j, B̂i j and Ĉi j given by

Âi j =
2
N

N∑
k=1

cos Hi jkΔdi jk (8)

B̂i j =
2
N

N∑
k=1

sin Hi jkΔdi jk (9)

Ĉi j =
1
N

N∑
k=1

Δdi jk. (10)

If the noise on the delay measurements is uncorrelated and has
uniform variance, i.e. 〈ni jknlmn〉 = δilδ jmδknσ

2 where δpq is the
Kronecker delta, then the orthogonality of the Fourier basis func-
tions can be used to show that these estimators represent least
squares solutions and that the estimators have uncorrelated er-

rors of σ
√

2
N , σ
√

2
N and σ

√
1
N respectively. A least-squares so-

lution to Eq. (3) then becomes equivalent to a weighted-least-
squares solution to the set of simultaneous equations

e j cos δi(Δαi + Δh j) = Âi j (11)

e j sin δiΔδi − cos δiΔe j = B̂i j (12)

p j cos δiΔδi + sin δiΔp j + Δc j = Ĉi j (13)

with {Δαi,Δδi,Δe j,Δp j,Δh j,Δc j} as unknown model parame-
ters and {Âi j, B̂i j, Ĉi j} as the data corrupted by random noise.

3.2. Analytical degeneracies

Any non-trivial solution to Eqs. (11) to (13) with the right-hand
sides of the equations all zero represents a degeneracy in the
equations, as this solution can be added to any other solution and
not change the degree of fit to the data. It is clear by inspection of
Eq. (11) that the solution is degenerate in Δαi and Δh j because
there there would be no change in the measured delays if all
the source RAs were changed by some arbitrary amount and the
baselines were rotated by the same amount. This is the familiar
indeterminacy of the origin of right ascension for interferometric
experiments.

In addition to this degeneracy in RA, there is also a degener-
acy in declination. Inspection of Eq. (12) shows that if the equa-
torial components of the baselines are offset by

Δe j = βe j (14)

and the declinations are simultaneously offset by

Δδi = β cot δi (15)

where β is an arbitrary constant, then there is no change in the
value of B̂i j, in other words we cannot distinguish between the
true solution and the true solution plus a set of offsets of this
form.

This degeneracy is unconstrained when the family of equa-
tions represented by Eq. (12) is taken by itself, but including the
family of Eqs. (13) provides constraints. Substituting the decli-
nation distortion in Eq. (15) into (13) gives

Ĉi j = Δc j + Δp j sin δi + βp j cos2 δi/ sin δi

= Δc j + sin δi[Δp j − βp j] + βp j/ sin δi

= Δc j + p j

[
(γ j − β) sin δi + β/ sin δi

]
(16)

where γ j ≡ Δp j/p j. This has no general solution for zero Ĉi j

but non-zero β and so when the polar component of at least one
baseline is non-zero, the degeneracy is broken.

However, it is still possible to recover a partial degeneracy.
If the delays are measured with some finite accuracy then there
exist approximate solutions to the measurement equations which
are indistinguishable to within the noise from the correct solu-
tions. For example, setting c j = −2βp j for some constant β and
γ j = 2β we have

Ĉi j = βp j(sin δi + 1/ sin δi − 2)

≈ βp jφ
4
i /4 (17)

for small φi, where φi = π/2 − δi. Thus for stars which are close
to the pole, the change in the fit to the data is small, even for sub-
stantial distortions of the declinations. For example, if e j ≈ p j

and Ĉi j is measured to an accuracy of σ = εp j, one might in-
tuitively expect to be able to measure the declination to an ac-
curacy of order ε radians. For an observation of a set of sources
within 30◦ of the pole, the declinations can potentially be in er-
ror by more than 27 times this amount while changing the fit to
the data by less less than σ.

For sources near the equator a distortion proportional to cot δ
would produce large misfits to the delay data, but even here it
may still be possible to achieve and acceptable fit to the data by
adjusting the declination offsets away from the cot δ functional
form to give a slight mismatch to the observed diurnal delay vari-
ations but less mismatch to the DC term.

4. Quantifying the partial degeneracy

4.1. Singular value decomposition

The above heuristic analysis suggests that it is possible to get a
badly-conditioned system of equations if the declination range
of the observed targets is not sufficiently large. To give more
detailed insight into this degeneracy, the problem was studied
numerically using Singular Value Decomposition (SVD). SVD
is explained in detail in texts on numerical analysis (see for ex-
ample Press et al. 1992; Golub & Reinsch 1970) as a method of
analyzing a set of singular (i.e. degenerate) or nearly-singular
equations. Here we summarise the key details relevant to the
analysis performed in this paper.

A set of simultaneous linear equations such as that defined
by Eq. (3) can be written in matrix form as

b = Ax + η (18)

where x is a vector whose elements are the unknown model pa-
rameters to be estimated (baselines and source positions), A is
the “design matrix” for the system, b is a vector of data values
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(delays) and η is a vector of random noise values. SVD decom-
poses the design matrix into the product of three matrices:

A = UwVT (19)

where w is a diagonal matrix and U and V are unitary. The on-
diagonal elements of the matrix w are known as the “singular
values” and are equivalent to the eigenvalues of a square matrix
but generalized to the case of non-square matrix.

SVD can be used to invert the above set of equations to yield
a least-squares solution for the values of x given the measured
values of b

x̂ = A†b (20)

where

A† = Vw−1UT (21)

is the “generalised inverse” of A.
Importantly for this investigation, SVD yields quantita-

tive information on any degeneracies in the matrix inversion.
Consider a vector space whose axes correspond to the elements
of the model parameter vector x, i.e. the “model space” or the
“solution space”. In this space, surfaces of constant χ2 misfit
to the data (i.e. surfaces of constant likelihood if the data have
Gaussian errors) have the form of an ellipsoid. The magnitudes
of the principal axes of this “error ellipsoid” are proportional
to the inverses of the singular values and the “directions” of
the axes are given by the corresponding columns of V – these
columns can be considered to be “eigenvectors” of the design
matrix.

In the case of a singular set of equations, one or more of these
singular values is zero, and thus the error ellipsoid is infinitely
extended in one or more directions. These directions correspond
to the “null space” of the system of measurement, i.e. the set of
linear combinations of model variables which can be altered at
will without altering the measurements. For the RA degeneracy,
the null space consists of a single eigenvector which shifts the
right ascensions of all the stars and the hour angles of all the
baselines by the same amount. For the declination degeneracy
in the case where the polar components of the baselines are all
zero (e.g. a set of East-West baselines) then the null space has an
additional eigenvector consisting of the set of declination offsets
proportional to cot δi together with the corresponding baseline
distortion.

In the case of a non-singular but partially-degenerate set of
equations, like those under discussion here, the corresponding
singular values will not be identically zero, but will be small in
comparison to the other singular values. The corresponding lin-
ear combination of solution variables will not be completely un-
determined, but will have an uncertainty which is much higher
than any other linearly-independent set of variables. The error
ellipsoid is highly elongated along the directions correspond-
ing to the small eigenvalues. For the purpose of this analysis the
nomenclature of singular equations is carried over and the under-
determined directions will hereafter be called the “null space”,
with the remaining directions being termed the “range space” of
the design matrix.

4.2. Numerical simulations

The effects of varying the declination distribution of the sources
{δi} was investigated using SVD. For simplicity, the initial study
considered the idealised scenario where continuous observations
over a complete revolution of the rotating frame are possible.

Fig. 2. Singular values for a simulated interferometric experiment. The
singular values are arranged in descending order. The baseline had equal
polar and equatorial components. Twenty stars equally-spaced in decli-
nation between +30◦ and +90◦ were observed, and the delay was sam-
pled uniformly over the full 360◦ hour angle range. One of the 23 sin-
gular values is significantly smaller than the rest, corresponding to a
poorly constrained “direction” in solution space.

The equation independent of the declination offsets
(Eq. (11)) was ignored and the design matrix for the system of
equations represented by Eqs. (12) and (13) was formed. The
factor of 2 difference between the variances of B̂i j and Ĉi j was
taken into account by appropriately scaling the rows of the ma-
trix.

Observations of a set of stars spaced equally in declination
were simulated. Typically around 20 stars were used. The decli-
nation range of the stars was varied and the singular value matri-
ces were calculated numerically. These matrices were then used
to infer the level and form of the degeneracy in declination.

It was found that the results were not affected in a qualitative
manner by the number or geometry of baselines, so long as the
maximum polar and equatorial components of the set of base-
lines were roughly comparable. This can be understood from re-
alising that in Eqs. (12) and (13) the polar and equatorial com-
ponents of any given baseline are only connected through the
observation of common stars, so the polar component of one
baseline can be equally important to constraining the equatorial
component of another baseline as it is to constraining the equa-
torial component of its own baseline. For the results presented
in this subsection a single baseline was used, and the equatorial
and polar components of this baseline were equal in length.

Singular value decomposition confirmed that the system
of equations is ill-conditioned, especially for experiments with
small declination ranges. Figure 2 shows the singular values
for a typical case. Most of the singular values are of similar
magnitude, except for one singular value which is considerably
smaller, indicating a partial degeneracy.

Degeneracies are often quantified using the “condition num-
ber” – the ratio of the maximum singular value to the mini-
mum singular value. The condition number provides a measure
of the worst-case error that could result from the solution of a
set of equations, regardless of how improbable the worst-case
scenario is.

An alternative figure-of-merit is used here which provides a
measure of the typical rather than the worst-case degradation of
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performance due to the presence of a degeneracy. It compares
the contribution to the total variance from the degenerate axis of
the error ellipsoid to the average contribution from the remaining
axes.

The total variance of the least-squares estimator for a system
of equations with singular values {wk, k = 1 . . .n} is given by
(Press et al. 1992)

σ2
total = σ

2
n∑

k=1

1

w2
k

where σ2 is the variance of the individual data values. If we ar-
range the singular values in descending order, then the contri-
bution to the variance of the degenerate “direction” of the error
ellipse in the model space is given by σ2/w2

n whereas the mean
contribution of the remaining directions is

σ2

n − 1

n−1∑
k=1

1

w2
k

·

We therefore define the “degeneracy factor” κ as

κ =

1
w2

n

1
n−1

∑n−1
k=1

1
w2

k

· (22)

Just like the condition number, a degeneracy factor of unity cor-
responds to a completely non-degenerate solution while an in-
finite degeneracy factor corresponds to a completely degenerate
solution. Unlike the condition number, intermediate degeneracy
factors can be used to understand when the degeneracy is at an
acceptable level, as will be shown in Sect. 5.

Figure 3 shows how κ varies when the declination range of
the targets observed is changed. Declination ranges with differ-
ent upper limits δmax are shown; the case δmax = 90 is perhaps of
most interest when studying a polar or mid-latitude interferom-
eter sited in the Northern hemisphere (clearly these results can
be used for Southern hemisphere interferometers by exchanging
δ for −δ everywhere). The values of κ plotted are for simulated
observations of Nstar = 20 stars; when the value of Nstar was var-
ied between 10 and 80 but the declination range of the stars was
kept the same, the values of κ were found to remain approxi-
mately constant.

Figure 3 confirms that, as expected from the earlier heuris-
tic analysis, the degeneracy factor is large when the star decli-
nations are restricted to a range near to the pole, and κ gener-
ally decreases when a larger range of declinations is covered.
The heuristic exploration indicated that a degeneracy should be
present when the stars observed are all much less than a radian
from the pole, but it can be seen that κ remains significantly
greater than unity even for declination ranges which span from
the pole to the equator.

The solution errors corresponding to this degeneracy are
given by the “null eigenvector” which is plotted in Fig. 4. It
should be remembered that this eigenvector is a unit vector in
a space whose axes are declination offsets for different sources,
and it represents a set of declination offsets which can be added
to any solution and produce relatively little change in the mea-
sured data values. Because it is a unit vector, it serves the pur-
pose of representing the ratio of the declination offsets for dif-
ferent stars: the absolute magnitude of these offsets depends on
the magnitude of the corresponding singular value. It can be
seen from the figure that the offsets are generally smaller for
sources near to the pole than for sources near the equator: this
can be compared to the cot δ form for the degeneracy found in
the heuristic analysis.

Fig. 3. The “degeneracy factor” κ of the astrometric solution for simu-
lated experiments observing stars over the full 360◦ hour angle range.
In all cases 20 stars, equispaced across a given declination range, were
observed. Different lines correspond to different upper limits δmax to the
declination range as indicated in the legend, and the x-coordinate cor-
responds to the lower limit δmin of the range used. In all simulations a
single baseline with equal polar and equatorial components was used.

Fig. 4. “Null eigenvectors” corresponding to the smallest singular value
for a given astrometric experiment. Each eigenvector consists of a set of
declination offsets Δδi for each of the set of 20 stars in the experiment.
These offsets are plotted as a function of the star declination δi. For
simplicity the corresponding baseline offset, which is also part of the
eigenvector, is not shown. The different eigenvectors shown correspond
to experiments with different minimum observed star declinations δmin;
the maximum declination observed is δmax = 90◦ in all cases.

4.3. The effect of hour-angle coverage

The above results were derived assuming that all the stars can be
observed for a full diurnal cycle. While this scenario is directly
applicable to interferometers situated in polar regions or on ro-
tating space platforms, it is a less good approximation to ground-
based observations at mid latitudes which form the bulk of exist-
ing interferometric observations. In these cases, the hour-angle
coverage for a given target is restricted by the Earth’s horizon,
and as an object approaches the horizon refraction errors caused
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by the Earth’s atmosphere make observations increasingly unre-
liable (MacMillan & Ma 1997).

A restriction in the range of hour angles over which a target
can be observed with any given baseline will limit the range of
values of Hijk, the interferometer hour angle (IHA) over which
the delay is sampled. However in the majority of practical obser-
vations, a given target is observed on more than one baseline and,
if these baselines have different hour angles with respect to the
meridian, then it may still possible observe a given object over
the full 360-degree range in IHA. Thus one might then suppose
that the previous analysis would provide a good approximation
to realistic observation scenarios.

To determine if the declination degeneracy identified previ-
ously is still present under more realistic conditions, simulations
were performed of zenith-distance-limited observations at mid
latitudes. The simulated interferometer was sited at a latitude of
+30◦, and was assumed to be small compared with the radius of
the Earth so that any given star had the same elevation when seen
from any antenna (unlike a VLBI interferometer where the ele-
vation of a given source at any given instant varies from antenna
to antenna).

The simulated interferometer consisted of two indepen-
dent baselines, one running due North-South one running due
East-West. The North-South baseline had unit polar component
an equatorial component of 1/

√
3, consistent with a “ground-

hugging” interferometer at 30◦ latitude, while the East-West
baseline had no polar component and unit equatorial component.
It should be noted that in this arrangement the equatorial com-
ponents of the two baselines are orthogonal, thereby diversifying
the range of IHA values observed.

Observations of a set of 20 stars spaced uniformly in decli-
nation were simulated. For each star, delay measurements were
made uniformly over the hour angle range accessible for that star
within the given zenith-distance limit. The full set of equations
represented by Eq. (3), as opposed to the restricted set of equa-
tions represented by Eqs. (12) and (13) used earlier, was solved
using SVD and the singular values and the eigenvectors were
examined in each case.

It was found that the behaviour seen with restricted zenith
distance observations was similar to that seen for full hour-angle
coverage. Figure 5 shows the spectrum of singular values for ob-
servations when the observations are restricted to targets within
75◦ of the zenith. It can be seen there is a partial degeneracy sim-
ilar to that seen with no zenith-distance restrictions, indicated by
a singular value significantly smaller in magnitude than the ma-
jority of the other singular values (with the exception of the zero
singular value corresponding to the well-known degeneracy in
right ascension, which was ignored in this analysis). Simulations
with different zenith angle limits and declination ranges exhib-
ited similar qualitiative behaviour.

The degenerate singular value in all cases corresponded to a
“null eigenvector” which was in the form of a declination distor-
tion and corresponding baseline distortion; the right ascension
component of this eigenvector was zero to machine precision.
The degeneracy factors and the shape of the null eigenvectors
for zenith-distance-limited observations were found to be close
to those seen for observations with the same declination lim-
its but full diurnal coverage, indicating that it is the declination
limit that determines the form of the degeneracy more than the
hour-angle limit.

Fig. 5. Singular values for a simulated interferometric experiment where
the observations were limited in hour angle so that targets were always
observed when they were within 75◦ of the zenith. The singular val-
ues are plotted in decreasing order. The interferometer had North-South
and East-West baselines as explained in the text. The 20 targets were
uniformly spaced in the declination range 0◦ to 90◦ and were observed
at 8 uniformly-spaced hour angles within the available HA range. The
singular value corresponding to the degeneracy in the zero point of RA
is not shown, so a total of 47 singular values are plotted (the degrees of
freedom of the solution consist of right ascenscions and declinations for
each of the 20 targets and 4 baseline parameters for each of 2 baselines).

5. Implications for interferometric astrometry

The analysis above has shown that an idealised geometric model
for interferometric astrometry predicts a significant partial de-
generacy in declination for these measurements even when the
range of source declinations extend from the pole to the equa-
tor. The simulations of more realistic observations show that this
ideal model acts as a good predictor of the level of degener-
acy even when less-than-ideal hour-angle coverage is present.
The following subsections consider the consequences of the ex-
istence and form of the degeneracy in a number of practical ap-
plications.

5.1. The design of astrometric experiments

Figure 3 shows that the ideal interferometric experiment should
observe sources from pole-to-pole in order to minimise the the
magnitude of the declination degeneracy. This is not practical in
many cases and so an alternative is to derive an estimate for the
minimum declination coverage which gives an acceptable level
for the degeneracy.

A given level of degeneracy may be considered acceptable if
the degeneracy contributes less than or the same amount to the
total variance in the solution as all the other error sources com-
bined. The degeneracy factor κ is a measure of the ratio of the
variance contributed by the degenerate component of the model
to that contributed by an average non-degenerate model compo-
nent, so κ needs to be less than or of the order of the number of
other parameters which contribute to the declination errors for
the above condition to be achieved.

It would seem reasonable to assume that the non-degenerate
parameter errors are roughly equally distributed between errors
in declination and errors in RA and it is often the case the num-
ber of baselines is small compared to the number of sources.
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Under these conditions the acceptable level for the degeneracy
parameter will be approximately equal to the number of sources.
Thus, for example, if an experiment observes 20 sources then
the level of degeneracy may be considered acceptable if κ <∼ 20;
from Fig. 3 we can see that this can be achieved by observing
sources equally spaced between declinations of −20◦ and +90◦.

Combining observations from a Southern-hemisphere inter-
ferometer with those from a Northern-hemisphere interferome-
ter may alleviate the problem of the poor declination coverage
of either interferometer alone to some extent. However, it is not
clear how well this would work, since the sources in common
to the two interferometers are those near the equator; it can be
seen from Fig. 4 that sources near the equator will suffer from
the worst errors in both interferometers.

When the conditions for adequate declination coverage are
not met, the effects can be dramatic. Hummel et al. (1994) made
optical interferometric observations with an intrinsic accuracy
level estimated to be at the 0.01 arcsec level, but because of lim-
itations in the declination coverage, the declination degeneracy
introduced errors at the level of several arcseconds. This experi-
ment provided the initial motivation for this study.

5.2. Antarctic and East-West interferometers

For an East-West interferometer the values of p j are all zero
and so the family of equations given by Eq. (13) provide no
additional constraints on the degeneracy proportional to cot δ
given in Eq. (15). As a consequence, large distortions in declina-
tion near the equator are possible independent of the declination
range observed. Ryle & Elsmore (1973) noted that measurement
of the declinations of sources near the equator with an East-West
interferometer was prone to error, but turned the argument on its
head: by measuring the interferometric delays of sources within
30 arcmin of the equator whose declinations were known with
moderate precision they were able to accurately determine the
equatorial component of their baseline.

The same result applies to the interferometers that are be-
ing proposed for siting in Antarctica (Lloyd et al. 2002) since
for any ground-hugging interferometer the polar component of
the baseline will be very small in comparison to the equatorial
component. In the case of Antarctic interferometers the solution
adopted by Ryle and Elsmore is less practical: equatorial sources
will be near the horizon where errors due to atmospheric refrac-
tion are likely to be large. An alternative way to break this de-
generacy would be to use astrometric measurements of higher-
declination sources made using other methods with comparable
accuracy, for example space missions.

5.3. Differential astrometry

The highest-precision astrometric measurements often come
from differential astrometry (Shao & Colavita 1992), where the
relative positions of two sources which are separated by rela-
tively narrow angles are measured. These measurements are less
susceptible to a number of sources of systematic error and this is
also true in the case of the declination degeneracy: it can be seen
from Fig. 4 that the declination errors of sources of similar in
declination are similar, so the differential declination error will
be small compared to the global declination error caused by this
degeneracy.

Nevertheless the declination degeneracy may still cause
problems in experiments where a global astrometric solution
is used to determine the baseline used for the differential

measurement. Since the degeneracy causes a distortion both of
the measured declinations and of the baselines, then a severe
degeneracy caused by too narrow a declination coverage and/or
a lack of sufficient polar component of the baselines could be
sufficient to affect the precision of differential measurements.
Therefore caution still needs to be exercised when choosing the
set of sources used to measure the interferometer baseline.

5.4. Comparing catalogues

To cope with the well-known degeneracy in right ascension, it
is conventional to solve the interferometric equations for a set
of model variables which can be constrained by the data (the
“range space”), namely the RAs of the stars relative to one an-
other and the equatorial rotations of the baselines relative to one
another, and in addition to specify a set of model variables for
which the data are unable to provide any constraints (the “null
space”), namely the average RA offsets of the stars and the aver-
age rotational offsets of all the baselines.

When comparing catalogues of stars from two different ex-
periments it is natural therefore to allow for the unconstrained
degree of freedom in both catalogues by rotating the catalogues
relative to one another in RA to achieve the best agreement be-
tween them. When comparing two catalogues where one or both
are subject to the declination degeneracy, a similar procedure
could be adopted, since the declination degeneracy, while only
partial, may comprise a significant “systematic error” (in the
sense of an error which is strongly correlated between stars) for a
given catalogue. In this case however, the catalogues cannot sim-
ply be rotated relative to one another since the under-constrained
“direction” in parameter space does not correspond to a uniform
motion of all the stars in a given catalogue. Instead, motion in
the along the “null vector” consists of a small declination shift
near the poles and a much larger shift near the equator as shown
in Fig. 4.

When comparing two interferometric catalogues one needs
to “move” the declination solutions along their respective “null
directions” until the catalogues agree as well as possible. This
motion is achieved by changing the scale factor by which the
declination eigenvector is magnified before being added as an
offset to the catalogue positions. It should be re-emphasized that
this is an equivalent procedure to shifting catalogues in RA – it
involves adjusting a single degree of freedom to make a much
larger number of parameters fit. The main difference between
the RA and declination degeneracies lies mainly in our intuitive
ability to grasp what transformations are being applied to the
solutions, not a difference in the order of the problem.

A second difference is that the null eigenvectors for interfer-
ometric catalogues are currently not published. In some cases,
this may be because for the very large datasets comprising, for
instance, the ICRF, the magnitude of the declination degeneracy
is sufficiently small to be neglected.

However there is some evidence suggesting that an effect
similar to the declination degeneracy described here may be im-
portant. Studies comparing radio source catalogues have found
that ad-hoc methods which systematically shift source declina-
tions by different amounts depending on declination are effective
in improving the agreement between different catalogues (Arias
& Bouquillon 2004; Sokolova & Malkin 2007), and it is possible
this is partly an effect of a declination degeneracy.

In addition, radio-VLBI experiments often show systematic
errors in declination for sources near the equator. These can be
removed by modelling these as additional refraction corrections
near the equator (MacMillan & Ma 1997), but could perhaps
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include a component arising from a partial degeneracy in decli-
nation.

5.5. Geodesy and Earth orientation

Interferometric astrometry yields measurements of the relative
coordinates of Earth-based telescopes as well as the positions of
celestial sources, and this can be used as part of geodetic pro-
grammes which aim to measure motions of the Earth’s crust and
the orientation of the Earth with respect to an “inertial” frame.
The declination degeneracy consists of distortions to baselines as
well as source positions, and so this degeneracy has the potential
to affect both astrometric and geodetic measurements.

While the degeneracy in RA leads to a global rotation of the
baseline coordinates which can be straightforwardly dealt with,
the declination degeneracy can lead to an apparent change in
the lengths of the baselines in a correlated way, which could be
misinterpreted in terms of global changes of shape of the Earth.
Thus the same caution about choosing an acceptable declination
range for the celestial sources applies to both astrometric and
geodetic experiments.

An important application of interferometry is to determine
Earth orientation, and in particular the motion of the Earth’s ro-
tation axis (Arias et al. 1995). The shape of the degenerate eigen-
vectors shown in Fig. 4 gives rise to a useful property for the
measurement of polar motion. Although absolute source decli-
nations are badly determined at low declinations, at declinations
near the pole, the error becomes smaller. Thus measuring polar
motion through preferentially monitoring the declination motion
of sources close to the pole can reduce the effects of the declina-
tion degeneracy to arbitrarily small values. In this case it may be
possible to determine polar motion to a high degree of accuracy
even when the declination coverage is poor.

6. Conclusions

It has been shown that interferometric astrometry experiments
are subject to a degeneracy which exists under a wide range of
experimental conditions. This degeneracy results in a correlated
set of distortions in the measured declinations of the celestial tar-
gets, together with a corresponding distortion of the measured
baselines. These distortions have the potential to affect the de-
sign of interferometric astrometric experiments and the interpre-
tation of their results, and the implications of this have been dis-
cussed in some example cases.

The results given here are from a limited number of geome-
tries and observing scenarios, so can only be used as a guide as
to whether the degeneracy might be important in any particular
case. It is recommended that astrometric experiments are inves-
tigated on a case-by-case basis to understand the importance of
this degeneracy and how to ameliorate its effects. This study has
shown that SVD is a powerful tool for such investigations.
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Appendix A: Telescope-based formalisms

The formalism used in Eq. (2) can be expressed in vector form
as

di jk = ŝi · D jk + c j + ni jk (A.1)

where ŝi is the direction of star i, D jk is the vector representing
baseline j at time k, c j is a baseline-dependent offset and ni jk is
a noise value for the given measurement. Alternatively, we can
write Eq. (A.1) in the form

dlm
ik = ŝi · (Xl

k − Xm
k ) + cl − cm + nlm

ik (A.2)

where l and m denote the pair of telescopes which form base-
line j, and where the telescopes have coordinates Xl

k and Xm
k

respectively at time k and have associated clock offsets cl and cm

respectively. The absolute positions of the telescopes cannot be
determined from the data, but this can be dealt with by setting
the coordinates of one or more of the telescopes to some fixed
value.

The baseline-based formalism of Eq. (A.1) and the
telescope-based formalism of Eq. (A.2) give identical results
where each telescope is only ever used to form fringes with one
other telescope, but the results may differ when this is not true.
This is because the information that one telescope position is in-
volved in more than one baseline is naturally included in the
telescope-based equations but requires extra constraints to be
added to the baseline-based equations. However, the following
argument indicates that if a degeneracy exists in the baseline-
based equations without applying these additional constraints,
then a similar degeneracy always exists in the telescope-based
equations.

The existence of a degeneracy in the baseline-based equa-
tions means that there exists a set of non-zero offsets {Δsi},
{ΔXl

k − ΔXm
k } and {Δcl − Δcm} such that

(ŝi + Δsi) · (Xl
k + ΔXl

k − Xm
k − ΔXm

k ) + cl + Δcl − cm − Δcm =

ŝi · (Xl
k − Xm

k ) + cl − cm + ηlm
ik (A.3)

for a particular set of a priori star positions and baseline parame-
ters {ŝi}, {Xl

k−Xm
k } and {cl−cm}, and where ηlm

ik is an offset which
is zero for a full degeneracy and small for a partial degeneracy.
For simplicity the case of ηlm

ik = 0 will be treated initially, and an
indication of how the argument can be generalised for non-zero
ηlm

ik will be given later.
Ignoring second-order terms, Eq. (A.3) can be written

Δsi · (Xl
k − Xm

k ) + ŝi · (ΔXl
k − ΔXm

k ) + Δcl − Δcm = 0 (A.4)

in the case of a full degeneracy. The simplest arrangement
which illustrates the difference between the telescope-based and
baseline-based formalisms is one where there are three tele-
scopes and where delay measurements are made on all three
baselines between these telescopes. In this case, the informa-
tion present in the baseline-based formalism can be represented
by modelling three independent pairs of telescopes with coordi-
nates {X1

k , X
2
k , X

3
k , X

4
k , X

5
k , X

6
k}. Because the data actually come

from 3 rather than 6 telescopes, the a priori baselines will form
a closed triangle so that

(X1
k − X2

k) + (X3
k − X4

k) + (X5
k − X6

k) = 0. (A.5)

The telescope-based formalism adds the additional information
that the telescope coordinates are not independent from one an-
other so that, for example, ΔX3

k = ΔX2
k and so on. As a result,

any degeneracy must also satisfy

(ΔX1
k − ΔX2

k) + (ΔX3
k − ΔX4

k) + (ΔX5
k − ΔX6

k) = 0 (A.6)
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and

(Δc1
k − Δc2

k) + (Δc3
k − Δc4

k) + (Δc5
k − Δc6

k) = 0. (A.7)

Equations (A.6) and (A.7) are additional constraints on the de-
generacy which are not explicitly present within the baseline-
based formalism and so it might at first sight appear possible
that a degeneracy which is seen in the baseline-based formalism
may not be compatible with the all the constraints present in the
telescope-based formalism. However, Eqs. (A.4) and (A.5) can
be combined to show that

ŝi · (ΔX1
k − ΔX2

k + ΔX3
k − ΔX4

k + ΔX5
k − ΔX6

k)

+ Δc1
k − Δc2

k + Δc3
k − Δc4

k + Δc5
k − Δc6

k = 0. (A.8)

Since Eq. (A.8) is true for multiple different values of ŝi, it
can only be satisfied if Eqs. (A.6) and (A.7) are both individ-
ually satisfied. Thus the additional constraints present in the
telescope-based formalism are satisfied by any full degeneracy
in the baseline-based formalism, so any degeneracy in the latter
formalism must also exist in the former formalism.

For the case of a partial degeneracy where ηlm
ik is small but

non-zero, the above reasoning can be modified to show that the
elongated “direction” of the error ellipsoid in solution space
corresponding to the partial degeneracy lies almost parallel to
the “hyperplanes” of constraints given by Eqs. (A.6) and (A.7).
The error ellipsoid for the telescope-based equations will lie on
the intersection of the error ellipsoid for the baseline-based equa-
tions and these hyperplanes, and so there will be a degeneracy of
similar magnitude and direction in both the the telescope-based
and baseline-based formalisms.

For arrays of more than 3 telescopes, the additional con-
straints present in the telescope-based formalism can be repre-
sented in the form of the set of “closure constraints” such as
those given in Eqs. (A.7) and (A.8) for all the triplets of tele-
scopes in the array, since the constraints from any higher-order
closure geometries such as quadrilaterals will be linearly de-
pendent on the constraints from the triplets which can be made
from the same telescopes. For each of these triplets, the results
given above show that any baseline-based degeneracy satisfies
(or nearly satisfies, in the case of a partial degeneracy) the clo-
sure constraints, and hence that the degeneracy is also a degener-
acy of the telescope-based formalism. Thus the analysis given in
this paper is a good guide to the degeneracies present whichever
formalism is used.
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