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ABSTRACT

Aims. We investigate the X-ray, UV, and also the radio continuum arising from plasmas with a non-Maxwellian distribution of elec-
tron energies. The two investigated types of distributions are the κ- and n-distributions.
Methods. We derived analytical expressions for the non-Maxwellian bremsstrahlung and free-bound continuum spectra. The
spectra were calculated using available cross-sections. Then we compared the bremsstrahlung spectra arising from the different
bremsstrahlung cross-sections that are routinely used in solar physics.
Results. The behavior of the bremsstrahlung spectra for the non-Maxwellian distributions is highly dependent on the assumed type of
the distribution. At flare temperatures and hard X-ray energies, the bremsstrahlung is greatly increased for κ-distributions and exhibits
a strong high-energy tail. With decreasing κ, the maximum of the bremsstrahlung spectrum decreases and moves to higher wave-
lengths. In contrast, the maximum of the spectra for n-distributions increases with increasing n, and the spectrum then falls off very
steeply with decreasing wavelength. In the millimeter radio range, the non-Maxwellian bremsstrahlung spectra are almost parallel to
the thermal bremsstrahlung. Therefore, the non-Maxwellian distributions cannot be detected by off-limb observations made by the
ALMA instrument. The free-bound continua are also highly dependent on the assumed type of the distribution. For n-distributions, the
ionization edges disappear and a smooth continuum spectrum is formed for n � 5. Opposite behavior occurs for κ-distributions where
the ionization edges are in general significantly enhanced, with details depending on κ and T through the ionization equilibrium. We
investigated how the non-Maxwellian κ-distributions can be determined from the observations of the continuum and conclude that
one can sample the low-energy part of the distribution from the continuum.
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1. Introduction

Assuming a Maxwellian distribution of particle energies is most
widely used to describe the astrophysical plasma. This has its
roots in the Boltzmann-Gibbs statistical mechanics, which is in
turn based on the assumption that the collisions in the stud-
ied plasma are sufficiently frequent to attain the thermal equi-
librium. However, the assumption of the Maxwellian distribu-
tion has been challenged in the past decades in a wide variety
of astrophysical environments, ranging from laboratory plasmas
to planetary magnetospheres, the solar wind, and even galax-
ies (e.g., Dalla & Ljepojevic 1997; Maksimovic et al. 1997a,b;
Viñas et al. 2000; Petkaki et al. 2003; Mauk et al. 2004; Leubner
2004a,b, 2005; Maksimovic et al. 2005; Ryu et al. 2007, 2009;
Gaelzer et al. 2008; Nieves-Chinchilla & Viñas 2008; Dialynas
et al. 2009; Prokhorov 2009; Prokhorov et al. 2009; Le Chat et al.
2009; Pierrard 2009; Pierrard & Lazar 2010; Pierrard et al. 2011;
Livadiotis & McComas 2010; Lu et al. 2010, 2011; Leitner et al.
2011).

In solar physics, on which we focus here, departures from
the equilibrium Maxwellian distribution occur every time par-
ticles are accelerated, e.g., in flares, where high-energy tails

� Appendix A is available in electronic form at
http://www.aanda.org

are ubiquitous (Petkaki & MacKinnon 2007, 2011; Zharkova &
Gordovskyy 2006; Veronig et al. 2010; Zharkova et al. 2010,
2011; Fletcher et al. 2011; Holman et al. 2011). Apart from
that, departures from Maxwellian distributions can occur at low
plasma densities if there are strong gradients of temperature and
density, i.e., in the transition region (e.g., Owocki & Scudder
1983; Ljepojevic & MacNiece 1988; Scudder 1992; Pinfield
et al. 1999; Dzifčáková & Kulinová 2011), in conditions where
the mean energy can change (Collier 2004), i.e., during plasma
heating. These processes commonly result in the formation of
power-law, high-energy tails. However, changes in the bulk of
the distribution function were also reported during flares (Seely
et al. 1987; Dzifčáková et al. 2008; Kulinová et al. 2011).

The non-Maxwellian distributions are often represented
in an analytical parametric form, described by several free
parameters, one of which is usually connected to the tempera-
ture or mean energy, i.e., the second moment of the distribution
function. In the spectroscopy of solar corona and flares, one such
class of parametric distributions are the κ-distributions. They
were first proposed by Vasyliunas (1968) and are characterized
by the parameter κ, which gives the degree of departure from
the Maxwellian distribution and also the asymptotic slope
of the high-energy tail of the distribution (see Eq. (1) in
Sect. 2). Their presence in the flaring plasma was studied
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by Kašparová & Karlický (2009). These authors showed that
the κ-distributions can explain the thin-target bremsstrahlung
spectrum of some coronal sources in partially occulted flares.
Dzifčáková & Kulinová (2010) proposed a method of diagnos-
ing κ-distributions based on line ratios observed by Hinode/EIS
(Culhane et al. 2007) and SPIRIT spectrometers (Zhitnik et al.
2005). They found that the Fe xi – Fe xii line spectra during a
flare observed by the SPIRIT spectrometer can be explained by
the κ-distribution with κ= 2. This finding was not supported by
a differential emission measure (DEM) analysis, however, and
is thus questionable. In contrast to this, Dzifčáková & Kulinová
(2011) showed that the transition region Si iii spectra can be ex-
plained by the κ-distribution with κ ranging from κ= 7 in the
active region to κ= 13 in the coronal hole. This diagnostics is
valid also for the plasma characterized by DEMs with vary-
ing steepness at temperatures where the Si iii lines are formed.
The κ-distributions were also observed in the solar wind at dis-
tances of 1–2.3 AU (e.g., Maksimovic et al. 1997a,b; Zouganelis
2008; Le Chat et al. 2009, 2011; Pierrard 2011). Pierrard et al.
(1999) and Vocks & Mann (2003) showed that the distribu-
tion function with a high-energy tail in the solar wind can in-
deed originate in the open magnetic structures at the base of
the quiet solar corona through resonant interaction of electrons
with the whistler-waves. The formation of κ-distributions in
the closed coronal loop geometry was studied by Vocks et al.
(2008). Formation of κ-distributions by ion-sound turbulence
and beam-plasma interaction has been studied e.g. by Rhee et al.
(2006) and Yoon et al. (2006). A comprehensive review on κ-
distribution in space plasmas can be found in Pierrard & Lazar
(2010).

Another parametric distribution is the n-distribution, invoked
to explain the observed ratios of dielectronic to allowed lines
during solar flares (Seely et al. 1987; Dzifčáková et al. 2008;
Kulinová et al. 2011). These works report increased intensi-
ties of the X-ray Fe or Si dielectronic satellite lines with re-
spect to allowed lines of a nearby He-like ion of the same el-
ement. This increase occurs only during the impulsive phase
of the observed flares, coincides with the presence of electron
beams inferred from radio bursts (Kulinová et al. 2011), and
most importantly, cannot be explained by emission from a multi-
thermal Maxwellian plasma (Dzifčáková et al. 2008). Moreover,
Kulinová et al. (2011) combined the X-ray observations made
by the RESIK spectrometer (Sylwester et al. 2005) with the
RHESSI (Lin et al. 2002) observations of energies down to
4 keV to show that not only the presence of n-distributions in-
crease the goodness-of-fit in terms of χ2, but that the emission
measure associated with the plasma with n-distribution domi-
nates over the contribution from the thermal component. In the
range of a few keV, which corresponds to the excitation energy
of the dielectronic satellites, the n-distribution can be mimicked
by the Maxwellian distribution with a velocity drift (Karlický
et al. 2012).

The influence of the non-Maxwellian distributions on the
ionization equilibrium in the solar corona was studied by
e.g. Anderson et al. (1996); Dzifčáková (1998, 2002) and
Wannawichian et al. (2003), and on excitation equilibrium by
Dzifčáková (2000, 2006); Dzifčáková & Tóthová (2007) and
Dzifčáková & Mason (2008). The main result of these works
is that changes in the processes of ionization and excitation are
significant and lead to changes in the predicted line intensities.
This on one hand allows us to determine the presence of the non-
Maxwellian distributions from the observations, but also leads
to changes in the total radiative losses (Dudík et al. 2011) that
possibly affect the energy balance in the solar corona. Changes

in the line intensities also lead to different responses of TRACE
EUV filters (Dudík et al. 2009).

Continua related to the non-Maxwellian distributions were
studied for decades mainly in the hard X-ray and radio range.
There, the power-law distributions were usually assumed to
be responsible for the observed emission processes, such as
bremsstrahlung in the hard X-ray range (e.g., Brown 1971; Lin &
Hudson 1971; Holman et al. 2003; Krucker & Lin 2008; Krucker
et al. 2008; Asai et al. 2009; Warmuth et al. 2009; Veronig et al.
2010; Kurt et al. 2010; Zharkova et al. 2010; Guo et al. 2011;
Kontar et al. 2011) or gyrosynchrotron emission in the radio
range (e.g., Dulk 1985; Zhou & Karlický 1994; Kuznetsov et al.
2011). Yasnov & Karlický (2009) presented an inverse method to
determine the characteristics of the electron power-law tail dis-
tribution in radio bursts. Using this method, Yasnov & Karlický
(2010) showed that the presence of power-law tails can indeed be
inferred from radio observations. Bremsstrahlung emission pro-
duced by the electron κ and n-distributions was considered in the
analyses of RHESSI hard X-ray solar flare spectra by Kašparová
& Karlický (2009) and Kulinová et al. (2011).

In this paper, we present calculations of the free-free
(bremsstrahlung) and free-bound continua for the κ- and
n-distributions. We evaluate these continua in the X-ray, UV,
and even radio spectral range. With the calculation of line in-
tensities already available, the calculations of the free-free and
free-bound continua in this paper represent the completion of the
spectral synthesis for these non-Maxwellian distributions.

The organization of this paper is as follows. The non-
Maxwellian distributions and their properties are summarized
in Sect. 2. The calculation of the bremsstrahlung spectra is
carried out in Sect. 3, with Sect. 3.2 focusing on comparison
of various bremsstrahlung cross-sections used in solar physics.
The calculation of the free-bound continuum is presented in
Sect. 4, where we also propose a method to diagnose the non-
Maxwellian distributions in flare plasma using the continuum
only. Our conclusions are summarized in Sect. 5.

2. The non-Maxwellian distributions

The term “non-Maxwellian electron distribution” refers to any
distribution of electron energies E other than the Maxwellian
distribution. The two widely used parametric distributions are
the κ-distributions fκ(E)dE (e.g., Owocki & Scudder 1983;
Livadiotis & McComas 2009) and the n-distributions fn(E)dE
(e.g., Seely et al. 1987; Kulinová et al. 2011), defined respec-
tively as

fκ(E)dE = Aκ 2√
π(kBT )3/2

E1/2dE(
1 + E

(κ−3/2)kBT

)κ+1
, (1)

fn(E)dE = Bn
2√

π(kBT )3/2

( E
kBT

) n−1
2

E1/2e−E/kBT dE, (2)

where Aκ = Γ(κ+1)
Γ(κ−1/2)(κ−3/2)3/2 and Bn =

√
π

2Γ(n/2+1) are normalization

constants, kB ≈ 1.38×10−16 erg s−1 is the Boltzmann constant,
and κ ∈ 〈3/2,∞), n ∈ 〈1,∞), and T are the parameters of the
distributions. We note that the κ-distribution can be defined in
several ways. Here, in Eq. (1), we use the κ-distribution of the
second kind (Livadiotis & McComas 2009). The Maxwellian
distribution is a special case recovered for κ-distribution with
κ → ∞. It also corresponds to the n-distribution with n= 1. The
κ- and n-distributions for various κ and n are plotted in Fig. 1.
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Fig. 1. κ- and n-distributions as functions of E for T or τ = 107 K.

The interpretation of T as the temperature is valid only for
κ-distributions, where the mean energy 〈E〉κ = (3/2)kBT is inde-
pendent of κ and thus has the same value as for the Maxwellian
distribution. For more details on the definition of temperature
for the κ-distributions in the framework of nonextensive statis-
tics (Tsallis 1988, 2009), the reader is referred to the work of
Livadiotis & McComas (2009).

The mean energy 〈E〉n for the n-distributions depends on
n, 〈E〉n = (n/2 + 1)kBT . For the n-distributions, the pseudo-
temperature τ was defined by Dzifčáková (1998)

τ =
n + 2

3
T, (3)

so that 〈E〉n = (3/2)kBτ, giving τ the same meaning for n-
distributions as T for the Maxwellian or κ-distributions. To keep
the notation consistent with previously published papers, we
will use T and τ as the independent variables for the κ- and n-
distributions, respectively.

3. The non-Maxwellian bremsstrahlung

3.1. Non-Maxwellian bremsstrahlung spectrum

The expressions for bremsstrahlung spectrum (wavelength-
dependent emissivity) for the non-Maxwellian κ- and

n-distributions is obtained from Eqs. (12) and (13) of Dudík
et al. (2011) by dropping the wavelength integral

Pff(λ, κ) = AκCT 1/2

∞∫
0

gff(y, w)(
1 + y+w

κ−3/2

)κ+1
dy, (4)

Pff(λ, n) =
BnC(2τ)1/2

(n + 1)1/2

∞∫
0

gff(y, w) (y + w)
n−1

2 e−y−wdy , (5)

where w = hc/λkBT = E/kBT is the scaled pho-
ton energy, λ is the wavelength, E the corresponding pho-
ton energy, h≈ 6.62×10−27 erg s is the Planck constant, and
c≈ 3×1010 cm s−1 is the speed of light. The gff is the free-free
Gaunt factor. The value of C depends on the assumed chemical
composition, ionization balance, and electron density

C =
1

4π
32π

3
e6

mec2λ2

√
2πkB

3me
nenH

∑
Z

∑
k

k2 nk

nZ
AZ , (6)

where k is the ionization degree of an ion of the element with
proton number Z whose abundance is AZ . The Pff has units
of [erg cm−3 s−1 sr−1 Å−1]. The bremsstrahlung spectrum for the
non-Maxwellian κ- and n-distributions is shown in Fig. 2 for
T = 107 K and τ= 107 K, respectively. We used the Gaunt factor
gff calculated by Sutherland (1998) and the ionization equilibria
for the κ- and n-distributions calculated by Dzifčáková (2002)
and Dzifčáková (1998), respectively. For the Maxwellian (n= 1)
distribution, the ionization equilibrium of Mazzotta et al. (1998)
was used. The bremsstrahlung spectrum is only weakly depen-
dent on the ionization balance, because most of the contribu-
tion to emissivity comes from the most abundant element, hy-
drogen (Sect. 3.2, Fig. 4). We used the coronal abundances for
Z � 30 elements based on the works of Feldman et al. (1992),
Grevesse & Sauval (1998), and Landi et al. (2002), compiled in
the CHIANTI (Dere et al. 1997, 2009) sun_coronal_ext.abund
file. We note that the Gaunt factor gff is in the work of Sutherland
(1998) scaled by the ionization energy and thus depends on the
ionization stage k and proton number Z of the given element.
Thus, the integration in Eqs. (4) and (5) with the Sutherland gff
must be performed for each ion separately.

In the hard X-ray range, the spectrum is very sensitive to the
high-energy tail of the distribution (Fig. 2). Even a very weak
enhancement of this tail can greatly enhance the bremsstrahlung
spectrum. For instance, for κ= 34, the bremsstrahlung emissivity
at λ= 1 Å for T = 107 K is about a factor of 7.5 higher than the
corresponding emissivity for the Maxwellian distribution. For
κ= 5 the increase is by a factor of ∼800, and for κ= 2 by a fac-
tor of ∼6000. We note that for κ-distributions, the integrand in
Eq. (4) falls slowly with increasing y for low values of κ. This is
because the increased number of electrons in the high-energy tail
of the κ-distribution is able to produce enhanced bremsstrahlung
emission at short wavelengths.

For the n-distributions, the spectrum in the short-wavelength
range decreases steeply (Fig. 2, right). We note here that the
n-distribution can explain the dielectronic line intensities in
flares. However, the n-distribution is a parametric distribution
that describes well only the bulk of the distribution function
during flares (Dzifčáková et al. 2011). In particular, the n-
distributions do not contain the high-energy tail observed com-
monly during flares (e.g., Asai et al. 2009; Veronig et al. 2010;
Zharkova et al. 2010; Guo et al. 2011). This high-energy tail
then dominates the bremsstrahlung spectrum at the X-ray wave-
lengths and corresponding photon energies of tens of keV.
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Fig. 2. Bremsstrahlung spectra for κ-distributions (left) and n-distributions (right). The spectra must be multiplied by the nenH factor to obtain the
actual emissivity.

Fig. 3. Predicted quiet-Sun (T = 1 MK) bremsstrahlung spectra for κ-distributions (left) and n-distributions (right) at radio wavelengths. The spectra
must be multiplied by the nenH factor to obtain the actual emissivity.

Therefore, the decrease of the bremsstrahlung spectrum at these
wavelengths predicted by Eq. (5) is not relevant for flare obser-
vations. On the other hand, the bremsstrahlung spectrum pre-
dicted by the n-distributions describes well the bremsstrahlung
spectrum observed at longer wavelengths, which corresponds to
the photon energies down to 4 keV (Kulinová et al. 2011).

Near its maximum, the bremsstrahlung spectra for both non-
Maxwellian distributions mimic the shape of the distribution.
With decreasing κ, the emissivity peak decreases and moves
to longer wavelengths. The n-distributions show an opposite
effect, with an increased peak of the emissivity (Fig. 2). In
the long-wavelength range, the behavior of the bremsstrahlung
spectrum for non-Maxwellian distributions essentially copies
the Maxwellian bremsstrahlung spectrum. In the λ= 0.1–10 cm
range, the curves are almost parallel (Fig. 3). Therefore, the
non-Maxwellian distributions are not detectable by e.g. the off-
limb observations of the solar corona with the ALMA radio in-
strument (Karlický et al. 2011). Interpreting the observed ra-
dio spectra under the assumption of e.g. a κ-distribution would
only yield lower brightness temperature of the radio source com-
pared to the one derived under the assumption of the Maxwellian

(thermal) distribution. We note that Chiuderi & Chiuderi Drago
(2004) studied the microwave radio emission originating in a
model of the transition region characterized by a DEM and a
κ-distribution. These authors calculated the radio transfer equa-
tion and obtained lower brightness temperatures compared to the
Maxwellian distribution for all frequencies. However, their re-
sults are not directly comparable to ours, since we calculate only
the emissivity from a unit volume of an optically thin, isother-
mal coronal plasmas, and not a radio transfer equation from the
entire model atmosphere.

3.2. Comparison of the bremsstrahlung cross-sections
used in solar physics

In Sect. 3.1, we studied the wavelength range extending over
several spectral domains: hard X-rays, soft X-rays, and radio
wavelengths. The SolarSoftWare (SSW) provides several meth-
ods to compute theoretical bremsstrahlung spectra at X-ray en-
ergies. These methods can be found in e.g. the CHIANTI and
XRAY packages of the SSW tree. Because at the X-ray range the
bremsstrahlung emission is strongly dependent on the assumed
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Fig. 4. Comparison of the bremsstrahlung spectra calculated using the approach outlined in Sect. 3.1 (labeled “CHIANTI”) and the RHESSI SSW
tree. Full line denotes the ratio of the purely hydrogen bremsstrahlung, Pff CHIANTI/Pff RHESSI, computed using the “CHIANTI” approach and the
RHESSI software. Ratios of the bremsstrahlung due to all elements with Z � 30 to the purely hydrogen bremsstrahlung, Pff/Pff,H, for the coronal
abundances (dashed line) and photospheric abundances (dotted line) computed according to Eqs. (4)–(6) are compared to the multiplicative factor
of 1.44 used in the RHESSI SSW (horizontal gray line).

type of non-Maxwellian distribution, we now proceed to com-
pare the methods available in the SSW tree. We tested their com-
patibility mainly in the ranges close to or outside their common
use, i.e., between soft and hard X-ray energies (∼0.1−10 keV).
The crucial element is the bremsstrahlung cross-section or the
free-free Gaunt factor.

In the soft X-ray range, the approach based on the Gaunt
factors is adopted, whereas the hard X-ray photon emission is
usually calculated in terms of cross-sections. The Gaunt factor
is the multiplicative correction of the classical Kramers cross-
section (e.g. Phillips et al. 2008), so one can write

σff(E,E) =
8π

3
√

3
αr2

0Z2mec2 1
EEgff, (7)

where σff(E,E) is the cross-section differential in the photon
energy E in units of cm2 per unit E, α = 2πe2/hc is the fine-
structure constant, and r0 = e2/mec2 is classical electron radius.

The Gaunt factors of Sutherland (1998) used in this pa-
per are based on Karzas & Latter (1961) work, who assumed
non-relativistic electrons moving in a pure Coulomb field of
an unscreened nucleus. In the hard X-ray range, e.g. for the

analysis of RHESSI data, the non-relativistic bremsstrahlung
cross-section given in the first Born approximation (Haug 1997)
for an unscreened nucleus is used (see brm_bremcross.pro rou-
tine in the SSW tree). This cross-section is sufficiently accurate
up to semirelativistic electron energies (i.e., E � 300 keV) for
low-Z nuclei, e.g., hydrogen and helium.

In order to make the comparison simple, we focused on
the bremsstrahlung on the most abundant element – hydrogen
and energies up to ∼100 keV. The Sutherland (1998) and Haug
(1997) hydrogen bremsstrahlung cross-sections agree to within
about 5% in a broad range of initial electron energies, gener-
ally from ∼10−3 to ∼102 keV, and corresponding photon ener-
gies∼10−3 to ∼102 keV, although separate ranges with a stronger
deviation occur.

The comparison of the bremsstrahlung spectra calculated
using the Haug (1997) and Sutherland (1998) cross-sections
are presented in Fig. 4. Here, the comparison is shown for a
representative sample of the κ- and n-distributions considered
in this paper. The Pff CHIANTI and Pff,RHESSI corresponds to the
bremsstrahlung from the purely hydrogen plasma (i.e., AZ = 0
for Z � 2) calculated using Eqs. (4)–(6) and the RHESSI SSW,
respectively. The spectra usually agree to within 10% in the
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photon energy range of E ≈ 10−2–3 × 101 keV for all distri-
butions considered in this paper. The deviation rises at higher E
for n-distributions. However, in this range, the bremsstrahlung
spectrum for the n-distributions decreases very steeply by more
than five orders of magnitude (Fig. 2, right), resulting in an in-
crease of the relative numerical error.

In RHESSI SSW (f_thin_kappa.pro, f_thin_ndistr.pro, and
also routines for power-law tails), the contribution from
Z � 2 elements is incorporated by using a multiplication factor
of (1.2)2 = 1.44 to the hydrogen bremsstrahlung. Figure 4 shows
the comparison of this predicted total bremsstrahlung with the
one computed using Eqs. (4)–(6) using both the coronal and
photospheric abundances for Z � 30 elements as implemented
in CHIANTI. We note that the contribution from higher-Z el-
ements is expected to be negligible because of their very low
abundances.

As shown in Fig. 4, for T or τ= 10 MK, and κ = 2 and 5, and
n = 1 and 11, the multiplication factor is a good approximation
only at very low photon energies E < 10−1 keV, with details de-
pending on the type of the distribution because of the changes in
the ionization equilibrium entering C in Eq. (6). A better approx-
imation for coronal abundances for E < 1 keV would be a multi-
plication factor of 1.5. At higher E, deviations from the value of
1.44 occur. The situation is worst for n= 11. However, we note
again that at photon energies of tens of keV, the bremsstrahlung
spectrum for n-distributions decreases of very steeply for the as-
sumed T or τ= 10 MK. Therefore, the deviation from the value
of 1.44 due to the contribution of other elements will have only a
small effect on the general behavior of the bremsstrahlung spec-
trum at these energies.

Our result that the Sutherland (1998) and Haug (1997) cross-
sections and the corresponding bremsstrahlung spectra agree to
within 5%, and 10%, respectively, is in contrast with the claim
of Koch & Motz (1959) that the approach of non-relativistic
Coulomb wave functions adopted for Sutherland’s Gaunt factors
should not be valid for keV and higher initial electron energies.

We note that Seltzer & Berger (1986) tabulated a
comprehensive set of bremsstrahlung cross-sections for elec-
tron energies 1 keV–1 GeV incident on neutral atoms with
Z = 1−100. Those cross-sections are based on calculations by
Pratt et al. (1977, 1981) who used a partial-wave method for
screened nuclei. Seltzer & Berger (1986) extended the results
by linear extrapolation to obtain the cross-section for hydrogen
and also included bremsstrahlung produced in the field of atomic
electrons. Taking the Seltzer & Berger (1986) cross-section only
for atomic nucleus and ignoring the contribution of electron-
electron bremsstrahlung produced in the field of atomic elec-
trons yields agreement within the relative error of 5% with the
Haug (1997) values in the ∼1−50 keV range of initial elec-
tron energies (corresponding photon energies cover generally
∼60% of the available range). However, the screening effects and
the contribution of electron-electron bremsstrahlung produced in
the field of atomic electrons, which are not included in Haug
(1997) and Sutherland (1998), can be important for electron en-
ergies E below 10 keV and always at low photon energies, i.e.
E < 0.1E (Seltzer & Berger 1986). We note that these effects
are usually not considered in astrophysical applications. In the
case of the Sun, this is because at coronal and flare tempera-
tures hydrogen and helium are fully ionized and produce the
greater part of the electron-ion bremsstrahlung. The contribution
of other elements is directly proportional to their abundances
(Eq. (6)). On the other hand, the screening effects can affect the
bremsstrahlung produced in partially ionized hydrogen-helium
plasma, e.g., in flare chromospheric footpoints. We also note that

the contribution of electron-electron bremsstrahlung produced in
the field of free electrons is important only at electron energies
E � 200–300 keV (Haug 1975a,b; Kontar et al. 2007).

We are aware that a more general study of the free-free cross-
sections including the screening effects and bremsstrahlung pro-
duced in the field of atomic electrons is needed. However, such
a detailed study of the available cross-sections and their valid-
ity and applicability for astrophysical applications is out of the
scope of this paper and is left for future work.

4. The non-Maxwellian free-bound continuum

4.1. The free-bound continuum spectrum

The spectrum that arises from recombination transitions that in
turn result in k-times ionized ions of element Z with an electron
on an excited level i is given by (cf., derivation of Eq. (4.131) in
Phillips et al. 2008)

Pfb,Z,k,i =
E5

8πhc3me
nenk+1

gi

g0
σbf

i

(
2

meE
)1/2

f (E) , (8)

where E = hc/λ = E + Ii is the energy of the emitted pho-
ton, Ii is the ionization potential from the level i whose statisti-
cal weight is gi, and σbf

i is the ionization cross-section from the
level i. Substituting the electron distributions f (E) from Eqs. (1)
and (2), and summing through all elements Z, their ions k and
the excitation levels i, the final expressions for the freebound
continuum spectrum are obtained

Pfb(E, κ) =
1

4π

√
2
π

1

hc3m3/2
e k3/2

B

E5

T 3/2
nenH

×
∑
i,k,Z

nk+1

nZ
AZ
gi

g0
σbf

i Aκ
1(

1 + E−Ii
(κ−3/2)kBT

)κ+1
(9)

for the κ-distributions and

Pfb(E, n) =
1

4π

√
2
π

1

hc3m3/2
e k3/2

B

E5

T 3/2
nenH

×
∑
i,k,Z

nk+1

nZ
AZ
gi

g0
σbf

i Bκ
(

E − Ii

kBT

) n−1
2

e−(E−Ii )/kBT (10)

for the n-distributions. The calculated free-bound spectra are
shown in Fig. 5. These spectra were calculated using the ion-
ization equilibrium files produced by Dzifčáková (1998) and
Dzifčáková (2002) and the modified freebound.pro and free-
bound_ion.pro routines of the CHIANTI package. The σbf

i
cross-sections that are inserted into these routines are obtained
from the works of Karzas & Latter (1961) and Verner &
Yakovlev (1995). The modified routines along with the ioniza-
tion equilibrium files and other routines of the modification of
CHIANTI are available on demand from the authors.

The most conspicuous feature is the disappearance of the
ionization edges for n-distributions. This is because of the ad-
ditional [(E − Ii)/kBT ](n−1)/2 term in Eq. (10), which approaches
zero for E → Ii. The short-wavelength side of the ionization
edge then starts to be dominated by contributions of other ions.
For example, for n = 3 the Mg xii edge is still visible as an abrupt
change of the slope of the continuum (dotted line in Fig. 5, bot-
tom right or Fig. 6, right). For n� 5, the continuum is smooth
without any noticeable local features.

On the other hand, the ionization edges are greatly increased
for κ-distributions. Their general behavior is given by Eq. (9),
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Fig. 5. Free-bound spectra for κ-distributions (left column) and n-distributions (right column). The spectra must be multiplied by the nenH factor to
obtain the actual emissivity. Two wavelength ranges are shown: λ= 0.1–1000 Å, same as in Fig. 2, to illustrate the general behavior (top row), and
a close-up near the peak, λ= 3–10 Å (bottom row) to show the dependence of individual ionization edges on the shape of the distribution.

but the details depend on κ and T through ionization equilibrium.
While some of the ionization edges can be greatly increased for
κ-distributions with given κ and T (e.g., Mg xii in Fig. 5, bottom
left, for T = 107 K), others may be actually decreased at the same
κ and T (e.g., Ni xxii and Fe xxii in the same image).

The relative height of the ionization edges with the type of
the distribution reflects the number of low-energy electrons that
dominate the recombination processes. This is because of the
decrease of the cross-sections σbf

i with the increase of electron
energy E (e.g., Karzas & Latter 1961). Thus, the rate of the ra-
diative recombination is directly dependent on the number of
low-energy electrons, which is enhanced for κ-distributions. On
the other hand, there are very few low-energy electrons for the
n-distributions (Fig. 1), which results in the disappearance of the
ionization edges for n-distributions.

4.2. Diagnostics of the distribution from the continuum

Clearly, the heights of the ionization edges with respect to the to-
tal continuum can theoretically allow for diagnosing the type of
the distribution. We note that here, the total continuum is repre-
sented by the sum of the contributions from bremsstrahlung and

free-bound continuum (Fig. 6), because the two-photon contin-
uum only has a negligible contribution (e.g., Phillips et al. 2008).

On one hand, the absence of ionization edges would immedi-
ately point to the presence of n-distributions. On the other hand,
if the ionization edges do exist, their heights can be used to de-
termine the presence of κ-distributions. As an example, we show
the dependence of the height of the He-like and H-like ionization
edges of Si and Mg on T and κ (Fig. 7). The height of the edge
in Fig. 7 is measured relative to the total continuum at the wave-
length of the edge, i.e., as the relative contribution of the photons
emitted during the recombination process in a given ion to the
local sum of the free-free and free-bound continua.

We note that using the He-like ions is advantageous, be-
cause they survive over a relatively wide temperature range,
and an ionization edge of a corresponding H-like ion is nearby.
However, the plots shown in Fig. 7 are only theoretical. This is
because the ionization edge can in reality be overlapped by emis-
sion lines originating at similar temperatures. E.g., the Si xiii
(λ= 5.086 Å) edge is located very close to a series of S xv lines,
in particular to the 1s2 1S0→ 1s 2p 3P1 (λ= 5.067 Å) and
1s2 1S0→ 1s 2s 3S1 (λ= 5.101 Å) lines, whose contribution func-
tion has a maximum at log(T/K)= 7.1 for the Maxwellian distri-
bution and 7.2 for the extreme non-Maxwellian case of κ= 2. On
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Fig. 6. Total continuum spectra, represented here by the sum of the contributions from bremsstrahlung and the free-bound continuum. Left:
continuum for κ-distributions, right: continuum for the n-distributions. The spectra must be multiplied by the nenH factor to obtain the actual
emissivity.

Fig. 7. Theoretical diagnostics plots for the κ-distributions from the ion-
ization edges of Si and Mg. Top: ratios of the Si xiii and Si xiv edges to
the total continuum at the wavelength of the edge. Bottom: the same
as in top, but for Mg xi and Mg xii. The thin gray lines are isotherms
connecting the points of constant log(T /K) for different κ.

the other hand, the Si xiv edge at λ= 4.638 Å is, according to the
CHIANTI database, located in a relatively uncrowded part of the
spectrum. Because the relative height of this edge is always less
than 0.11 for the Maxwellian distribution, this edge can be used
to determine the maximum value of κ in e.g. the flaring plasma.

The Mg xi and Mg xii edges are more sensitive to
the presence of the κ-distributions (Fig. 7 bottom), but
both these edges are overlapped by spectral lines. The
Mg xii edge located at λ= 6.317 Å is obscured by the
1s2 1S0→ 1s 4p 1P1 (λ= 6.314 Å) transition in Al xiii as well as
other Si xiiid transitions located less than 0.04 Å on both sides
of the edge. The Mg xi edge at λ= 7.037 Å is located nearby
the 1s 2S1/2→ 3p 2P3/2 (λ= 7.106 Å) transition in Mg xii, as well
as several Si xiid and Ni xxvi transitions. Careful modeling of a
high-resolution, high-quality spectrum would be needed to de-
tect the κ-distributions from the Mg xi and Mg xii edges. This
modeling would necessarily have to be accompanied by an
EM-loci or DEM analysis (see e.g., Schmelz et al. 2009, 2011;
Warren et al. 2011, for a recent application of these methods).

In a more general sense, the height of the ionization edges
reflects the number of low-energy electrons in any electron en-
ergy distribution. If the true energy distribution in the observed
plasma is unknown or time-dependent (e.g., due to instabilities,
Karlický et al. 2012), the proposed diagnostic method can be
used to sample the relative number of low-energy electrons in
this distribution. To sample the higher energies in this unknown
distribution, diagnostic methods involving lines formed at dif-
ferent energies (i.e., with different excitation treshholds) can be
employed. Ratios of dielectronic to allowed emission lines even
allow sampling discrete energies (e.g., Gabriel & Phillips 1979;
Dzifčáková et al. 2008; Kulinová et al. 2011). The high-energy
tail can be observed directly by e.g. RHESSI, taking the advan-
tage of the bremsstrahlung emission. Combining the diagnostics
from the continuum with diagnostics involving lines would form
the basis of a method to sample any and the entire electron dis-
tribution in the flare plasma.

We also note that the height of the ionization edge can
distinguish between the true n-distribution and the “moving
Maxwellian” distribution (Maxwellian with a velocity drift,
Karlický et al. 2012, Figs. 1–3 therein), which are very simi-
lar in the range of few keV, and therefore both can explain the
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observed intensities of dielectronic Si xiid lines during flares, but
differ greatly in the low-energy end.

In Appendix A we present an application of the diag-
nostic method for κ-distributions to a more realistic scenario
of a continuum spectrum emerging from a plasma that is
mostly Maxwellian, but with the addition of a non-Maxwellian
component.

5. Conclusions

We investigated the optically thin coronal and flare continuum
spectrum caused by bremsstrahlung and recombination transi-
tions arising from plasmas with non-Maxwellian electron κ- or
n-distributions. The calculations of the non-Maxwellian contin-
uum in this paper represent the completion of the spectral syn-
thesis for non-Maxwellian distributions.

The general behavior of the bremsstrahlung spectrum for
wavelengths shorter than the wavelength of the spectrum maxi-
mum is highly dependent on the assumed type of the distribution.
Since the behavior of the spectrum is primarily influenced by the
number of high-energy electrons, significant enhancement of the
free-free continuum at flare temperatures and X-ray energies oc-
cur for κ-distributions. In contrast, the spectrum decreases very
steeply for the n-distributions. For these distributions, the maxi-
mum of the bremsstrahlung spectrum is increased and shifted to
shorter wavelengths, while for the κ-distributions, the maximum
is decreased and shifted to longer wavelengths.

At millimeter radio wavelengths, corresponding to the
ALMA range, the κ- and n-distributions are undetectable. The
presence of these non-Maxwellian distributions would only af-
fect the brightness temperature of the radio source.

The hydrogen bremsstrahlung spectrum calculated using the
Sutherland (1998) free-free Gaunt factor is within 10% of the
spectrum calculated using the Haug (1997) approach imple-
mented in the RHESSI SolarSoftWare tree. For typical flare tem-
peratures, the differences increase in the range of few tens of
keV for n-distributions, but because the spectrum decreases very
sharply for these energies, the resulting behavior of the spectrum
would be influenced only weakly.

The height of the ionization edges in the free-bound con-
tinuum is also highly dependent on the assumed type of dis-
tributions. Because the height of the edges reflects the relative
number of low-energy electrons, the edges increase greatly with
decrease of κ, with details depending on temperature through
the ionization equilibrium. The ionization edges disappear for
n-distributions, resulting in a smooth free-bound continuum for
n � 5.

The height of the ionization edges can be used to derive the
value of κ. We explored the diagnostic possibilities using He-like
and H-like ions of Si and Mg. The diagnostics is difficult because
of spectral lines in the immediate spectral neighborhood of the
edges. Nevertheless, the Si xiv edge can still be used to detect
the κ-distributions in flare plasma. Because the height of the ion-
ization edges depends on the relative number of the low-energy
electrons, they can provide a tool for sampling the low-energy
end of the electron distribution that is otherwise not readily ac-
cessible from line spectra.
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Appendix A: Is there a way to quantify the degree
of departure of plasma from the Maxwellian
distribution?

The diagnostic technique described in Sect. 4.2 provides a
method to measure the κ of the distribution that governs the elec-
trons in the plasma. In this appendix, we consider the case where
the observed plasma is mostly Maxwellian. We demonstrate how
the degree of departure from the purely Maxwellian plasma can
then be quantified. To do this, we apply the diagnostic technique
from Fig. 7 to the following case study.

We assume that the observed emission along the line-of-sight
is originating in two emitting volumes. One of these volumes is
characterized by a Maxwellian distribution, temperature T and
the emission measure EM(Maxw). The other volume is char-
acterized by a κ-distribution with a given κ, the same T , and a
different EM(κ). The emerging continuum signal is then given
by the sum of the contributions of the free-free and free-bound
continua from these two volumes.

Then, using the diagnostic plots in Fig. 7 to determine κ
leads, except at very low T , to higher apparent values of κ de-
pending on the ratio EM(Maxw)/EM(κ) (Fig. A.1). For a plasma
that is mostly Maxwellian, i.e., EM(Maxw)/EM(κ) � 1, the di-
agnostics leads to almost Maxwellian plasma. That is, using the
Si xiii and Si xiv edges for a combination of Maxwellian plasma
and plasma with κ = 2, the height of the edges is consistent with
Maxwellian plasma if EM(Maxw)/EM(κ) = 10−2 (red line in
Fig. A.1 top left). However, the apparent value of κ can be equal
to ≈10 if the EM(Maxw)/EM(κ) is ten times higher, i.e., equal
to 10−1 (orange line in Fig. A.1 top left).

On the other hand, if the emission measure of the plasma
with the κ-distribution is much greater than the EM(Maxw), then
the diagnosed value of κ approaches the true value (Fig. A.1).

We can thus conclude that if the plasma has the same T , or at
most a narrow DEM, any increase in the height of the ionization
edge must be the consequence of the presence of κ-distributions.

We note here that the presented case study is fairly sim-
ple, because we assumed that the value of T is the same for
the Maxwellian plasma and the plasma with a κ-distribution. Of
course, the scenario can be complicated in many ways (e.g., diff-
ferent T , or a multi-strand plasma characterized with a DEM and
varying κ). In those cases, the diagnostics using only two ioniza-
tion edges is clearly inappropriate and the observer would have
to carefully check for the signatures of plasma multithermality,
e.g., appearance of ionization edges or lines formed at higher or
lower T .

We also note that if the Maxwellian and κ-distributed plas-
mas can be spatially resolved, the plot in Fig. 7 can be simply
used for each spatial pixel separately and should lead to the cor-
rect results.

The same analysis as presented here could be also repeated
for a combination of Maxwellian plasma and a plasma character-
ized with an n-distribution. However, then the ionization edges
would be decreased with respect to the Maxwellian distribution,
and therefore could prove to be much more difficult to be ob-
served. For this reason, we chose to demonstrate the diagnostics
using the κ-distributions.

Finally, we note that using RHESSI observations of the flare
plasma, Kulinová et al. (2011) were able to resolve the con-
tribution of the bresstrahlung produced by plasma with an n-
distribution from the thermal component. This was possible be-
cause the bremsstrahlung from n-distributions manifests itself
at energies of �4 keV, while the thermal component peaks at
≈7 keV. However, the closeness of these two components leads
to large errors in determining n from RHESSI observations
(Table A.7 in Kulinová et al. 2011).
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Fig. A.1. Determination of the apparent κ from the combination of a Maxwellian plasma and a plasma with a κ-distribution with known κ. The
known κ is labeled in the title of each image in the panel. Black lines and their respective coding are the same as in Fig. 7. Colored lines denote the
dependence of the relative height of the ionization edges on the emission measure ratio EM(Maxw)/EM(κ) = 10−2 (red), 10−1 (orange), 1 (green)
and 10 (blue). Asterisks denote the points corresponding to log(T/K)= 6.8, 7.0, and 7.2. Except for the top left panel for κ= 2, these points are
always close to the respective isotherms (gray lines).
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