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ABSTRACT

We report on a simultaneous modelling of the expansion and radio light curves of the supernova SN1993J. We developed a simulation
code capable of generating synthetic expansion and radio light curves of supernovae by taking into consideration the evolution of the
expanding shock, magnetic fields, and relativistic electrons, as well as the finite sensitivity of the interferometric arrays used in the
observations. Our software successfully fits all the available radio data of SN 1993J with a standard emission model for supernovae,
which is extended with some physical considerations, such as an evolution in the opacity of the ejecta material, a radial decline in the
magnetic fields within the radiating region, and a changing radial density profile for the circumstellar medium starting from day 3100
after the explosion.

Key words. acceleration of particles – radiation mechanisms: non-thermal – radio continuum: stars – supernovae: general –
supernovae: individual: SN1993J – galaxies: individual: M 81

1. Introduction

We previously reported on an analysis of the complete set of
available VLBI observations of SN 1993J (Martí-Vidal et al.
2011, hereafter Paper I). In that work, we confirmed the main
results reported in Marcaide et al. (2009a) about an expansion
curve that is dependent on the observing frequency. These re-
sults are not compatible with those published by other authors
(Bartel et al. 2002), who claimed up to four different values of
the expansion index, m (where the supernova radius is R ∝ tm

and t is the age after explosion, see Chevalier 1982a), corre-
sponding to four different expansion periods. The interpretation
of the data reported in Marcaide et al. (2009a) was very different:
there is essentially one expansion index during the whole super-
nova expansion (in Paper I, we report however on two expansion
regimes separated by an early break time at t ∼ 390 days). Two
explanations were then proposed in Marcaide et al. (2009a) for
the different shell sizes found at different frequencies. On the
one hand, an evolution in the opacity of the ejecta to the ra-
dio emission. This opacity was assumed to be maximum (i.e.,
100%) at the lowest frequency (1.7 GHz) and slowly decrease in
time at the higher frequencies, beginning about day 1500 after
the explosion. On the other hand, a radial decay in the amplified
magnetic fields within the emitting shell was also proposed. This
profile in the magnetic-field distribution translates into a profile
in the emission intensity, which (combined with the finite sen-
sitivity of the interferometers used in the observations) can also
help us to explain the expansion curve. In this paper, we quan-
tify the effects proposed in Marcaide et al. (2009a) and Paper I
by developing a new software capable to modelling simultane-
ously the expansion and radio light curves of SN 1993J.

The radio light curves of SN 1993J were previously mod-
elled using several approaches: Weiler et al. (2002, 2007) used

an analytical model to fit the data; Fransson & Björnsson (1998)
and Pérez-Torres et al. (2001) simulated the evolution of the
relativistic electron population inside the radiating region by
taking into account the hydrodynamics of the shock evolution
described in Chevalier (1982a) and the radiative cooling of the
relativistic electrons; finally, Chandra et al. (2005) took into ac-
count synchrotron-ageing effects on the electron population. The
claim of a steeper spectral index at high frequencies and late
epochs made by Chandra et al. (2005) contradicted previous re-
ports (Pérez-Torres et al. 2002a; Bartel et al. 2002) and was not
confirmed by Weiler et al. (2007), who reported instead a flat-
tening of the spectral index of the supernova at late epochs and
all frequencies.

The remainder of this paper is structured as follows. In
Sect. 2, we describe our new code for the simultaneous mod-
elling of the SN 1993J radio light curves and expansion curve.
In Sect. 3, we report on the final fitted model and describe the
modifications (or extensions) of the Chevalier model (Chevalier
1982a,b) that were applied to our software to properly model the
whole data set. In Sect. 4, we summarize our conclusions.

2. RAMSES: a simulator of the synchrotron
emission from supernovae

To fit the radio light-curve data and, at the same time, fit
the expansion curve of SN 1993J, we developed a new simu-
lation code, RAMSES (Radiation-Absorption Modeller of the
Synchrotron Emission from Supernovae). A detailed description
of much of this model can be found in Martí-Vidal (2008). Some
relevant aspects of the algorithms implemented in the program
are also described in Appendix A of this paper. In this section,
we summarize the main characteristics of RAMSES, which is
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Table 1. Summary of fitted parameters, fixed parameters, and assumptions in the RAMSES model.

Fitted parameters

m1 = 0.925 ± 0.016 B̄0 = 65.1 ± 1.6 G n0 = (6 ± 0.9) × 108 cm−3

m2 = 0.87 ± 0.02 frel = (5 ± 0.5) × 10−5 Tl = (2.0 ± 0.1) × 106 K
tbr = 360 ± 50 p = −2.55 ± 0.01 tm = 2500 ± 100 days

Assumptions and fixed parameters

s = 2 B̄2 ∝ ncs V2 Changing ejecta opacity (vid. Fig. 7, left)
t0 = 5.3 days nrel dt ∝ ncs V2 Non-uniform B (vid. Fig. 7, right)

DM 81 = 3.63 Mpc texpl = 1993 March 28

Notes. Details on the meaning of these quantities are given in Sect. 2 and Appendix A.

based on the work of Chevalier (1982a,b) and extended in sev-
eral aspects. It assumes that: (1) the expansion is self-similar; (2)
the radio-emitting region of the supernova is located between
the contact discontinuity and the forward shock (the width of
this spherical shell being 30% of the shell radius, see Marcaide
et al. 2009a, and Paper I); (3) a given fraction, frel, of the thermal
electrons of the CSM are accelerated by the shock to relativis-
tic energies and characterized by an energy distribution ∝E−p,
where p is the energy index of the electron population; (4) the
electrons emit synchrotron radiation as they interact with an am-
plified magnetic field that fills the shocked circumstellar region;
(5) the mean intensity of the magnetic field depends on the dis-
tance from the contact discontinuity; (6) the radius of the spher-
ical surface defined by the contact discontinuity (although with-
out considering the development of Rayleigh-Taylor fingers at
this point) expands as R ∝ tm, where m is the deceleration pa-
rameter or expansion index (m = (n− 3)/(n− s)); (7) during the
expansion, the opacity of the ejecta to the radio emission may
also evolve, and be different for different frequencies.

Our code RAMSES considers radiative cooling, inverse
Compton scattering, and synchrotron self-absorption (SSA) in
both the electron energy distribution and the radio emission. It
generates synthetic images of the supernova that provide predic-
tions of the expansion and radio light curves of SN 1993J. To
determine the expansion curve, a high-pass filter of the flux den-
sity per unit beam is initially applied to the synthetic images,
depending on the sensitivity of the VLBI arrays used in the ob-
servations. The Common-Point Method is then applied to the
resulting images as in the case of real data (see Marcaide et al.
2009a) to obtain the model of the VLBI expansion curve.

Several parameters are fitted to the observed data by
RAMSES (see Table 1 for a summary), including the: (1) density
of CSM electrons, ncsm, in the emitting region at a given (refer-
ence) epoch; (2) mean magnetic field intensity, B̄ (i.e., average
of the magnetic field intensity over the emitting region) at the
same epoch; (3) energy index, p, of the electron energy distribu-
tion; (4) fraction, frel, of the CSM electrons that are accelerated
by the shock (i.e., the acceleration efficiency of the shock); (5)
radial profile of the temperature of the unshocked CSM (which
affects the free-free absorption, FFA, of the CSM, especially at
early epochs, see Appendix A); and (6) mean lifetime, tm, of the
relativistic electrons inside the supernova shell before they es-
cape outside the emitting region. In Appendix A, we explain in
more detail the meaning of these parameters. RAMSES assumes
a power-law time evolution for the magnetic-field energy density
and the energy density of the electrons at the shock, and gener-
ates the synthetic light curves and expansion curve. The model
is then fitted to the observations by means of a least squares
minimization (see Appendix A for more details). The expansion
curve is parametrized in the same way as in Paper I (i.e., using
two expansion indices, m1 and m2, separated by a break time,

tbr). Thus, our fits use 9 parameters. The “Best Fit” (SSA + FFA)
model reported in Weiler et al. (2007) to fit the radio-light curves
also had 9 fitting parameters, even though these authors did not
include the expansion curve in their fits. In addition, we adopt
several ad hoc assumptions about the evolution of the ejecta
opacity, the profile of the CSM density, and the profile of the
magnetic field, as described in the next few sections.

3. Simultaneous fit of expansion and radio-light
curves

In Fig. 1, we show the fit of the RAMSES model to the radio
light curves reported in Weiler et al. (2007) (top) and to the ex-
pansion curve reported in Paper I (bottom). In the fit, the struc-
ture index of the CSM was fixed to s = 2 and the CSM density
was set to be 0 after day 3100 (see Sect. 3.2.4). For the reference
epoch taken at 5.3 days after the explosion (when the radius of
the contact discontinuity of the spherical shell is 1015 cm), we
obtain a minimum reduced-χ2 of 5.4 for the following values of
the fitting parameters (see Table 1 for a summary): mean mag-
netic field, B̄, 65.1 ± 1.6 G; post-shock circumstellar electron
number density, ncsm, (6 ± 0.9) × 108 cm−3; acceleration effi-
ciency, frel, (5± 0.5)× 10−5; energy index of the electron energy
distribution, p, −2.55±0.01; and a mean lifetime of the electrons
inside the shell, tm, 2500 ± 100 days. The fitted B̄, ncsm, frel, and
p are similar to those reported by Fransson & Björnsson (1998).
For values of s lower than 2 (i.e., s = 1.6−1.7), it is impossible
to obtain satisfactory simultaneous fits to radio light curves and
the expansion curve.

The best-fit model parameters for the expansion curve are:
m1 = 0.925 ± 0.016, m2 = 0.87 ± 0.02, and tbr = 360 ± 50 days.
The fitted m2 is practically the same expansion index as that re-
ported in Paper I for the shell sizes at 1.7 GHz (m3 in that paper),
and is close to the index reported in Marcaide et al. (2009a) (m1
in that paper). The lower expansion index previously reported for
the higher-frequency data (which corresponds to m2 in Paper I
and in Marcaide et al. 2009a) is modelled by RAMSES by con-
sidering several physical and instrumental effects (outlined in
Marcaide et al. 2009a) that we describe in the next few subsec-
tions.

3.1. Particle-field energy equipartition

Our model assumes that the energy transmitted to the accelerated
electrons by the shock at each time is proportional to the energy
of the magnetic field, which is in turn proportional to the energy
of the shock (see Table 1). However, the proportionality con-
stants between these quantities are not fixed in our model, since
we fit simultaneously the particle number density, the magnetic
field (both at a reference epoch), and the acceleration efficiency
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Fig. 1. Top, fit of RAMSES to the radio light curves reported in Weiler et al. (2007) up to an age of 4930 days. Bottom, simultaneous fit of RAMSES
to the expansion curve reported in Paper I.

without any a priori covariance. Therefore, particle-field energy
equipartition is not assumed in our model. However, we can es-
timate the level of energy equipartition between particles and
fields from our best-fit model (an approach similar to that of
Fransson & Björnsson 1998):

On the one hand, the energy density of relativistic electrons,
relative to that of the thermal electrons in the shock, runs
smoothly from ∼6 × 10−5 at early epochs to 3−4 × 10−4, at
late epochs. If the acceleration efficiency of the ions were
similar to that of the electrons, we would reach a rough level
of equipartition between thermal and non-thermal particles
in the shock.

On the other hand, the energy density of the magnetic field,
relative to that of the thermal electrons, runs smoothly from
0.25 at early epochs to 0.06 at late epochs. In this case, the
level of equipartition is not large, the magnetic field being
a factor 2–4 below the equipartition value with the thermal
shocked electrons.

Another way to analyze the level of equipartition is to compute
the energy density of the magnetic field relative to that of the
accelerated particles. In this case, the ratio runs from ∼3000 at
early epochs to ∼170 at late epochs. Therefore, equipartition
between magnetic field and relativistic particles is roughly ob-
tained, again, provided that the efficiency in the acceleration of
ions is similar to that of the electrons.
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Fig. 2. SSA opacities (solid lines) and FFA opacities (dashed lines) ver-
sus time for a selection of frequencies.

3.2. Model of the CSM

3.2.1. FFA versus SSA

In Fig. 2, we show the SSA and FFA opacities computed with
RAMSES in the optically-thick part of the light curves at 1.4,
8.4, and 22 GHz. It can be seen in the figure that SSA domi-
nates versus FFA for all frequencies and epochs. The FFA evo-
lution changes its slope at ∼80 days, because of the radial gra-
dient of unshocked electron temperatures used in the model of
the CSM (see next section and Appendix A). It can also be seen
in Fig. 2 that, for each frequency, the opacity of SSA is τ ∼ 1
at roughly the same time as the light curve reaches its maxi-
mum (see also Fig. 1), as expected for SSA-dominated light
curves. Chevalier (1998) studied the case of SSA-dominated
light curves in radio supernovae and reported a relationship be-
tween the maximum flux-density at a given frequency, the su-
pernova age at the maximum, and the mean expansion veloc-
ity of the shock. The mean expansion velocity estimated in this
way is a lower bound to the true shock velocity when FFA is
not negligible relative to SSA. The ratios of VLBI-inferred ex-
pansion velocities to those estimated using the relationship of
Chevalier (1998) can be computed for several radio supernovae:
this ratio is ∼2.6 for SN 1986J and SN 1979C (from the results
reported in Pérez-Torres et al. 2002b; Bartel & Bietenholz 2003;
and Marcaide et al. 2009b), 2.3−3.6 for SN 2004et (Martí-Vidal
et al. 2007), and ∼2.5 for SN 2008iz (Brunthaler et al. 2010).
However, for SN 1993J we find a much smaller ratio (∼1.5),
which is indicative of a low FFA (or a high level of SSA com-
pared to FFA), thus supporting the model here proposed for the
SN 1993J radio emission.

We note that the minimum energy in the population of accel-
erated electrons (which we set to me c2) affects the SSA opacity
and, therefore, plays a role in the estimate of the electron num-
ber density, ncsm. If a low-energy cutoff is applied to the electron
population, SSA decreases, although the effects of this cutoff are
only significant at very early epochs, when the magnetic field
is high and the electron energies corresponding to high critical
frequencies are low. In the optically-thin part of the light curves,
a low-energy cutoff does not change the emissivity, but when
the source is optically thick a low-energy cutoff implies a larger
source function (i.e., εν/κν) and therefore a larger fitted ncsm (to
raise FFA in the optically-thick region and maintain the fit of the

model to the observations). This, in turn, slightly decreases the
fitted magnetic field, to fit the model to the observations in the
optically-thin part of the light curves. In short, the use of a low-
energy cutoff increases the importance of FFA relative to SSA
(for instance, by a factor ∼2 if a cutoff of 10 me c2 is applied),
but the overall effects in the model light curves is very small.

3.2.2. Evolution of FFA opacity in the CSM

The flux-density evolution of a supernova in the optically-thick
regime can provide detailed information on the radial density
profile of the CSM. The opacity of the unshocked CSM to the
radio emission is assumed to be produced by free-free inter-
action of the radiation with the thermal electrons that fill the
ionized CSM. Therefore, a precise estimate of the CSM tem-
perature is required to reliably model the CSM density profile
using the radio light curves. By analysing the early X-ray and
radio light curves of SN 1993J at several frequencies, Fransson
et al. (1996) modelled a CSM radial density profile with an struc-
ture index s ∼ 1.7, which is indicative of variable mass-loss rate
for the precursor star. Similar results were found from the anal-
ysis of the late X-ray emission (Immleret al. 2001). However,
Fransson & Björnsson (1998) were able to model the early radio
light curves with s = 2 by adding cooling effects to the electron
population and assuming a dependence of the CSM tempera-
ture on distance from the explosion centre, which maps into a
radial dependence of the FFA. The use of this extra degree of
freedom in the model resulted in a satisfactory fit to the radio
light curves without assuming a variable mass-loss rate of the
precursor star. In our work, we adopted the same approach as
Fransson & Björnsson (1998). However, the added constraints
provided by the expansion curve in the simultaneous fit made it
difficult to obtain a good fit to the high-frequency (22 GHz) light
curves at the earliest epochs (see Fig. 1). Our model overesti-
mates the flux densities at 22 GHz in the optically-thick regime.
However, the true radial profile of the CSM temperature could
behave in many ways close to the explosion centre and/or evolve
with time after the ionization produced by the initial flare from
the supernova. This might explain the systematics in the 22 GHz
residuals of the radio-light curve. A superior approach to using
a model for the CSM opacity is possibly to estimate the opacity
observationally, by comparing the measured flux densities to the
opacity-free RAMSES predictions. In Fig. 3, we show our esti-
mate of the evolution of the CSM free-free opacity at different
frequencies. The flux density of the supernova was reproduced
by the RAMSES model without FFA, multiplied by exp (−τ),
where τ is the opacity shown in Fig. 3.

We note that it is impossible to model the data shown in
Fig. 3 using a simple model for the CSM temperature, as that
described in Appendix A. The presence of inhomogeneities (i.e.,
clumps) in the CSM of a given radial distribution could help
us to model the data. Indeed, the two earliest data points (the
first one at 22 GHz and the second one at 15 GHz) in Fig. 3 do
not follow the same general trend as the remainder of the data.
The opacity at these two epochs is larger than expected from the
backward extrapolation of the general trends. A possible expla-
nation of these large opacities at very early epochs (earlier than
10 days after explosion) could be the presence of strong inho-
mogeneities (clumps) in the CSM close to the explosion centre.
A rapid evolution of the CSM temperature to explain these large
opacity changes is less realistic, since it would imply a sudden
re-heating of the CSM during the first days after the shock break-
out.
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Fig. 3. Integrated line-of-sight free-free opacity of the unshocked CSM
at several frequencies for the early phase of the supernova expansion,
measured to be the ratio of observed flux densities to a SSA model.

3.2.3. CSM radial density profile

The break time fitted around day 360 after explosion may be due
to an evolution in the structure index, n, of the ejected material,
to a change in the structure index, s, of the CSM, or to a combi-
nation of both. In any case, if a value s = 2 is assumed after this
early break, the parameter n after the break takes an effective
value of 9.7, according to the Chevalier model. This relatively
low value of n implies that there has been an enhancement of
X-ray luminosity originating in the shocked ejecta region (al-
though the X-ray emission could still be dominated by the cir-
cumstellar shock) given that the shock is more adiabatic and,
therefore, its opacity becomes smaller (see Fransson et al. 1996).
When Fransson et al. (1996) and Immler et al. (2001) estimated
that s ∼ 1.6−1.7 from their X-ray data, they did not consider
the effect of a greater X-ray luminosity from the shocked ejecta
due to n ∼ 10. Mioduszewski et al. (2001) simulated radio im-
ages and the radio light curves of SN 1993J and also claimed that
s ∼ 1.7 provides the best fit to the data, although these authors
did not take the electron radiative cooling into account. More re-
cently, Nymark et al. (2009) reported on a fit to the SN 1993J
X-ray data using a model with s = 2 and an X-ray emission
dominated by the reverse shock. Chandra et al. (2009) were also
successful in modelling the X-ray data using s = 2.

It is worth noticing that the wide fractional shell reported in
Marcaide et al. (2009a) and Paper I (∼30% of the outer radius)
is incompatible with s < 2 in the frame of the Chevalier model
(Chevalier 1982a), because for s = 2 this shell implies that n ∼ 6
(see Table 1 of Chevalier 1982a). A lower value of s would im-
ply an even lower value of n, which must be larger than 5 for
a self-similar expansion (Chevalier 1982a). On the other hand,
the combination of n ∼ 6 and s = 2 translates into m = 0.75,
a value much smaller than m = 0.87 (our fitted value after the
break) although closer to the expansion index fitted to the 5 GHz
data (m ∼ 0.8, see Marcaide et al. 2009a; and Paper I), which,
in our interpretation, does not describe the true supernova ex-
pansion. Could the similarity between the expansion index at
5 GHz and the theoretical value derived from a 30% fractional
shell-width indicate that the true expansion curve (i.e., that cor-
responding to the forward shock) is traced by the high-frequency
data? In this case, the evolution of the ejecta opacity would have
been the opposite of that proposed in Marcaide et al. (2009a)
and Paper I. That is, the ejecta would have been transparent to
the radio emission at all frequencies and early epochs, and would

have become increasingly opaque to the 1.7 GHz radiation after
day 1500. We rule out this possibility, since in this case the fit to
the radio light curves would be poorer and a value of n close to
6 (indeed, close to the limiting value n = 5 to keep the expan-
sion self-similar) be too low. Baron et al. (1995), for instance,
fitted ejecta density profiles with n ∼ 10 for SN 1993J, based on
non-local thermodynamic equilibrium (NLTE) synthetic spectra.
The wide fractional shell reported in Marcaide et al. (2009a) and
Paper I therefore remains unexplained1.

In any case, we notice that it is difficult to discern whether
s takes the value of 2 or smaller, since there is a tight coupling
between the different variables that affect the evolution of the ra-
diation produced by the circumstellar interaction of the expand-
ing supernova shock. Our software satisfactorily fits the radio
data assuming s = 2, but it also assumes that the evolution of
the magnetic-field energy density (as well as the acceleration ef-
ficiency for the electrons) is proportional to the specific kinetic
energy of the shock. A change in any of these (or other) assump-
tions of the model may affect our conclusions about the radial
density profile of the CSM.

We note however that the conclusions extracted in the fol-
lowing subsections are independent of the real value of s.

3.2.4. Enhanced radial decline in the CSM density at late
epochs

Weiler et al. (2007) found an enhancement of the flux-density
decay rate after day ∼3100. These authors fitted the enhanced
decay rate using an ad hoc exponential factor with an e-folding
time of ∼1100 days, but noted that the same data can also be
fitted (although worse) using a power-law decay with β = −2.7.

This decay takes place at all frequencies at the same time,
leaving the spectral index of the supernova unaltered. These au-
thors interpreted the exponential-like decay as being produced
by a steeper, and fine-tuned, radial density profile of the CSM,
beginning on day ∼3100 after the explosion. In this section, we
show that even an extreme drop in the density of the CSM cannot
explain the observed fall-off in the flux density at all frequencies.

If all the electrons accelerated during the supernova expan-
sion (and not only those that have just been accelerated after
being affected by the shock, as it can be derived from Sect. 5.3
of Weiler et al. 2007) contribute to the radio emission, a change
in the CSM density profile is not enough to explain such a rapid
decay of the flux density. Cooling effects, and eventually the es-
cape of electrons from the emitting region, can have important
effects on the evolution of the supernova flux density at these late
epochs, which we now consider in more detail.

We can obtain an upper bound to the flux-density decay rate
after day 3100 by assuming that the CSM density profile ap-
proaches zero (or negligible values) from day 3100 onwards. In
that case, the evolution of the expanding structure will no longer
be self-similar. However, we can still derive the evolution of the
expanding structure from the velocity fields given in Chevalier
(1982a): the radial velocity of the shocked gas between the con-
tact discontinuity and the forward shock is approximately equal
to the expansion velocity of the contact discontinuity. If the su-
pernova further expands into a negligibly dense CSM, the abso-
lute (i.e., not fractional!) width of the shocked CSM region (i.e.,
from the contact discontinuity to the forward shock) will remain

1 We note that even the narrower shell (25% of the outer radius) re-
ported in Bietenholz et al. (2003) translates into a low value of n. In this
case, we have n ∼ 7 for s = 2. This estimate of n would be even lower
if s < 2.
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constant, and the expansion velocity of the forward shock will be
roughly equal to the expansion velocity of the contact disconti-
nuity. Using these assumptions, we can compute an upper bound
to the flux-density decay corresponding only to electron cooling
(i.e., turning off the electron-escape term). Thus, from day 3100
onwards, we ensure that the total number of relativistic electrons
inside the shell remains constant. We also assume the ratio of the
particle energy density to the magnetic-field energy density to
be constant (as in the Chevalier model). In Fig. 4a, we show the
resulting simulated flux densities at late epochs superimposed
on the observations reported in Weiler et al. (2007). We note
that the flux-density decay rate predicted by RAMSES describes
remarkably well the enhanced flux-density decay rate reported
in Weiler et al. (2007), although with systematic slightly higher
(around 10%) flux densities. These systematics would be lower
if we were to shift the initial epoch of negligible CSM to earlier
dates by 50−100 days. In other words, radiative-cooling effects,
alone, are able to model the late flux-density decay rate of the
radio light curves, provided the CSM density becomes negligi-
ble from day 3000−3100 onwards. A steep boundary in the CSM
may be unrealistic, but it is conceivable that a rapid drop in the
density is produced by the peculiarities in the onset of the stellar
wind.

For a smoother density drop, cooling effects cannot describe,
alone, the observed flux-density decay rate. In that case, other

contributions to the flux-density decay rate must be invoked. The
escape of the electrons from the radiating region is a natural way
to enhance the flux-density decay rate. For instance, if the CSM
structure index, s, were changed from 2 to, say, 4 on day 3100
(even disregarding the self-similar, standard interaction model
scenario for radio supernovae), a mean lifetime of the electrons
of about 1500 days (together with electron-cooling effects) could
also explain the observations. We note that the mean lifetime
of the electrons affects the electron evolution during the entire
expansion, not only after day 3100. In the case of a negligible
CSM after day 3100, adding electron escape with a relatively
long mean lifetime (around 2500 days) decreases the flux den-
sities predicted by the model without increasing so much the
enhanced decay rate at late epochs, resulting in a better fit to the
data (see Fig. 4b). This actually corresponds to our final choice
for the simultaneous modelling of the radio light curves and the
expansion curve of SN 1993J (see Sect. 3 and Fig. 1).

It is difficult to identify a model with the right combination
of both factors (electron escape and enhanced radial density pro-
file of the CSM), since both quantities are completely coupled.
Therefore, the only clear conclusions we can reach at this point
are: 1) an enhanced drop in the CSM density profile is needed to
model the radio light curves after day 3100 and, depending on
the amount of enhancement; 2) a finite mean lifetime of the elec-
trons inside the radiating region may also be needed to explain
the observations.

3.2.5. Flux-density flare at t ∼ 100 days

A zoom into Fig. 1 around t = 100 days uncovers a hint of ex-
cess emission from the supernova relative to the model predic-
tions. This extra emission can also be seen in the residuals of the
model reported in Weiler et al. (2007). In Fig. 5, we show the
residuals around day 100 the after explosion. We note that the
extra emission is detected at 5, 8.4, 15, and 22 GHz, but not at
1.4 GHz. This extra emission of about 30–40 mJy (i.e., increase
in total flux density of the supernova by ∼40%) lasted about
50 days. It was, therefore, a relatively large flux-density flare
of the supernova. It is remarkable that the flare was not detected
at 1.4 GHz. The source was optically thin at the other frequen-
cies, so the intensity was roughly proportional to the electron
number density. In contrast, according to our model, the source
was optically thick to the synchrotron radiation at 1.4 GHz dur-
ing the flare. Thus, the intensity at that frequency was roughly
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Fig. 6. Squematic representation of CSM density vs. distance to the ex-
plosion centre.

equal to the source function ( jν/κν), which, avoiding the small
effects of radiative cooling on the electron population, is inde-
pendent of the electron number density (e.g. Pacholczyk 1970).
Therefore, a straightforward interpretation of Fig. 5 is that the
number density of shocked CSM electrons suddenly increased
by about 40% around day 100 after the explosion (supernova
radius of ∼1150 AU). We note that an increase in the magnetic
field when modelling the flare cannot explain why it did not take
place at 1.4 GHz. Unfortunately, the supernova structure was not
well resolved with VLBI at those early epochs and it is not pos-
sible to correlate the flare shown in Fig. 5 with any change in the
emission structure of the supernova.

In Fig. 6, we show a schematic representation of the CSM
radial density profile inferred from the whole analysis reported
here. On the one hand, for radial distances below ∼100 AU there
is evidence of clumpiness, based on the larger CSM opacities
computed from the observations (see Fig. 3). At a distance of
∼1150 AU, a flare in the light-curve residuals provides evidence
of an overdensity in the CSM. Finally, for radial distances larger
than 21 000 AU, the CSM drops faster than ∝r−2, the exact pro-
file not being very well determined and dependent of the electron
escaping used in the model.

3.3. Evolution of the ejecta opacity

As proposed in Marcaide et al. (2009a), a changing ejecta
opacity (which would be different for different frequencies)
helps to explain the wavelength effects found in the expansion
curve. In Paper I, we confirmed those wavelength effects. We
implemented the opacity effects suggested in Marcaide et al.
(2009a) into the RAMSES model, although they are difficult to
parametrize. Since the ejecta opacity can evolve in many differ-
ent ways, several possibilities were tested. In Fig. 7, we show
the final model selected for the ejecta opacity evolution. This
model does not have any theoretical justification, but the true
opacity should not be very different from the model proposed
here. This model optimally fits all the radio data. In principle,
one would expect that the evolution of the ejecta opacity must
not be the same at all frequencies higher than 1.7 GHz. It seems
more plausible that the opacity at higher frequencies should be-
gin to decrease before those at lower frequencies. However, the

data is not good enough to allow for such a careful modelling of
the ejecta opacity.

The opacity at frequencies higher than 1.7 GHz linearly de-
creases from 100% (on day 1500) to 0% (on day 2500), but
remains constant at this frequency. This decrease in the ejecta
opacity can explain the wavelength effects reported in the ex-
pansion curve of the supernova, but can also explain a slight in-
crease in the SN 1993J flux densities observed after day ∼1500
in the 8.4 GHz data (and, to a lower degree, also in the 5 GHz
data) reported by Weiler et al. (2007). In Fig. 9, we show the
flux-density residuals corresponding to the model used by Weiler
et al. (2007) around day 1500 after explosion. In Fig. 10, we
show the residuals of RAMSES for the same time range. We
note that the RAMSES residuals are typically half of those of
Weiler et al. (2007), and even ∼5 times smaller for some data
points. The effect of opacity evolution can also be seen in the
measured spectral indices. In Fig. 8, we show the spectral in-
dices reported by Weiler et al. (2007) between 1.4 and 5 GHz,
comparing them with the model proposed by these authors and
our model obtained with RAMSES. In the time window between
500 and 5000 days after the explosion, the systematic offsets be-
tween data and the model proposed by Weiler et al. can clearly
be seen. Instead, the RAMSES model predicts remarkably well
the evolution of the spectral index for all epochs, including the
flattening beginning at an age ∼1000 days (Pérez-Torres et al.
2002a; Bartel et al. 2002).

In Marcaide et al. (2009a) and Paper I, we reported a fitted
ejecta opacity of 80% for all epochs and frequencies. This result
might seem to be in conflict with the model proposed here for the
evolution of the ejecta opacity. However, we also noted then that
the ejecta opacities reported were too noisy for extracting any
robust information about the possible evolution and/or spectral
dependence of the ejecta opacity. Therefore, the value of 80%
reported there for the opacity should be taken as an approximate,
average, value.

3.4. Radial drop of the magnetic field

Inside the shell it is also difficult to parametrize a radial drop in
the magnetic field. After extensive testing, we chose the follow-
ing model to characterize the drop of B, as a function of distance,
D, from the contact discontinuity

B(D) = B0(a D2 + b D + c), (1)

where the parameters a, b, and c are chosen so that, for a frac-
tional shell width of 0.3, B0 is the mean magnetic field intensity
of the shell and the intensity at the forward shock is half the
intensity at the contact discontinuity (see Fig. 7).

Marcaide et al. (2009a) pointed out that if the flux density
per unit beam decreases, the shell size estimate will be biased
towards a smaller value, provided the magnetic field drops ra-
dially in the shell (see their Sect. 7.1.2). Thus, the exponential-
like decrease in flux densities after day 3100, combined with a
magnetic field structure similar to that given in Eq. (1), should
translate into progressively biased estimates of the shell size, and
therefore an increase in the (observed) deceleration of the ex-
pansion curve. If we include radial drops in the magnetic field
steeper than that corresponding to Eq. (1) (such as a linear or
a concave-like decay), we obtain poorer fits to the expansion
curve. Therefore, we conclude that the radial drop in the mag-
netic field inside the shell must be smooth. In Fig. 11, we com-
pare the expansion-curve residuals obtained with a uniform mag-
netic field inside the shell (a) with those for the magnetic-field
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structure given by Eq. (1) and shown in Fig. 7. It can be seen
that the residuals for the latest VLBI epochs are more accurately
fitted using the radially-decaying magnetic field.

We note however, that the conclusions extracted from this
section are based on noisy images (from the latest epochs at
which the supernova could be barely imaged). Therefore, these
conclusions should be considered with caution.

4. Conclusions

We have developed software to simultaneously model the
VLBI expansion curve and the radio light curves of supernova
SN 1993J. This software takes into consideration the evolution
of the magnetic field energy density and the hydrodynamic evo-
lution of the expanding shock, as well as the relativistic accelera-
tion of CSM electrons as they interact with the supernova shock.
All these processes have been implemented following Chevalier
(1982a,b). Our software also accounts for the radiative cooling
of the electrons, as well as SSA and inverse Compton scattering.
The escape of electrons from the radiating region is also consid-
ered.

We have modelled the whole radio-data set of SN 1993J (ra-
dio light curves and expansion curve) using one single model.
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Fig. 9. Residuals of the SN 1993J flux densities between days 1000 and
3000 after explosion, using the model of Weiler et al. (2007): a) all
the residuals (1.4 GHz residuals have been joined with a solid line for
clarity); b) zoomed, the residuals at 5 and 8.4 GHz (the solid line now
marks the zero mJy level).

We have considered a changing opacity of the supernova ejecta
to the radio emission and a radial decay in the magnetic field
within the radiating region. The structure index of the CSM is
set to s = 2 up until day 3100 after the explosion. From that
day onwards, a higher value of s, or even a negligibly dense
CSM, is required to model the radio light curves. In the case of a
negligibly dense CSM, cooling effects, alone, are able to predict
the exponential-like flux-density drop reported by Weiler et al.
(2007). When the CSM is not negligible after day 3100, a finite
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Fig. 10. Same as in Fig. 9a, but with the residuals obtained with the
RAMSES model.

mean lifetime of the electrons inside the emitting region is also
needed to model the late radio light curves. We also find, at all
frequencies apart from 1.4 GHz, an unmodelled increase in the
flux density of the supernova around day 100 after the explosion.
This increase represents ∼40% of the total flux density of the su-
pernova at these epochs. We suggest that this sudden increase in
the flux density may be caused by an increase in the density of
the shocked CSM electrons around day 100.

In our model, the ejecta opacity remains constant at 1.7 GHz,
but changes at the other frequencies from 100% (at day 1500 af-
ter explosion) to 0% (at day 2500). This evolution of the opacity
explains the effects found in the expansion curve and is also able
to explain some effects found in the radio light curves (hence, in
the evolution of the spectral indices).

We also found evidence of a radial drop in the magnetic field
inside the radio shell. When combined with the enhanced flux-
density decay rate of the radio light curves at late epochs, this
drop explains the enhanced deceleration found in the expansion
curve of the latest VLBI observations at all frequencies.
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Appendix A: The RAMSES model

A.1. Equation of the electron evolution

As implemented by Fransson & Björnsson (1998), we simulated
the relativistic electron population using the equation of conti-
nuity in energy space

Ṅ(E, t) = −∇E(ĖN(E, t)) + S (E, t) − L(E, t), (A.1)

where N(E, t) is the number of electrons that fill the radiating
region with energies between E and E + dE at time t, S (E, t) is
the source function accounting for the continuum acceleration

of CSM electrons by the shock, L(E, t) takes into account the
possible escaping of electrons from the emitting region, and Ė
represents the energy loss (or gain) of an electron with energy E
at time t. In the following subsections, we explain each term of
Eq. (A.1) in more detail.

A.2. Energy losses of the electrons

Our software considers several terms for the computation of en-
ergy losses of the relativistic electrons (negative terms for Ė).
These terms are the expansion of the relativistic gas (which
results in Ė ∝ E/t) and radiative processes (synchrotron,
Coulomb, and inverse Compton; see Pacholczyk 1970).

In the case of synchrotron losses, we have Ė ∝ B̄2⊥E2, where
B̄2⊥ is the mean of the square of the perpendicular component of
the magnetic field to the (random) trajectories of the electrons.

Coulomb losses are modelled with Ė ∝ ( fa + log E)E, for
free-free processes, and with Ė ∝ ( fb + log E), for processes re-
lated to the ionization of the medium ( fa and fb are constants that
can be computed from the density of hydrogen in the medium,
see Pacholczyk 1970).

We also included losses due to the inverse Compton effect,
which only affects the earliest radio light curves at the highest
frequencies. In this case, Ė ∝ J E2, where J is the photon density
inside the radiating region. The photon-density estimates used in
our modelling were taken from Fransson & Björnsson (1998, see
their Fig. 6).

A.3. Energy gain of the electrons

Once the electrons have been accelerated by the shock, their
main process of energy gain is SSA, since the probability of be-
ing re-accelerated is very low (the acceleration efficiency of the
shock ∼10−5, see fitted value of Frel in Table 1). To compute the
effect of self-absorption in the electron energy distribution, we
must take into account possible radial variations in the ampli-
tude of the magnetic field in the shell, especially for the emis-
sion frequencies for which the optical depth is close to 1. It can
be shown (see Martí-Vidal 2008) that the expression to use in
this case is

(
ĖN

)
ssa
= E2∇E

(
n(E)
E2

) ∫ ∫
Ks

ν2
Iν(S )F(x) dS dν, (A.2)

where the integral over S is the integral over the radiating region,
and the integral over ν is that over all the synchrotron emission
frequencies. Iν(S ) is the synchrotron emission intensity at the
point S of the source and at frequency ν. The factor n(E) is the
density of electrons with energies between E and E + dE in the
point S of the source. This equation is a generalization of that
used by Fransson & Björnsson (1998), but can be applied to
magnetic fields with generic amplitude distributions inside the
source. The amplitude of the magnetic field, as a function of its
position S , appears implicitly in x and Ks (the definitions of x,
Ks, and F(x) can be seen in Pacholczyk 1970).

A.4. Source of electrons

The source function of electrons depends on energy and time.
We assumed an expression similar to that one used by Fransson
& Björnsson (1998)

S (E, t) = FrelFnorN0(R/R0)−s(V/V0)2E−p,
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where Frel is the fraction of electrons of the recently-shocked
CSM that have been accelerated, N0 is the electron density at
a reference epoch (when the radius of the supernova shell was
R0 and the expansion velocity was V0), R is the radius of the
shell, V its expansion velocity, and Fnor is a normalization fac-
tor. This normalization factor scales the amplitude of an electron
population distribution given by N(E) ∝ FrelN0 into a popula-
tion of relativistic electrons with an energy distribution given by
N(E) ∝ E−p, in such a way that the number of electrons is con-
served.

The factor (V/V0)2 is included to make the acceleration ef-
ficiency of the shock proportional to its specific kinetic energy.
This proportionality has been found to more accurately describe
the electron acceleration, according to Fransson & Björnsson
(1998).

A.5. Escaping of electrons from the emitting region

Electrons could escape from the emitting shell, either towards
the unshocked CSM or into the region of expanding ejecta. The
escaping of electrons from the emitting region was assumed
to be independent of the electron energies. All the electrons
have velocities close to the speed of light, and the effect of the
magnetic-field pressure inside the emitting region should be sim-
ilar for all the electrons. These two reasons make the probabil-
ity of escaping from the shell roughly equal for all electrons.
Therefore, the expression used to model the escaping of elec-
trons is

L(E, t) = N(E, t)/tm, (A.3)

where tm is the mean lifetime of an electron inside the radiating
shell.

A.6. Electron evolution and radio emission

Numerical integration of Eq. (A.1) is performed semi-implicitly
(see Martí-Vidal 2008). This equation can be written as Ṅ =
f (N,∇E N, E, t), where f is a functional that depends on N(E),
E, and t. If we apply a binning of N(E, t) in energy and time2,

2 We apply a logarithmic binning in energy and time to optimize the
accuracy of the numerical integration.

such that Nk,i is the electron number at energy Ek and time ti, we
can approximate Eq. (A.1) by

Nk,i+1 − Nk,i

ti+1 − ti
=

1
2

(
f + (Nk,i+1 − Nk,i)∇N f

)
. (A.4)

Knowing the electron population at time ti (i.e., knowing Nk,i
for all k), it is possible to compute the new population at time
ti+1 (i.e., Nk,i+1 for all k). However, care must be taken when
computing ĖN(E, t) in Eq. (A.1), especially the term related to
SSA, for which an accurate estimate of the intensity distribution
of synchrotron radiation inside the shell is needed.

Once Nk,i+1 was obtained, we computed the emission in-
tensity at all the desired frequencies, and transmitted the result
through a filter that takes into account the opacity due to the un-
shocked CSM electrons. This opacity can be estimated using the
equation (e.g., Pérez-Torres 1999)

τν=C−2
f

0.17
ν2

∫ ∞

R
ncs(r)2 T (r)−3/2

(
1+0.13 log

(
T (r)3/2

ν

))
dr (A.5)

given in the cgs system, where Cf is the compressing factor of
the shocked CSM density relative to the unshocked CSM den-
sity. This factor is ∼4 (e.g., Dyson & Williams 1980), T (r) is
the temperature of the unshocked CSM medium as a function of
distance to the supernova explosion centre. RAMSES uses the
same temperature profile used by Fransson & Björnsson (1998)

T (r) = Max

(
Tl ×

(R0

r

)δ
, Tc

)
, (A.6)

where Tc = 2 × 105 K, δ = 1, and Tl is a fitting parameter.
Afterwards, the opacity-corrected flux densities were used to

generate the synthetic radio light curves and the VLBI images.
A cut-off was then applied to the VLBI images according to the
sensitivity of the interferometric arrays. Finally, the Common-
Point method (see Marcaide et al. 2009a; and Martí-Vidal 2008)
was applied to generate the synthetic expansion curve at all fre-
quencies.

A.7. Fitting procedure

When the synthetic radio light curves and expansion curve have
been generated, the software compares them with the observa-
tions and computes the corresponding χ2. Then, new values of
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Fig. A.1. Energy distribution of the solid-angle integral of an electron
population simulated with RAMSES, computed in the forward shock.
The continuum line is the population at 10 days after explosion. The
long-dashed line is the population at 100 days. The short-dashed line
is the population at 1000 days. The dot-dashed line is a straight line,
plotted for visual aid.

the simulation parameters are computed to minimize the χ2. This
step is performed using the SIMPLEX algorithm (e.g., Nesa &
Coppins 1981). The whole process is iterated until convergence
of SIMPLEX.

A.8. Test of RAMSES

The integration code of RAMSES was tested in several ways.
The conservation of the number of electrons after apply-
ing Eq. (A.4) was tested. On the one hand, at low energies
(E → mc2) the particle number is not well conserved, since
ĖN(E, t) was computed using expressions that are only valid
in the relativistic regime. However, the low-energy region of
the electron population is full of thermal (i.e. non-accelerated)
electrons, which dominate the distribution and, moreover,
those electrons do not contribute to the synchrotron emission.
Therefore, this lack of conservation of the non-relativistic
electron population is not crucial in our simulations. On the
other hand, the upper limit to the energy distribution used
in the simulations (104 mc2) produces a small generation
of electrons at the highest-energy boundary of our inte-
gration window. Nevertheless, this effect is very small (of
the order of 10−6 times the source function S (E, t) at those
energies). We also tested the degree of convergence of the
solutions as a function of the number of bins in energy and
time spaces. Setting 3000 time steps (between days 2 and 4900

after explosion) and 1000 bins in energy space (between 1 and
104 Lorentz factors), we obtain results that differ only ∼0.1%
from the results obtained using twice the number of bins.

The electron population obtained also evolves as it is ex-
pected if we consider the energy gains and losses, as well as the
injection and escaping of electrons. In Fig. A.1, we show an ex-
ample of the evolution of an electron population obtained after a
RAMSES run. At 10 days after explosion, a small bump is seen
at E ∼ 10 m c2, due to the energy gain produced by SSA (i.e.,
electrons with this energy emit with a peak frequency for which
the mean opacity is τ ∼ 1). Later, radiative losses dominate, and
the spectral index tends to increase 1 (in absolute value) at higher
frequencies and decrease 1 (in absolute value) at lower frequen-
cies. Both effects can be appreciated in Fig. A.1, with the help
of the straight line also shown in the figure.
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