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ABSTRACT

Context. The simultaneous occurrence of flows and time damped small-amplitude oscillations in solar prominences is a common
phenomenon. These oscillations are mostly interpreted in terms of magnetohydrodynamic (MHD) waves.
Aims. We study the time damping of linear non-adiabatic MHD waves in a flowing partially ionised plasma with prominence-like
physical conditions.
Methods. Considering non-adiabatic single fluid equations for a partially ionised hydrogen plasma, we have solved our dispersion
relations for the complex frequency, ω, and we have analysed the behavior of the period, damping time and the ratio of the damping
time to the period, versus the real wavenumber k, for Alfvén, fast, slow, and thermal waves.
Results. While in the case without flow there is a critical wavenumber at which the period of Alfvén and fast waves goes to infinite,
when a flow is present two different critical wavenumbers appear. The smaller wavenumber depends on the flow speed and causes the
period of the high-period branch to go to infinite. When the second critical wavenumber is attained the period of both branches become
equal. In general, the time damping of Alfvén and fast waves is dominated by resistive effects, and its damping ratio is very inefficient
when compared to observations. The damping of slow and thermal waves is basically dominated by non-adiabatic effects, and for
slow waves it is possible to obtain a damping ratio close to observations, although it would correspond to long period oscillations
with large damping times not often observed. The consideration of a structured medium produces new features such as the apparition
of four critical wavenumbers for Alfvén waves, and one critical wavenumber for slow waves. For fast waves, constrained propagation
substantially improves, within the range of observed wavelengths, the ratio of the damping time to period.
Conclusions. The presence of a background flow in a partially ionised plasma gives place to new interesting features when the time
damping of MHD waves is studied. In general, the results point out that ion-neutral collisions are an inefficient mechanism to explain
the observed time damping of prominence oscillations if they are produced by Alfvén and fast waves. If the oscillations are produced
by slow waves, only long period oscillations with large damping times produce damping ratios in agreement with observations.
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1. Introduction

Quiescent solar prominences are usually thought to be cool (T ∼
104 K) and dense (ρ ∼ 5 × 10−11 kg/m3) plasma clouds located
in the much denser and hotter solar corona. It is still a matter
of debate how these dense and cool structures live for a long
time within the solar corona, although a widely extended idea is
that its support and thermal isolation are of magnetic origin. On
the other hand, the typical composition of solar prominences is
90% hydrogen and 10% helium, but its exact ionisation degree is
unknown (Labrosse et al. 2010) and the ratio of electron density
to neutral hydrogen density seems to be in the interval 0.1−10
(Patsourakos & Vial 2002). Therefore, solar prominences seem
to be made of partially ionised plasmas and hydrogen lines are
routinely observed (Labrosse et al. 2010).

Solar prominences usually display two important features:
oscillations and flows. Using ground and space-based obser-
vations, small-amplitude oscillations in prominences and fila-
ments have been observed and details about their properties can
be found in Oliver & Ballester (2002), Banerjee et al. (2007),

Oliver (2009), and Mackay et al. (2010). These oscillations are
mainly detected by the periodic Doppler shifts of spectral lines,
with periods from a few minutes to hours, and one interesting
feature is that they are damped in time.

Observational evidence of the time damping of small ampli-
tude oscillations in prominences has been reported by Landman
(1977), Tsubaki & Takeuchi (1986), Tsubaki (1988), Wiehr et al.
(1989), Molowny-Horas et al. (1999), Terradas et al. (2002), Lin
(2004), Berger et al. (2008) and Ning et al. (2009a,b). Molowny-
Horas et al. (1999) and Terradas et al. (2002) studied two-
dimensional time series from a quiescent prominence and found
that oscillations detected in large areas of the prominence were
typically damped after 2−3 periods. Similar results have been
obtained recently by Mashnich et al. (2009). The same behavior
is found in high-resolution Doppler time series from individual
filaments threads (Lin 2004) and in Hinode/SOT observations by
Ning et al. (2009a) who reported a maximum number of 8 pe-
riods before the oscillations disappeared. More extense reviews
about the damping of small-amplitude prominence oscillations
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can be found in Oliver (2009), Ballester (2010) and Arregui &
Ballester (2010).

Flows are a typical characteristic of prominences and have
been observed in Hα, UV, and EUV lines (Labrosse et al. 2010).
In Hα quiescent filaments, the observed velocities range from
5 to 20 km s−1 (Zirker et al. 1998; Lin et al. 2003, 2005, 2007;
Schmieder et al. 2008; Chae et al. 2006; Labrosse et al. 2010)
and, because of the physical conditions in filament plasma, they
seem to be field-aligned. Also, the presence in filaments of os-
cillating absorbing features which, at the same time, move along
the filament axis has been reported (Lin 2004). In limb promi-
nences different kinds of flows are observed (Chae et al. 2008;
Schmieder et al. 2010) and, for instance, observations made by
Berger et al. (2008) with Hinode/SOT pointed out a complex dy-
namics with vertical downflows and upflows. In this case, veloci-
ties seem to be slightly higher than in filaments (up to 35 km s−1)
and the orientation with respect to the magnetic field is unclear
(Chae et al. 2008; Schmieder et al. 2010; Labrosse et al. 2010).
Finally, in active region prominences flow speeds can be higher
(Okamoto et al. 2007)

Related with flows and oscillations interpreted in terms of
MHD waves, we would like to point out that while from a theo-
retical point of view we know how to deal with flows and waves,
from an observational point of view it can be quite difficult. For
a proper interpretation of the observations, it is very important
to be able to distinguish between both features and, nowadays,
and in the framework of coronal physics, a lively discussion is
going on about how to discriminate between flows and waves
in the observations of quasi-periodic phenomena in solar coro-
nal structures. Up to now, no agreement has been reached yet.
The same observations about quasi-periodic and propagating in-
tensity perturbations or quasi-periodic propagating signals have
been interpreted as slow magnetoacoustic waves or as upflows. It
seems that unequivocal identification can only be done in partic-
ular cases. For instance, Jess et al. (2009) reported the detection
of oscillatory features associated with a large bright point group.
The observations did not show evidence of transversal displace-
ments and intensity oscillations, which discarded an interpreta-
tion in terms of magnetoacoustic waves but allowed a probable
interpretation in terms of Alfvén waves.

Usually, small-amplitude prominence oscillations are inter-
preted in terms of linear magnetohydrodynamic (MHD) waves
and their damping has been studied by considering different
wave dissipative mechanisms. For instance, for fully ionised
plasmas, the time damping of prominence oscillations has been
studied by considering non-adiabatic MHD waves, including the
effects of optically thin radiation, thermal conduction, and heat-
ing, in unbounded and bounded prominence slabs (Carbonell
et al. 2004; Terradas et al. 2005), prominence slabs surrounded
by an infinite solar corona (Soler et al. 2007) and bounded
prominence-corona slabs (Soler et al. 2009c). On the other hand,
taking into account the fine prominence structure, and assuming
that the threads forming solar filaments can be modeled as cylin-
drical flux tubes filled with fully ionised prominence plasma sur-
rounded by the solar corona, the time damping of inhomoge-
neous cylindrical flux tubes due to resonant absorption has been
studied by Arregui et al. (2008).

The effect of partial ionisation was considered by Mercier
& Heyvaerts (1977) when they studied the difusion of neutral
atoms by gravity. Gilbert et al. (2002) studied the diffusion of
neutral atoms in a partially ionised prominence plasma, conclud-
ing that the loss timescale is much longer for hydrogen than for
helium. Gilbert et al. (2007) investigated the temporal and spatial
variations in the relative abundance of helium with respect to

hydrogen in a sample of filaments. They found that a majority
of filaments show a deficit of helium in the top part, while in the
bottom part there is an excess. This seems to be due to the shorter
loss timescale of neutral helium compared to that of neutral hy-
drogen. The consideration of prominences as partially ionised
plasma is extremely important for the physics of prominences,
and the effects on MHD waves in prominences need to be taken
into account. From the theoretical point of view, and related
with laboratory plasma physics, there is an extensive amount of
literature about wave propagation in a partially ionised multi-
fluid plasma (Watanabe 1961a,b; Tanenbaum 1961; Tanenbaum
& Mintzer 1962; Woods 1962; Kulsrud & Pearce 1969; Watts
& Hanna 2004). In astrophysical plasmas, the typical frequency
of MHD waves is much lower than the collisional frequencies
between species. In this case, the single fluid approach is usu-
ally adopted and has been applied to wave damping in the solar
atmosphere (De Pontieu et al. 2001; Khodachenko et al. 2004;
Leake et al. 2005). In the case of solar prominences, Forteza
et al. (2007) derived the full set of MHD equations for a partially
ionised, single-fluid plasma and applied them to study the time
damping of linear, adiabatic waves in an unbounded prominence
medium. This study was later extended to the non-adiabatic case
by including thermal conduction by neutrals and electrons, ra-
diative losses, and heating (Forteza et al. 2008). Because of the
effect of neutrals, in particular that of ion-neutral collisions, a
generalized Ohm’s law has to be considered, which causes some
additional terms to appear in the resistive magnetic induction
equation relative to the fully ionised case. Among these addi-
tional terms, the dominant one in the linear regime is the so-
called ambipolar magnetic diffusion, which enhances magnetic
diffusion across magnetic field lines. Furthermore, one of the
interesting effects produced by the consideration of partial ion-
isation and ion-neutral collisions is that Alfvén waves can be
damped, which cannot be obtained by means of thermal mecha-
nisms, and Singh & Krishnan (2009) studied the time damping
of Alfvén-like waves in a partially ionised plasma representing
a particular model of the solar atmosphere. For bounded me-
dia, Soler et al. (2009d) applied this formalism to the study of
the time damping of fast, Alfvén, and slow waves in a partially
ionised filament thread modeled as a cylinder, and Soler et al.
(2009b,e) used a cylindrical filament thread, having an inhomo-
geneous transition layer between prominence and coronal ma-
terial, to study the influence of partial ionisation on the time
damping of fast kink waves caused by resonant absorption in the
inhomogeneous layer. Finally, Soler et al. (2010) have explored
the influence of helium in the attenuation of oscillations by ion-
neutral collisions obtaining that under prominence conditions is
completely negligible.

Taking flows into account, Carbonell et al. (2009) explored
the time damping of non-adiabatic slow and thermal waves in an
unbounded and fully ionised prominence medium with a back-
ground flow, while Soler et al. (2008, 2009a) investigated the
time damping of the oscillations of an individual prominence
thread and of a threaded prominence when both mass flows and
non-adiabatic processes are considered. However, it remains to
be explored the effect produced by the joint action of flows and
non-adiabatic processes in partially ionised plasmas in the prop-
agation and attenuation of MHD waves responsible for promi-
nence oscillations. Therefore, our main aim here is to explore
the theoretical and observational effects associated with the time
damping of non-adiabatic MHD waves in an unbounded and par-
tially ionised plasma, with prominence-like physical conditions,
when a background flow is present. The layout of the paper is as
follows: in Sect. 2, the equilibrium model and some theoretical
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considerations are presented; in Sects. 3 and 4, the time damping
of Alfvén and magnetoacoustic waves in an unbounded promi-
nence medium is studied; in Sect. 5, the effect of magnetic struc-
ture is taken into account; finally, in Sect. 6, our conclusions are
drawn.

2. Model and methods

2.1. Equilibrium properties

As a background model, we use a homogeneous unbounded
medium threaded by a uniform magnetic field along the
x-direction, and with a field-aligned background flow. The equi-
librium magnitudes of the medium are given by

p0 = const., ρ0 = const., T0 = const.,

B0 = B0 x̂, u0 = v0 x̂,

where B0 and v0 are constants, and the effect of gravity has been
ignored. Since we consider a medium with physical properties
akin to those of a quiescent solar prominence, the density is ρ0 =
5×10−11 kg/m3, the temperature T0 = 8000 K, and the magnetic
field |B0| = 10 G, and we consider a field-aligned flow with v0 =
15 km s−1, simulating the typical flows observed in quiescent
filaments. However, a smaller value, v0 = 10 km s−1, has been
also considered to highlight some features which can appear in
slow waves.

2.2. Basic and linearised equations

Single-fluid MHD equations for a partially ionised hydrogen
plasma were derived in Forteza et al. (2007), and later were ex-
tended by including terms representing non-adiabatic processes
in the energy equation (Forteza et al. 2008). The physical mean-
ing of all the terms and quantities used in the following can be
found in those papers. When a background flow is considered,
the single fluid basic equations for the study of non-adiabatic
MHD waves in a partially ionised plasma can be derived from
Forteza et al. (2007, 2008) and Carbonell et al. (2009). The most
important difference with respect to the non-adiabatic case with-
out a background flow is that instead of the operator ∂∂t , we have
∂
∂t + u0 · ∇ in the MHD equations (Goedbloed & Poedts 2004).

We consider a partially ionised hydrogen plasma character-
ized by a plasma density, ρ0, temperature, T0, and number densi-
ties of neutrals, nn, ions, ni, and electrons ne, with ne = ni. Thus,
the gas pressure is p0 = (2ni+nn)kBT0, where kB is Boltzmann’s
constant. The relative densities of neutrals, ξn, and ions, ξi, are
given by

ξn =
nn

ni + nn
, ξi =

ni

ni + nn
, (1)

where we have neglected the contribution of electrons. We can
now define a quantity, μ̃, given by,

μ̃ =
1

1 + ξi
, (2)

which gives us information about the plasma degree of ionisa-
tion. Following Eq. (2), for a fully ionised plasma μ̃ = 0.5, while
for a neutral plasma μ̃ = 1.

The dispersion relation for linear MHD waves has been ob-
tained by considering small perturbations from equilibrium of

the form

B(t, r) = B0 + B1(t, r), p(t, r) = p0 + p1(t, r),

ρ(t, r) = ρ0 + ρ1(t, r), T (t, r) = T0 + T1(t, r),

u(t, r) = u0 + u1(t, r),

and linearise the single fluid basic equations. Since the medium
is unbounded, we perform a Fourier analysis in terms of plane
waves and assume that perturbations behave as

f1(r, t) = f ei(ωt−k·r). (3)

Now, with no loss of generality, we choose the z-axis so that the
wavevector k lies in the xz-plane (k = kx x̂+kz ẑ), and introducing
the propagation angle, θ, between k and B0, the wavenumber
components can be expressed as kx = k cos θ and kz = k sin θ.
With this approach, the operator ∂

∂t + u0 · ∇ becomes i(ω− kxv0),
which points out that in the presence of a background flow the
frequency has a Doppler shift given by kxv0 and that the wave
frequency,ω, for the case with flow can be obtained from

ω = Ω + kxv0, (4)

Ω being the wave frequency in absence of flow. In other words,Ω
corresponds to the frequency measured by an observer linked to
the flow inertial rest frame, whileω corresponds to the frequency
measured by an observer tied to an inertial rest frame external to
the flow.

Applying the above stated procedure to the single fluid
MHD equations describing a flowing partially ionised plasma in
which non-adiabatic processes take place (Forteza et al. 2008;
Carbonell et al. 2009), the following scalar equations can be
obtained,

Ωρ1 − ρ0(kxv1x + kzv1z) = 0, (5)

Ωρ0v1x − kx p1 = 0, (6)

Ωρ0v1y +
B0x

μ
kxB1y = 0, (7)

Ωρ0v1z − kz p1 +
B0x

μ
(kxB1z − kzB1x) = 0, (8)

iΩ
(
p1 − c2

sρ1

)
+ (γ − 1)

(
κe‖k2

x + κnk2 + ρ0LT

)
T1

+(γ − 1)(L + ρ0Lρ)ρ1 = 0, (9)

B1x

(
iΩ + k2

xη + k2
zηC

)
+ (η − ηC)kxkzB1z

−B0xkz(iv1z − kzΞp1) = 0, (10)

B1y

(
iΩ + k2

xηC + k2
zη

)
+ iB0xkxv1y = 0, (11)

B1z

(
iΩ + k2

xηC + k2
zη

)
+ (η − ηC)kxkzB1x

+B0xkx(iv1z − kzΞp1) = 0, (12)

kxB1x + kzB1z = 0, (13)

p1

p0
− ρ1

ρ0
− T1

T0
= 0. (14)

where the quantity Ξ is,

Ξ =
ξ2nξi

(1 + ξi)αn
, (15)
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with αn a friction coefficient (Braginskii 1965; Khodachenko
et al. 2004; Leake et al. 2005), while the quantity Ξ has been
introduced for the reason of compactness of the above linearised
equations and its dimensions correspond to the inverse of a fric-
tion coefficient. Depending on the value given to μ̃ and to both
Spitzer’s (η) and Cowling’s (ηC) resistivities, we may have dif-
ferent types of plasmas, and those of interest for our study are:

1. a fully ionised resistive plasma (FIRP), where μ̃ = 0.5, η =
ηC and Ξ = 0;

2. a partially ionised plasma (PIP), where 0.5 < μ̃ < 1, η � ηC
and Ξ � 0.

Other important parameters of our study are the numerical value
and behavior of the sound (cs) and Alfvén (va) speeds. In the
case of density and magnetic field assumed in Sect. 2.1, the
Alfvén speed has a constant numerical value of 126.15 km s−1.
However, since the sound speed depends on gas pressure, which
is a function of the number densities of ions and neutrals, its nu-
merical value is not constant but depends on the ionisation frac-
tion considered. For a fully ionised plasma, the sound speed is
14.84 km s−1, while for a partially ionised plasma with μ̃ = 0.95
its value decreases to 10.76 km s−1. This variation in the sound
speed can be important since depending on the flow speed and
ionisation fraction chosen, the flow speed could be greater than,
smaller than, or equal to the sound speed, which affects the direc-
tion of propagation of slow and thermal waves (Carbonell et al.
2009). In our case, the flow speed is subalfvénic but slightly su-
personic, which seems to be a typical feature of flows observed
in quiescent filaments.

3. Alfvén waves

Equations (7) and (11) are decoupled from the rest and from
them we can obtain the dispersion relation for Alfvén waves in
a partially ionised plasma with a background flow, which is,

Ω2 − iΩk2(ηC cos2 θ + η sin2 θ) − v2ak2 cos2 θ = 0, (16)

where θ is the angle between the wavenumber vector and the
magnetic field. In the case of a fully ionised ideal plasma without
a background flow, Eq. (16) reduces to the well known disper-
sion relation for Alfvén waves. Eq. (16) also points out that the
time damping of Alfvén waves must be dominated by resistive
effects.

Since we are interested in the time damping of MHD waves,
we consider the wavenumber, k, to be real and seek for complex
solutions of the frequency ω expressed as ω = ωr + iωi. Taking
into account Eq. (4) we can conclude that, for an observer ex-
ternal to the flow, the real part of the frequency, ωr is given by
ωr = Ωr+kxv0, and that the imaginary part,ωi, is ωi = Ωi, i.e. the
imaginary part of the frequency is the same with or without flow.
The period of the waves is given by P = 2π

ωr
, the damping time by

τD =
1
ωi

, the ratio of the damping time versus period is τD
P , and,

in general, unless otherwise is stated, we consider a propagation
angle θ = π8 . Since in the above calculations we use the real and
imaginary parts of the complex frequency,ω, the resultant quan-
tities correspond to the period, damping time and the ratio of the
damping time versus period, measured by an observer external
to the flow i.e. to what would be determined from the analysis of
ground- or space-based observations.

The solution to dispersion relation (16) is,

Ω = ±
√

4v2ak2 cos2 θ − (ηC cos2 θ + η sin2 θ)2k4

2

+
ik2(ηC cos2 θ + η sin2 θ)

2
, (17)

which written in terms of ω becomes,

ωhfb = kxv0 +

√
4v2ak2 cos2 θ − (ηC cos2 θ + η sin2 θ)2k4

2

+
ik2(ηC cos2 θ + η sin2 θ)

2
, (18)

and

ωlfb = kxv0 −
√

4v2ak2 cos2 θ − (ηC cos2 θ + η sin2 θ)2k4

2

+
ik2(ηC cos2 θ + η sin2 θ)

2
, (19)

where hfb and lfb mean high frequency and low frequency
branch, respectively. In absence of flow (|u0| = 0) there is a crit-
ical wavenumber, kc, at which the real part of the frequency for
both branches become zero (apart from the trivial solution). The
expression for this critical wavenumber can be obtained from
Eq. (17) and is,

kc =
2va cos θ

ηC cos2 θ + η sin2 θ
· (20)

When k = kc there are no propagating Alfvén waves, only a
damped perturbation remains with a purely imaginary frequency
given by,

ωi =

[
k2(ηC cos2 θ + η sin2 θ)

2

]
· (21)

When k > kc, there are no propagating Alfvén waves and only
two damped perturbation remains whose purely imaginary fre-
quencies are given by,

ωi = ±
√

(ηC cos2 θ + η sin2 θ)2k4 − 4v2ak2 cos2 θ

2

+

[
k2(ηC cos2 θ + η sin2 θ)

2

]
· (22)

However, in presence of flow things become different. The real
part of the frequency for the low frequency branch becomes
zero for,

klfb =
2
√
v2a − v20 cos θ

ηC cos2 θ + η sin2 θ
· (23)

Since in our case cs < v0 < va, when k < klfb the real part
of the frequency is negative and the low frequency Alfvén wave
propagates towards the negative part of the x-axis; when k = klfb,
the low frequency Alfvén wave becomes non propagating, and
when k > klfb, the real part of the frequency is positive and the
low frequency Alfvén wave propagates towards the positive part
of x-axis, with the reversal of the behavior occurring at k = klfb.
Furthermore, the square root in Eqs. (18) and (19) becomes zero
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when k = kc, with kc > klfb. For k = kc, both real parts of the high
and low frequency branches become kxv0, while the imaginary
parts are given by Eq. (21), however, for k > kc, while the real
part of both Alfvén waves is still given by kxv0, the imaginary
parts of the frequency for both branches become,

ωi,hfb =
k2(ηC cos2 θ + η sin2 θ)

2

+

√
(ηC cos2 θ + η sin2 θ)2k4 − 4v2ak2 cos2 θ

2
, (24)

and

ωi,lfb =
k2(ηC cos2 θ + η sin2 θ)

2

−
√

(ηC cos2 θ + η sin2 θ)2k4 − 4v2ak2 cos2 θ

2
· (25)

Therefore, for k > kc, we end up with two Alfvén waves propa-
gating in the same direction, with the same real frequency (kxv0)
but with different imaginary parts of the frequency i. e. having
different damping times.

In the case of a fully ionised ideal plasma with a background
flow, the Alfvén frequency is given by,

ωr = k cos θ(v0 ± va), (26)

then, we could try to write the real part of the frequencies (18)
and (19) in a similar way. After some algebra, we end up with
the following expression,

ωr = k cos θ(v0 ± Va), (27)

with

Va = va ×
√

1 − (ηC cos2 θ + η sin2 θ)2k2

4v2a cos2 θ
· (28)

Since the square root is non-dimensional, Va can be understood
as a modified Alfvén speed, and once the physical conditions
have been fixed, this modified Alfvén speed only depends on
the wavenumber k. From Eq. (27), the real frequencies for both
waves can be written as,

ωhfb = k cos θ(v0 + Va), (29)

and

ωlfb = k cos θ(v0 − Va). (30)

Therefore, the periods, P±, of both Alfvén waves would be
given by,

P± =
2π

k cos θ(v0 ± Va)
· (31)

Using Eqs. (29) and (30), we can understand in a different way
when the critical wavenumbers, klfb and kc, found above, appear.
The critical wavenumber klfb is a solution of v0 − Va = 0, while
the other critical wavenumber kc comes from Va = 0. When k >
kc, the modified Alfvén speed, Va, becomes imaginary, and the
real part of the frequency for both Alfvén waves becomes kxv0.
Of course, the wavenumbers kc and klfb obtained by solving the
above equations are exactly the same as in Eqs. (20) and (23).

The above described behavior can be also seen, for instance,
in the magnetic field perturbation B1y. Using, Eqs. (3), (18)
and (19), the general expression for this perturbation would be,

B1y = b̃1y exp

(
−k2(ηC cos2 θ + η sin2 θ)

2
t

)

× exp i
(
ω±t − k · r

)
, (32)

which corresponds to two damped propagating waves with two
different real frequency ω± given by,

ω± = kxv0 ±
√

4v2ak2 cos2 θ − (ηC cos2 θ + η sin2 θ)2k4

2
, (33)

but with a complex amplitude b̃1y, which can be obtained from
Eqs. (7) and (11) once the frequency has been substituted, which
decays in time at the same rate for both waves. When k = kc, we
have,

B1y = b̃1y exp

(
−k2(ηC cos2 θ + η sin2 θ)

2
t

)
× exp i(kxv0t − k · r), (34)

representing two damped waves propagating with a phase
speed v0, and having the same damping time. When k > kc, the
perturbations of the magnetic field are given by,

B1y = b̃1y exp

(
−k2(ηC cos2 θ + η sin2 θ

2
t

)

× exp

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝±
√

4v2ak2 cos2 θ − (ηC cos2 θ + η sin2 θ)2k4

2
t

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
× exp i(kxv0t − k · r), (35)

representing two propagating waves with the same real fre-
quency but different damping times. Finally, when k = klfb, we
obtain

B1y = b̃1y exp

(
−k2(ηC cos2 θ + η sin2 θ)

2
t

)
× exp(−ik · r), (36)

which could also be written as,

B1y = b̃1y exp

(
−k2(ηC cos2 θ + η sin2 θ)

2
t

)
cos(k · r), (37)

representing a damped disturbance, but not a propagating wave.
Summarizing, without flow Alfvén waves become non prop-

agating for k ≥ kc. For k = kc only a damped perturbation re-
mains, while for k > kc two damped perturbations, with dif-
ferent damping times, remain. On the contrary, the presence of
flow allows both Alfvén waves to be always propagating waves
for an external observer, and for wavenumbers greater than kc
both have the same real frequency (kxv0), but two different imag-
inary parts, and we can conclude that the joint action of flow
and partial ionisation strongly modifies the behavior of Alfvén
waves. Furthermore, it is worth to remark that in absence of flow,
klfb = kc (see Eqs. (20) and (23)), and both Alfvén branches be-
have in the same way.

Figure 1 displays the period, damping time and the ratio of
damping time to period versus the wavenumber and confirms
the above analytical results. This figure shows the unfolding
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Fig. 1. Period, damping time, and ratio of the damping time to period
versus the wavenumber for the long (solid) and short (dashed) period
Alfvén waves in a PIP with μ̃ = 0.8. In all the panels, the location of
the critical wavenumber, kc, is defined by the vertical dotted line. The
background flow speed is 15 km s−1 and the shaded region corresponds
to the interval of observed wavelengths in prominence oscillations.

in period due to the flow and the behavior of the period, for
both waves, around the critical wavenumbers. For wavenumbers
larger than kc, both waves display the same period. Also, in the
case of the damping time it can be seen that once the critical
wavenumber kc is attained we are left with two different damping
times for wavenumbers larger than kc. One damping time is al-
most constant while the other decreases in a continuous way. Of
course, the ratio τD/P has also two branches which behave quite
differently for wavenumbers larger than kc. Furthermore, we can

10�4 10�3.5 10�3 10�2.5

10�1

1

k �m�1
�

P
�m

in
�

Fig. 2. Period versus wavenumber for Alfvén waves in a PIP with
μ̃ = 0.8: zoom of the region around the critical wavenumbers klfb and
kc, showing the behavior of the periods for the high-(solid) and low-
(dashed) period branches. For k > kc both branches (solid) have the
same period. The background flow speed is 15 km s−1.

also observe that the critical wavenumbers, klfb and kc, are out-
side the region of observed wavelengths in prominence oscilla-
tions. Regarding the damping time of Alfvén waves, Figure 1
clearly shows that, within the range of observed wavelengths, it
is very large and quite incompatible with the up to now reported
damping times from observations. The same happens with the
ratio between the damping time and the period. This clearly
points out that, at least within the range of observed wavelengths
in prominence oscillations, the ion-neutral collisions mechanism
can not provide with an explanation for the time damping of
Alfvén waves in partially ionised prominence plasmas. It is also
of interest to point out that in most of the figures, the location
of the critical wavenumbers is defined by the presence of peaks
and bifurcations in the different plots. Figure 2 shows in a more
clear way the behavior of the period for both waves in a region
located around the two critical wavenumbers klfb and kc.

On the other hand, Fig. 3 displays the behaviors of the mod-
ified Alfvén speed, Va, and the period of the low-period branch
of Alfvén waves, computed from Eq. (31), versus the wavenum-
ber k. The modified Alfvén speed is almost constant, close to
the value of the Alfvén speed, va, for a large range of wavenum-
bers. However, for wavenumbers larger than 10−4 m−1 it starts
to decrease rapidly going to zero at k = kc. It is interesting to
remark that since the Alfvén speed va is determined by some of
the characteristic quantities of the plasma (magnetic field and
density), once these parameters have been fixed va remains con-
stant. However, the modified Alfvén speed, Va, depends on the
wavenumber and, for a fixed wavenumber and propagation an-
gle, the Alfvén wave would propagate with the modified Alfvén
speed. Regarding the period, we can observe an excellent agree-
ment with the behavior of the exact period shown in Fig. 1 and at
k = kc, when the modified Alfvén speed vanishes, it would jump
to a period given by 2π/kxv0.

The existence of a critical wavenumber in fully ionised re-
sistive plasmas was already pointed out by Ferraro & Plumpton
(1961), Chandrasekhar (1961), Kendall & Plumpton (1964),
while for partially ionised plasmas it was already reported by
Balsara (1996), in the context of waves in molecular clouds, and
by Forteza et al. (2008), Singh & Krishnan (2009) and Soler
et al. (2009c,d,e) in the case of MHD waves in solar coronal
structures.
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Fig. 3. Modified Alfvén speed and period of the low-period Alfvén
wave versus wavenumber, obtained from Eqs. (28) and (31).

The behavior of finite critical wavenumber in a partially
ionised plasma can be understood by writing its expression in
terms of η and ηC. The Cowling magnetic diffusivity, ηC, is,

ηC =
1
μ0

⎡⎢⎢⎢⎢⎣ me

nee2

(
1
τei
+

1
τen

)
+
ξ2n B2

0

αn

⎤⎥⎥⎥⎥⎦ , (38)

where τen and τei are the electron-neutral and electron-ion col-
lisional times, respectively. On the other hand, αn is a friction
coefficient whose expression is,

αn =
1
2
ξn(1 − ξn)

ρ2
0

mn

√
16kBT0

πmi
Σin, (39)

with Σin the ion-neutral cross-section. The Spitzer magnetic dif-
fusivity, η, is,

η =
1
μ0

[
me

nee2

(
1
τei
+

1
τen

)]
, (40)

then, the critical wavenumber, kc, given by Eq. (20), becomes,

kc =
2va cos θ

1
μ0

[
me

nee2 ( 1
τei
+ 1
τen

) +
ξ2n B2

0
αn

cos2 θ
] · (41)

In the case of a fully ionised resistive plasma, the collisional
time between electrons and neutrals becomes infinite and the
terms corresponding to partial ionisation disappear, so, the crit-
ical wavenumber is only determined by the electron-ion col-
lisional time. Taking into account that ηC � η, the critical

wavenumber in the case of a partially ionised plasma is smaller
than in the case of a fully ionised resistive plasma. Finally, it is
worth to remark than when a fully ionised ideal plasma is con-
sidered, no critical wavenumber appears due to the fact that the
magnetic diffusivity is considered negligible, however, since the
ion-electron collisional time depends on temperature, only for
very large values of the temperature the ion-electron collisional
time would be very large making magnetic diffusivity negligible,
i.e. there is always a critical wavenumber since the electron-ion
collisional time, τei, never attains an infinite value.

On the other hand, both critical wavenumbers, klfb and kc,
could be also written in terms of the magnetic Reynolds number.
In a partially ionised plasma, Cowling’s magnetic diffusivity, ηC,
is several orders of magnitude greater than Spitzer’s magnetic
diffusivity, η, therefore, neglecting η in the expression under
the square root in Eqs. (18) and (19), and computing again the
expresion for the wavenumber kc, we obtain,

kc =
2va
ηC cos θ

· (42)

In our case, the magnetic Reynolds number, Rm, could be written
as Rm = uL/ηC, where u is a characteristic velocity, which we
could take as the Alfvén speed, and L is a characteristic scale-
length. Then, Rm can be expressed as Rm = vaL/ηC, and using
Eq. (42) we obtain,

kc =
2Rm

L cos θ
· (43)

Following the same approach, the wavenumber klfb can be writ-
ten as,

klfb =
2Rm

L cos θ

√
1 −

(
v0
va

)2

· (44)

Then, when flow is absent kc = klfb, and, furthermore, these ex-
pressions point out, again, that for a fully ionised ideal plasma,
both critical wavenumbers become very large because of the
magnetic Reynolds number.

Finally, if we consider a FIRP all the computed expressions
for Alfvén waves need to be modified by taking into account
that in this case ηC = η. Then, only Spitzer’s magnetic diffu-
sivity will be responsible for the damping of Alfvén waves and,
since this resistivity is much smaller than Cowling’s resistivity
in a PIP, we can expect that the critical wavenumbers are going
to be displaced towards the region of large wavenumbers. This
is exactly what is shown in Fig. 4. Furthermore, in this figure
we can also observe that the periods of the Alfvén waves in a
FIRP are similar to those in a PIP, while the damping time is
much greater because of the smaller value of Spitzer’s resistivity
compared with Cowling’s resistivity.

4. Magnetoacoustic waves

From the rest of linearised equations, and assumig that the de-
terminant of the algebraic system is zero, we obtain our general
dispersion relation for thermal and magnetoacoustic waves in
presence of a background flow, which is given by,

(Ω2 − k2Λ2)(ik2ηCΩ −Ω2) + k2v2a(Ω2 − k2
xΛ

2)

+ik2k2
z v

2
aΛ

2Ξρ0Ω = 0, (45)

where Λ2 is the non-adiabatic sound speed squared (Forteza
et al. 2008; Soler et al. 2008; Soler 2010) defined as

Λ2 =
c2

s

γ

[ (γ − 1)(κ̄e‖k2
x + κ̄nk2 + ωT − ωρ) + iγΩ

(γ − 1)(κ̄e‖k2
x + κ̄nk2 + ωT) + iΩ

]
, (46)
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Fig. 4. Period, damping time, and ratio of the damping time to pe-
riod versus the wavenumber for the long (solid) and short (dashed) pe-
riod Alfvén waves in a FIRP (μ̃ = 0.5). The location of the critical
wavenumbers is defined by the presence of peaks and bifurcations in
the plots. The background flow speed is 15 km s−1 and the shaded re-
gion corresponds to the interval of observed wavelengths in prominence
oscillations.

with

κ̄e‖ =
T0

p0
κe‖, κ̄n =

T0

p0
κn

ωρ =
ρ0

p0
ρ0Lρ, ωT =

ρ0

p0
T0LT

and where the effects of optically thin radiative losses, thermal
conduction by electrons and neutrals, and a constant heating per

unit volume are included. When Eq. (45) is expanded, it be-
comes a fifth degree polynomial in the frequency Ω. By setting
the appropriate values to the corresponding quantities, the dis-
persion relation (45) is consistent with the case of an adiabatic
and partially ionised plasma without flow (Forteza et al. 2007),
the case of a non-adiabatic and partially ionised plasma without
flow (Forteza et al. 2008) and the case of a non-adiabatic, fully
ionised plasma with a background flow (Carbonell et al. 2009).
In the following, we are going to solve the above dispersion for
two different cases: Fully ionised resistive plasma (FIRP) and
partially ionised plasma (PIP).

4.1. Fully ionised resistive plasma

In this case, the dispersion relation becomes

(Ω2 − k2Λ2)(ik2ηΩ −Ω2) + k2v2a(Ω2 − k2
xΛ

2) = 0, (47)

which is a fifth degree polynomial in the frequency Ω.
Considering only longitudinal propagation (θ = 0), the above
dispersion relation becomes,

(Ω2 − k2
xΛ

2)(ik2ηΩ −Ω2 + k2v2a) = 0, (48)

By setting the expression within the first bracket equal to zero
we obtain,

Ω2 − k2
xΛ

2 = 0, (49)

which is the dispersion relation corresponding to coupled slow
and thermal waves, modified by the flow and damped by thermal
effects, and which points out that when perpendicular propaga-
tion is not allowed magnetic diffusivity does not influence the
behavior of slow or thermal waves. Setting now the expression
within the second bracket equal to zero, we obtain the disper-
sion relation (16), with θ = 0 and η = ηC, corresponding to the
Alfvén waves already studied in Sect. 3.

Figure 5 displays the period, damping time and the ratio of
damping time to period versus the wavenumber for magnetoa-
coustic and thermal waves for a FIRP with parallel propagation.
Because of parallel propagation and since only Spitzer’s resis-
tivity is present, fast waves in Fig. 5 behave exactly in the same
way as Alfvén waves in Fig. 4. On the other hand, we can clearly
observe the unfolding of the period for slow waves and the dis-
torsion appearing in the behavior of the period corresponding
to the high-period slow wave which was already explained in
Carbonell et al. (2009). In the case of the damping time, slow
and thermal waves are damped only by non-adiabatic effects,
while the damping of fast waves is governed by resistive effects
since they behave like pure Alfvén waves.

In order to obtain an analytical expression for the imaginary
part of the slow mode frequency, we must keep in mind that the
presence of flow only modifies the real part of the frequency. For
this reason, we can take the dispersion relation given by Eq. (49)
which when flow is absent becomes,

ω2 − k2
xΛ

2 = 0, (50)

then, considering that ω = ωr + iωi and assuming that the damp-
ing is weak (ωi � ωr) we neglect terms in ω2

i and ω3
i . Following

this approach, we obtain,

ωi =
γ − 1

2γ

[
(γ − 1)(κ̄e‖k2

x + ωT) + ωρ
(γ − 1)2(κ̄e‖k2

x + ωT)2 + c2
s k2

x

]
c2

s k2
x, (51)

which is equal to the imaginary part of the frequency when a
flow is present.
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Fig. 5. Period, damping time, and ratio of the damping time to period
versus the wavenumber for magnetoacoustic waves in a FIRP (μ̃ = 0.5)
and θ = 0. Slow waves (short-dashed and dot-dashed lines), fast waves
(continuous and long-dashed lines), thermal wave (dotted line). The lo-
cation of the critical wavenumbers is defined by the presence of peaks
and bifurcations in the plots. The background flow speed is 15 km s−1

and the shaded region corresponds to the interval of observed wave-
lengths in prominence oscillations.

Now, following a similar approach we could calculate ana-
lytical approximations to the imaginary part of the thermal wave
frequency, and to this end, we expand Eq. (50) obtaining,

ω3 − i(γ − 1)(κ̄e‖k2
x + ωT)ω2 − k2

xc2
sω

+ik2
x

⎡⎢⎢⎢⎢⎢⎢⎣ p0(γ − 1)
(
κ̄e‖k2

x + ωT − ωρ
)

ρ0

⎤⎥⎥⎥⎥⎥⎥⎦ = 0. (52)

For small parallel wavenumbers, the above expression gives,

ωi = (γ − 1)ωT, (53)

while for large parallel wavenumbers it becomes,

ωi =
γ − 1
γ

[
κ̄e‖k2

x + ωT − ωρ
]
. (54)

Using Eq. (46), we could compute the limit values of the non-
adiabatic sound speed for small and large kx, obtaining

Λ2 =
c2

s

γ

ωT − ωρ
ωT

=
p0

ρ0

ωT − ωρ
ωT

, (55)

for small kx and

Λ2 =
c2

s

γ
=

p0

ρ0
, (56)

for large kx, corresponding to the isothermal sound speed. Now,
taking into account the flow, we could try to compute analytical
approximations for the ratio of the damping time versus period
(τD/P) for slow and thermal waves. For small kx, the real part of
the slow wave frequency is given by,

ωr ∼ kx

(
v0 ±

√
ωT − ωρ
γωT

cs

)
, (57)

and using Eq. (51) we can obtain

τD

P
∼ γ
π

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
(γ − 1)

ω2
T
ωρ

(γ − 1)ωT
ωρ
+ 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
v0 ±

√
ωT−ωρ
γωT

cs

c2
s

k−1
x , (58)

while for large kx,

ωr ∼ kx

(
v0 ± cs√

γ

)
, (59)

and, we obtain

τD

P
∼ γ
π
κ̄e‖
v0 ± 1√

γ
cs

c2
s

kx. (60)

In Eq. (58), the ratio τD/P is inversely proportional to the
wavenumber kx, while in Eq. (60) the ratio is proportional to
the wavenumber kx. These behaviours can be checked in Fig. 5
in which, for small and large wavenumbers, the ratio τD/P for
slow waves increases in a linear way with k. For the thermal
wave, the real part of the frequency is given by,

ωr = kxv0, (61)

since in presence of flow it becomes a propagating wave
(Carbonell et al. 2009). Then, using Eqs. (53) and (54), we could
also compute the approximate expressions for τD/P, obtaining

τD

P
∼ kxv0

2π(γ − 1)ωT
, (62)

for small kx, and

τD

P
∼ γkxv0

2π(γ − 1)(κ̄e‖k2
x + ωT − ωρ) , (63)

for large kx. In Eq. (62), the ratio τD/P is now proportional to
the wavenumber kx, while in Eq. (63) it is inversely proportional
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to kx. Therefore, for large and small wavenumbers the ratio τD/P
for the thermal wave decreases such as can be seen in Fig. 5.

Finally, for any value of the propagation angle, fast, slow and
thermal waves are coupled and the frequencies must be obtained
by solving the dispersion relation given by Eq. (47) which once
expanded becomes,

Ω5 − i(AT0 + k2 p0η)
p0

Ω4 −
k2

[
p0(c2

s + v
2
a) + AT0η

]
p0

Ω3

+
1

p0ρ0
ik2

[
AT0(p0 + v

2
aρ0) + p0ρ0(c2

s k2η − H)
]
Ω2

+
1
ρ0

k2
[
ρ0

(
c2

s k2
xv

2
a − Hk2η

)
+ AT0k2η

]
Ω

+
ik2

xk2v2a(Hρ0 − AT0)
ρ0

= 0, (64)

where,

AT0 = (γ − 1)(κ̄e‖k2
x + ωT)p0, (65)

Hρ0 = (γ − 1)p0ωρ. (66)

Figure 6 displays the period, damping time and the ratio of
damping time to period versus the wavenumber for magnetoa-
coustic and thermal waves obtained from Eq. (64). Now, all the
waves are coupled and this fact is reflected in the behavior of the
damping times for fast and slow waves. At small wavenumbers,
the damping time of fast waves is affected by thermal effects
and additional distortions, with respect to the uncoupled case,
appear for slow waves at large wavenumbers. On the contrary,
the thermal wave is not affected by the coupling. Regarding the
damping ratio, Fig. 6 shows that, within the region of interest, it
is very large for fast waves, very small for the thermal wave, but
for wavenumbers between 10−7 and 10−6 m−1 slow waves have
a damping ratio close to those found in observations. However,
this ratio correspond to very long period oscillations having a
more or less similar damping time.

In this case, and following the same approach as before, we
could also obtain an approximate expression for the imaginary
part of the frequency corresponding to the thermal wave. For
small wavenumbers, it is given again by Eq. (53), while for large
wavenumbers it becomes,

ωi =
v2a cos2 θ(AT0 − Hρ0)

c2
s v

2
aρ0 cos2 θ + (AT0 − Hρ0)η

, (67)

which shows that Spitzer’s magnetic diffusivity influences the
behavior of the damping time of the thermal wave in the case
of large wavenumbers. Now, following previous approach we
can write the approximate expressions for the ratio between the
damping time and the period, which are given by Eq. (62) for
small wavenumbers, and

τD

P
∼

kxv0
[
c2

s v
2
aρ0 cos2 θ + (AT0 − Hρ0)η

]
2πv2a cos2 θ(AT0 − Hρ0)

, (68)

for large wavenumbers. Such as before, Eq. (62) points out that
the ratio τD/P is proportional to the wavenumber kx, while from
Eq. (68) we can find that the ratio is again inversely proportional
to kx. These analytical results are coincident with the behaviour,
for small and large wavenumbers, of the ratio τD/P for the ther-
mal wave shown in Fig. 6.

4.2. Partially ionised plasma

The dispersion relation is now given by Eq. (45) which once
expanded becomes,

Ω5 − i(AT0 + k2 p0ηC)
p0

Ω4

−
k2

[
p0(c2

s + v
2
a) + AT0ηC

]
p0

Ω3

+
1

p0ρ0
ik2

[
AT0(p0 + v

2
aρ0)

+ p0ρ0

(
c2

s k2ηC − H − c2
s v

2
ak2

zΞρ0

) ]
Ω2

+
1
ρ0

k2
[
ρ0

(
c2

s k2
xv

2
a − Hk2ηC + Hk2

z v
2
aΞρ0

)
+ AT0

(
k2

xηC + k2
z (ηC − v2aΞρ0)

)]
Ω

+
ik2

xk2v2a(Hρ0 − AT0)

ρ0
= 0, (69)

describing coupled slow, thermal and fast waves, with

AT0 = (γ − 1)(κ̄e‖k2
x + κ̄nk2 + ωT)p0, (70)

Hρ0 = (γ − 1)p0ωρ, (71)

where thermal conduction and radiative losses produced by neu-
trals have been included.

For parallel propagation, slow and thermal waves are de-
scribed by Eq. (49) while fast waves, in this case Alfvén waves,
are described by Eq. (16), with θ = 0, and its solutions have been
already studied in Sect. 3. In order to calculate approximate ex-
pressions for the imaginary part of the frequency for slow waves,
we can follow the procedure of Sect. 4.1 obtaining,

ωi =
γ − 1

2γ

×
[

(γ − 1)(κ̄e‖k2
x + κ̄nk2 + ωT) + ωρ

(γ − 1)2(κ̄e‖k2
x + κ̄nk2 + ωT)2 + c2

s k2
x

]
c2

s k2
x, (72)

while the real part of the frequency, for small and large kx, is
given by ωr = kx(v0 ± Λr) with Λr, the real part of the non-
adiabatic sound speed Λ given by Eqs. (55) and (56). Then,
using Eqs. (57), (59) and (72), we can calculate, for small and
large wavenumbers, the ratio τD/P for slow waves. In the limit
of small wavenumbers, the ratio is proportional to k−1

x , while
for large wavenumbers it is proportional to kx. For the thermal
wave, the approximate expressions for the imaginary part of the
frequency are given by Eqs. (53), for small wavenumbers, and,

ωi =
v2a(AT0 − Hρ0)

ρ0c2
s v

2
a + (AT0 − Hρ0)ηC

, (73)

for large wavenumbers, which shows that Cowling’s magnetic
diffusivity influences the damping time of the thermal wave for
large wavenumbers, and the behavior of the ratio τD/P is similar
to the case of a FIRP.

Next, and for non-parallel propagation, we can solve nu-
merically the dispersion relation (69) and obtain the periods,
damping times and the ratio of damping time to period for each
wave. Figure 7 displays the period, damping time and the ratio
of damping time to period versus the wavenumber for magnetoa-
coustic and thermal waves. We can observe that the results are
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Fig. 6. Period, damping time, and ratio of the damping time to period
versus the wavenumber for magnetoacoustic waves in a FIRP (μ̃ = 0.5).
Slow waves (short-dashed and dot-dashed lines), fast waves (continu-
ous and long-dashed lines), thermal wave (dotted line). The location of
the critical wavenumbers is defined by the presence of peaks and bifur-
cations in the plots. The background flow speed is 15 km s−1 and the
shaded region corresponds to the interval of observed wavelengths in
prominence oscillations.

very similar to those of a FIRP with the exception that the distor-
tion of the curve representing the high-period slow wave is now
smaller, probably due to the effect of Cowling’s magnetic diffu-
sivity, and that the damping time of fast waves is only slighly dis-
torted, because of non-adiabatic effects, within the region of in-
terest. This suggests that, basically, the behaviour of fast waves is
similar to Alfvén waves and that, when non-parallel propagation
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Fig. 7. Period, damping time, and ratio of the damping time to pe-
riod versus the wavenumber for magnetoacoustic waves in a PIP with
μ̃ = 0.8. Slow waves (short-dashed and dot-dashed lines), fast waves
(continuous and long-dashed lines), thermal wave (dotted line). The lo-
cation of the critical wavenumbers is defined by the presence of peaks
and bifurcations in the plots. The background flow speed is 15 km s−1

and the shaded region corresponds to the interval of observed wave-
lengths in prominence oscillations.

is considered, the effect of the coupling with slow and thermal
waves appears at small wavenumbers. Finally, Fig. 8 displays the
behavior of the different waves when the flow speed is decreased
to 10 km s−1. It can be seen that at two different wavenumbers
the period of the high-period branch of slow waves becomes in-
finite. The reason is that at these points the flow speed is equal
to real part of the non-adiabatic sound speed Λr, so the real part
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of the slow wave frequency, ωr = kx(v0 − Λr), becomes zero.
In this sense, Fig. 9 shows the behavior of the real part of the
non-adiabatic sound speed, given by Eq. (46), in a flowing and
partially ionised plasma, versus the wavenumber k, and we can
check that the wavenumbers at which the period become infinite
in Fig. 8 correspond approximately to wavenumbers at which
Λr = 10 km s−1.

On the other hand, in this case we can also obtain approx-
imate expressions for the imaginary part of the thermal wave.
For small wavenumbers, it is given by Eq. (53), while for large
wavenumbers it becomes,

ωi =
v2a cos2 θ(AT0 − Hρ0)

ρ0c2
s v

2
a cos2 θ + (AT0 − Hρ0)

[
ηC − ρ0v

2
aΞ sin2 θ

] · (74)

Now, the ratio of damping time to period is given by Eq. (62) for
small wavenumbers, while for large wavenumbers is,

τD

P
∼

kxv0
[
c2

s v
2
aρ0 cos2 θ + (AT0 − Hρ0)ηC

]
2πv2a cos2 θ(AT0 − Hρ0)

+
kxv0

[
(Hρ0 − AT0)v2aΞ sin2 θ

]
2πv2a cos2 θ(AT0 − Hρ0)

· (75)

Both ratios behave as in previous cases and are coincident with
the numerical results, in the appropiate range of wavenumbers,
such as can be seen in Fig. 7.

5. Effect of magnetic structure

In previous sections, we have studied the free propagation of
Alfvén and magnetoacoustic waves in an unbounded medium.
However, high-resolution observations have pointed out that fil-
aments are composed of very fine structures, probably magnetic
flux tubes, with a typical width in the range 100−600 km and
partially filled with flowing cold plasma (Lin et al. 2007).

In order to estimate the effect of such a magnetic structure,
slab or cylinder, which would behave as a waveguide of finite
width, we set the wavenumber component in the perpendicular
direction to magnetic field lines to a fixed value, kzL = π/2,
with L = 105 m. Therefore, the propagation angle θ would now
depend on kx in the following way,

θ = arctan

(
π/2
kxL

)
· (76)

5.1. Alfvén waves

In this case, the dispersion relation (16) can be written in terms
of ω as,

ω2 − (2kxv0 + ik2
xηC + ik2

z η)ω + k2
x(v20 − v2a)

+ ik3
xηCv0 + ik2

z v0ηkx = 0, (77)

whose solutions are:

ωhfb = kxv0 +

√
4v2ak2

x − (ηCk2
x + ηk2

z )2

2

+
i(ηCk2

x + ηk
2
z )

2
, (78)
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Fig. 8. Period, damping time, and ratio of the damping time to pe-
riod versus the wavenumber for slow and thermal waves in a PIP with
μ̃ = 0.8. Slow waves (short-dashed and dot-dashed lines), thermal wave
(dotted line). The background flow speed is 10 km s−1 and the shaded
region corresponds to the interval of observed wavelengths in promi-
nence oscillations.

and

ωlfb = kxv0 −
√

4v2ak2
x − (ηCk2

x cos2 +ηk2
z )2

2

+
i(ηCk2

x + ηk
2
z )

2
· (79)
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Fig. 9. Real part of the non-adiabatic sound speed, Λr, versus the
wavenumber. The background flow speed is 10 km s−1.

In this case, the modified Alfvén speed, Va, becomes,

Va = va

√
1 − (ηCk2

x + ηk2
z )2

4v2ak2
x

· (80)

Such as in Sect. 3, we could look for the horizontal wavenumber
at which the real part of the frequency for the low frequency
branch becomes zero, then, imposing that,

kxv0 −
√

4v2ak2
x − (ηCk2

x + ηk2
z )2

2
= 0, (81)

we obtain a biquadratic equation in kx such as,

k4
x +

4(v20 − v2a) + 2ηηCk2
z

η2
C

k2
x +
η2

η2
C

k4
z = 0, (82)

whose solutions are given by,

k+x = ±
√

A + B
2
, (83)

and

k−x = ±
√

A − B
2
· (84)

with

A =
4(v2a − v20) − 2ηηCk2

z

η2
C

B =

√√⎛⎜⎜⎜⎜⎝4(v20 − v2a) + 2ηηCk2
z

η2
C

⎞⎟⎟⎟⎟⎠2

− 4
η2

η2
C

k4
z ·

On the other hand, we could also look for the horizontal
wavenumbers at which, for both branches, the square root in
Eqs. (78) and (79) becomes zero, i.e. the modified Alfvén speed
vanishes. Imposing this condition, we obtain,

kx =
va
ηC
± va
ηC

√(
1 − ηηCk2

z

v2a

)
, (85)

so, we are left with four critical horizontal wavenumbers.
Figure 10 displays the above described results for Alfvén

waves. We can observe how before arriving to the critical left
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Fig. 10. Period, damping time, and ratio of the damping time to pe-
riod versus the horizontal wavenumber for the long (solid) and short
(dashed) period Alfvén waves in a PIP with μ̃ = 0.8 and kz = 1.57 ×
10−5 m−1. The location of the critical wavenumbers is defined by the
presence of peaks and bifurcations in the plots. The background flow
speed is 15 km s−1 and the shaded region corresponds to an interval of
horizontal wavelengths coincident with observed wavelengths in promi-
nence oscillations.

points both branches have the same period, 2π/kxv0, but two dif-
ferent damping times, once the left critical wavenumbers have
been attained the periods are different but the damping time is
the same and the behavior of both waves is similar to the un-
bounded case; finally, when the right critical wavenumbers are
attained both branches have again the same period, 2π/kxv0, but
different damping times again. With the help of Eqs. (80), (31)
and Fig. 11, we can explain the behavior of the period of the
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Fig. 11. Modified Alfvén speed (Eq. (80)) and period of the low-period
Alfvén wave (Eq. (31)), versus the horizontal wavenumber.

low-period Alfvén wave in this case. Figure 11 displays the be-
haviors of the modified Alfvén speed and the period of the low-
period Alfvén wave computed from Eq. (31), and we can ob-
serve that the modified Alfvén speed goes to zero at two differ-
ent wavenumbers kx and that the behavior of the period is exactly
the same as in Fig. 10, jumping to 2π/kxv0 at the two mentioned
horizontal wavenumbers.

Furthermore, since for most of the range of the wavenum-
ber kx the imaginary part of the frequency is basically given by
the imaginary parts in Eqs. (78) and (79), when kx becomes small
these imaginary parts become constant which is also reflected in
the behavior of the damping time versus kx in Fig. 10.

Finally, we have considered the maximum thread’s width
(L = 6 × 107 m) reported by observations, and we have com-
puted again the period, damping time and the ratio between the
damping time and period. The results show that the left criti-
cal points are displaced towards smaller values of the parallel
wavenumber, that the behavior of the period does not vary, that
the damping time increases by two orders of magnitude for par-
allel wavenumbers smaller than 10−8 m−1 and, consequently, that
the ratio between both quantities increases in the same order of
magnitude for very small parallel wavenumbers. We must keep
in mind that to modify thread’s width implies to modify the per-
pendicular wavenumber kz and, for this reason, the critical par-
allel wavenumbers obtained from Eqs. (83), (84) and (85) are
modified. Regarding the damping time of Alfvén waves in this
case, the results shown in Fig. 10 indicate that, again, the damp-
ing times are very large as compared to reported observational

results and the presence of a magnetic structure does not improve
at all the efficiency of the considered damping mechanism.

5.2. Magnetoacoustic waves

The dispersion relation is obtained by modifying Eq. (69) which
becomes,

Ω5 −
i
(
AT0 + (k2

x + k2
z )p0ηC

)
p0

Ω4

− (k2
x + k2

z )[p0(c2
s + v

2
a) + AT0ηC]

p0
Ω3

+
1

p0ρ0
i(k2

x + k2
z )
[
AT0(p0 + v

2
aρ0)

+ p0ρ0

(
c2

s (k2
x + k2

z )ηC − H − c2
s v

2
ak2

zΞρ0

)]
Ω2

+
1
ρ0

(k2
x + k2

z )
[
ρ0

(
c2

s k2
xv

2
a − H(k2

x + k2
z )ηC + Hk2

z v
2
aΞρ0

)
+ AT0

(
k2

xηC + k2
z (ηC − v2aΞρ0)

)]
Ω

+
ik2

x(k2
x + k2

z )v2a(Hρ0 − AT0)

ρ0
= 0. (86)

Then, expanding this expression in terms of ω and solving for
the fixed kz, we could obtain the behavior of magnetoacoustic
waves. Figure 12 displays the period, damping time and the ra-
tio of damping time to period versus the wavenumber for mag-
netoacoustic and thermal waves obtained from Eq. (86). We can
observe that two critical wavenumbers appear for fast waves but
also that one critical wavenumber appears for slow waves. The
critical wavenumbers for fast waves are the same that were ob-
tained in the unbounded case but an interesting feature is that
the period, damping time and the ratio between damping time
and period become constant when going to small wavenumbers.
This behavior of the period can be understood in the following
way: In a first approximation, the real part of the frequency of
fast waves is given by,

ωr =

√
k2

x + k2
z (v0 ± Va), (87)

with Va given by Eq. (80). Taking the limit of kx going to zero
in (80) and (87) we obtain,

ωr = kz(v0 ± va), (88)

since Va becomes the usual and constant Alfvén speed va.
Therefore, since kz is a constant, the period also becomes con-
stant for small kx and its behavior is quite different when com-
pared with Alfvén waves.

Regarding the behavior of the damping time for fast waves,
if we assume that the imaginary part of the frequency is basi-
cally given by the imaginary parts in Eqs. (78) and (79), when
kx becomes negligible the behavior of the damping time for fast
waves (Fig. 12) should be similar to that one of Alfvén waves
(Fig. 10) except that the left bifurcation is missing. Related with
the damping time and the damping ratio of fast waves an interest-
ing feature appears which is that within the range of wavelengths
of interest the ratio of the damping time to the period is substan-
tially improved as compared with the fully unbounded case. This
ratio is around 100 produced by periods of the order of minutes
and damping times of the order of 100 minutes.
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Fig. 12. Period, damping time, and ratio of the damping time to period
versus the horizontal wavenumber for magnetoacoustic waves in a PIP
with μ̃ = 0.8 and kz = 1.57 × 10−5 m−1. Slow waves (short-dashed
and dot-dashed lines), fast waves (continuous and long-dashed lines),
thermal wave (dotted line). The location of the critical wavenumbers
is defined by the presence of peaks and bifurcations in the plots. The
background flow speed is 15 km s−1 and the shaded region corresponds
to an interval of horizontal wavelengths coincident with observed wave-
lengths in prominence oscillations.

Considering now the slow wave, and taking into account
Eq. (86), it is quite difficult to obtain an analytic expression
for the critical wavenumber. The critical wavenumber occurs at
small kx which suggests that terms of high degree in ω (ω5, ω4

and ω3) could be neglected, but even in this case the remaining
expression is too complicate. A different approach could be to

compare the value of our critical wavenumber to that obtained by
Soler et al. (2009c) in the case of a magnetic cylinder filled with
non-flowing, adiabatic and partially ionised plasma. Following
Soler et al. (2009c), the expression for the slow wave critical
wavenumber, kcs

x , is,

kcs
x ≈

k2
z csηC

2v2a
, (89)

which in our case gives kcs
x = 3.16 × 10−8 m−1 quite close to the

numerical value obtained from our numerical solution shown in
Fig. 12. Therefore, we can conclude that the critical wavenumber
for the slow wave is practically independent of the non-adiabatic
effects and the flow, and is determined, basically, by Cowling’s
magnetic diffusivity i. e. by the ionisation degree. On the other
hand, and taking into account that ω = Ω + kxv0, what happens
at the slow wave critical wavenumber is that the real part of the
frequency Ω, probably depending on kx, becomes zero for kcs

x
and, then, the real part of the frequency ω for both slow waves
becomes kxv0. For kx smaller than kcs

x , the real part of the fre-
quency ωr is given by kxv0, exactly the same as for the thermal
wave, while two different imaginary parts appear. On the other
hand, for a large range of horizontal wavenumbers the behavior
of the imaginary part of the frequency, and so the behavior of the
damping time, is dominated by non-adiabatic effects such as in
the unbounded case.

Finally, for slow waves, and within part of the region of inter-
est, the ratio of the damping time to period becomes very small
and fully compatible with observations, while the behavior of
the thermal mode is not modified at all by the effect of magnetic
structure.

Finally, we have considered, again, the maximum thread’s
width (L = 6 × 107 m) and computed the period, damping time
and the ratio between the damping time and period for fast and
slow waves. In the case of slow waves, the results show that the
critical point is displaced towards smaller values of the parallel
wavenumber, that the behavior of the period does not vary, that
the damping time increases by two orders of magnitude for par-
allel wavenumbers smaller than 10−8 m−1 and, consequently, that
the ratio between both quantities increases in the same order of
magnitude for very small parallel wavenumbers. This displace-
ment of the critical wavenumber can be understood by consid-
ering Eq. (89) since when L is increased, the value of the per-
pendicular wavenumber kz decreases, so, the value of the critical
parallel wavenumber also decreases.

In summary, the above results for Alfvén and magnetoacous-
tic waves provide with a rough information about the effects to
be expected when a bounded magnetic structure, containing a
flowing, non-adiabatic and partially ionised plasma, is consid-
ered. In spite of using this rough approximation to model the
presence of a magnetic structure, our results for fast and Alfvén
waves are quite similar to those obtained by Soler et al. (2009d)
when analysed Alfvén and fast waves in a magnetic cylinder
filled with non-flowing, adiabatic and partially ionised plasma,
with the difference that only two critical wavenumbers appear in
that case.

6. Summary

Solar prominences are composed of partially ionised plasmas
which often display time damped small-amplitude oscillations
together with flows. Commonly, these oscillations have been in-
terpreted in terms of MHD waves, and different damping mecha-
nisms (thermal, resonant absorption, ion-neutral collisions) have
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been proposed. With the aim to analyse the time damping of
non-adiabatic MHD waves in a partially ionised prominence-
like plasma, we consider a simple configuration consisting of
an unbounded prominence medium, permeated by a horizontal
magnetic field, and with a background field-aligned flow. The
physical properties of the medium are similar to those usually
assumed for quiescent prominences.

As it is well known, Alfvén waves are weakly damped by
non-adiabatic effects. However, when a partially ionised plasma
is considered damping effects due to Cowling’s and Spitzer’s re-
sistivities appear. In the studied configuration, Alfvén waves are
decoupled from magnetoacoustic waves and the above resistive
effects are responsible for its damping. Once the dispersion re-
lation for Alfvén waves has been obtained, it can be solved an-
alytically and several interesting features appear. First of all, a
critical wavenumber, kc, similar to that one found in unflowing
partially ionised plasmas is also present. In absence of flow, the
period of both Alfvén waves becomes infinite at this wavenum-
ber. However, when a flow is present, the period of the low-
period branch of Alfvén waves becomes equal to 2π/kxv0 at this
wavenumber, and keeps the same value for larger wavenumbers.
In addition, the presence of flow induces the apparition of a sec-
ond critical wavenumber, klfb, at which the period of the high-
period branch of Alfvén waves becomes infinite; next, for values
of the wavenumber between klfb and kc, the period of this branch
becomes again finite, and when kc is attained the period becomes
also equal to 2π/kxv0. Another interesting feature is the behav-
ior of the damping time which is dominated by resistive effects
along all the interval of considered wavenumbers. For values of
the wavenumber smaller than kc, only one and the same damp-
ing time appears for both branches, however, for wavenumbers
larger than kc two different damping times appear, one is almost
constant and independent of the wavenumber while the other de-
creases in a continuous way, so we are left with two propagating
waves, in the same direction, but with different damping times.
On the other hand, a modified Alfvén speed, Va, can be defined,
which includes the effect of both resistivities, depends on the
wavenumber, k, and tends to the usual Alfvén speed, va, for small
wavenumbers. When this modified Alfvén speed, or when the
combination of this speed and flow speed, are set to zero, we re-
cover the above mentioned critical wavenumbers. The period of
Alfvén waves can be written in terms of the flow and modified
Alfvén speed and is given by,

P =
2π

k cos θ(v0 ± Va)
,

which exactly reproduces the behavior of the period for both
branches up to the critical wavenumber kc. For larger wavenum-
bers, the period is given by 2π/kxv0. In general, and for the phys-
ical conditions usually assumed in quiescent prominences, the
ratio τD/P for Alfvén waves is significantly larger than those
usually obtained from observations i. e. in spite of the effect
of flow in producing high- and low-period branches, the ratio
is almost the same as in the case without flow since the flow
speed is always much smaller than the Alfvén speed. Finally, if
we consider a FIRP, the behavior of the period is similar to the
case of a PIP but the damping time is larger for any value of the
wavenumber interval considered. This is so because Spitzer’s re-
sistivity is always much smaller than Cowling’s resistivity in a
PIP, and, therefore, the ratio τD/P is very large within the region
of interest. A further consequence is that the critical wavenum-
bers are moved towards larger values. Taking into account these
results we can conclude that, in prominence conditions, ion-
neutral collisions are not an efficient mechanism for the damping

of Alfvén waves, at least within the range of wavelengths of
interest.

In the case of non-adiabatic magnetoacoustic waves in a PIP,
the obtained dispersion relation couples fast, slow and thermal
waves. This dispersion relation is a fifth degree polynomial in
the frequency providing with two fast, two slow and one ther-
mal wave. However, if we only consider FIRP and longitudi-
nal propagation then fast waves, now Alfvén waves, decouple
from slow and thermal waves which remain coupled. In this
case, slow and thermal waves are not affected by resistivity and,
for small and large wavenumbers, analytical approximations for
the real and imaginary parts of its frequencies can be obtained.
For non-parallel propagation the full dispersion relation for a
FIRP needs to be solved numerically. The behavior of the pe-
riod of fast waves is basically similar to that of Alfvén waves
and, again, two critical wavenumbers appear. The period of slow
waves shows two clearly separated branches, because the flow
speed is close to the non-adiabatic sound speed in a flowing
and FIRP plasma, and the thermal wave is now a propagating
wave whose period is given by 2π/kxv0. Regarding the damp-
ing mechanisms, fast waves are basically attenuated by resistive
effects except for very small wavenumbers when non-adiabatic
effects show some influence. Slow waves are damped by non-
adiabatic effects as well as the thermal wave whose damping is
very strong. The ratio τD/P for fast waves is very large within
the region of wavelengths of interest, so, the considered damp-
ing mechanism is inefficient. For slow waves, the order of mag-
nitude of the ratio is compatible with observations within part
of the region of interest, however, this ratio corresponds to the
particular case of long period oscillations having large damping
times which are not often observed. For the thermal wave, this
ratio is very small.

When a PIP is considered the same behaviour as before can
be found for the different waves, with the difference that now
the critical wavenumbers for fast waves are displaced towards
small wavenumbers which is due to the presence of Cowling’s
resistivity. Although the numerical value of flow speed has been
taken within the range of commonly detected values in promi-
nence observations, we could consider to change the flow speed
numerical value and study the effect produced by this modifica-
tion. Decreasing the flow speed to 10 km s−1 produces that at two
additional wavenumbers the period of the high-period branch of
slow waves attains an infinite value, which is a due to the coin-
cidence between the numerical values of flow speed and the real
part of the non-adiabatic sound speed. Since the non-adiabatic
sound speed is determined by plasma physical conditions, these
conditions become of paramount importance.

Another important parameter in the above summarised cal-
culations is the ionisation fraction μ̃. Varying this parameter, go-
ing from an almost fully ionised to an almost neutral promi-
nence, the main effects appear in fast and Alfvén waves since
they are influenced by Cowling’s resistivity which depends on
the ionisation fraction. The modification of Cowling’s resistivity
modifies the location of critical wavenumbers appearing in fast
and Alfvén waves.

Finally, since filaments seem to be composed of very fine
structures, probably magnetic flux tubes filled at least partially
with cool plasma, we could try to extract some information about
the behavior of waves versus the horizontal wavenumber kx,
when the vertical wavenumber kz is kept constant. First of all,
the dispersion relations must be written again and a new modi-
fied Alfvén speed can be defined. In the case of Alfvén waves,
four critical wavenumbers appear now which can be explained
by studying the behavior of the modified Alfvén speed with
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respect to the horizontal wavenumber, however, this rough in-
troduction of a magnetic structure worsens the damping time of
Alfvén waves within the range of wavelengths of interest. In the
case of fast waves things are different, they kept the two already
known critical wavenumbers but the period and damping time
become constant when going to small horizontal wavenumbers.
In particular, this happens within the range of observed wave-
lengths and gives place to a ratio of the damping time to the pe-
riod of the order of 100. This ratio is caused by short periods of
the order of minutes and damping times of the order of hundreds
of minutes i.e. constrained propagation substantially improves
the damping ratio for fast waves within the region of interest.
The slow wave displays now a critical wavenumber at which its
period becomes 2π/kxv0 equal to that of the thermal wave. This
critical wavenumber appears within the region of interest and
produces, for both slow waves, a ratio τD/P compatible with ob-
servations, but corresponding to long period oscillations having
large damping times.

In summary, our results suggest that in flowing partially
ionised prominence plasmas, and within the range of observed
wavelengths in prominence oscillations, resistive effects, domi-
nated by Cowling’s resistivity, are not enough efficient to damp
MHD waves responsible for these oscillations. This was already
pointed out by Ballai (2003) in unflowing fully ionised promi-
nence plasmas. However, the efficiency of ion-neutral collisions
could be improved if the commonly assumed values for the char-
acteristic prominence parameters (density, magnetic field, ioni-
sation fraction) were different (Kuckein et al. 2009; Ju Jing et al.
2010) and as a result the numerical value of Cowling’s resis-
tivity is increased. This points out the need of an accurate and
proper determination of these characteristic magnitudes. On the
other hand, we would like remark that, taking into account the
entanglement of the different effects, further information such as
polarisation of motions, behavior of perturbations and its rela-
tionship with spectroscopic parameters (line width, line inten-
sity), etc. should be needed in order to help us to properly iden-
tify the kind of waves responsible for the observed time damped
prominence oscillations.
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