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ABSTRACT

Disks around young stars are known to evolve from optically thick, gas-dominated protoplanetary disks to optically thin, almost gasfree debris disks. It is thought that the primordial gas is largely removed at ages of ∼10 Myr and indeed, only little amounts of gas
have been deduced from observations for debris disks at ages of >
∼10 Myr. However, gas detections are diﬃcult and often indirect,
not allowing one to discern the true gas densities. This suggests using dynamical arguments: it has been argued that gas, if present
with higher densities, would lead to flatter radial profiles of the dust density and brightness than those actually observed. In this paper,
we systematically study the influence of gas on the radial profiles of brightness. We assume that dust is replenished by planetesimals
orbiting in a “birth ring” and model the dust distribution and scattered-light brightness profile in the outer part of the disk exterior to
the birth ring, under diﬀerent assumptions about the gas component. Our numerical simulations, supported with an analytic model,
show that the radial profile of dust density and the surface brightness are surprisingly insensitive to variation of the parameters of a
central star, location of the dust-producing planetesimal belt, dustiness of the disk and – most importantly – the parameters of the
ambient gas. The radial brightness slopes in the outer disks are all typically in the range −3...−4. This result holds for a wide range of
gas densities (three orders of magnitude), for diﬀerent radial profiles of the gas temperature, both for gas of solar composition and gas
of strongly non-solar composition. The slopes of −3...−4 we find are the same that were theoretically found for gas-free debris disks,
and they are the same as actually retrieved from observations of many debris disks. Our specific results for three young (10−30 Myr
old), spatially resolved, edge-on debris disks (β Pic, HD 32297, and AU Mic) show that the observed radial profiles of the surface
brightness do not pose any stringent constraints on the gas component of the disk. We cannot exclude that outer parts of the systems
may have retained substantial amounts of primordial gas which is not evident in the gas observations (e.g. as much as 50 Earth masses
for β Pic). However, the possibility that gas, most likely secondary, is only present in little to moderate amounts, as deduced from gas
detections (e.g. ∼0.05 Earth masses in the β Pic disk or even less), remains open, too.
Key words. planetary systems: formation – circumstellar matter – stars: individual: β Pic – stars: individual: HD 32297 –
stars: individual: AU Mic – celestial mechanics

1. Introduction
In the course of their evolution, circumstellar disks transform
from optically thick, gas-dominated protoplanetary disks to optically thin, almost gas-free debris disks. How the gas is removed is not known in detail, but the removal is thought to be
the result of a quick inside-out process at an age of ∼10 Myr
(Alexander 2008; Hillenbrand 2008). It may be either due to the
UV switch mechanism resulting from an interplay between photoevaporation and viscous accretion (e.g. Hollenbach et al. 2000;
Clarke et al. 2001; Takeuchi & Lin 2005; Takeuchi et al. 2005;
Alexander & Armitage 2007) or due to gap opening by hidden
giant planets (e.g. Lubow et al. 1999; Lubow & D’Angelo 2006).
Although the former eﬀect seems to be slightly preferred by observational statistics (e.g. Cieza et al. 2008), it is not yet possible
to distinguish between them with certainty (Najita et al. 2007;
Alexander 2008; Hillenbrand 2008).
In this paper, we concentrate on a more advanced phase of
system’s evolution: the debris disk stage. Apart from possible
planets, a debris disk system contains remnant planetesimals
and dust into which they are ground through collisions (see, e.g.
Wyatt 2008, and references therein). Debris disks are expected

to be nearly gas-free, at least extremely gas-poor compared to
protoplanetary disks. Even so, in the case of β Pic, gas was detected very early on in absorption (Slettebak 1975; Hobbs et al.
1985), and later in emission (Olofsson et al. 2001), due to the favorable edge-on orientation of the disk. The observed gas around
β Pic is most likely replenished, i.e. secondary, as opposed to a
remnant from the initial star-forming cloud. Evidence for this
comes from the presence of CO (Vidal-Madjar et al. 1994; Jolly
et al. 1998; Roberge et al. 2000), which would be dissociated on
time-scales of ∼200 yr (van Dishoeck & Black 1988; Roberge
et al. 2000) and from the presence of neutral gas elements in
the disk (Olofsson et al. 2001; Brandeker et al. 2004), subject
to short removal times (Fernández et al. 2006). Possible mechanisms for producing secondary gas include photon-induced desorption from solids (Chen et al. 2007) and grain-grain collisions
(Czechowski & Mann 2007). Part of the observed gas may also
stem from comet evaporation, as inferred from observed timevariable absorption lines (e.g. Ferlet et al. 1987; Beust & Valiron
2007).
However, in general observations of gas are much more difficult than that of dust. Standard detection techniques either use
CO as a tracer of hydrogen which can be observed at radio
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frequencies, as done by Hughes et al. (2008) for 49 Cet, or measure H2 emission lines which are pumped by stellar emission
lines originating from the chromospheric and coronal regions,
which was done for AU Mic by France et al. (2007). A potentially more sensitive way of finding gas is to look for it in absorption, as was done for β Pic. The downside is that this requires the special edge-on geometry of the disk, but this method
has nevertheless been successfully used by Redfield (2007) to
detect circumstellar Na I absorption towards HD 32297, a star
with a known disk. Conversely, stars which are known to exhibit circumstellar absorption lines, so called shell stars, can
be searched for evidence of circumstellar material, as done by
Roberge & Weinberger (2008) using Spitzer/MIPS data. Out
of 16 surveyed shell stars they found infrared excess, and thus
evidence for circumstellar dust, around four stars: HD 21620,
HD 118232, HD 142926 and HD 158352.
Despite substantial eﬀorts, the gas component of the debris
disks remains much less constrained observationally than the
dusty one. It is quite possible that primordial gas survives longer
than usually assumed, at least in the outer parts of the disks, or
is present in larger amounts than expected, without showing up
in observations. In fact, about ten Earth masses of gas, if not
more, could still remain in many young debris disks where gas
was searched for and not found, without violating observations
(Hillenbrand 2008). If present, this hardly detectable gas would
heavily aﬀect the disk’s physics and evolution and could necessitate revisions to standard theories of disk evolution and planet
formation.
The goal of our work is to analyze the eﬀects of gas on the
dynamical evolution of solids. We would like to find out whether
gas, if present in larger amounts or with a diﬀerent radial distribution than usually assumed, would alter the dust distribution
and thus the brightness profile of a debris disk in such a way
as to show up in the observations. We follow the approach first
suggested by Thébault & Augereau (2005) who applied it to the
the β Pic system: we first postulate a certain amount and spatial distribution of gas in one or another debris disk system, then
compute a steady-state distribution of dust in it, calculate the
observables such as brightness profile, and compare them with
available observations.
In Sect. 2 we select and analyze three young debris disk systems relevant for this study. Section 3 lays down basic theory of
the dust production and dynamical evolution in a debris disk with
a gas component. Section 4 describes numerical simulations and
Sect. 5 their results. In Sect. 6 we devise an analytical model
and use it to interpret the numerical results. Section 7 contains
our conclusions.

2. Systems
2.1. Selection criteria

We wish to choose several young debris disks in which the presence of gas in little to moderate amounts has been reported.
Ideally, these should be edge-on systems, so that better constraints on gas are available from the presence or absence of
absorption lines, not just CO mm emission. We need dust disks
that are spatially resolved, preferably in scattered light, so that
the radial profile of brightness is known. The age of the disks
should not be very far from the boundary that separates gasand dust-rich, optically thick protoplanetary disks from nearly
gasless, optically thin debris disks, which is believed to lie at
≈10 Myr. The best ages would thus be 10−30 Myr.

We find three systems to satisfy these criteria the best: β Pic,
HD 32297, and AU Mic. Known facts and key parameters of
these systems relevant to our study are presented in the subsequent sections. We stress, however, that all three systems should
be regarded as “typical” examples of their classes and might be
used as a proxy for other systems. Thus our results, being of interest in the context of particular objects, could at the same time
be considered as generic.
2.2. β Pic

Star. A 12 Myr-old (Zuckerman et al. 2001) A5V star at d =
19.44 ± 0.05 pc.
Dust and parent bodies. The debris disk was first resolved by Smith & Terrile (1984) and later at various wavelengths (Artymowicz 2000, and references therein). According
to Artymowicz & Clampin (1997), the vertical optical depth of
the dust disk has a maximum of 1.53 × 10−2 at 60 AU, and has
a slope of −1.7...−2 in the outer part. Mouillet et al. (1997)
give 5 × 10−3 at 100 AU with an outer slope of −1.7. Dust
mass is roughly 0.05...0.5 M⊕ (Artymowicz 2000; Thébault &
Augereau 2005), with 0.1 M⊕ being probably the best estimate
(Zuckerman & Becklin 1993; Lagrange et al. 2000). Analysis by
Augereau et al. (2001) (their Fig. 1) show that an extended dust
disk produced by the planetesimal belt (“birth ring”) between
80−120 AU would closely match the resolved scattered light images together with the long-wavelength photometric data. The
dust distribution itself is given in Fig. 2 of Augereau et al.
(2001). The radial SB profile of the mid-plane scattered-light images shows a slope of −3...−4 outside 130−260 AU (Golimowski
et al. 2006). The dust disk around β Pic is famous for its large
scale asymmetries, which might be caused by a sub-stellar companion in the disk (see, e.g. Mouillet et al. 1997; Augereau et al.
2001).
Gas. Before β Pic was known to harbor a debris disk, it was
classified as a shell star by Slettebak (1975) due to its prominent Ca II H & K absorption. Gas was then re-discovered in
absorption by Hobbs et al. (1985) and in spatially resolved
Na I emission by Olofsson et al. (2001). The atomic hydrogen
content of the disk was constrained by Freudling et al. (1995)
to be <2 M⊕ , and the molecular column density to be <3 ×
1018 cm−2 by Lecavelier des Etangs et al. (2001), which corresponds to <
∼0.2 M⊕ , assuming the gas to be distributed in the
disk (Brandeker et al. 2004). Brandeker et al. (2004) observed
spatially extended gas emission from a number of elements (including Na I, Fe I, and Ca II), and derived a spatial distribution
for the gas
⎡ 2.4  5.3 ⎤−1/2
⎢⎢ r
⎥⎥⎥
r
⎥⎥
n(H) = n0 ⎢⎢⎢⎣
+
r0
r0 ⎦

(1)

with n0 = 2.25 × 103 cm−3 for an assumed solar composition,
and r0 = 117 AU, leading to a total gas mass of 0.1 M⊕ . They
also investigated a metal-depleted case n0 = 106 cm−3 (implying
a total gas mass of 40 M⊕ ), which they found to be in contradiction with the observed upper limits on hydrogen.
2.3. HD 32297

Star. A 30 Myr-old A5V star (Maness et al. 2008) at d =
113 ± 12 pc.
Dust and parent bodies. The dust disk was first resolved with
HST/NICMOS in scattered light by Schneider et al. (2005) up
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to 400 AU. The surface brightness (SB) of the SW wing is fitted by a power law with index −3.6, while the NE side shows
a break at 200 AU: the inner part has a slope of −3.7, whereas
the outer one −2.7. Kalas (2005) resolved the disk in the R-band
between 560 and 1680 AU. The mid-plane slopes were found
to be −2.7 and −3.1 for NE and SW wings, respectively, with
strong asymmetries. Moerchen et al. (2007) resolved the disk
with Gemini South/T-ReCS in thermal emission at 12 and 18 μm
up to 150 AU. Resolved images by Fitzgerald et al. (2007b)
taken with Gemini North at 11 μm revealed a bilobed structure with peaks at ∼65 AU from the star. Maness et al. (2008)
marginally resolved the disk with CARMA at 1.3 mm.
The spectral energy distribution (SED) fitting by Fitzgerald
et al. (2007b) suggests a population of larger grains – and therefore a location of the birth ring – at ≈70−80 AU. The vertical
optical depth of the dust disk at the same distance is 4 × 10−3
(Maness et al. 2008). 1.3 mm measurements by Maness et al.
(2008) point to the existence of a third population of even larger
grains at a characteristic stellar distance of 50 AU, which probably comprises ≥95% of the total dust mass. Dust mass required
to fit the SED up to far-infrared wavelengths is roughly 0.02 M⊕ ,
but 1.3 mm flux may require as much as 1 M⊕ of dust (Maness
et al. 2008).
Gas. Redfield (2007) found an intriguingly strong Na I absorption. Assuming the morphology and abundances of the stable gas component to be the same as for β Pic, and that the
gas disk extends up to 1680 AU as debris disk does, he derived
the total gas mass of ∼0.3 M⊕ . The absence of the observable
CO J = 2−1 emission with CARMA places an upper limit on
the gas mass of ∼100 M⊕ (Maness et al. 2008).
2.4. AU Mic

Star. A 12 Myr-old dM1e flare star, a member of the
β Pictoris Moving Group at d = 9.94 ± 0.13 pc. It is the closest
known debris disk resolved in scattered light.
Dust and parent bodies. The debris disk was first resolved
in R-band by Kalas et al. (2004) and Liu (2004). Later on, it
was resolved with HST/ACS by Krist et al. (2005) and in the
H-band with Keck AO by Metchev et al. (2005). The dust fractional luminosity is 6 × 10−4 (Liu 2004). The dust mass (up to
1 mm) is estimated to be ∼2 × 10−4 M⊕ (Augereau & Beust
2006), but sub-mm fluxes require 1 × 10−2 M⊕ (Liu et al. 2004).
The birth ring of planetesimals is believed to be located at 35 AU
(Augereau & Beust 2006). An R-band SB profile slope of −3.8
between 35−200 AU was found by Kalas et al. (2004), whereas
Liu (2004), Krist et al. (2005), and Fitzgerald et al. (2007a) derived SB slopes in the range −3.8...−4.7. Like β Pic and HR
32297, the disk of AU Mic possesses asymmetries, which are
probably formed by the dynamical influence of planets (Liu
2004).
Gas. Non-stringent upper limits on the gas mass were found
from non-detection of CO 3−2 emission by Liu et al. (2004)
(<1.3 M⊕ ) and H2 UV absorption by Roberge et al. (2005) (<7 ×
10−2 M⊕ ). France et al. (2007) tentatively detected and analyzed
fluorescent H2 emission. Within the observational uncertainties,
the data are consistent with gas residing in the debris disk, although other possibilities such as a cloud that extends beyond
the disk cannot be completely ruled out. They found a very low
total gas mass between ∼4 × 10−4 M⊕ and ∼6 × 10−6 M⊕ , con−4
sistent with upper limits <
∼10 M⊕ obtained from a search for
optical absorption lines from Ca I, Ca II and Fe I by Brandeker
& Jayawardhana (2008).
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3. Basic theory
3.1. General picture

Throughout this paper, we adopt the following standard scenario
of a debris disk evolution (e.g. Krivov et al. 2006; Strubbe &
Chiang 2006; Thébault & Augereau 2007; Krivov et al. 2008;
Thébault & Wu 2008):
– There is a relatively narrow belt of planetesimals (“birth
ring”) in orbits with moderate eccentricities and inclinations.
We assume that this birth ring is located where the scattered image brightness peaks. Note that the systems resolved
at (sub)-mm wavelengths usually exhibit a bright ring of
approximately the same radius.
– Orbiting planetesimals in the birth ring undergo collisional
cascade that grinds the solids down to dust. We assume that
the dust grains with radii [s, s + ds] are produced in the birth
ring at a constant rate Ṅds, where
Ṅ ∝ s−q .

(2)

The parameter q is unknown. However, a usual assumption — which we will follow unless stated otherwise – is
q = 3.5.
– At smallest dust sizes, stellar radiation pressure eﬀectively
reduces the mass of the central star and quickly (on the dynamical timescale) sends the grains into more eccentric orbits, with their pericenters still residing within the birth ring
while the apocenters are located outside the ring. As a result,
the dust disk spreads outward from the planetesimal belt. The
smaller the grains, the more extended their “partial” disk.
– The dust grain orbits undergo slower modifications due
to gas drag and experience gradual loss due to mutual
collisions.
3.2. Stellar gravity and radiation pressure

We require that the disk is optically thin, so that each dust grain
is fully exposed to stellar radiation at any location in the disk.
Since the radiation pressure is proportional to r−2 , as is the stellar
gravity, a dust grain experiences “photogravity”, i.e. gravity of
a star with an “eﬀective stellar mass” Meﬀ :
Meﬀ = M (1 − β),

(3)

where β is the ratio of radiation pressure to gravity (Burns et al.
1979):



1 g cm−3 1 μm L /L
β = 0.5738 Qpr
·
(4)
ρbulk
s
M /M
Here, Qpr is the radiation pressure eﬃciency (henceforth set
to unity), ρbulk the material density of particles (we set it to
3.3 g cm−3 ), s their radius, and L and M are stellar luminosity
and mass, respectively.
3.3. Gas drag

We assume that the gas distribution remains unaﬀected by that of
dust and that gas simply exerts a drag force on the dust particles.
If the gas mass is larger than the dust mass, this assumption is
natural. In the case where both are comparable, the validity of
this assumption will be checked later a posteriori. Indeed, we
will choose the same initial distributions for dust and gas and
will see that these will not diverge considerably in the course of
the disk evolution.
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Gas orbits the star at a sub-keplerian speed
vg = vK

1 − η,

(5)

where vK is the circular Keplerian velocity and η is the ratio of
the force that supports gas against gravity to the gravity force.
There exist two possible reasons for sub-keplerian rotation
of a gas disk. One is the case of a thermally-supported disk,
in which the sub-keplerian rotation stems from the gas pressure
gradient. However, around β Pic the gas at non-solar composition has been observed, which is dominantly supported by radiation pressure rather than gas pressure (Fernández et al. 2006;
Roberge et al. 2006). Thus we also consider another case, where
gas is supported against stellar gravity by radiation pressure.
For a thermally-supported gas disk, we follow a standard
description of the dust aerodynamics (Weidenschilling 1977),
generalized to the presence of radiation pressure (Takeuchi &
Artymowicz 2001; Thébault & Augereau 2005; Herrmann &
Krivov 2007). The factor η is
r2 dP
η = −(GM )−1
·
ρg dr

(6)

Here, GM is the gravitational parameter of the central star
and P the gas pressure, proportional to gas density ρg and gas
temperature T g :
P = ρg

kT g
μg mH

(7)

with the Boltzmann constant k, the mean molecular weight μg
and the mass of a hydrogen atom mH .
The gas temperature and density are usually taken to be
power laws
Tg ∝ r

−p

(8)

and
ρg ∝ r−ξ .

(9)

Then, Eq. (6) takes the form
 1−p
kT g0 r0
r
η = (p + ξ)
,
μg mH GM r0

(10)

where T g0 is the gas temperature at a reference distance r0 .
The η ratio only depends on the gas temperature slope p and
its density slope ξ, but not on the gas density at a given distance.
(Note that sub-keplerianity requires p + ξ > 0.) As T g0 ∝ L1/4
 ,
1/4
the dependence on the stellar parameters is weak: η ∝ L /M .
We now consider the case where gas is supported against
stellar gravity by radiation pressure. Denoting by βgas the eﬀective radiation pressure coeﬃcient acting on the gas, its speed is
vg = vK

1 − βgas ,

(11)

yielding a simple relation
η = βgas .

(12)

Regardless of the mechanism that supports the gas disk against
gravity, the gas drag force on a dust grain is expressed by
(Takeuchi & Artymowicz 2001)
FD = −πρg s2 v2T + Δv2

1/2

Δu,

(13)

which combines the subsonic and supersonic regimes. Here,
Δu ≡ ud − ug is the diﬀerence between the dust velocity ud and
the gas velocity ug , and vT is the gas thermal velocity:
1/2

4 8kT g
·
(14)
vT =
3 πμg mH
For later discussions of the timescales, we also define the stopping time,
T stop =

4 ρd s
3 ρg vT

1
1 + Δv2 /v2T

,

(15)

the time interval over which Δu would be reduced by a factor
of e if the drag force were constant.
3.4. Gas temperature

As we saw in the previous section, dust dynamics is expected
to depend sensitively on the gas temperature, in particular on
its radial gradient p. A commonly used assumption is that the
gas shares the dust temperature profile (Kamp & van Zadelhoﬀ
2001), which in the simple blackbody approximation gives p =
1/2. This is a reasonable assumption if gas-dust interaction is
strong and the photo-electric heating weak, but may not be valid
in general. Indeed, in case of strong UV environments the photoelectric eﬀect on dust can be the dominant heating source of the
gas and lead to a dust drift instability (Klahr & Lin 2005; Besla
& Wu 2007). For suﬃciently high dust content, one may expect
(at every distance) a power-law relation between the gas temperature and the number density of dust. Following Klahr & Lin
(2005), Eq. (8) generalizes to
γ

T g ∝ ρdust r−p

(16)

with γ ≥ 0. A first-order heating-cooling analysis suggests γ ∼ 1
as a typical value (see the Appendix of Klahr & Lin 2005).
To evaluate how valid the p = 1/2 assumption is for a
more detailed model of the thermal balance, we used the code
ontario (Zagorovsky et al., in prep.). ontario is tuned to
model gas emission during the debris disk phase, given input
parameters related to the gas/dust disk structure, elemental abundances, and the stellar luminosity spectrum. ontario computes
the ionization and thermal balance self-consistently, with particular care taken of heating/cooling mechanisms (the most important being photo-electric and ionization heating, and cooling by
C II 158 μm). The major simplifying assumptions are that the
gas is considered to be in atomic/ion form (no molecules), and
that the disks are optically thin (i.e. no chemistry and simplified
radiative transfer), conditions that are expected to be closely met
by debris disks around A and F stars, but not necessarily around
stars of later spectral type. Using the same gas and dust profiles as in the dynamical simulations (i.e., surface density slope
of −1.5 corresponding to a mid-plane density slope of −2.5), we
computed the mid-plane temperature for three diﬀerent cases,
as shown in Fig. 1 (top):
1. an Mgas = 0.1 M⊕ disk at solar abundance with hydrogen
entirely in atomic form (giving the mean molecular weight
μg = 1.3);
2. a similar model but with Mgas = 10 M⊕ ;
3. an Mgas = 0.1 M⊕ model with β Pic abundances (i.e. solar
abundance except 20× carbon, no helium, and 10−3 × hydrogen, giving μg = 11.3, as motivated by the inventory of gas
observed around β Pic, compiled by Roberge et al. 2006).
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only one value for η over the entire disk and for all particle sizes.
In this case, the particles with β < η (β > η) will spiral inward
(outward) from the birth ring; those that just have β = η will
have no radial motion and will stay in the parent belt. Therefore,
only grains with β > η will make a contribution to the outer
disk. They all will be drifting outward all the way through in a
steady-state regime.
3.6. Vertical dynamics of dust under photogravity and gas
drag

Apart from the radial dynamics described above, dust grain orbits also have vertical evolution. The essential eﬀect is dust sedimentation (or settling) toward the mid-plane of the disk. It happens on a timescale T sett that depends on the particle size and the
vertical profile of the gas density. Generally, T sett also changes
with time because of the grain’s radial drift. If, for dust grains
that contribute to visible brightness, the settling timescale is
comparable to the stopping time (T sett ∼ T stop ), a combination of
settling and radial drift would cause the aspect ratio of the outer
disk to decrease with distance (“anti-flaring”). Thus in principle,
a comparison of the observed vertical distribution of brightness
in an edge-on debris disk with a modeled one may oﬀer another
method of constraining the gas densities. In the present paper,
however, we confine our analysis to the radial distribution and
radial brightness profiles.
3.7. Collisions
Fig. 1. Top: gas temperature in the β Pic disk as a function of distance
from the star, for three diﬀerent assumptions about gas composition and
density. (Dashed, dash-dotted, and solid lines correspond to tns, ths, and
rns models, respectively, of Table 1 below.) Bottom: radial slope p of the
gas temperature.

For comparison, the T g ∝ r−1/2 is overplotted (with arbitrary
normalization). The bottom panel of Fig. 1 shows the local p =
−d log T/d log r exponent, which can be compared to the p =
1/2 value. The numerical noise seen in the plot is due to the
limited precision of the code (dT ∼ 0.1 K). The temperature is
not a power law, but varies smoothly with a local exponent that is
constrained to the interval −1...0; a p = 1/2 power law therefore
seems to be a reasonable approximation.
3.5. Radial dynamics of dust under photogravity and gas
drag

We start with a thermally-supported gas disk. Since gas adds or
removes angular momentum to or from solid particles, it causes
them to spiral outward or inward, until a certain size-dependent
stability distance is reached, at which the gas pressure gradient
and the stellar radiation pressure balance each other (Takeuchi
& Artymowicz 2001):
β(s) = η(s, rstab ),

(17)

which can be solved for rstab for a given s or vice versa. Note
that additional radial forces such as photophoresis (Herrmann &
Krivov 2007) can be included by simply adding them to the left
part of Eq. (17).
We now turn to the case where the gas is radiation pressuresupported. Then, η is independent of distance, so that there is

Collisions are the main mechanism that limits the lifetime of dust
grains in the outer disk, if they are large enough not to be blown
away by radiation pressure or rapidly dragged away by gas.
Collisional outcome is known to depend sensitively upon the
relative velocities. Both projectiles are disrupted if their relative
velocity vrel exceeds (see, e.g. Krivov et al. 2005, their Eq. (5.2))

2(mt + mp )2 
vcr =
QD ,
(18)
mt mp
where mt and mp are masses of the two colliders and QD is
the critical energy for fragmentation and dispersal, which is
∼108 erg g−1 at dust sizes (e.g. Benz & Asphaug 1999). If vrel <
vcr , the collision may result in partial fragmentation (cratering),
restitution or, at low velocities, merging of the two colliders.
The relative velocity vrel mainly stems from the diﬀerence in
the radial velocities of diﬀerent-sized grains |vr |, as set by stellar
photogravity and gas drag. In Sect. 5, we will see that vrel is
typically high enough for catastrophic collisions to occur even if
the gas density is high.

4. Numerical simulations
4.1. Setups for simulations

For each of the three systems, we adopt a fixed set of parameters
for the central star and solids (planetesimals and dust) and test
various gas density models (Table 1). One model may diﬀer from
another in four respects:
1. Gas support mechanism. We consider two possible reasons for sub-keplerian rotation of a gas disk: a thermallysupported disk, which seems reasonable in the case of
primordial gas at solar composition, and a radiation
pressure-supported disk, which could be more appropriate
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Table 1. Models for β Pic, HD 32297, and AU Mic.

Star
Luminosity, L
Mass, M
Age, Myr
Planetesimals and dust
Birth ring, AU
Max optical depth
Init. surf. density slope
[smin , smax ], μm
Gas
Model identifier
t- or r-support
Temperature slope p
Mass, M⊕
Surface density slope
Outer edge, AU

000
–
–
–
–

tns
t
1/2
.05
–1.5

t0ns
t
0
.05
–1.5

t1ns
t
1
.05
–1.5

β Pic

HD 32297

AU Mic

8.70
1.75
12

5.40
1.80
30

.092
.50
12

110-130
5 × 10−3
−1.5
[1, 86]

60–80
4 × 10−3
−1.5
[0.6, 52]

30–40
6 × 10−4
−1.5
[0.04, 3.2]

tns
ths
t
t
1/2
1/2
.15
15
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The arbitrary truncation distance (we set it to five times the central distance of the respective birth ring). It only aﬀects the conversion of total gas
mass to gas density. In that conversion, we also use a constant semi-opening angle of 15◦ for all disks, assuming the density to be constant with
height.

for secondary gas with a non-solar composition. Fernández
et al. (2006) computed the eﬀective radiation pressure on the
ionized gas to be β ∼ 4 in the β Pic disk (see their Fig. 4),
assuming solar abundances. Since the mass is dominated by
(inert) carbon, which was later found to be overabundant by a
factor 20 (Roberge et al. 2006), the eﬀective radiation pressure coeﬃcient acting on the gas including 20× carbon is
estimated to be βgas ∼ 4/20 = 0.2. Thus for the radiation
pressure-supported disks we set η = βgas = 0.2.
2. Radial slope of the gas temperature. In most of the models,
we assume p = 1/2, but also test p = 0 and p = 1 to bracket
the behavior of expected temperature profiles (Sect. 3.4).
3. Total amount of gas. In the nominal gas models, the total gas
mass is taken as retrieved from the gas observations: 0.1 M⊕
for β Pic, 0.3 M⊕ for HD 32297, 4 × 10−4 M⊕ for AU Mic.
As we consider here only the outer part of the disks, outside the birth ring, we simply halve these masses. Indeed, in
the β Pic gas disk, the masses of the inner and outer disks
are nearly equal (two terms in Eqs. (4) or (5) of Brandeker
et al. 2004, make comparable contributions). Interestingly,
the above gas masses are roughly comparable with the dust
mass (gas:dust ratio ≈ 1:1). However, as explained in the introduction, the systems may contain much more gas than is
evident in the observations. For this reason, we consider high
gas mass models, in which the total gas mass is 100 times
the nominal mass. With this choice, the gas-to-dust ratio is a
standard 100:1. Finally, we try a very high gas case, in which
the gas mass is ten times higher than in the high gas models.
4. Radial slope of the gas surface density. If the gas is secondary, one could expect the gas profile to approximately
follow the dust profile (e.g., Czechowski & Mann 2007). For
our three systems, the latter falls oﬀ as ∝r−1 ...∝r−2 . Slopes
in this range are also expected on theoretical grounds in a
standard “birth ring – collisionally evolving gas-free disk”
model explained in Sect. 3.1. Thus our standard choice is to
set the surface density of both gas and dust to be ∝r−1.5 initially. However, if the gas is primordial, i.e. a remnant of an
accretion disk, the profile is more uncertain. One could still
expect ∝r−1.5 (consistent with an isothermal steady-state solution for a viscous accretion disk), but, for instance, a flat
density profile ∝r−1 (another known steady-state solution)
could also be possible.

Accordingly, each model has an identifier X pYZ, where
– X indicates the type of the gas disk:
– 0 (no gas);
– t (thermally-supported);
– r (radiation pressure-supported).
– p indicates the slope of gas temperature:
– 0 (p = 0);
– 1 (p = 1);
– nothing (p = 1/2).
– Y indicates the total amount of gas:
– 0 (no gas);
– n (“nominal” gas mass);
– h (“high” gas mass);
– v (“very high” gas mass).
– Z indicates the slope of the gas density profile:
– 0 (no gas);
– s (standard, surface density falls oﬀ as 1.5);
– f (flat, surface density falls oﬀ as 1.0).
Our “tpns” and “rpns” models (a thermally- or radiation
pressure-supported gas disk with various gas temperature profiles, a nominal gas content, and a standard surface density slope)
are expected to simulate secondary gas whose production is
somehow related to dust. In contrast, the “ths”, “tvs”, and “thf”,
models would emulate a possible remnant of primordial gas in
the outer part of the system.
As reference models, we treat “tns” and “ths” cases
(a thermally-supported gas disk with a nominal or high gas content and a standard surface density slope). We ran these models
for all three systems. In the case of β Pic, we additionally tested
other disks, as listed in Table 1.
4.2. Numerical integrations

We now describe the procedure to compute individual trajectories of dust grains as well as the overall brightness profiles of
the disks.
First, we assumed that dust parent bodies are orbiting in the
“birth ring”. Their orbital semimajor axes were uniformly distributed within the birth ring as specified in Table 1 and their
eccentricities between [0.0, 0.1].
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4.3. Collisional post-processing

The collisions were applied to the numerical integration results
through the following post-processing algorithm:
1. The instantaneous positions of grains stored during the numerical integrations are distributed into two-dimensional
size-distance bins, (si , r j ) or (βi , r j ). The number of occurrences in each bin Nbin (βi , r j ) is converted into the absolute
number density n(βi , r j ) from the known normal geometrical
optical depth at the birth ring (Table 1). Besides, for each
bin we calculate the average radial velocity of its grains,
vr (βi , r j ).

outward
drift

inward
drift

1000

Stability distance [AU]

In each run with a thermally-supported gas disk, we launched
500 particles with radii distributed uniformly in a log scale between smin and smax . The size ranges [smin , smax ] used correspond
to a β-ratio interval from 0.9 down to 0.01. The minimum β value
of 0.01 is chosen to cover all grains which can have their stability
distance in or outside the center of the birth ring (see Fig. 2 below). Upon release, the particles instantaneously acquire orbits
with semimajor axes and eccentricities diﬀerent from those of
their parent bodies, which is a standard radiation pressure eﬀect
(Burns et al. 1979).
The forces included stellar gravity, direct radiation pressure,
the Poynting-Robertson force, and gas drag. The drag force
due to the stellar wind, which is known to be important for
AU Mic (Strubbe & Chiang 2006; Augereau & Beust 2006),
is not included. The reason is that a nearly radial stellar wind
could no longer exist in the outer disk considered here, between
roughly 35 and 300 AU, because of the interactions with the
presumed rotating gas. Indeed, a simple estimate, assuming a
mass loss rate of ∼10−12 M yr−1 and the stellar wind velocity of
∼400 km s−1 , yields the total mass of the stellar wind particles
−6
in the outer disk of <
∼10 M⊕ , about three orders of magnitude
less than the mass of rotating gas in the nominal model.
The particle orbits were followed with the Everhart (1974,
1985) integrator of 15th order with an adaptive step size. The integrations ended upon one of the following, whichever was the
earliest: (i) a grain came as close as 10 AU to the star; (ii) a grain
reached the distance of 1000 AU; (iii) after 105 yr of integration.
Instantaneous positions of particles were stored each 500 years
for bound grains and each 5 years for unbound ones. A typical number of instantaneous positions per system and gas model
was ∼106 .
The setup for the runs with radiation pressure-supported gas
disks was diﬀerent from what is described above, because using the same setup would lead to the following problem. As explained in Sect. 4.3, we normalize the calculated dust density
in such as way as to arrive at the correct maximum geometrical optical depth τ0 (Table 1). In the usual runs for thermallysupported disks, τ0 in the birth ring is dominated by the particles
with β < 0.2. But in the “rns” run these drift inward, so that τ
comes from grains with β ≥ 0.2. These have smaller cross section, and thus their number density turns out to be two orders of
magnitude higher than in standard runs. Thus the collisional lifetime becomes quite short, ∼1...10 years. For these reasons, the
“rns”, “r0ns”, and “r1ns” models were run with just 15 grains
(instead of 500) over 103 years (instead of 105 ), and the recording time step was as small as 0.5 years for bound grains and
0.005 years for unbound ones. The minimum β value was set
to η = 0.2 (instead of 0.01), because in the radiation pressuresupported disks only grains with β > η drift outward from the
birth ring.
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Fig. 2. Loci of stability in the β ratio – distance plane in thermallysupported gas disks (curves) and in a radiation pressure-supported disk
(vertical straight line). Grains to the left of the stability lines drift inward, those to the right move outward. Thin horizontal lines mark the
distances at which the birth rings around all three stars are centered.

2. For each (βi , r j )-bin, the collisional lifetime of its particles is
calculated as follows. We consider all bins with various βk
at the same distance r j and check if Eq. (18) is fulfilled. The
reciprocal of the collisional lifetime is

n(βk , r j ) × max[vr (βi , r j ), vr (βk , r j )]
T coll (βi , r j )−1 =
k

× σ(βi , βk ),

(19)

where σ is the collisional cross section and summation is
performed over those projectiles that satisfy Eq. (18).
3. We then go back to the stored numerical integration results
and go along each trajectory again. For a particle with βi at
each time step tl , we calculate a probability that the particle survives destructive collisions over the current time step,
p(βi , tl ) = exp[−Δt/T coll (βi , r j )], where r j is the distance at
the moment tl and Δt = tl − tl−1 is time step between two successive stored positions of the particle. Having p for all previous time steps for the same grain, we determine the probability for that grain to survive collisions up to the current
moment of time:
P(βi , tl ) =

l


p(βi , tm ).

(20)

m=0

4. Steps 1–3 are repeated iteratively. From now on, when
determining the number densities in step 1, we use
Nbin (βi , r j )P(βi , tl ) instead of just Nbin (βi , r j ).
Note that we do not compute the exact relative velocities between impacting grains, since this procedure would be too time
consuming, but assume that this velocity is of the order of the
vr of the grain having the highest radial velocity. In doing so,
we implicitly neglect the azimuthal component of the relative
velocity, and our procedure should thus be considered as giving a lower estimate for impact speeds and thus shattering eﬃciency of collisions. The procedure is computationally fast and
converges rapidly to a steady state. In practice, we perform five
iterations.
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4.4. Calculation of surface brightness profiles

(we set q = 3.5). Here, the factor s3−q provides conversion from
particle numbers to their cross section area (s2 ), accounts for a
logarithmic binning of sizes (dN/dln s = sdN/ds), and includes
the size distribution at production (s−q , Eq. (2)). In turn, the factor r−1 is needed because the surface area of a radial annulus is
proportional to r, whereas r−2 is a conversion from optical depth
to the SB.
The latter conversion needs to be explained in more detail.
For the sake of simplicity, we assume here gray, isotropic scattering. In that case, the brightness of the edge-on disk is known
to come mostly from the part of the line of sight closest to the
star (e.g. Nakano 1990; Thébault & Augereau 2007). Further,
as mentioned above, we assume a non-flared disk, with the dust
scale height being linearly proportional to r. With these assumptions, the standard brightness integral gives SB(r) ∝ τ(r)r−2 .
Therefore, if
τ(r) ∝ r

−α

(22)

then
SB(r) ∝ r−μ

(23)
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From Nbin (βi , r j ) recalculated after several iterations, the surface
brightness of the disk is computed as

−3
Nbin (βi , r j )s3−q
(21)
SB(r j ) = const. ×
i rj
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Fig. 3. Radial drift of diﬀerent-size particles in the β Pic nominal gas
(top) and high gas models (bottom).

with
μ = α + 2.

(24)

5. Results
In this section, we start with an analysis of typical single-grain
dynamics and then proceed with SB profiles.
5.1. Radial drift of dust grains

We start with the case of a thermally-supported gas disk.
Numerical solution of Eq. (17) with p = 1/2 is shown in Fig. 2.
It shows that the stability distance is less than 1000 AU only
for grains with β <
∼ 0.15−0.20. Grains with higher β ratios are
sweeping outward all the way through the disk.
Figure 3 illustrates how grains with diﬀerent β ratios drift
toward their stability distances in the nominal and high gas
β Pic models. It shows in particular how sensitive the drift
timescale T drift (time needed for a grain to reach its stability distance) is to the the grain sizes and to the gas content. Further,
it tells us that T drift
T stop . One reason for this is that T stop
increases rapidly with increasing distance. For instance, in the
nominal gas case, the β = 0.1 grains have the stability distance
at ∼500 AU, but are still at ∼150 AU after 1 Myr of evolution.
Hence they have T drift
1 Myr, whereas their stopping time at
the birth ring distance is T stop ∼ 2 × 103 yr.
We now turn to the case where the gas is radiation pressuresupported. As explained in Sect. 3.5, only the particles with
β > η will spiral outward from the birth ring, and the stability
distance does not exist. Thus the outer disk will only be composed of relatively small grains in unbound orbits.

5.2. Radial velocities and collisional outcomes

The relative velocity of impacting grains is a crucial parameter,
leading to their destruction if it exceeds vcr (Eq. (18)). As discussed in Sect. 4.3, we assume that these impact speeds are of
the order of particle radial velocities. Figure 4 plots vr for grains
of various sizes, in the β Pic disk without gas and for two gas
models, and compares them to the value of vcr ∼ 300 m s−1
for impacts between equal-sized particles. The top panel reveals
Keplerian U-shape curves, where vr > vcr for all grains smaller
than s ∼ 17 μm (β > 0.05), except near the apsides. Under the
presence of gas (middle and bottom panels), radial velocities are
damped, and only β ∼ 0.1 (s ∼ 10 μm) grains have vr exceeding
the disruption threshold in the nominal gas case. For the high
gas case, this damping is much more eﬃcient so that after a few
pseudo-orbits, even β ∼ 0.2 (s ∼ 4 μm) grains have vr < vcr . The
results are similar for the other two systems, i.e., low vr for all
grains larger than β ∼ 0.05 in the gas free case and β ∼ 0.2 in
the high gas case.
However, collisional disruption plays a significant role in all
the systems, for all gas models considered, and across the whole
range of distances in the outer disk. This is because of the crucial
role of collision between grains of unequal sizes. This is easy to
understand. Indeed, Fig. 4 shows that very small grains always
maintain large radial velocities. Hence, for a grain of a given
size, there is a significant amount of somewhat smaller grains
that are fast enough and still massive enough to satisfy Eq. (18).
To illustrate this, we plot in Fig. 5 the collisional lifetimes of
diﬀerent-sized grains around all three stars, calculated with the
algorithm described in Sect. 4. We see that for β ≤ 0.2, T coll
is more or less independent of particle sizes in all considered
cases. Overall, T coll is longer in high-gas models and shorter in
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Fig. 4. Radial velocity of diﬀerent-sized grains in the β Pic disk 000 (top left), rns (top right), tns (bottom left) and ths (bottom right) gas models,
obtained with numerical integrations described in Sect. 4. For comparison, a horizontal straight line gives the minimum relative velocity vcr needed
to break up two like-sized colliders (this value is independent of sizes, since we assume a constant critical energy for fragmentation and dispersal
QD = 108 erg g−1 for all dust sizes).
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Fig. 5. Collisional lifetime of diﬀerent-sized grains (i.e. those with different β ratios), obtained in numerical simulations described in Sect. 4.

nominal-gas ones. For bound grains (β < 0.5) in all models, they
never exceed 4 × 104 yr.
5.3. Surface brightness profiles without gas

We now turn to SB profiles and start with a disk that does not
contain gas (“000” model for β Pic), both with and without collisions taken into account. For comparison, we ran our full collisional code ACE (Krivov et al. 2008) that provides a detailed
treatment of collisions with a multitude of collisional outcomes.
The resulting profiles are shown in Fig. 6.

000, w/o coll
000, w/ coll
ACE

100
-1

10

-2

10

10-3
120

150
200
300
400
Distance from the star [AU]

500

Fig. 6. SB profiles for β Pic without gas (thick curves). Dashed and solid
lines are without and with collisions taken into account, respectively.
Dotted line is the profile obtained with an elaborate collisional code
ACE (Krivov et al. 2008). All profiles are normalized to unity at the
outer edge of the birth ring. Filled vertical bar shows the location of
the birth ring. The grey-shaded area is bordered by power laws with
indices −3.0 and −4.0, and a −3.5 slope is marked with a thin straight
line.

Without collisions we get a steep (≈ − 5) SB profile. This
result is expected when assuming that grains down to the radiation pressure blow-out limit (β = 0.5) are produced in the
birth ring with a q = 3.5 size distribution and that the smallest
of these grains, which dominate the outer ring, are then simply diluted along their eccentric orbits and thus get underabundant in the birth ring. Strubbe & Chiang (2006) showed that in
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Fig. 7. Same as Fig. 6, but for several gas models (thick curves).
Collisions are included.

this case the resulting surface density profile approximately decreases as r−2.5 , yielding an SB slope of −4.5 (see Thébault &
Wu 2008, for a more detailed discussion).
In contrast, the SB profile with collisions turned out to be
close to −3.5...−4.0, which corresponds to a surface density
slope of ≈−1.5...−2.0. This slope agrees reasonably well with the
one calculated with a full collisional simulation with ACE. A radial SB slope close to 3.5 is theoretically expected, too. The difference with the collisionless case is that the small high-β grains
can only be produced and destroyed in the birth ring but spend
most of their time in collisionally inactive regions beyond it. As a
result, their number density follows the q = 3.5 size distribution
within the birth ring (instead of being underabundant as in the
collisionless case) so that the total integrated number of small
grains (taking into account the large fraction outside the birth
ring) is much higher than the one derived from a q = 3.5 law
(see Strubbe & Chiang 2006; Thébault & Wu 2008).
5.4. Surface brightness profiles with gas: β Pic

Figure 7 compares SB profiles for the β Pic systems in several gas
models. It shows that the nominal amount of gas leads to almost
the same profile as the one without gas (close to −3.5...−4.0).
Furthermore, and surprisingly, all profiles with high and very
high gas masses (“ths”, “tvs”, and “thf”) are all close to each
other and to those without or with little gas (≈ − 3.5...−4.0).
Our “tvs” and “000” models are close, although not completely identical, to the “high gas” and “no gas” models in
Thébault & Augereau (2005). In those two cases they obtained
the slopes of ≈−2.5 and ≈−4.0, respectively (their Figs. 3 and 4).
Thus our result (≈ − 3.0 and ≈ − 3.5...−4.0) slightly diﬀers from
theirs. Most of the diﬀerence comes from the fact that they used
a more realistic, extended distribution of parent planetesimals,
but a much simpler, monosized collisional model without a collisional disruption threshold.
Next, we compared the “rns” profile with the “tns” one. Both
turned out to be very similar (Fig. 8). This implies that both
thermally-supported and radiation pressure-supported gas disks
with the same amount of gas may yield similar radial distributions of dust.
Finally, we have also tested the influence of the radial profile of the gas temperature on the SB profiles. To this end, we
compared the SB profiles of β Pic obtained in the “tns” model
(p = 1/2) with those in the “t0ns” and “t1ns” models (p = 0
and 1, respectively). Similarly, “rns” results were compared with
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Fig. 8. Same as Fig. 7, but for models assuming diﬀerent gas temperature profiles. Since all the curves fall almost on top of each other, we
artificially lowered each curve listed in the legend (starting from “tns”)
relative to the previous one by a factor of 1.5.

“r0ns” and “r1ns”. Again, the SB profiles turned out to be almost
indistinguishable (Fig. 8).
5.5. Surface brightness profiles with gas: all systems

We now proceed with the numerical runs for all three systems
and two gas models (“tns” and “ths”) for each system (Table 1).
The resulting profiles are shown in Fig. 9. One lesson from the
plots is about the role of collisions. In systems with a high dust
density (or a large optical depth) and low gas density, collisions
flatten the profile (β Pic, nominal gas; see also Fig. 6 without
gas). When the dust density is lower (AU Mic), collisions have
little influence on the SB slope. The same is true in the case of
a high gas density (high gas models for all three systems). This
is mostly because the strong gas drag sustains suﬃciently high
radial velocities even far from the star, so that vr (r) does not
decrease with increasing r as abruptly as in the nominal gas cases
(see Fig. 4).
In addition, Fig. 9 depicts partial contributions to SB profiles by diﬀerent-sized grains. The largest contribution typically
comes from medium-sized grains with 0.05 < β < 0.5, most of
which have stability distances outside the disk (Fig. 2) and can
be treated as “eﬀectively unbound” ones. The relative contribution of the small β > 0.5 grains slightly rises with increasing
distance, but never becomes comparable to that of the mediumsized particles. Large grains with β < 0.05 do not make any
appreciable contribution to the SB profiles in any of the systems.
However, the most important conclusion from Fig. 9 is that
the slopes diﬀer only moderately for the two extreme gas models, an eﬀect that we have already seen for β Pic and now see
for the other two systems. In the nominal gas case, a distinctive
feature of the profiles is their slight “curvature” – they do not follow a single power-law across the entire disk. This eﬀect mostly
comes from collisions rather than gas, and it can also be seen
in the gasless case (Fig. 6). The profiles are steeper close to the
birth ring and are more gently sloping farther out. Between 2
and 3rbirth (rbirth being the birth ring distance), the slopes are
−4.6 for β Pic, −4.5 for HD 32297, and −4.7 for AU Mic.
Outside 3rbirth , the slopes flatten to −3.5, −3.2, and −3.3, respectively. In contrast, in the high gas case the curvature eﬀect
is only present close to the birth ring. Outside 2rbirth , all three
SB profiles have slopes in a −3.6...−4.0 range.
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Fig. 9. SB profiles for β Pic (top), HD 32297 (middle), and AU Mic (bottom), for a nominal gas model (left) and a high gas one (right). Thick
dashed and solid lines are without and with collisions taken into account, respectively. Their normalization is the same as in Fig. 6. Thin curves
show partial contribution of three β-intervals into the total profile with collisions. Note that shaded areas have another meaning than in Figs. 6−8.
They now indicate an approximate range of profiles, as deduced from observations (see Sect. 2): −3.0...−4.0 for β Pic, −2.7...−3.7 for HD 32297,
and −3.8...−4.7 for AU Mic.

Finally, the model slopes have to be compared with the observed slopes: −3.0...−4.0 (β Pic), −2.7...−3.7 (HD 32297), and
−3.8...−4.7 (AU Mic). From all these values and from Fig. 9,
it is hardly possible to judge whether nominal-gas or high-gas
models match observations better. In particular, this depends on
the radial zone of the disk considered. Besides, one should keep
in mind that our models rest on many simplifying assumptions
(as, for instance, grey isotropic scattering) and have limited accuracy (e.g., contain some numerical noise). Equally, the slopes
retrieved from observations inherit uncertainties from the data
and are sensitive to the specific procedure of data reduction (see,
e.g., a discussion in Sect. 3.2 of Fitzgerald et al. 2007a) and
should be treated with caution, too. Thus the only conclusion
we can make is that nominal-gas and high-gas models are both
is reasonable agreement with observations.

6. Analytic model
To better understand the numerical simulation results, in this
section we address the dust distributions analytically.
6.1. “Static” model in the case of a thermally-supported gas
disk

We start with a simple model that assumes dust to swiftly drift
by gas drag: T drift
T life , where T drift is the dust radial drift
time and T life is the grain lifetime, e.g. collisional one. With this
assumption, a dust grain of radius s is expected to “instantaneously” arrive at an equilibrium distance (17) from the star r
(for brevity the subscript “stab” will be omitted). This model
ignores that fact that grains spend finite time on their way to
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stability distances, and thus also contribute to the optical depth
and brightness closer to the star than their parking distances.
It also ignores that stability distances of smaller grains (if p < 1)
are located outside the disk and they never arrive there. And,
even if stability distances are well inside the disk, grains may
not arrive there (or not all of them may), if they are collisionally
eliminated on shorter timescales, meaning that the assumption
T drift
T life fails.
Some of these assumptions fail in the systems considered in
this paper. For instance, in Sect. 5.5 we showed that the largest
contribution to the SB profiles comes from “eﬀectively unbound”
grains. Nevertheless, we deem this “static” model useful. First,
the “static” case is fully tractable analytically. Second, it can give
us a rough idea, to what extent the ambient gas can change the
dust profiles and it can be considered as a limiting case for a
more realistic “dynamic” model that will be worked out later.
The grains with radii [s, s + ds] are produced in the birth ring
at a constant rate Ṅds, see Eq. (2). These grains drift to a sizedependent stability distance, which is easy to find. In the limit of
geometric optics, β ∝ s−1 , Eq. (4). Next, η is given by Eq. (10).
Equating β and η we find a simple relation between the grain
radius and stability distance (one-to-one if p  1):
s ∝ r p−1 .

(25)

Grains with radii [s, s + ds] are located in an annulus [r, r + dr].
Their steady-state number is
dN = ṄT life ds,

(26)

and the normal geometrical optical depth of the annulus is


 
dN  2 1 s(r)2
ds
 πs =
(27)
τ(r) = 
Ṅ(s(r))T life (s(r))   ·
2πrdr
2 r
dr
We now assume that the grain lifetime is independent of size (or
distance). This is a reasonable approximation as can be seen, for
instance, from Fig. 5. Substituting Eqs. (25) and (2) into (27)
yields a radial dependence
τ(r) ∝ T life r−α

(28)

where
α = 5 − 3p + (p − 1)q.

(29)

According to Eq. (24), the SB slope is
μ = 7 − 3p + (p − 1)q.

(30)

In the above derivations we adopted the gas temperature which
is independent of the dust distribution. However, as discussed
above (see Eq. (16)), in a high dust density limit the gas temperature may become proportional to a certain power of the dust density (or equivalently the optical depth τ divided by distance r).
Using Eq. (16) instead of Eq. (8), Eq. (29) for the optical depth
slope replaces by
α=

5 − 3p + (p − 1)q − (3 − q)γ
,
1 + γ(3 − q)

(31)

and Eq. (30) for the SB slope by
μ=2+

5 − 3p + (p − 1)q − (3 − q)γ
·
1 + γ(3 − q)

(32)

Figure 10 gives slopes μ of surface brightness (without graingrain collisions) for various p, q, and for γ = 0 and 1. These

Fig. 10. Radial slope of surface brightness for diﬀerent p, q, γ, according to Eq. (32). Thin and thick dotted lines (q = 3.0) coincide with each
other. Asterisk marks a standard model with a blackbody gas temperature (γ = 0 and p = 1/2) and a canonical size distribution of dust at
production (q = 3.5). For comparison, best-fit slopes inferred from the
analysis of scattered light images of our three systems are shown on
the right.

results can easily be understood. Consider, for instance, the standard gas heating model (γ = 0). We start with the dependence
on q for a fixed p. If the temperature gradient is not too steep
(p < 1), then s decreases with increasing r. In that case, assuming a steeper size distribution (larger q) makes the profile flatter,
as it should. For a steep temperature drop-oﬀ (p > 1), it is the
other way round. The steeper the size distribution, the steeper
the profile. The dependence on p for a fixed q is also obvious.
For all q > 3.0 (which is expected), a steeper temperature gradient steepens the SB profile. For all q < 3.0, the opposite is
true. In the standard case that we took in most of the numerical
simulations (p = 1/2, q = 3.5), we get μ = 3.75 (asterisk in
Fig. 10).
In the case of a dust-induced gas heating (γ = 1), Eq. (32)
and Fig. 10 suggest that a much wider range of μ is possible, and
that the results are more sensitive to q. For example, the same
standard case p = 1/2, q = 3.5 would result in an extremely
steep μ = 6.5. However, in view of the temperature calculation
results presented in Fig. 1, we do not expect Eq. (32) to be better approximation to reality than Eq. (30). Rather, it is meant to
show that the radial distribution of dust is quite sensitive to the
assumed gas heating model.
6.2. “Dynamic” model

Instead of considering a system in which all grains reside at
their stability distances, we now allow grains to drift through
the disk towards their respective parking positions. We start with
a thermally-supported gas disk and, for a time being, we neglect collisions. Equation (27) for the normal geometrical optical
depth of the disk replaces by
 s0 (r)

1
1 s0 (r) s2−q
Ṅ(s)s2
τ(r) =
ds ∝
ds,
(33)
2r 0
vr (r, s)
r 0
vr (r, s)
and the surface brightness profile is now given by
 s0 (r) 2−q
1
s
SB(r) ∝ 3
ds.
vr (r, s)
r 0

(34)
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Here, s0 (r) is the radius of those grains whose stability distance
is r. For disks with p < 1, s0 decreases with r. The radius s0
or equivalently, the radiation pressure-to-gravity ratio of grains
with radius s0 , which we denote by β0 , can be read out from
Fig. 2 or calculated analytically from Eq. (10):
 1−p
kT g0 r0
r
β0 (r) = (p + ξ)
·
(35)
μg mH GM r0
As a numerical example, for β Pic at r = 500 AU we have
β0 ≈ 0.10...0.13 and s0 ≈ 6.6...8.6 μm for all thermallysupported disks modeled. It is only grains with s <
∼ 6.6...8.6 μm
that are present at the distance of 500 AU.
Unfortunately, vr (r, s) is a complicated, non-power-law function of both arguments (see, e.g., Eq. (23) in Takeuchi &
Artymowicz 2001). What is more, a distance-dependent integration limit s0 (r) in Eq. (34) would result is a non-powerlaw brightness profile even if vr was a power law. The only
straightforward particular case is blowout grains with β >
∼ 0.5.
Figure 4 shows that their radial velocity is nearly constant, yielding SB ∝ r−3 . This is consistent with numerical simulations (see
dotted lines in Fig. 9).
For the bound grains with moderate β that actually dominate
outer disks, there are two competing eﬀects. One is the distancedependent integration limit s0 (r). Its physical meaning is as follows. The larger the distance, the smaller the grains need to be
to be able to reach it by gas drag. Thus larger grains are only
present closer to the star, which steepens the SB slope. Another
eﬀect is that vr decreases with r (see Fig. 4), making the SB slope
flatter than −3. For instance, if we adopt vr ∝ r−1 as a very rough
approximation for the outer disk, we will have SB ∝ r−2 .
Further complications are expected from collisions. The
grains have then a limited lifetime, and the integrand in Eq. (34)
would have to be weighted with a fraction of particles that survive collisions before they arrive at a distance r. This would generally aﬀect the SB slope.
Because of the complexity of vr (r, s) and limited grain lifetime due to collisions, it is diﬃcult to extend our “dynamic”
model further. However, the model is still useful, as it uncovers the reason why SB slopes in systems with gas may be flatter
than −3 (like in Thébault & Augereau 2005, see their Fig. 3): it is
the slow-down of radial drift velocity with increasing distance.
On the other hand, the model demonstrates that slopes steeper
than −3 are also possible, because larger grains can only drift
to limited distances and only contribute to the parts of the disk
close to the birth ring.
Equations (33), (34) also hold for the radiation pressuresupported disks. However, in this case the upper integration
limit s0 has another meaning: the radius of grains whose β ratio is equal to βgas , Eq. (12). The above discussion applies in
large part to this case, too. The main conclusion is that a slope
around −3.0 is expected, possible deviations from which stem
from a size-dependent radial drift velocity and collisions.

7. Conclusions
We considered young debris disks, in which there is observational evidence for a rotating gas component (either primordial
or secondary). We assumed that dust is replenished from parent
bodies that are located in a “birth ring” (which usually shows
up in the resolved images). We then modeled the dust distribution and scattered-light brightness profile in the outer part of the
disk, exterior to the birth ring, under diﬀerent assumptions about
possible amount and distribution of gas.
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Our main conclusions are as follows:
1. Our numerical simulations revealed that the radial profile
of dust density, and thus the surface brightness profile of a
dusty disk, are surprisingly insensitive to the parameters of a
central star, location of the dust-producing planetesimal belt,
dustiness of the disk and, most interestingly, the parameters
of the ambient gas. The radial brightness slopes in the outer
disks are all typically in the range −3...−4. This result holds
for gas densities varying by three orders of magnitude and
for diﬀerent radial profiles of the gas temperature. Both the
gas of solar composition supported against gravity by gas
pressure gradient and gas of strongly non-solar composition
that must be supported by radiation pressure would lead to
similar profiles, too. The slopes of −3...−4 are the same that
were theoretically found for gas-free debris disks, and they
are the same as actually retrieved from observations of many
debris disks.
2. Although the slopes roughly fall into the range −3...−4, the
numerical simulations made it apparent that the exact slope
depends on the total amount of gas in the disk and the gas
density distribution slope, as well as on the dust density
(through collisional timescales).
3. We developed a simple analytic description of the radial distribution of dust brightness in an optically thin disk. The analytic model explains the numerical results 1.−2. and provides guidelines to what can be expected in young debris
disks, prior to any detailed numerical modeling. Assuming
gray isotropic scattering by dust, the analytic model predicts
a range of slopes around −3, due to the dominant contribution of small high-β grains. It shows that deviations from this
nominal value may come from the slow-down of radial drift
of bigger grains at larger distances (flattening), from the fact
that larger grains cannot reach larger distances (steepening),
and from the collisional elimination of dust particles. In the
limiting case of very high gas densities and low dust densities (where the “visible” dust drifts through the outer disk
over timescales shorter than their collisional timescales), if
the dust size distribution at production follows a power law
with an index −3.5, and assuming a black-body gas temperature, the model predicts a slope of −3.75.
4. Our results for three young (10−30 Myr old), spatially resolved, edge-on debris disks (β Pic, HD 32297, and AU Mic)
show that the observed radial profiles of the surface brightness do not pose any stringent constraints on the gas component of the disk. At least for gas densities falling within
the observationally derived density limits, we do not see any
significant eﬀect of gas on dust distributions. Thus we cannot exclude that outer parts of the systems may have retained
substantial amounts of primordial gas which is not evident
in the gas observations (e.g. as much as 50 Earth masses
for β Pic). However, the possibility that gas is only present
in small to moderate amounts, as deduced from gas detections (e.g. ∼0.05 Earth masses in the β Pic disk or even less),
remains open, too. In that case, gas would be secondary,
stemming for instance from grain-grain collisions or photodesorption of dust.
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Appendix A: Nomenclature
Symbol
d
G
k
n
q
QD
Qpr
r
L
L
mH
mp
mt
M
M
M⊕
s
SB
SED
p
P
Tg
T coll
T drift
T sett
T stop
vcr
vg
vK
vr
vrel
vT
α
β
βgas
γ
η
ρbulk
ρg
σ
τ
μ
μg
ξ

Description
Distance of the star from Earth
Universal gravitational constant
Boltzmann constant
Dust number density
Slope of dust size distribution in the birth ring (2)
Critical energy for fragmentation and dispersal (18)
Radiation pressure eﬃciency
Distance from the star
Stellar luminosity
Solar luminosity
Mass of hydrogen atom
Projectile mass (18)
Target mass (18)
Stellar mass
Solar mass
Earth mass
Radius of a dust grain
Surface brightness
Spectral energy distribution
Radial slope of T g
Gas pressure
Gas temperature
Collisional lifetime (19)
Time a grain needs to reach its rstab
Dust settling time (towards the disk mid-plane)
Dust stopping time (15)
Minimum relative velocity for collisional disruption (18)
Orbital velocity of a gas parcel
Circular Keplerian velocity
Radial velocity of a dust grain
Relative velocity of two dust grains at collision
Thermal velocity of gas
Radial slope of τ
Ratio of radiation pressure force to gravity for dust grains
Ratio of radiation pressure force to gravity for gas
Eﬃciency of gas heating by dust (16)
Ratio of gas-supporting force to gravity (6), (12)
Bulk density of dust grains
Gas density
Collisional cross section of dust grains (19)
Normal geometrical optical depth
Radial slope of SB
Molecular weight of gas
Radial slope of gas density (9)
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