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ABSTRACT

Context. In close binary systems, the axial rotation and the mutual tidal forces of the component stars deform each other and destroy
their spherical symmetry by means of the respective disturbing potentials.
Aims. We present new models for low-mass, pre-main sequence stars that include the combined distortion effects of tidal and rota-
tional forces on the equilibrium configuration of stars. Using our theoretical results, we aim at investigating the effects of interaction
between tides and rotation on the stellar structure and evolution.
Methods. The Kippenhahn & Thomas (1970, in Stellar Rotation, ed. A. Slettebak) approximation, along with the Clairaut-Legendre
expansion for the gravitational potential of a self-gravitating body, is used to take the effects of tidal and rotational distortions on the
stellar configuration into account.
Results. We obtained values of internal structure constants for low-mass, pre-main sequence stars from stellar evolutionary models
that consider the combined effects of rotation and tidal forces due to a companion star. We also derived a new expression for the
rotational inertia of a tidally and rotationally distorted star. Our values corresponding to standard models (with no distortions) are
compatible with those available in literature. Our distorted models were successfully used to analyze the eclipsing binary system
EK Cep, reproducing the stellar radii, effective temperature ratio, lithium depletion, rotational velocities, and the apsidal motion rate
in the age interval of 15.5–16.7 Myr.
Conclusions. In the low-mass range, the assumption that harmonics greater than j = 2 can be neglected seems not to be fully justified,
although it is widely used when analyzing the apsidal motion of binary systems. The non-standard evolutionary tracks are cooler than
the standard ones, mainly for low-mass stars. Distorted models predict more mass-concentrated stars at the zero-age main-sequence
than standard models.

Key words. stars: evolution – stars: interiors – stars: rotation – stars: pre-main sequence – stars: binaries: close –
stars: low-mass, brown dwarfs

1. Introduction

A binary system consists of two stars that rotate around their
own axes and, at the same time, revolve around the center of
mass of the system. Sometimes, the intrinsic rotation axis and
the orbital one are aligned since the beginning of the formation
process. Usually, the orbit begins with a considerable eccentric-
ity and the component stars are not synchronized with the or-
bital angular velocity. However, due to the inertial forces that
take place, the system tends to align its axes, to synchronize the
rotational angular velocity of the components with the orbital
angular velocity at the periastron passage and, finally, to circu-
larize the orbit. Extensive spectroscopic evidence reveals that the
components of close binary (in general, non-eccentric) systems
do rotate with an angular velocity,Ω, which is generally equal to
the Keplerian angular velocity, ωK, of the orbital motion around
a common center of mass, so that

Ω � ωK =

√
G

M1 + M2

R3
· (1)

� The full version of Table 1 is only available in electronic
form at the CDS via anonymous ftp to cdsarc.u-strasbg.fr
(130.79.128.5) or via
http://cdsweb.u-strasbg.fr/cgi-bin/qcat?J/A+A/494/209

However, occasionally Ω is much larger than ωK – the sense of
rotation being direct in every known case. In systems exhibit-
ing circular orbits, synchronism between rotation and revolu-
tion may usually (though not always) be expected to exist, while
components describing eccentric orbits, though in general rotat-
ing faster than their mean orbital angular velocity, can still be
synchronized with the orbital motion at the periastron.

When both components are on the main sequence, the most
massive one is also larger in radius and hotter, and is called pri-
mary, both in photometric (the star eclipsed in the deepest min-
imum of the light curve) and in spectroscopic studies. In other
evolutionary stages, however, it is a common situation that the
most massive component is not the larger or the one of higher
effective temperature. It continues being designed as “primary”
in spectroscopic studies, but referred to as “secondary” in light
curve analysis, due to the lower effective temperature.

One important aspect of the evolution of close binaries is the
dynamical evolution due to tidal interaction, which is reflected
in the rotation of the stars and in the eccentricity of their orbits.
Tidal deformation due to the companion would be symmetric
about the line joining their centers, if there were no dissipation
of kinetic energy into heat. It is this dissipation that induces a
phase shift in the tidal bulge, and the tilted mass distribution,
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then, exerts a torque on the star, leading to an exchange of angu-
lar momentum between its spin and the orbital motion. Theory
distinguishes two components in the tide, namely, equilibrium
tide and dynamical tide (Zahn 1989):

– equilibrium tide is the hydrostatic adjustment of the structure
of the star to the perturbing force exerted by the companion.
The dissipation mechanism acting on this tide is the interac-
tion between the convective motions and the tidal flow (Zahn
1966);

– dynamical tide is the dynamical response to the tidal force
exerted by the companion; it takes into account the elas-
tic properties of the star, and the possibilities of resonances
with its free modes of oscillation. The dissipation mecha-
nism acting on this tide is the departure from adiabaticity
of the forced oscillation, due to the radiative damping (Zahn
1975).

To describe the tidal process in massive main-sequence stars,
which have convective cores and radiative envelopes, it is neces-
sary to use a theory that accounts for dynamical effects which
arise due to tidal forces (Zahn 1977; Savonije & Papaloizou
1983). Witte & Savonije (1999a,b, 2001) published extensive
studies of the role played by close resonances with eigenmodes
of these early type stars during the orbital decay (see also
Willems et al. 2003). On the other hand, for low-mass main-
sequence stars and giants, which have extended convective en-
velopes, retardation of the equilibrium tide due to the viscosity
of turbulent eddies in the envelope is usually assumed to be the
cause of the tidal torque. Savonije & Witte (2002) calculated the
tidal interaction of a uniformly rotating 1 M� star with a orbit-
ing companion at various phases of evolution from the zero-age
main-sequence (ZAMS) to core hydrogen exhaustion. Their re-
sults indicate that effects related to stellar rotation can consid-
erably enhance the speed of tidal evolution in low-mass binary
systems. In another paper, Witte & Savonije (2002) showed that
energy dissipation through resonant dynamic tides may domi-
nate convective damping of equilibrium tides in solar-type stars.

In standard models, the stars are assumed to be spherically
symmetric. However, the spherical symmetry will be destroyed
if a disturbing potential exists, as it happens for rotating stars
either isolated or in binary (multiple) systems, or due to tidal
forces (gravitational influence of a companion), present in binary
systems.

In the case of a rotating star in a binary system, both ro-
tational and tidal forces distort its shape from the spherical
symmetry. The analytic determination of these combined ef-
fects is complex and approximate methods have been used in
the literature, with one of the distorting forces (generally rota-
tion) being analyzed in approximate ways (Mohan et al. 1990).
Chandrasekhar (1933) developed the theory of distorted poly-
tropes and Kopal (1972, 1974) developed the concept of Roche
equipotentials and coordinates to study the combined effects of
tidal forces and rotation on stars. Kippenhahn & Thomas (1970)
(KT70) devised a method for introducing the effects of rota-
tion in existing one-dimensional evolutionary codes that became
widely adopted in the literature (see e.g. Endal & Sofia 1976;
Pinsonneault et al. 1990; Fliegener & Langer 1995; Chaboyer
et al. 1995; Meynet & Maeder 1997; Mendes et al. 1999; Claret
1999). In the case of massive stars, the effects of rotation on their
structure and evolution were studied by various authors (e.g.
Meynet & Maeder 1997, 2000; Maeder & Zahn 1998; Heger
et al. 2000; Maeder & Meynet 2000, 2001), some of which
present also grids of stellar models for rotating, massive stars.

In the low-mass range, Pinsonneault et al. (1990), Martín &
Claret (1996) and Mendes et al. (1999) presented exploratory
studies on the influence of rotation on Li depletion in pre-main
sequence (MS) evolution, and Landin et al. (2006) provided
grids of non-gray rotating pre-MS models from 0.085 M� to
3.8 M�.

Mohan et al. (1990) presented a method for calculating the
equilibrium structure of a rotationally and tidally distorted pri-
mary component in a synchronously rotating binary system.
Their method assumes a Roche model potential and uses the
KT70 method for computing the corrections due to rotation and
tides. Their results for stellar models of 10, 5, and 2.5 M�, for
which the mass ratio q of the secondary component to the pri-
mary component was set to 0.1, indicate that rotational effects
are more important than those produced by tidal distortions.

In this paper, we present a new version of the ATON code
(Ventura et al. 1998) that treats the combined effects of tidal
and rotational distortions on a star. This allows us, for exam-
ple, to obtain the apsidal motion constants of the primary com-
ponent of a binary system that rotates and suffers the tidal ef-
fects of the secondary component. Instead, however, of using a
Roche-type potential, which considers both binary components
as point masses, we adopt the more precise technique based on
the Clairaut-Legendre expansion for the potential energy of a
self-gravitating body (Kopal 1959). The paper is organized as
follows: in Sect. 2 we give a brief account of theoretical apsi-
dal motion calculations in the literature. Section 3 presents the
KT70 method, proposed for determining the equilibrium struc-
tures of rotationally and tidally distorted stellar models, in which
the non-spherical stellar equations can be easily obtained from
the spherical ones. The technique for introducing the combined
tidal and rotational effects is described in Sect. 4, in which we
present, also, new calculations of internal structure constants ex-
tended to the pre-MS phase. The results are presented in the
Sect. 5. Discussion and comparisons with observed apsidal mo-
tion rates are given in Sect. 6.

2. Apsidal motion and internal structure constants

The internal structure constants k2, k3 and k4, also known as apsi-
dal motion constants, are important in stellar astrophysics. They
are mass concentration parameters that depend on the mass dis-
tribution throughout the star. There is, however, a direct rela-
tion between the gravitational field of a non-spherical body and
the internal density concentration in that body (Sahade & Wood
1978).

From a theoretical point of view, the values of k j ( j = 2, 3,
4) depend on the model used. For the Roche model, in which
the whole stellar mass is concentrated at its center, the k j values
are all equal to zero, while for a homogeneous model k2 = 3/4,
k3 = 3/8 and k4 = 1/4. The values of the internal structure
constants are essential to compute the theoretical apsidal motion
rates in close binaries, and the comparison with the observations
constitutes an important test for evolutionary models. The most
centrally concentrated stars have the lowest values of k j and the
longest values of apsidal periods (Eq. (6)).

It can be shown that the theoretical apsidal rate ω̇, in radians
per cycle, is given in terms of the internal structure constants by
(Martynov 1973; Hejlesen 1987, hereafter H87)

ω̇

2π
=

2∑
i=1

4∑
j=2

c jik ji, (2)



N. R. Landin et al.: Tidal and/or rotational distortions 211

where i denotes the component star (1= primary, 2= secondary)
and j the harmonic order. Generally, terms of order higher than
j = 2 are very small so that only values of k2i enter in Eq. (2).

The internal structure constants are important in other astro-
physical aspects, since synchronization and circularization time
scales in close binaries depend on k2 (Zahn 1977). Other appli-
cations are in the computation of rotational angular momenta
(Sect. 4.4), where gyration radii (defined in Eq. (58)) can be
expressed as a linear function of the apsidal motion constants
(Ureche 1976), and in the determination of the effect of binarity
in the geometry of the stellar surfaces due to rotation and tides
(Ruciński 1969; Kopal 1978).

The first analytical expression for the apsidal motion pe-
riod in close binaries in terms of stellar masses, relative radii
and internal structure constants of the component stars was
given by Russell (1928) and later improved by Cowling (1938).
Chandrasekhar (1933) used polytropic models to predict inter-
nal structure constants for main-sequence stars. At that time, the
large uncertainties of the observational data, as well as the use of
polytropic models with an arbitrary index n, were responsible for
the apparently good agreement between observed and predicted
values of log k2.

By using more realistic stellar models, different authors de-
rived more elaborated expressions for the apsidal motion pe-
riod, separating rotational and tidal contributions to the total
apsidal motion rate. The apsidal motion test was also applied
to polytropic models by Sterne (1939), Brooker & Olle (1955)
and, later, to early theoretical stellar models at the ZAMS, by
Schwarzschild (1958) and Kushawa (1957), both using the old
Keller & Meyerott (1955) opacities. At that time, the theoretical
values of k2 were systematically larger than those obtained by
observations, which led to the interpretation that real stars were
more centrally condensed than predicted by models. This dis-
crepancy persisted during several decades; more recently, how-
ever, Claret & Willems (2002) and Willems & Claret (2003) have
found no systematic effects in the sense that models are less mass
concentrated than real stars, for binaries with accurately known
absolute dimensions. Jeffery (1984) and H87 computed internal
structure constants for stars within the main sequence. The for-
mer used Carson (1976) opacities, while the latter used opacity
tables by Cox & Stewart (1969).

In more recent years, the most extensive series of theoreti-
cal works in the literature regarding apsidal motion constants is
that one from Claret and collaborators, some of which are briefly
described here. Claret & Giménez (1989a, hereafter CG89a) pre-
sented a detailed grid of evolutionary stellar models during the
hydrogen burning phases, including apsidal motion constants.
Claret & Giménez (1991) studied the effect of the core over-
shooting and mass loss on the internal density concentration of
main-sequence stars. With more updated input physics, Claret
& Giménez (1992, hereafter CG92) computed stellar models to-
gether with internal together with internal structure constants.
Those models showed a general tendency to be cooler and more
centrally concentrated in mass than their previous computations
for the typical masses where apsidal motion is observed. Claret
& Giménez (1992, 1993) and Claret (1995) were able to re-
duce the discrepancies between theoretical and observed values
of k2 at acceptable levels for systems whose relativistic contri-
butions were small. Claret (1999) took into account the effect
of rotation on the internal structure of stars and found that it
strongly depends on the distortion of the configuration. Claret
& Willems (2002) revised the status of the apsidal motion test
to stellar structure and evolution. They increased the observa-
tional sample by about 50% in comparison with previous works

and took into account the effects of dynamic tides to determine
the contribution of the tidal distortion to the predicted apsidal
motion rate; they found a good agreement between observed
and theoretical apsidal motion rates. The most recent internal
structure constants for main-sequence stars are those contained
in Claret (2004, 2005, 2006b, 2007, hereafter C04, C05, C06b
and C07, respectively). They were calculated with new stellar
models based on updated physics computed with different metal-
licities: (X, Z)= (0.70, 0.02) [C04]; (X, Z)= (0.754, 0.002) and
(0.748, 0.004) [C05]; (X, Z)= (0.730, 0.010) and (0.739, 0.007)
[C06b]; and (X, Z)= (0.64, 0.04), (0.58, 0.06) and (0.46, 0.10)
[C07].

2.1. Perturbations and the apsidal motion

The longitude of periastron of a binary orbit, ω, defines the di-
rection of the line of apsides in the orbital plane. It is constant, in
the orbit of a system consisting of two gravitating bodies, only
if all the three following conditions are valid: (i) the bodies can
be regarded as point masses; (ii) they move in accordance with
Newton law of gravitation (r−2); and (iii) the two bodies form
a gravitationally isolated system. However, if any of these con-
ditions fails, the size, form, and spatial position of the orbit will
vary. The most readily detectable effect is a variation in the value
of ω with time that is referred to as rotation (advance or reces-
sion) of the line of apsides. For a more detailed discussion of this
subject, see, for instance, the works of Batten (1973) or Claret &
Giménez (2001).

Several types of perturbations exist and can lead to rotation
of apsides, such as mutual tidal distortion of the components,
distortion of the components due to axial rotation, relativistic ef-
fects, presence of a third body, and recession due to a resisting
circumbinary medium. The axial rotation and the mutual tidal
forces of close binary systems’ components will deform each
other and destroy their spherical symmetry, by means of the re-
spective disturbing potentials. Besides the changes in the stellar
structure, described in Sect. 4, these disturbing potentials pro-
duce an observed change in ω which is the sum of the effects
caused by each component (Batten 1973). The total rate of apsi-
dal advance per orbital revolution, ω̇, is

ω̇

2π
=

P
U
= k21c21 + k22c22, (3)

where P is the anomalistic orbital period, U is the apsidal motion
period, and

c2i =

⎡⎢⎢⎢⎢⎢⎣
(
Ωi

ωK

)2 (
1 +

M3−i

Mi

)
f (e) +

15M3−i

Mi

g(e)

⎤⎥⎥⎥⎥⎥⎦
(Ri

A

)5

, (4)

where i = 1, 2 stands for the primary and the secondary stars,
respectively; Mi and Ri are stellar mass and radius of compo-
nent i; A is the semi-major axis; e is the orbital eccentricity; and
the functions f (e) and g(e) are defined as

f (e) =
(
1 − e2

)−2
and g(e) =

(
8 + 12e2 + e4

)
f (e)2.5

8
, (5)

(Ωi/ωK) being the ratio between the actual angular rotational
velocity of the stars and that corresponding to synchronization
with the average orbital velocity. Equation (3) is a special case
of Eq. (2), in which only the second order harmonics are taken
into account. The first term in Eq. (4) represents the contribution
to the total apsidal motion given by rotational distortions and the
second term corresponds to the tidal contributions.
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With the exception of the k2i, all parameters in Eq. (3) can be
determined from photometric and spectroscopic analysis. The
empirical weighted average of the internal structure constants
for individual systems can be given by

k̄2 obs =
1

c21 + c22

P
U
=

1
c21 + c22

ω̇

2π
· (6)

Equations (4) and (6) show that k̄2 obs depend on our knowledge
of the rotation velocities of the component stars. In most bina-
ries with good absolute dimensions, the rotation velocities of the
individual components are known through spectroscopic analy-
sis. Since the average orbital rotation, or Keplerian velocity, is
a function of the orbital period, the ratio of rotational velocities
in Eq. (4), namely Ωi/ωK, is well determined in these binaries
(Claret & Giménez 1993). For systems without observational de-
terminations, the best approach is to assume that the components
are synchronized with the orbital velocity at periastron, where
the tidal forces are at maximum. The rotation velocities are
related by (Kopal 1978)

ω2
P =

(1 + e)
(1 − e)3

ω2
K, (7)

where ωP is the angular velocity at periastron, e is the orbital
eccentricity, and ωK is the Keplerian angular velocity (Eq. (1)).
Claret & Giménez (1993) checked the validity of this approxi-
mation, achieving a good agreement between the observed and
the predicted rotational velocities by assuming synchronization
at periastron (see their Fig. 6).

The mean k2i values, obtained through Eq. (6), can be com-
pared with those derived from theoretical models (Eq. (10)).
However, the observed mean values of k2 obs should be first cor-
rected from non-distortional effects, like relativistic, third body,
and interstellar medium contributions.

2.2. Internal structure constants for spherically symmetric
configurations

Internal structure constants (k j) can be approximately computed
based on the simple (and unrealistic) assumption that stars can be
described by spherically symmetric models. These approximate
k j have been computed for comparison with observed rates of
apsidal motion.

The Radau’s differential equation (Kopal 1959) is numer-
ically integrated throughout all the structure with a 4th-order
Runge-Kutta method (Press et al. 1992):

r
dη j

dr
+ 6

ρ(r)
ρ̄(r)

(η j + 1) + η j(η j − 1) = j( j + 1), (8)

where η j(0) = j − 2 ( j = 2, 3, 4), ρ(r) is the local density at a
distance r from the center, and ρ̄(r) is the mean density within
the inner sphere of radius r. The resulting value of the function
η j(R), which satisfies Radau’s equation with R being the radius
of the configuration, is used to obtain the individual values of k j,

k j =
j + 1 − η j(R)

2( j + η j(R))
· (9)

Because the observed motion of apsides is the sum of the motion
produced by both stars, the quantities k2i (i = 1, 2 for the primary
and the secondary star, respectively) cannot be observationally
determined separately. So, the theoretical counterpart of Eq. (6)

is the weighted mean value of the individual theoretical apsidal
motion constant,

k̄2,theo =
c21k21,theo + c22k22,theo

c21 + c22
, (10)

where c21 and c22 are computed through Eq. (4) by using abso-
lute dimensions, and k21,theo and k22,theo are the theoretical apsidal
motion constants for the primary and the secondary, respectively,
obtained from the stellar models (Eq. (9)) for the corresponding
mass and radius of each component. Before performing the ap-
sidal motion comparison, one has to check if the models are able
to reproduce basic stellar parameters, such as effective tempera-
tures, and to predict a common age for the two components. A
good discussion of this subject is given by Claret & Giménez
(1993). In Sect. 7 we show our predictions about apsidal motion
for a chosen binary, comparing them with observational data.

3. The Kippenhahn and Thomas formulation

The KT70 method is a strategy for considering disturbing po-
tentials in evolutionary stellar models more realistically, so that
the distortion produced by a given disturbing potential is entirely
included in the total potential function.

To clarify how these disturbing effects were taken into ac-
count in the KT70 method, the equations are re-derived here. In
this formulation, the spherically symmetric surfaces, normally
used in standard stellar models, are replaced by suitable non-
spherical equipotential surfaces characterized by the total poten-
tial ψ, the mass Mψ enclosed by the corresponding equipoten-
tial surface whose surface area is S ψ and encloses a volume Vψ,
and rψ, the radius of the topologically equivalent sphere with the
same volume Vψ, enclosed by the equipotential surface.

For any quantity f varying over an equipotential surface, we
can define its mean value as

〈 f 〉 = 1
S ψ

∫
ψconst.

f dσ, (11)

where S ψ =
∫
ψconst.

dσ, and dσ is the surface element.

The local effective gravity is given by g = dψ
dn , where dn is

the (non-constant) separation between two successive equipo-
tentials ψ and ψ + dψ, so that we have

〈g〉 = 1
S ψ

∫
ψconst.

dψ
dn

dσ, (12)

〈g−1〉 = 1
S ψ

∫
ψconst.

(
dψ
dn

)−1

dσ. (13)

The volume between the surfaces ψ and ψ+ dψ is given by

dVψ =

∫
ψconst.

dndσ = dψ
∫

ψconst.

(
dn
dψ

)
dσ = dψS ψ〈g−1〉, (14)

from which we obtain

dψ =
1

S ψ〈g−1〉dVψ =
1

S ψ〈g−1〉
dMψ

ρ(ψ)
, (15)

and the volume of the topologically equivalent sphere is given
by Vψ =

4π
3 r3

ψ.
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Equation (15) can be combined with the general form of the
hydrostatic equilibrium equation,

dP
dψ
= −ρ, to give (16)

dP
dMψ

= −GMψ

4πr4
ψ

fp, (17)

where fp is given by

fp =
4πr4

ψ

GMψ

1
S ψ〈g−1〉 · (18)

With these corrections, the four stellar structure equations, with
Mψ as the independent variable, become

dP
dMψ

= −GMψ

4πr4
ψ

fp, (19a)

drψ
dMψ

=
1

4πr2
ψρ
, (19b)

dLψ
dMψ

= ε − T
∂S
∂t
, (19c)

dTψ
dMψ

= −GMψT

4πr4
ψP
∇, ∇ =

{
∇rad,

ft
fp
∇conv

}
, (19d)

where fp is given by Eq. (18) and

ft =

⎛⎜⎜⎜⎜⎜⎝4πr2
ψ

S ψ

⎞⎟⎟⎟⎟⎟⎠
2

1
〈g〉〈g−1〉 · (20)

In the case of isolated and non-rotating stars, fp = ft=1, and the
original stellar structure equations are recovered. In order to ob-
tain the internal structure of a distorted gas sphere, the set of
Eqs. (19) must be numerically integrated under suitable bound-
ary conditions.

This formulation was largely used in the literature mainly
due to the easiness of its implementation in existing evolutionary
codes (e.g. Endal & Sofia 1976; Law 1980; Pinsonneault 1988;
Martín & Claret 1996; Mendes et al. 1999).

4. Tidal and/or rotational distortions
on the equilibrium structure of stars

We consider the effects of tidal forces, as well as the combined
effects of tidal forces and rotation, on the stellar tructure and im-
plemented such effects in the ATON code. Mendes (1999) had al-
ready introduced the effects of rotation alone in it. The tidal and
rotational effects in stellar models were implemented according
to the treatment derived by KT70 and modified by Endal & Sofia
(1976), who in turn used a more refined function to take into
account terms related to the distortion of the stars, namely the
Clairaut-Legendre expansion for the gravitational potential of a
self-gravitating body (Kopal 1959). The calculations are done
within the framework of static tides; in the case of dynamic tides,
a more refined treatment is required (see Claret & Willems 2002;
Willems & Claret 2003).

In our model, tides and axial rotation are the two physical
causes of the stellar configuration deviating from a spherical
form. The centrifugal pseudo-potential terms arising from the
orbital motion around the center of mass of the system do con-
tribute, also, for the departure from sphericity, but we do not

consider these terms in the present work, yet. These terms will
be included in future works. We treat three different situations:
1) rotation acting alone; 2) tidal forces acting alone; and 3) a
combination of both effects distorting the star. The special case
of the evolution of one of the components in a binary system
is considered, assuming that (i) it rotates about an axis perpen-
dicular to the orbital plane; (ii) from the orbital point of view,
the system is considered to be at rest, i.e., the stars do not re-
volve around each other; and, particularly in this work; (iii) the
ratio of the mutual separation to the radius of the evolving (dis-
torted) star is assumed to be constant. The value of this ratio is
an input parameter that depends on the system to be reproduced;
in close binaries, the separation of the stars is often less than
10 times their radii (Hilditch 2001). The equipotential surfaces
can be written as an expansion of the tesseral harmonics1 Yi

j,

r(r0, θ, φ) = r0

⎡⎢⎢⎢⎢⎢⎢⎣1 +
∑
i, j

Yi
j(r0, θ, φ)

⎤⎥⎥⎥⎥⎥⎥⎦ , (21)

where r0 is the mean radius of the corresponding equipotential
surface. The tesseral harmonics can be written as

Yi
j(r0, θ, φ) = K(r0)Pi

j(θ, φ), (22)

where K(r0) is the radial part of the tesseral harmonics and its
angular part, Pi

j, being functions associated with Legendre poly-
nomials.

4.1. Rotational distortion

Rotation alone would render the star a rotational spheroid flat-
tened at the poles. In what follows we are considering conserva-
tive rotation, which means that the centrifugal acceleration can
be derived from a potential,

Ω2s es = −∇Vrot, (23)

where s = r sin θ is the perpendicular distance to the rotation axis
of the star. A necessary and sufficient condition for the conserva-
tive case is that Ω = Ω(s) (Kippenhahn & Weigert 1994), which
means rotation is constant on cylinders. Rigid body rotation is
obviously a special case of conservative rotation.

Following Kopal (1959) and later Endal & Sofia (1976), the
total potential is divided in three parts according to Eqs. (24),
where ψs is the spherically symmetric part of the gravitational
potential, ψr is the cylindrically symmetric potential due to ro-
tation, and ψ(rot)

d is the cylindrically symmetric part of the grav-
itational potential due to the distortion of the figure of the star
caused by rotation. If the coordinates of the point P are the ra-
dius r and the polar angle θ (measured from the rotational axis),
the components of the potential at P can be written as

ψs =
GMψ

r
, (24a)

ψr =
1
2
Ω2 sin2 θ, (24b)

ψ(rot)
d =

∞∑
j=2

4πG
(2 j + 1)r j+1

r0∫
0

ρ
∂

∂r′0

(
r′ j+3

0 Yi
j

)
dr′0. (24c)

1 Tesseral harmonics are spherical harmonics of the form
cos(mφ)Pm

l (cos θ) and sin(mφ)Pm
l (cos θ), for m � l. These harmonics

are so named because the curves on which they vanish are l − m
parallels of latitude and 2m meridians, which divide the surface of a
sphere into quadrangles whose angles are right angles.



214 N. R. Landin et al.: Tidal and/or rotational distortions

In Eqs. (24), Mψ andΩ are respectively the mass and the angular
velocity of the rotating star, while r0, by virtue of the cylindri-
cally symmetric rotational potential ψr, corresponds to the ra-
dius of the equipotential surface (as given by Eq. (21)) at the
angle θ0 defined such that P2(cos θ0) = 0, P2 being the second-
order Legendre polynomial. Here, the shape of rotating configu-
rations is described according to the expansion given in Eq. (21),
with Yi

j given by

Yi
j(r0) = ci, j

2 j + 1
j + η j(r0)

r j+1
0

GMψ
Pi

j(θ, φ). (25)

By limiting ourselves to first-order theory, the disturbing poten-
tial associated to rotation (Eq. (24b)) is such that it will invoke a
single non-zero Yi

j term in Eq. (21), namely that one correspond-
ing to i=0, j=2 (Kopal 1959, 1960):

c 0,2 = −1
3
Ω2. (26)

So, in the case of rotational distortions acting alone, the equipo-
tential surface now becomes

r(r0, θ) = r0

[
1 + Yrot

]
. (27)

in which we replaced Y2 by Yrot for better clarity, and

Yrot = −
Ω2r3

0

3GMψ

5
2 + η2(r0)

P2(cos θ), (28)

where we have abbreviated, as it is customary,

η2 =
r0

Yrot

∂Yrot

∂r0
· (29)

In short, Yrot is a measure of the deviation from sphericity caused
by rotation. The quantity η2 is of particular interest to our study,
because the theoretical apsidal motion constant k2 can be derived
from it (see Sect. 2). The evaluation of η2 can be done by numer-
ically integrating the Radau’s equation:

r0
dη2

dr0
+ 6

ρ(r0)
ρ̄(r0)

(η2 + 1) + η2(η2 − 1) = 6. (30)

This equation is slightly different from Eq. (8). Here we use j =
2, and the spherical radius r was replaced by r0, the mean radius
of the distorted configuration.

By virtue of the definition of Yrot ≡ Y2 as given by Eq. (28),
the expression for ψ(rot)

d simplifies to

ψ(rot)
d = − 4π

3r3
P2(cos θ)

r0∫
0

ρ
r′70
Mψ
Ω2 5 + η2

2 + η2
dr′0 (31)

so that the total potential can be written as

ψ = ψs + ψr + ψ
(rot)
d

=
GMψ

r
+

1
2
Ω2 sin2 θ

− 4π
3r3

P2(cos θ)

r0∫
0

ρ
r′70
Mψ
Ω2 5 + η2

2 + η2
dr′0. (32)

By defining the radial part of the axisymmetric tesseral har-
monic Yrot as

A(r0) =
Ω2r3

0

3GMψ

5
2 + η2

, (33)

the radius of the equipotential surface, Eq. (27), can be rewritten
as

r(r0, θ) = r0

[
1 − A(r0)P2(cos θ)

]
. (34)

To relate r0 to rψ, we evaluate the volume integral from r = 0 to
r(r0, θ) to obtain

Vψ =
4πr3

0

3

⎡⎢⎢⎢⎢⎢⎣1 + 3
5

A2 − 2
35

A3

⎤⎥⎥⎥⎥⎥⎦. (35)

For simplicity, the arguments of the term A(r0) were suppressed.
From the previous equation, rψ is then obtained as

rψ = r0

⎡⎢⎢⎢⎢⎢⎣1 + 3
5

A2 − 2
35

A3

⎤⎥⎥⎥⎥⎥⎦
1/3

. (36)

Usually, rψ is known and so r0 can be calculated through Eq. (36)
by means of an iterative procedure.

Since the local effective gravity is given by

g =
∂ψ

∂n
=

⎡⎢⎢⎢⎢⎢⎣
(
∂ψ

∂r

)2

+

(
1
r
∂ψ

∂θ

)2⎤⎥⎥⎥⎥⎥⎦
1/2

, (37)

g can be found by differentiation of Eq. (32). The integral in
Eq. (32) and their derivatives must be evaluated numerically.
Once the values of 〈g〉 and 〈g−1〉 are known for a set of points
on an equipotential surface, S ψ〈g〉 and S ψ〈g−1〉 can be found,
respectively, from Eqs. (12) and (13) by numerically integrating
over θ.

4.2. Tidal distortion

Tidal distortion acting alone would tend to elongate the star in
the direction of the other component. Similarly to Eqs. (24), the
total potential is divided in three parts ψs, ψt, and ψ(tid)

d , where ψs
is again the spherically symmetric part of the gravitational, po-
tential, ψt is the non-symmetric potential due to tidal forces, and
ψ(tid)

d is the non-symmetric part of the gravitational potential due
to distortion of the star caused by the presence of the compan-
ion. If the coordinates of the point P are the radius r, the polar
angle θ, and the azimuthal angle φ, the components of the poten-
tial at P can be written as:

ψs =
GMψ

r
, (38a)

ψt =
GM2

R

⎡⎢⎢⎢⎢⎢⎣
∞∑
j=2

(r0

R

) j
P j(λ)

⎤⎥⎥⎥⎥⎥⎦, (38b)

ψ(tid)
d =

∞∑
j=2

4πG
(2 j + 1)r j+1

r0∫
0

ρ
∂

∂r′0

(
r′ j+3

0 Yi
j

)
dr′0. (38c)

In Eqs. (38), Mψ and M2 are respectively the masses of the pri-
mary and the disturbing star; R is the mutual separation between
the centers of mass of the two stars; λ = cosφ sin θ; r0 is the
radius of the equipotential surface at the angles (θ0, φ0), defined
such that

B(r0)P2(λ0) +C(r0)P3(λ0) + D(r0)P4(λ0) = 0, (39)

where λ0 = cosφ0 sin θ0 and the terms B(r0), C(r0) and D(r0)
are defined in Eqs. (47); and P j are the jth-order Legendre
polynomials.



N. R. Landin et al.: Tidal and/or rotational distortions 215

By virtue of the disturbing tidal potential given by Eq. (38b),
and again restricting ourselves to first-order quantities only, it
follows that the only non-zero Y j terms in Eq. (21) consistent
with the equilibrium theory of tides are those for which i=0, j=
2, 3, 4 (the reader is referred to the works of Kopal 1959, 1960,
for full details):

c 0, j = G
M2

R j+1
( j = 2, 3, 4), (40)

from which we have

Y j =
M2

Mψ

2 j + 1
j + η j(r0)

( r0

R

) j+1
P j(λ), ( j = 2, 3, 4), (41)

where, as before,

η j =
r0

Y j

∂Y j

∂r0
; (42)

the equipotential surfaces are then described by

r(r0, θ, φ) = r0

[
1 +

4∑
j=2

Y j

]
. (43)

So, for tidal forces acting alone, the Y j are a measure of the
deviation from sphericity due to those forces.

As in Sect. 4.1, the apsidal motion constants can be derived
from η j by using our theoretical stellar models (see Sect. 2). The
evaluation of the quantity above can be done by, again, numeri-
cally integrating the Radau’s equation

r0
dη j

dr0
+ 6

ρ(r0)
ρ̄(r0)

(η j + 1) + η j(η j − 1) = j( j + 1), (44)

for each j = 2, 3, 4.
Substituting Y j as given by Eqs. (41) in (38c) and carrying

on the partial derivative in the latter, we get

ψ(tid)
d = 4πGM2

4∑
j=2

P j(λ)

(rR) j+1

r0∫
0

ρ
r′2 j+3

0

Mψ

j + 3 + η j

j + η j
dr′0. (45)

The total potential is then

ψ = ψs + ψt + ψ
(tid)
r

=
GMψ

r
+

GM2

R

⎡⎢⎢⎢⎢⎢⎣
∞∑
j=2

( r0

R

) j

P j(λ)

⎤⎥⎥⎥⎥⎥⎦

+ 4πGM2

4∑
j=2

P j(λ)

(rR) j+1

r0∫
0

ρ
r′2 j+3

0

Mψ

j + 3 + η j

j + η j
dr′0. (46)

By defining the radial parts of the non-symmetric tesseral har-
monics Y j in Eq. (41) as

B(r0) =
M2

Mψ

( r0

R

)3 5
2 + η2

, (47a)

C(r0) =
M2

Mψ

( r0

R

)4 7
3 + η3

, (47b)

D(r0) =
M2

Mψ

( r0

R

)5 9
4 + η4

, (47c)

we can describe the equipotential surfaces, Eq. (43), as

r(r0, θ, φ) =

r0

[
1 + B(r0)P2(λ) +C(r0)P3(λ) + D(r0)P4(λ)

]
. (48)

We evaluate the volume integral from r = 0 to r(r0, θ, φ) given
by Eq. (48) and obtain

Vψ=
4πr3

0

3

⎡⎢⎢⎢⎢⎢⎣1 + 3B2

5
+

3C2

7
+

2B3

35
+

6B2D
35
+

D2

3

+
4BC2

35
+

20BD2

231
+

6C2D
77

+
18D3

1001

⎤⎥⎥⎥⎥⎥⎦, (49)

where the arguments of the terms B(r0), C(r0) and D(r0) were
omitted. From Eq. (49), r0 and rψ are related by

rψ = r0

⎡⎢⎢⎢⎢⎢⎣1 + 3B2

5
+

3C2

7
+

2B3

35
+

6B2D
35
+

4BC2

35

+
20BD2

231
+

6C2D
77
+

18D3

1001
+

D2

3

⎤⎥⎥⎥⎥⎥⎦
1
3

· (50)

Similarly to the case of pure rotation, r0 can be calculated
from the value of rψ through Eq. (50), by means of an iterative
procedure.

The local effective gravity is now given by

g =
∂ψ

∂n
=

⎡⎢⎢⎢⎢⎢⎣
(
∂ψ

∂r

)2

+

(
1
r
∂ψ

∂θ

)2

+

(
1

r sin θ
∂ψ

∂φ

)2⎤⎥⎥⎥⎥⎥⎦
1
2

, (51)

and it can be obtained by differentiation of Eq. (46). As before,
integrals and derivatives must be evaluated numerically.

Finally, by integrating over θ and φ, we find S ψ〈g〉 and
S ψ〈g−1〉 from Eqs. (12) and (13), respectively, once 〈g〉 and 〈g−1〉
are known for a set of points on an equipotential surface.

4.3. Combined effects of rotation and tides

According to Kopal (1960, 1974), the combined effects of ro-
tation and tides give rise to a total disturbing potential that can
be expressed as the sum of the distortion terms corresponding
to pure rotation or tides and of a number of interaction terms.
The latter, however, are in general second-order terms; so, in the
present work, we neglect those interaction terms since we are
dealing with first-order theory only.

The total potential for the combined case is then com-
posed by four parts, which represent the joint contributions from
first-order rotational and tidal effects as respectively given by
Eqs. (24) and (38): ψs, the spherically symmetric part of the
gravitational potential; ψr, the cylindrically symmetric poten-
tial due to rotation; ψt, the non-symmetric potential due to tidal
forces; and ψd ≡ ψ(rot)

d + ψ(tid)
d , the non-symmetric part of the

gravitational potential due the to distortion of the star consider-
ing both effects. Again, we do not take into account the pseudo-
potential centrifugal terms due to the orbital motion in this ap-
proximation. So, the total potential for the combined case (to
first-order approximation) at P(r, θ, φ) is

ψ = ψs + ψr + ψt + ψd

=
GMψ

r
+

1
2
Ω2 sin2 θ +

GM2

R

⎡⎢⎢⎢⎢⎢⎣1 +
4∑

j=2

( r0

R

) j
P j(λ)

⎤⎥⎥⎥⎥⎥⎦

− 4π
3r3

P2(cos θ)

r0∫
0

ρ
r′70
Mψ
Ω2 5 + η2

2 + η2
dr′0

+4πGM2

4∑
j=2

P j(λ)

(rR) j+1

r0∫
0

ρ
r′2 j+3

0

Mψ

j + 3 + η j

j + η j
dr′0. (52)
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In Eq. (52), Mψ, M2, Ω, R, and λ retain their meanings as previ-
ously defined in Sects. (4.1) and (4.2), while r0 is now the radius
of the equipotential surface at the angles (θ0, φ0) defined such
that

−A(r0)P2(cos θ0) + B(r0)P2(λ0) +C(r0)P3(λ0)

+D(r0)P4(λ0) = 0, (53)

where A(r0) is given by Eq. (33), and B(r0), C(r0), and D(r0) are
defined in Eqs. (47).

Since, as previously mentioned, the distortions arising from
both rotation and tidal effects are simply additive (to first- and
even second-order accuracy; Kopal 1960, 1974, 1989), the exter-
nal equipotential surface of the distorted star can be described by

r(r0, θ, φ) = r0

[
1 + Yrot +

4∑
2

Y j

]
, (54)

where Yrot is given by Eq. (28) and the Y j are given by Eq. (41).
As in Sects. 4.1 and 4.2, the evaluation of η j can be done by
numerically integrating Radau’s equation (Eq. (44)). In this way,
by using an adequate iterative procedure, we can obtain a value
for η2 that reflects the combined effects of rotation and tides,
and η3 and η4 values that obviously relate only to tidal effects.

If we define the radial parts of the tesseral harmonics, A(r0),
B(r0), C(r0) and D(r0), according to Eqs. (33) and (47), Eq. (54)
can be rewritten as

r(r0, θ, φ) = r0

[
1 − A(r0)P2(cos θ) + B(r0)P2(λ)

+C(r0)P3(λ) + D(r0)P4(λ)
]
. (55)

By integrating Eq. (55) from r = 0 to r(r0, θ, φ), we obtain

Vψ =
4πr3

0

3

[
1 +

3A2

5
+

3AB
5
+

3B2

5
+

3C2

7
− 2A3

35

−3A2B
35
+

9A2D
140

+
3AB2

35
+

2AC2

35
+

2B3

35

+
10AD2

231
+

6ABD
35

+
6B2D

35
+

4BC2

35

+
6C2D

77
+

20BD2

231
+

18D3

1001
+

D2

3

]
· (56)

For simplicity, A(r0), B(r0), C(r0), D(r0) appear with no argu-
ments. From Eq. (56), r0 and rψ are related as

rψ = r0

[
1 +

3A2

5
+

3AB
5
+

3B2

5
+

3C2

7
− 2A3

35

−3A2B
35
+

9A2D
140

+
3AB2

35
+

2AC2

35
+

2B3

35

−3A2B
35
+

9A2D
140

+
3AB2

35
+

2AC2

35
+

2B3

35

+
6C2D

77
+

20BD2

231
+

18D3

1001
+

D2

3

] 1
3

· (57)

As before, r0 can be calculated through Eq. (57) by means of an
iterative procedure.

The local effective gravity is given by Eq. (51), g can be nu-
merically found by differentiation of Eq. (52). With the values
of 〈g〉 and 〈g−1〉 known for a set of points on an equipoten-
tial surface, S ψ〈g〉 and S ψ〈g−1〉 can be found, respectively, from
Eqs. (12) and (13) by numerically integrating over θ and φ.

4.4. Rotational inertia

Rotational inertia (or moment of inertia) is an important tool for
studying tidal evolution theories, since it is required to predict
the circularization and synchronization time scales (Zahn 1977).

Motz (1952) computed values of rotational inertia by us-
ing the existing (and unrealistic) models at that time. Ruciński
(1988) obtained values of the radii of gyration for polytropic
models of low-mass stars at the ZAMS. The radius of gyration
of a body is the distance between a given axis of this body2 and
its center of gyration3, and is defined by

β =

√
I

MR2
, (58)

where I is the rotational inertia of the star, and M and R are the
stellar mass and radius, respectively. Claret & Giménez (1989b)
presented radii of gyration calculations for more massive stars
during the hydrogen burning phases. They used standard mod-
els, in which the stars are described by spherically symmetric
configurations. More recent computations of radii of gyration
were provided by C04, C05, C06b, and C07.

As a consequence of the distortions introduced by rotation
and tides, the rotational inertia of the star is changed from that
one corresponding to spherical symmetry. Law (1980) derived
the rotational inertia of a rotationally distorted mass shell, to
first-order accuracy, as

ΔI =
2
3

dmψr2
ψ

(
r0

rψ

)4 [
1 +

3
20

5∑
i=1

αiA
i(iη2 + 5)

]
, (59)

where

αi =
5

i!(5 − i)!

∫ π

0
Pi

2(cos θ) sin3 θdθ. (60)

In what follows, we present a new expression for the rotational
inertia taking into account both rotational and tidal distortions,
again considering only first-order effects. We start by consider-
ing a very thin mass shell, for which the rotational inertia is given
by

ΔI =
∫

R2dm. (61)

By using spherical coordinates, so that R = r sin θ and dm =
ρr2 sin θdrdθdφ, and assuming that ρ is constant in such a thin
mass shell (which will be later justified as we get to the limiting
differential case), the previous expression becomes

ΔI = ρ

2π∫
0

π∫
0

r2∫
r1

r4 sin3 θdrdθdφ

=
ρ

5

2π∫
0

π∫
0

(r5
2 − r5

1) sin3 θdθdφ, (62)

2 In a rotating body, the rotation axis is considered. If no axis is spec-
ified, the centroidal axis, which is the line joining the centroid of each
cross section along the length of an axial member such as truss diagonal,
is assumed.
3 The center of gyration of a body is defined as that point at which the
whole mass might be concentrated (theoretically) without altering the
body’s rotational inertia. In other words, this is the center about which
the body can rotate without moving linearly or vibrating.
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where r1 and r2 are respectively the inner and outer radius of the
mass shell. For a tidally and rotationally distorted mass shell, r1
and r2 correspond to the radius of the equipotential surfaces of
the distorted configuration as given by Eq. (55), so that

ri = r0i

[
1 − A(r0i)P2(cos θ) + B(r0i)P2(λ)

+C(r0i)P3(λ) + D(r0i)P4(λ)
]
, (63)

where i = 1, 2.
Since the terms B(r0i), C(r0i) and D(r0i), in Eq. (63), are

proportional to (r0i/R) j with j = 2, 3, 4 respectively, and that,
furthermore, they would be raised to the fifth power when sub-
stituted in Eq. (62), it follows that B(r0i) would dominate over
C(r0i) and D(r0i) in the latter equation, as r0i/R < 1. This, in
short, means that terms of order j higher than 2 do not contribute
significantly to the total departure from the spherical symmetry,
as already noted by Claret & Willems (2002). So, as a further
approximation, we drop the terms corresponding to j = 3, 4 in
Eq. (63) for the sole purpose of computing the rotational inertia
of a mass shell distorted by tides and rotation. This approxima-
tion allows us to reduce from 252 to 42 the terms that result from
the full development of Eq. (62) when r1 and r2 are substituted
for those given by Eq. (63). In this way, ΔI becomes, after some
algebra,

ΔI =
ρ

5

∫ 2π

0

∫ π

0

{ 2∑
i=1

(−1)ir5
0i

[
1 − A(r0i)P2(cos θ)

+B(r0i)P2(λ)
]5
}

sin3 θdθdφ. (64)

The fifth power term within brackets in Eq. (64) can be expanded
by using the multinomial theorem

(x1 + x2 + ... + xp)n =∑
0≤a1 ,a2 ,...,ap≤n
a1+a2+...+ap=n

(
n

a1, a2, ..., ap

)
xa1

1 xa2
2 · · · x

ap
p , (65)

yielding

ΔI=
ρ

5

∑
0≤a1 ,a2 ,a3≤5
a1+a2+a3=5

Qa

⎡⎢⎢⎢⎢⎢⎣
2∑

i=1

(−1)i+1r5
0iA

a2 (r0i)Ba3(r0i)

⎤⎥⎥⎥⎥⎥⎦, (66)

where

Qa =

⎛⎜⎜⎜⎜⎜⎝ 5!
a1!a2!a3!

⎞⎟⎟⎟⎟⎟⎠
∫ 2π

0

∫ π

0
Pa2

2 (cos θ)Pa3

2 (λ) sin3 θdθdφ. (67)

For the limiting case of a thin mass shell, we have

r01 = r0,

r02 = r01 + dr01 = r0 + dr0,

A(r01) = A,

B(r01) = B,

A(r02) = A(r01) + dA(r01) = A + dA and

B(r02) = B(r01) + dB(r01) = B + dB,

so that the terms within brackets in Eq. (66) can be rewritten as[
−r5

02Aa2 (r02)Ba3(r02) + r5
01Aa2 (r01)Ba3(r01)

]
=

[
−(r0 + dr0)5(A + dA)a2(B + dB)a3 + r5

0 Aa2 Ba3

]
. (68)

For a thin mass shell one has r0�dr0 and consequently A�dA
and B�dB, so the right side of Eq. (68) can be further reduced
to

−r4
0dr0Aa2 Ba3

[
a2η

(rot)
2 + a3η

(tid)
2 + 5

]
,

where η(rot)
2 and η(tid)

2 stand for the η2 values that would result
from pure rotation or pure tidal effects, respectively.

By using this latter result and remembering that dmψ =

4πρr2
ψdrψ, Eq. (66) can be brought to the form

ΔI = − 1
20π

dmψ

r4
0

r2
ψ

dr0

drψ

×
∑

0≤a1 ,a2 ,a3≤5
a1+a2+a3=5

QaAa2 Ba3

[
a2η

(rot)
2 + a3η

(tid)
2 + 5

]
, (69)

where Qa is given by Eq. (67).
In the special situation in which only tidal forces are present,

the rotational inertia of a given mass shell is

ΔI=
4
3

dmψr2
ψ

(
r0

rψ

)4dr0

drψ

⎡⎢⎢⎢⎢⎢⎣1+ 3
80π

5∑
p=1

QpBp(pη2 + 5)

⎤⎥⎥⎥⎥⎥⎦, (70)

where η2 corresponds unambiguously to η(tid)
2 and Qp is given by

Qp =
5

p!(5 − p)!

∫ 2π

0

∫ π

0
Pp

2 (λ) sin3 θdθdφ. (71)

5. Models

Our new version of the ATON evolutionary code has not only
many updated and modern features, regarding the physics of
stellar interior (Ventura et al. 1998), but, also, is able to repro-
duce stars with spherically symmetric configurations, as well as
tidally and rotationally distorted stars (see Sect. 4). The grids
cover a mass range from 0.09 to 3.8 M� and were computed from
early stages of pre-MS phase up to the main sequence. The radia-
tive opacities are taken from Iglesias & Rogers (1993), extended
by Alexander & Ferguson (1994) tables in the low-temperature
regime. The OPAL equation of state (Rogers et al. 1996) is used
in the range 3.7 < log T < 8.7, while in the low-T high density
regime we use the equation of state of Mihalas et al. (1988). The
nuclear network includes 14 elements and 22 reactions; the rel-
evant cross-sections are taken from Caughlan & Fowler (1988).
We adopted the solar metallicity (Z = 0.0175, Y = 0.27). The
classical Mixing Length Theory (MLT, Böhm-Vitense 1958) was
used to treat the convective transport of energy, though the ATON
code can also use the FST (Full Spectrum of Turbulence) treat-
ment (Canuto et al. 1996). The mixing length parameter has been
set to α = Λ/Hp = 1.5, value that, according to our calibration,
best reproduces the solar radius at the solar age with boundary
conditions obtained from gray atmosphere models (Landin et al.
2006).

We present four sets of evolutionary models, namely: (i)
standard, spherical models (with no distorting effect) corre-
sponding to single non-rotating stars; (ii) binary models (dis-
torted only by tidal forces) in which we treat non-rotating stars
in binary systems; (iii) rotating models (distorted only by rota-
tion) for representing single rotating stars and finally; (iv) rotat-
ing binary models (distorted simultaneously by rotation and tidal
forces), useful to study rotating stars in binary systems. In cases
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Table 1. Pre-MS evolutionary tracks (including log kj and β) for 1 M� star generated with our standard modelsa.

log Age(yr) log L
L� log Teff(K) log g(cgs) log k2 log k3 log k4 β

2.2954 1.8909 3.5902 1.8604 −0.9075 −1.3965 −1.7387 0.4177
3.6550 1.6727 3.6057 2.1405 −0.8654 −1.3526 −1.6927 0.4253
4.1464 1.4526 3.6185 2.4119 −0.8325 −1.3076 −1.6379 0.4319
4.5435 1.2322 3.6293 2.6755 −0.8060 −1.2707 −1.5920 0.4374
5.1029 1.0251 3.6376 2.9159 −0.7868 −1.2434 −1.5574 0.4415
5.3018 0.8982 3.6418 3.0597 −0.7776 −1.2301 −1.5405 0.4435
5.5216 0.6905 3.6472 3.2889 −0.7664 −1.2139 −1.5197 0.4459
5.7953 0.4699 3.6510 3.5245 −0.7587 −1.2028 −1.5053 0.4476
6.0918 0.2493 3.6526 3.7517 −0.7535 −1.1954 −1.4958 0.4488
6.3961 0.0286 3.6516 3.9682 −0.7769 −1.2180 −1.5174 0.4495
6.7156 −0.1866 3.6497 4.1757 −0.7904 −1.2420 −1.5475 0.4458
7.0039 −0.3157 3.6560 4.3301 −0.8492 −1.3026 −1.6126 0.4260
7.2246 −0.2773 3.6840 4.4038 −1.0944 −1.5458 −1.8532 0.3811
7.3696 −0.1155 3.7255 4.4078 −1.5590 −2.0471 −2.3655 0.3202
7.4906 −0.0389 3.7573 4.4585 −1.8961 −2.4599 −2.8086 0.2812
8.7585 −0.1301 3.7516 4.5270 −1.7105 −2.2631 −2.6077 0.2974
9.3538 −0.0815 3.7553 4.4933 −1.8011 −2.3570 −2.7027 0.2872
9.5876 −0.0307 3.7587 4.4558 −1.9017 −2.4620 −2.8096 0.2767
9.6979 0.0084 3.7608 4.4252 −1.9810 −2.5432 −2.8916 0.2689
9.8058 0.0619 3.7627 4.3793 −2.0934 −2.6579 −3.0078 0.2588

a The complete version of the table, including 88 tracks for the four sets of models and all the masses of Table 2, is available only in electronic form
at the CDS. The tracks corresponding to rotating models and rotating binary models will contain an additional column regarding the rotational
period.

in which rotation is present, we assume rigid body rotation. The
relation between initial angular momentum (Jin) and stellar mass
that we used was obtained from the respective mass-radius and
mass-moment of inertia relations from Kawaler (1987):

Jkaw = 1.566 × 1050

(
M
M�

)0.985

cgs. (72)

For computing the binary models (both rotating and non-
rotating) we assumed a separation of 7 times the radius of the
star whose evolution is followed (from this point on referred
to as the primary), which is in the range typical for close bi-
nary systems (Hilditch 2001); the disturbing star is considered
to be a point mass of the same mass as its primary. As previ-
ously stated, the pseudo-potential centrifugal terms arising from
the orbital motion around the system’s center of mass are not
included in the present approximation for the tidal effects due
to a companion. We followed the evolution of internal struc-
ture constants and moment of inertia during the pre-MS phase
and tabulated them together with the corresponding evolutionary
tracks. Table 1 presents the 1 M� standard model as an example
of such tables. Column 1 gives the logarithm of stellar age (in
years); Col. 2, the logarithm of stellar luminosity (in solar units);
Col. 3, the logarithm of effective temperature (in K); and Col. 4,
the logarithm of effective gravity (in cgs). Columns 5–7 give the
logarithm of internal structure constants, and Col. 8 gives the
gyration radius.

Table 2 presents the internal structure constants and the gy-
ration radius at the ZAMS, for both non-rotating and rotating
models. Its successive columns give the stellar mass (in M�); the
logarithm of the stellar luminosity (in solar units); the logarithm
of the effective temperature (in K); the logarithm of the surface
gravity (in cgs units); the logarithm of the internal structure con-
stants k2, k3 and k4; the radius of gyration β (cf. Eq. (58)); and,
finally, the rotational periods (in days), when rotation is present.

6. Results and discussion

In this section, we discuss the results yielded by the models pre-
sented in Sect. 5 and the differences obtained with each set of
models. Then we proceed with a comparison with other works
in the literature.

6.1. Effects on the internal structure constants

As previously mentioned, Mohan et al. (1990) found that the ef-
fects of rotational distortions on main-sequence stellar models
are greater than those of tidal distortions, though their results
were obtained only for binary models with a mass ratio of 0.1.
We investigated the ZAMS models in order to verify such dif-
ferences, by calculating how different the non-standard values
of the second-order internal structure constants are as compared
with the standard ones for each stellar mass at the ZAMS. The
binary models produced values of log k2 lower than the standard
models, on average, by a difference of about 0.0170, with a max-
imum difference of 0.1330 occurring for the 0.9 M� model. For
the rotating and the rotating binary models this average differ-
ence is 0.0570 and 0.0594, respectively; the maximum differ-
ence happens at the mass of 1.6 M� for both sets of models, be-
ing 0.1603 for rotating models and 0.1654 for rotating binary
ones.

To better assess the relative importance of the rotational and
tidal effects, we also ran rotating binary models of 0.3 and 1.0
solar masses with (a) separations of 3, 14, 35 and 70 times the
radius of the primary, (b) masses of the disturbing star corre-
sponding to the double and half values of the primary mass,
and (c) initial angular momentum equal to 0, 1 and 3 Jkaw,
where Jkaw is given in Eq. (72). Table 3 presents, from left to
right, the primary mass, the initial angular momentum, the sec-
ondary mass, the separation between the components and the
logarithm of k2 at the ZAMS for these additional models. From
that table we can see that, with the only exception of the case of
1 M� with orbital separation of 3 times the primary’s radius and
Jin equal to Jkaw, log k2 is mainly affected by the inclusion of
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Table 2. Internal structure constants and gyration radii for ZAMS models. See the text for details.

M
(M�) log L

L�
log Teff

(K)
log g
(cgs) log k2 log k3 log k4 β P

(d)
M

(M�) log L
L� log Teff log g log k2 log k3 log k4 β P

(d)

Standard (spherically symmetric) models Tidally (non-rotating) distorted models
0.09 −3.3197 3.4367 5.4113 −0.8134 −1.2455 −1.5272 0.4600 – 0.09 −3.3260 3.4355 5.4146 −0.8173 −1.2500 −1.5318 0.4601 –
0.10 −3.0098 3.4839 5.3360 −0.8359 −1.2743 −1.5613 0.4554 – 0.10 −3.0131 3.4836 5.3398 −0.8391 −1.2779 −1.5651 0.4556 –
0.20 −2.2529 3.5255 5.0462 −0.8943 −1.3520 −1.6567 0.4453 – 0.20 −2.2540 3.5255 5.0490 −0.9000 −1.3592 −1.6651 0.4454 –
0.30 −1.9334 3.5444 4.9788 −0.8720 −1.3253 −1.6269 0.4489 – 0.30 −1.9344 3.5445 4.9815 −0.8770 −1.3317 −1.6345 0.4490 –
0.40 −1.6724 3.5626 4.9153 −0.9176 −1.3812 −1.6922 0.4402 – 0.40 −1.6716 3.5628 4.9168 −0.9213 −1.3870 −1.6995 0.4397 –
0.50 −1.3820 3.5885 4.8254 −1.0460 −1.5023 −1.8099 0.4119 – 0.50 −1.3815 3.5888 4.8275 −1.0501 −1.5082 −1.8173 0.4114 –
0.60 −1.0632 3.6252 4.7325 −1.2494 −1.7065 −2.0127 0.3808 – 0.60 −1.0598 3.6240 4.7260 −1.2309 −1.6897 −1.9975 0.3821 –
0.70 −0.7584 3.6639 4.6496 −1.4603 −1.9300 −2.2404 0.3534 – 0.70 −0.7558 3.6640 4.6487 −1.4621 −1.9334 −2.2449 0.3532 –
0.80 −0.4808 3.7026 4.5849 −1.6441 −2.1288 −2.4442 0.3314 – 0.80 −0.4778 3.7024 4.5825 −1.6417 −2.1282 −2.4453 0.3312 –
0.90 −0.3454 3.7280 4.6022 −1.7067 −2.2259 −2.5554 0.3216 – 0.90 −0.2348 3.7312 4.5059 −1.8397 −2.3484 −2.6735 0.3071 –
1.00 −0.1253 3.7540 4.5319 −1.9037 −2.4571 −2.8011 0.2957 – 1.00 −0.1228 3.7546 4.5331 −1.9185 −2.4769 −2.8234 0.2950 –
1.20 0.3184 3.7935 4.3251 −2.4573 −3.1435 −3.5662 0.2361 – 1.20 0.3319 3.7941 4.3156 −2.4968 −3.1894 −3.6146 0.2334 –
1.40 0.6830 3.8214 4.1394 −2.8859 −3.7014 −4.2406 0.1962 – 1.40 0.6901 3.8219 4.1355 −2.9077 −3.7278 −4.2709 0.1950 –
1.60 0.9558 3.8590 4.0749 −2.9992 −3.8561 −4.4404 0.1861 – 1.60 0.9630 3.8595 4.0709 −3.0239 −3.8827 −4.4670 0.1853 –
1.80 1.1839 3.8998 4.0611 −2.9891 −3.8436 −4.4275 0.1869 – 1.80 1.1883 3.9011 4.0629 −3.0035 −3.8618 −4.4467 0.1866 –
2.00 1.3797 3.9357 4.0547 −2.9667 −3.8203 −4.4044 0.1887 – 2.00 1.3851 3.9366 4.0541 −2.9796 −3.8339 −4.4182 0.1882 –
2.30 1.6345 3.9811 4.0419 −2.9337 −3.7823 −4.3644 0.1913 – 2.30 1.6376 3.9826 4.0464 −2.9370 −3.7882 −4.3727 0.1912 –
2.50 1.7839 4.0073 4.0339 −2.9098 −3.7554 −4.3376 0.1930 – 2.50 1.7867 4.0089 4.0385 −2.9233 −3.7718 −4.3542 0.1930 –
2.80 1.9782 4.0438 4.0349 −2.8593 −3.7029 −4.2840 0.1967 – 2.80 1.9834 4.0447 4.0343 −2.8732 −3.7160 −4.2976 0.1962 –
3.00 2.0976 4.0649 4.0296 −2.8407 −3.6809 −4.2612 0.1985 – 3.00 2.1002 4.0664 4.0344 −2.8480 −3.6905 −4.2709 0.1985 –
3.30 2.2587 4.0938 4.0257 −2.8049 −3.6406 −4.2186 0.2014 – 3.30 2.2589 4.0959 4.0350 −2.7987 −3.6360 −4.2145 0.2018 –
3.50 2.3542 4.1121 4.0287 −2.7741 −3.6065 −4.1826 0.2037 – 3.50 2.3593 4.1128 4.0275 −2.7974 −3.6341 −4.2126 0.2032 –
3.80 2.4869 4.1368 4.0307 −2.7394 −3.5731 −4.1496 0.2069 – 3.80 2.4915 4.1378 4.0313 −2.7537 −3.5871 −4.1636 0.2065 –

Rotationally distorted (single star) models Rotationally and tidally distorted models
0.09 −3.5403 3.3830 5.4499 −0.8321 −1.2660 −1.5486 0.4657 0.0323 0.09 −3.5459 3.3818 5.4520 −0.8317 −1.2657 −1.5481 0.4655 0.0322
0.10 −3.2999 3.4264 5.4644 −0.8653 −1.3053 −1.5923 0.4666 0.0237 0.10 −3.3060 3.4251 5.4666 −0.8649 −1.3047 −1.5916 0.4664 0.0236
0.20 −2.3178 3.5083 5.1457 −0.9989 −1.4770 −1.7971 0.4450 0.0430 0.20 −2.3170 3.5086 5.1456 −0.9965 −1.4741 −1.7938 0.4449 0.0429
0.30 −1.9701 3.5350 5.0252 −0.9202 −1.3823 −1.6909 0.4520 0.0777 0.30 −1.9707 3.5349 5.0269 −0.9194 −1.3815 −1.6901 0.4518 0.0775
0.40 −1.7068 3.5551 4.9499 −0.9340 −1.4047 −1.7203 0.4465 0.1159 0.40 −1.7041 3.5553 4.9491 −0.9358 −1.4072 −1.7232 0.4457 0.1160
0.50 −1.4194 3.5808 4.8578 −1.0457 −1.5085 −1.8213 0.4182 0.1561 0.50 −1.4171 3.5810 4.8577 −1.0438 −1.5063 −1.8189 0.4176 0.1562
0.60 −1.1005 3.6164 4.7590 −1.2446 −1.7069 −2.0180 0.3852 0.1995 0.60 −1.0981 3.6165 4.7583 −1.2424 −1.7044 −2.0152 0.3849 0.2001
0.70 −0.7913 3.6551 4.6710 −1.4587 −1.9288 −2.2416 0.3566 0.2445 0.70 −0.7897 3.6550 4.6706 −1.4540 −1.9246 −2.2378 0.3565 0.2454
0.80 −0.5102 3.6945 4.6054 −1.6515 −2.1405 −2.4603 0.3334 0.2845 0.80 −0.5075 3.6935 4.6000 −1.6403 −2.1236 −2.4405 0.3339 0.2897
0.90 −0.2657 3.7247 4.5344 −1.8640 −2.3763 −2.7039 0.3084 0.3243 0.90 −0.2638 3.7248 4.5342 −1.8639 −2.3754 −2.7025 0.3080 0.3247
1.00 −0.1458 3.7465 4.5486 −1.9242 −2.4777 −2.8225 0.2963 0.3233 1.00 −0.1444 3.7467 4.5495 −1.9231 −2.4757 −2.8197 0.2959 0.3228
1.20 0.2881 3.7838 4.3569 −2.4765 −3.1529 −3.5633 0.2362 0.3968 1.20 0.3355 3.7672 4.2349 −2.4134 −3.0060 −3.3663 0.2432 0.5464
1.40 0.6679 3.8070 4.1585 −2.9872 −3.8173 −4.3553 0.1891 0.4931 1.40 0.6753 3.8065 4.1514 −3.0084 −3.8409 −4.3800 0.1878 0.4974
1.60 0.9437 3.8406 4.0753 −3.1595 −4.0570 −4.6681 0.1749 0.5857 1.60 0.9492 3.8400 4.0696 −3.1646 −4.0617 −4.6729 0.1740 0.5902
1.80 1.1741 3.8852 4.0602 −3.1158 −4.0057 −4.6137 0.1778 0.6840 1.80 1.1772 3.8852 4.0587 −3.1232 −4.0129 −4.6212 0.1774 0.6854
2.00 1.3757 3.9229 4.0452 −3.0779 −3.9557 −4.5578 0.1807 0.7948 2.00 1.3793 3.9225 4.0415 −3.0858 −3.9640 −4.5662 0.1801 0.7992
2.30 1.6297 3.9723 4.0388 −3.0079 −3.8755 −4.4723 0.1858 0.9586 2.30 1.6333 3.9719 4.0353 −3.0205 −3.8886 −4.4851 0.1852 0.9638
2.50 1.7790 4.0003 4.0331 −2.9768 −3.8396 −4.4328 0.1886 1.0773 2.50 1.7806 4.0007 4.0342 −2.9814 −3.8443 −4.4376 0.1884 1.0762
2.80 1.9768 4.0378 4.0290 −2.9217 −3.7756 −4.3644 0.1927 1.2590 2.80 1.9787 4.0380 4.0296 −2.9249 −3.7803 −4.3700 0.1925 1.2588
3.00 2.0944 4.0602 4.0286 −2.8859 −3.7392 −4.3279 0.1954 1.3821 3.00 2.0957 4.0607 4.0309 −2.8819 −3.7328 −4.3199 0.1954 1.3785
3.30 2.2542 4.0906 4.0287 −2.8342 −3.6800 −4.2646 0.1993 1.5722 3.30 2.2577 4.0904 4.0260 −2.8433 −3.6885 −4.2723 0.1988 1.5784
3.50 2.3530 4.1085 4.0259 −2.8139 −3.6572 −4.2405 0.2014 1.7091 3.50 2.3527 4.1094 4.0311 −2.8084 −3.6511 −4.2333 0.2016 1.6983
3.80 2.4866 4.1338 4.0271 −2.7748 −3.6134 −4.1936 0.2048 1.9082 3.80 2.4880 4.1343 4.0291 −2.7711 −3.6083 −4.1878 0.2047 1.9038

Table 3. Values of log k2 obtained for additional modelsb.

Mprim (M�) Jin (Jkaw) Msec (M�) R (r�) log(k2)
0.30 . . . . . . . . . −0.872
0.30 . . . 0.30 7 −0.877
0.30 1 . . . . . . −0.921
0.30 1 0.30 7 −0.919
0.30 1 0.30 14 −0.918
0.30 1 0.30 35 −0.919
0.30 1 0.30 70 −0.920
0.30 1 0.15 7 −0.918
0.30 1 0.60 7 −0.919
0.30 . . . 0.30 3 −0.868
0.30 1 0.30 3 −0.916
1.00 . . . . . . . . . −1.904
1.00 . . . 1.00 7 −1.918
1.00 1 . . . . . . −1.924
1.00 1 1.00 7 −1.923
1.00 1 1.00 14 −1.926
1.00 1 1.00 35 −1.935
1.00 1 1.00 70 −1.930
1.00 1 0.50 7 −1.932
1.00 1 2.00 7 −1.939
1.00 . . . 1.00 3 −2.094
1.00 1 1.00 3 −2.027
1.00 3 1.00 3 −2.277

b Ellipsis dots (. . . ) indicate missing values, because the model is ei-
ther non-rotating or not binary. Rows with all numbers correspond to
rotating binary models.

rotational effects. For 0.3 M�, considering wider orbits and as-
suming different mass binary components do not alter signifi-
cantly the log k2 values. For the 1 M� model, log k2 decreases
slightly when the distance between the stars increases, except
for separations of 3 and 70 stellar radius, and when we vary the

mass of the companion stars. The maximum difference occurs
for 1 M� models, when we consider a companion star of 2 M�.

The particular cases of 1 M� with orbital separation of
3 times the primary’s radius and Jin = Jkaw or Jin=3Jkaw (where
Jkaw denotes the initial angular momentum given by Eq. (72))
demonstrate however that, depending on the star’s rotation rate,
a shorter orbital separation can make the tidal effects to over-
come the rotational ones regarding the internal structure con-
stants. This can be seen in Fig. 1, which also shows that the dif-
ferences become more apparent for ages starting at the ZAMS.

For the gyration radii, we found, for a given mass at the
ZAMS, values slightly higher for the rotating binary than for
those calculated with the standard models. This is due to the
combined differences between the radius and the rotational iner-
tia of each model.

Concerning the effects on the internal structure of the stars,
the models distorted only by tidal forces are in general similar
to the standard ones and the models distorted only by rotation
are similar to the rotating binary models. This is due to the fact
that, for the adopted orbital separation, the rotation effects are,
on average, more important than the tidal ones. Here, we con-
centrate in the differences between the standard models and the
rotating binary models, since this is the case of scientific interest
for apsidal motion studies.

In Fig. 2 we show the path followed by our standard mod-
els (solid lines) and our rotationally and tidally distorted models
(dashed lines) for the masses of 0.09, 0.2, 0.3, 0.4, 0.6, 0.8, 1.0,
1.2, 1.8, 2.0, and 3.8 M�. We can see that the distorted pre-MS
evolutionary tracks have lower Teff than their standard counter-
parts, as it is already known for stars distorted only by rotation.
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Fig. 1. log k2 values against age for an 1 M� models with orbital separation R and initial angular momentum Jin as indicated, where r� denotes the
primary’s radius and Jkaw the initial angular momentum given by Kawaler’s (1987) relations. Long-dashed lines represent values for the standard
(non-rotating, single star) model; solid lines, the rotating-only model; dotted lines, the binary model without rotation; and the short-dashed lines,
the rotating binary model.

Fig. 2. Evolutionary tracks for standard and for rotating binary models.
The model masses correspond to 0.09, 0.2 0.3, 0.4, 0.6, 0.8, 1.0, 1.2,
1.8, 2.0, and 3.8 M� from bottom to top.

Sackmann (1970) reported that the distorting effects of rota-
tion affects late-type, main-sequence stars much more seriously
than the early-type ones, and that this behavior could be ap-
proximately understood by looking at the variation of the power
law expressions of the nuclear-energy-generation rates along the
main sequence. This trend is also observed when tidal and rota-
tional distortions act together during the pre-MS.

Figure 3, in which we plot log k2 against the stellar age for
selected masses of our standard models and rotating binary mod-
els, shows the significant change in mass concentration during
the pre-MS evolution, especially for higher masses. For ages less
than 1 Myr the log k2 do not vary significantly, neither with time
nor with mass (see Fig. 3). For models with masses lower than
0.3 M�, that correspond to the mass range where stars are almost

Fig. 3. The time evolution of log k2 for selected masses of the standard
and the rotating binary models. The gray line corresponds to the ZAMS.

completely convective, log k2 remains roughly constant during
the evolution. For masses greater than 0.3 M� the values of log k2
are constant until a given age, after which they start to drop; the
decrease of log k2 starts earlier as the mass increases. It seems
that log k2 remains constant until the star develops a radiative
core.

The values of log k j versus stellar mass for standard models
and rotating binary models at the ZAMS are shown in Fig. 4, in
which we see that the distorted models corresponding curves re-
main below those corresponding to the standard models. The val-
ues of log k j are more sensitive to the distorting effects for M <
0.5 M� and for M > 1.4 M�. The values of log k2, log k3, and
log k4 remain roughly constant in the mass range 0.09–0.4 M�.
As the mass increases from 0.4 M� to 1.5 M�, k j drop signifi-
cantly (2–3 orders of magnitude) and reach their minimum value
at 1.5 M�. For masses greater than 1.5 M� we note a parallel be-
havior of the k j. H87 pointed out that, for a given mass, there
is a significant decrease in k j for increasing j, and that the rele-
vance of including the higher order terms, when comparing with
observations, can be judged from Eq. (2). In our analysis log k3

http://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361:20078403&pdf_id=1
http://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361:20078403&pdf_id=2
http://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361:20078403&pdf_id=3


N. R. Landin et al.: Tidal and/or rotational distortions 221

Fig. 4. log kj as a function of log M for ZAMS models, for the the same
set of masses as in Fig. 2.

and log k4 are really less important than log k2 in the mass range
that he analyzed (0.5–32 M�), but the same statement cannot be
extended to less massive stars (M ≤ 0.5 M�): as can be seen
from Table 2 and also from Fig. 4, k4 is lower than k2 by more
than one order of magnitude in the mass range 1.5–3.8 M�, but
this difference decreases to less than one order of magnitude for
stars less massive than 0.5 M�. So, in the low-mass range, the
assumption that the harmonics of order greater than j = 2 can
be neglected, widely used when analyzing the apsidal motion of
binary systems, seems not to be entirely justified, except maybe
when computing the apsidal motion rate ω̇ in which, besides a
dependence on log k j, there is also a dependence on (r0/R) j+3

that will make the j= 2 term always dominate unless r0 is very
close to R.

In Fig. 5 we show log β as a function of log M, at the ZAMS,
for our standard and non-standard models and also for the non-
rotating models by Claret & Giménez (1989b). For masses above
1.4 M� our models predict a lower value of log β than the Claret
& Giménez (1989b) ones; the values predicted by our rotat-
ing binary models are even lower. Although these models have
slightly different chemical compositions, the comparison is still
valid. A control made with a one solar mass model with the
same initial chemical composition as those by Claret & Giménez
(1989b) shows that the gyration radius at the ZAMS did not vary
significantly.

The time evolution of log β has the same behavior as the time
evolution of log k j (Fig. 3). Also, log β behaves roughly in the
same way as log k j as a function of log M (Fig. 4), with a min-
imum at 1.5 M�, corresponding to the change in the dominant
energy source from the p-p chain to the CNO cycle (Claret &
Giménez 1989b). This similarity is due to the known linear re-
lationship between log k j and log β, also seen in Fig. 1 by Motz
(1952).

The differences of the stellar radii as a function of stellar
age and mass for the standard and distorted models are shown
in Fig. 6. For a 0.5 M� star, it can be seen that the stellar radii at

Fig. 5. Standard models (open circles) and rotating binary models
(crosses) in the log β − log M plane. The full triangles correspond to
the results by Claret & Giménez (1989b).

the ZAMS of the rotating binary models are slightly smaller than
those produced by the standard models. For the 1 M� model, the
situation is the opposite: the distorted models predict a slightly
larger stellar radius at the ZAMS than the standard models; this
difference becomes still larger for the 2 M� model. The thresh-
old mass for this transition is at ∼0.7 M�. Sackmann (1970)
had already noted this behavior, finding a threshold mass about
1.3–1.5 M� and suggested that it could be related to the cross-
over from the proton-proton chain to the CNO cycle that occurs
around 1.5 M�, depending on the initial chemical composition.
According to him, this behavior of the effects of rotation shows
up in all physical quantities of a star. Figure 6 also shows the
stellar radius along the mean system axis, defined as the axis
joining the two stars. For all models computed the mean axis is
greater than the mean stellar radius during the whole evolution,
the difference being more evident for ages higher than ∼100 Myr
(0.5 M�), ∼20 Myr (1.0 M�) and ∼10 Myr (2.0 M�).

As a final remark, we verified that tidal effects act in the same
way as rotational ones but on a smaller scale.

6.2. Comparison with other works

Computed values of internal structure constants for main-
sequence stars are available in the literature from other authors.
We checked the validity of our calculations by comparing our
results of log k2 at the ZAMS with those previously published
ones. Our standard values of internal structure constants are in
qualitative agreement with those by H87, CG89a and CG92,
as well as our distorted log k2 relative to those given by C04,
C05, C06 and C07. To better compare our standard results with
the previous ones, we computed additional grids of 1 M� stan-
dard models, with different values of the mixing length param-
eter (α = 2.0 and α = 1.5) and four different initial chemical
compositions, (X, Z)= (0.7, 0.02), (0.7, 0.04), (0.7, 0.004), and
(0.8, 0.02). From Fig. 7, where the time-dependence of log k2
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Fig. 6. Stellar radius and main axis of our standard models and rotating binary models. We report only the results for 0.5, 1.0 and 2.0 M� models.
The solid and dotted lines denote the radius of standard models and rotating binary models, respectively, while the dashed line stand for the radius
along the main axis of the rotating binary models.

Fig. 7. log k2 as a function of the stellar age for a 1 M� standard
model, and for the initial chemical compositions (X, Z)= (0.7, 0.02),
(0.07, 0.04), (0.7, 0.004), and (0.8, 0.02).

for α = 1.5 and the initial chemical compositions above men-
tioned are shown, one can have an insight on how the metallic-
ity affects the value of the second-order internal structure con-
stant: during the first 1 Myr the chemical composition does not
alter log k2, but it becomes important from this age on; the metal-
poorer stars evolve to more centrally condensed configurations
(lower values of log k2) than their metal-richer counterparts. As
it can also be seen from Fig. 7, using the initial chemical com-
position (X, Z)= (0.7, 0.04) (dotted lines) produces roughly the
same effect on the evolution of log k2 as using the initial chem-
istry (X, Z)= (0.8, 0.02) (long-dashed lines).

In Table 4 we list the values at the ZAMS of the internal
structure constants obtained from our standard and distorted
1 M� models and also from other works in the literature. The
values for our standard models were obtained with the same ini-
tial chemical compositions of Fig. 7; they can be compared with
the values by, e.g., H87, CG89a and CG92.

Table 4. Values of log k2 for a 1 M� star model at the ZAMS, obtained
with our models (standard and distorted) and those previously published
in the literature.

(X, Z) αMLT Reference log(k2)

(0.7, 0.02)

2.0 H87 −1.768
2.0 CG89a −1.747
2.0 (standard) −1.804
1.5 CG92 −1.619
1.5 (standard) −1.975

(0.7, 0.04)
2.0 H87 −1.614
2.0 (standard) −1.548
1.5 (standard) −1.628

(0.7, 0.004)
2.0 H87 −2.035
2.0 (standard) −2.181
1.5 (standard) −2.281

(0.8, 0.02)
2.0 H87 −1.578
2.0 (standard) −1.688
1.5 (standard) −1.776

(0.7, 0.02) 1.68 C04 −1.583
1.68 (standard) −1.859
1.68 (distorted) −1.895

(0.748, 0.004) 1.68 C05 −1.840
1.68 (standard) −2.112
1.68 (distorted) −2.145

(0.73, 0.010)
1.68 C06b −1.682
1.68 (standard) −1.981
1.68 (distorted) −2.004

(0.64, 0.04)
1.68 C07 −1.523
1.68 (standard) −1.852
1.68 (distorted) −1.866

We start by noting that for the initial chemical composition
(X, Z)= (0.7, 0.02) and α = 1.5, our 1 M� model produces a
lower value of log k2 than that obtained by CG92, while for the
same metallicity and α = 2.0, it produces a lower value of log k2
than those of CG89a and H87. Now, let us consider the α that
fits the sun for each model, namely α = 1.5 for this work and
CG92, and α = 2.0 for CG89a and H87. Still keeping the same
metallicity, our models produce the most centrally condensed
1 M� star, followed by that of H87, CG89a and CG92, in this
order. These differences between our values of log k2 and those
by CG89a and CG92 can be attributed to the use of different
opacities, as they used Los Alamos Opacity Libraries and OPAL
(Rogers & Iglesias 1992) opacities respectively, while we used
more recent OPAL opacities from Iglesias & Rogers (1993);
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in addition, CG92 considered mass loss in their models. It is
worth noting that although CG92 used more updated opacities
than CG89a, for the case of (X, Z)= (0.7, 0.02) the former au-
thors obtained a value of k2 for their 1 M� model at the ZAMS
1.34 times greater than that obtained by the latter ones. On the
other hand, the CG92 models produce lower values of k2 than
those of CG89a for masses greater than 1.1 M�.

For the remaining initial chemical compositions, we can
only compare our 1 M� standard model with those by H87.
For the case of α = 2.0, we notice that H87 obtained
less mass-concentrated models for (X, Z)= (0.7, 0.004) and
(X, Z)= (0.8, 0.02) than us, while for (X, Z)= (0.7, 0.04) it is the
opposite. We can attribute this fact to two reasons: (1) although
H87 obtained the lowest values of k2 for one of the four metalic-
ities used in this comparison, he used older opacities from Cox
& Stewart (1969); and (2) our best fit to the sun is obtained with
α = 1.5, not with α = 2.0. Regarding this last point, if we turn
our attention to the models for which the value of α can repro-
duce the solar radius at the solar age (α = 1.5 for this work and
α = 2.0 for H87), we see that our models again produce a more
centrally condensed star than those of H87, independent of the
chemistry.

Finally, we compare the log(k2) values from our dis-
torted models with those of C04, C05, C06b and C07. In
order to perform suitable comparisons, we computed ad-
ditional 1 M� models with the same physical inputs used
in those works, namely α = 1.68 and initial chemi-
cal compositions of (X, Z)= (0.7, 0.02), (X, Z)= (0.748, 0.004),
(X, Z)= (0.730, 0.010), and (X, Z)= (0.64, 0.04); the correspond-
ing values of log k2 at the ZAMS are shown in the lower part
of Table 4. We note that although the effects of tides and rota-
tion are also considered in the models by Claret and collabora-
tors (Claret 1998; Claret 2008, personal communication), their
values presented in Table 4 correspond to isolated, non-rotating
stars; for comparison purposes, we also present in it our values
calculated for isolated, non-rotating stars with the same masses
and chemical composition as well as the corresponding ones in-
cluding tidal and rotational distortions. For all chemical compo-
sitions, our models again produce more mass-concentrated stars
than those by C04, C05, C06b, and C07. For the mass range of
this comparison, these differences in the log k2 values can be due
to the presence of distortion effects in our models and also to the
use of a different equation of state: while we use OPAL (Rogers
et al. 1996) and Mihalas et al. (1988) EOS, those authors use the
CEFF (Christensen-Dalsgaard & Däppen 1992) EOS.

Figure 8 presents a graphical comparison between the val-
ues of log k2 obtained in this work and those obtained by H87,
CG89a, CG92, C04, C05, C06b, and C07. This figure gives an
easier overview of Table 4.

7. Comparison between theory and observations

Double-lined eclipsing binary systems are good candidates to
test evolutionary models, but very few systems are as ade-
quate as EK Cep (P = 4.d42). The mass and radius of its pri-
mary component are M1 = 2.029 ± 0.023 M� and R1 = 1.579 ±
0.007 R�, while, for the secondary, M2 = 1.124 ± 0.012 M� and
R2 = 1.315 ± 0.006 R� (Claret 2006a). As mentioned by Claret
(2006a), EK Cep has accurate determination of absolute pa-
rameters, at least concerning masses and radii (see Table 5); its
secondary component is a pre-MS star, the apsidal motion pre-
sented by the system has a high relativistic contribution, the
less massive component has its Lithium abundance determined
observationally, the metallicity of the binary is evaluated, and,

Fig. 8. A schematic comparison between log k2 values obtained with
our standard models (Sα = 1.5 and Sα = 2.0), our distorted models
(Dα = 1.68) and those obtained by other authors. The values plot-
ted are the same as in Table 4, and the corresponding initial chem-
ical compositions are the following, labeled A to G respectively:
(X, Z)= (0.7, 0.004), (0.7, 0.02), (0.7, 0.04), (0.8, 0.02), (0.748, 0.004),
(0.73, 0.01), and (0.64, 0.04).

Table 5. Absolute dimensions of EK Cep (Claret 2006a; Tomkin 1983).

Parameter Primary Secondary
Mass (M�) 2.029 ± 0.023 1.124 ± 0.012
Radius (R�) 1.579 ± 0.007 1.315 ± 0.006
log(g) (cgs) 4.349 ± 0.010 4.251 ± 0.006
log (L/L�) 1.17 ± 0.04 0.19 ± 0.07
log (Teff) (K) 3.954 ± 0.010 3.756 ± 0.015
vrot (km s−1) 23 ± 2 10.5 ± 2

further, the rotational velocity of each component is observation-
ally measured. Besides that, EK Cep is the only known pre-MS
system with measured apsidal motion. For all these reasons, we
choose EK Cep to test our new models.

EK Cep was discovered as an eclipsing binary by Strohmeier
(1959) from photographic observations. Photometric elements
and a spectroscopic orbit of the system were first presented by
Ebbighausen (1966a,b), and further revised by other authors.
The apsidal motion of EK Cep was first reported in Khaliullin
(1983a). Tomkin (1983) determined the masses and the radii for
its primary and secondary components. He also noted that the
secondary is oversized in comparison with a main-sequence star
with the same mass and supposed that it might still be contract-
ing towards the main sequence. Hill & Ebbighausen (1984) con-
cluded that both components are zero-age main-sequence ob-
jects, despite Tomkin (1983) suggestion about the secondary.
Giménez (1985) obtained a good agreement between theoreti-
cal and observationally determined apsidal motion rates. Popper
(1987) reported some anomalies in the secondary of EK Cep,
such as low effective gravity and temperature as well as the
excess radiation in the blue band, that appear to be consistent
with the hypothesis of the pre-MS nature of this star. From
high-resolution spectroscopy in the LiI λ6708 Å region, Martín
& Rebolo (1993) determined the lithium abundance of EK Cep
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B and provided new evidence that it has not settled onto the
ZAMS. Claret et al. (1995b) compared the observed parame-
ters of EK Cep with theoretically predicted values; they derived
a common age for the system around 2× 107 yr and confirmed
the fainter component as a pre-MS star, while the more massive
companion is in the beginning of the Hydrogen-burning phase.
They estimated a Newtonian apsidal motion rate that is in agree-
ment with the observations, considering a predicted relativistic
contribution of about 40%. Those authors also found that the
lithium depletion computed by their models is consistent with
the abundances determined by Martín & Rebolo (1993).

The evolutionary status of EK Cep was studied by other au-
thors. Yildiz (2003) modeled the component stars by invoking a
rapidly rotating core for the primary. Marques et al. (2004) inves-
tigated the role of overshooting on the modeling of pre-MS evo-
lution of the secondary. Claret (2006a) presented the most recent
analysis about EK Cep; due to problems with the empirical de-
termination of the effective temperatures of the component stars,
he adopted the effective temperature ratio (TR= Teff,2/Teff,1),
which is better determined from the light curve analysis than
their absolute values. Inconsistencies found in the photomet-
ric distances for both components support this approach. Claret
(2006a) used other constraints in his analysis as the radii, apsi-
dal motion and lithium depletion. With a rotating model (assum-
ing local conservation of the angular momentum), α = 1.4 and
(X, Z)= (0.7075,0.0175), he fitted the radii and TR in the same
isochrone (24.2 × 106 yr).

As emphasized by Claret (2006a), before computing stellar
models for a given star it is fundamental to define clearly which
observational parameters will be used as constraints. Following
the same approach as Claret (2006a), we adopt the masses, radii
and TR, leaving the apsidal motion, rotational velocities and
lithium depletion to be used as additional constraints after ob-
taining an acceptable solution. We then computed rotating binary
models with metallicities as close as possible to the solar metal-
licity, following the conclusion by Martín & Rebolo (1993) that
the EK Cep secondary has a metal contents typical of an young
disk, solar-type star. Using an initial chemical composition of
(X, Z)= (0.67, 0.017) and the mixing length parameter α = 1.5,
we obtained a model that reproduces the radii and TR for EK
Cep within the uncertainties, as shown in Figs. 9 and 10, deriv-
ing two possible age intervals for the system, 15.5–16.7× 106

and 18.9–19.3× 106 yr. The input values we used are differ-
ent from those by Claret (2006a) since we are using different
stellar models, with different physics. By using his inputs, i.e.
(X, Z)= (0.07075,0.0175) and α = 1.4, we were not able to re-
produce, simultaneously, both stellar radii at the same age inter-
val; this is due to the fact that each model needs slightly different
inputs for adjusting to a same set of observed data.

According to our radii and TR analysis, the two derived
age intervals allow a reasonable adjustment of the observational
data; we used additional data (rotational velocities of each com-
ponent, lithium depletion and apsidal motion constants) to con-
strain even more the system’s age estimate.

We first tried to reproduce the observed rotational velocites
of EK Cep primary and secondary components at at least one of
the derived age intervals; in order to do so, we needed to use an
initial angular momentum for each component lower than that
prescribed by Eq. (72). In Fig. 11 we show the time evolution
of the rotational velocities for EK Cep determined masses; the
vertical lines correspond to the two age intervals that fit simul-
taneously the stellar radii and temperature ratio, while the hor-
izontal ones delimit the observed EK Cep rotational velocities.

Fig. 9. Radii predicted by our binary rotating models for EK Cep com-
ponents determined masses. The additional tracks refer to the maxi-
mum and minimum mass of each component, according to their errors.
Full lines denote the primary while dotted ones denote the secondary.
Note that there is an acceptable agreement between radii and effec-
tive temperature ratio (see Fig. 10) for two age intervals (vertical lines).
Horizontal lines represent the error bars in radii determinations.

Fig. 10. Effective temperature ratio (TR= Teff,2/Teff,1) predicted by our
binary rotating models for EK Cep components determined mass. The
additional tracks refer to the maximum and minimum mass of each
component star, according to the errors in their determination. The ver-
tical lines correspond to the same age intervals as in Fig. 9. Horizontal
lines represent the error bars in TR determinations.

From that figure, one can see that the older age interval does not
match the observed rotational velocity of the secondary star.

The lithium depletion of our rotating binary models is
shown in Fig. 12, in which the Li contents is plotted against
the stellar age. We started from an initial lithium abundance
of log (Li/H)= 3.1 (as D’Antona & Montalbán 2003). As
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Fig. 11. Time evolution of rotational velocities along the pre-MS for
EK Cep determined masses. Horizontal lines represent the error bars
in rotational velocity determinations. Curve triplets and vertical lines
defined as in Fig. 9.

Fig. 12. Time evolution of lithium abundances for EK Cep determined
masses according to our rotating binary models. Curve triplets and ver-
tical lines defined as in Fig. 9. Note that the curves corresponding to the
primary mass and to its error bar collapse to a single horizontal line.

expected, we do not find any depletion for the primary during
its pre-MS evolution due to its higher mass; for the secondary,
we find a depletion of about 0.28 dex in both possible age in-
tervals for EK Cep. This corresponds to a lithium abundance
of log (Li/H)= 2.82± 0.03, consistent with the surface value of
log (Li/H)= 3.1± 0.3 measured by Martín & Rebolo (1993). The
lithium depletion does not allow us to choose between the two
possible age intervals for the system, since it does not vary in the
whole interval from 10 Myr to 50 Myr.

Finally, we investigated the apsidal motion rate of EK Cep
with the same rotating binary models. The values for the

Fig. 13. The second-order apsidal motion constant as a function of the
stellar age for EK Cep, as obtained from our rotating binary models.
Curve triplets and vertical lines defined as in Fig. 9.

Table 6. Summary of the quantities related to the apsidal motion.

log k2 U (years) ω̇ (◦/cycle)
Our models (AI1) −2.3 5800 0.00076±2 ±800 ±12
Our models (AI2) −2.57 7070 0.00061±2 ±50 ±1
Observed −2.09 4500 0.00097±9 ±700 ±15
Claret (2006a) −2.116 4600 0.00095±6 ±400 ±8

orbital eccentricity (0.109 ± 0.003 degrees) and the orbital in-
clination (89.3 ± 0.1 degrees) were taken from Petrova & Orlov
(1999). The anomalistic period of EK Cep is Pan = 4.4278062±
0.0000005 days (Claret 2006a). In Fig. 13 we show the variation
of log(k2) for the observed masses (with their errors) as a func-
tion of age. As before, the vertical lines indicate the age intervals
that fit both the radii and effective temperature ratio of EK Cep
components, and from which we took the values of the internal
structure constants to derive the apsidal motion rate.

For the first age interval, 15.5–16.7 Myr (AI1), our mod-
els result in k2 values of 0.00261± 0.00001 and 0.007± 0.003
for the primary and the secondary components, respec-
tively. From Eq. (10) we obtain log k̄2 theo =−2.3± 0.2 as the
mean value of the second-order apsidal motion constant
of the system. The Newtonian contribution of the apsi-
dal motion rate is obtained from Eqs. (3) and (10), result-
ing in ω̇N = (0.00033± 0.00011) ◦/cycle. We also calculated
the relativistic contribution of the advance of periastron,
ω̇R = (0.000434± 0.000005) ◦/cycle, which, based on our mod-
els, corresponds to about 49–68% of the total rate. From
these values, our models result in an apsidal motion rate of
ω̇= (0.00076± 0.00012) ◦/cycle and, consequently, an apsidal
period of Utheo = (5800± 800) yr; these values are comparable
with the observed ones. However, for the second age interval,
18.9–19.3 Myr (AI2), we were not able to reproduce the ob-
served apsidal motion of EK Cep by using our rotating binary
models. As can be seen in Table 6, the apsidal motion quantities
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we found in AI2 (log k2, apsidal period U and apsidal motion
rate ω̇) are not in agreement with the observed values, even con-
sidering the error bars.

Claret (2006a) used results of a series of works (Khaliullin
1983b; Giménez & Margrave 1985; Hill & Ebbighausen 1984;
Claret et al. 1995b, and others) to derive the observed apsi-
dal motion rate of this system. He reported the observed mean
value of the internal structure constant as log k̄2 =−2.09± 0.09,
which is equivalent to an observed apsidal motion of about
ω̇obs = (0.00097± 0.00015) ◦/cycle, after applying the relativis-
tic correction. This apsidal motion rate produces an apsidal pe-
riod of Uobs = (4500± 700) years. From Table 6, where our re-
sults, those by Claret (2006a) and the observed determinations
are summarized, it can be seen that our predicted values for AI1
are in good agreement with the observed ones (as well as those
by Claret 2006a), and the differences lie within the errors.

At first glance, we could be tempted to conclude that the
second age interval AI2 gives a better agreement for the EK Cep
system than the first one due to the following reasons: (1) at AI2,
the radius of the secondary component constrains the age of the
system to a much narrower age interval, as shown in Fig. 9; and
(2) the TR curves produced by our models lie very well inside
the AI2 age interval, but are fitted just marginally for the ear-
lier AI1 age interval (Fig. 10). However, in that age interval our
rotating binary models were not able to reproduce neither the
rotational velocity of the secondary star (Fig. 11) nor the apsidal
motion rate for the system (Table 6), while the opposite did hap-
pen for AI1. Therefore, AI1 seems to be more suitable than AI2
as the age interval for investigating the evolutionary status of
EK Cep. For these reasons, with regard to our models, we sug-
gest that the age of EK Cep is between 15.5 and 16.7 Myr.

8. Conclusions

We computed stellar evolutionary models that take into account
the combined effects of rotation and of tidal forces due to a
companion star, obtaining values of the internal structure con-
stants for low-mass, pre-MS stars. Our approximation for binary
model calculations (with effects of tidal forces) do not include
the pseudo-potential centrifugal terms arising from the orbital
motion of the components around the center of mass of the sys-
tem. For all sets of models, namely standard, binary, rotating and
rotating binary models, we tabulated the internal structure con-
stants and the gyration radii for ZAMS models and their time
evolution. Distorted models result in more mass-concentrated
stars and produce larger gyration radii at the ZAMS than stan-
dard ones.

The non-standard evolutionary tracks are cooler than their
standard counterparts, mainly for low-mass stars. Regarding the
internal structure of our stellar models, we verified that tidal ef-
fects act in the same way as rotational ones but in a smaller scale;
the relative importance of these effects on the apsidal motion
constants depend mainly on the orbital separation and the star’s
rotation rate. Besides, rotationally and tidally distorted models
produce some effects in the physical quantities of a star, in com-
parison with the standard models, that are in one direction, for
masses below ∼0.7 M�, and in the opposite direction, for masses
above this threshold. Though Sackmann (1970) associated this
behavior in distortion effects with the transition from the p-p
chain to the CNO cycle, this transition occurs in a mass range
about 1.3–1.5 M�, considerably above the threshold we observed
with our models for the change of behavior of the physical quan-
tities of the stars.

We also found that, for masses lower than 0.5 M�, the rela-
tive importance of the second-order internal structure constants
over those of higher order is much lower than for the mass in-
terval of 1.5–3.8 M�; hence, in the low-mass range, the usual
assumption that the harmonics of order greater than j = 2 can
be neglected seems not to be entirely justified except maybe for
computing the apsidal motion rate ω̇.

Our results on internal structure constants were compared
with those available in the literature and found to be compatible
with them. The k2 values obtained from our standard models are
smaller than those last published by H87, CG89a and CG92, ex-
cept for a given model by H87 with the inputs (X, Z)= (0.7, 0.04)
and α = 2.0. Our rotating binary models produce internal struc-
ture constants even smaller, resulting in more mass-concentrated
configurations than the models by C04, C05, C06, and C07.
These comparisons were made for representative 1 M� models,
with the same initial chemical compositions of those works.

Using our set of evolutionary tracks for rotating binary mod-
els, we also investigated the evolutionary status of the interest-
ing double-lined eclipsing binary system EK Cep. Its primary,
a 2.029 M� star, seems to be in the hydrogen-burning phase,
and its secondary, a solar-like star (1.124 M�), is confirmed as
a pre-MS star. By using a model with an initial chemical com-
position of (X, Z)= (0.67, 0.017) and a mixing length parameter
of α = 1.5, we reproduced stellar radii and the effective tem-
perature ratio of EK Cep in two different age intervals. We also
followed the lithium contents during the pre-MS evolution of
both components; as expected, we do not find any significant
depletion for the primary, while the Li depletion for the sec-
ondary agrees with the observed values within the uncertain-
ties for both age intervals. However, for the later age interval
of 18.9–19.3 Myr, we were not able to fit neither the observed
rotational velocity of both components nor the observed apsidal
motion rate of the system. On the other hand, all observed quan-
tities used in our analysis were reproduced in the earlier age in-
terval of 15.5–16.7 Myr. Although being a broader range for the
age of EK Cep and introducing greater error bars to the apsidal
motion quantities, it seems to give a more confident age for the
system.

In this paper, we presented a first attempt to introduce the
combined structural effects of tides and rotation in the ATON
evolutionary code. Even with simple assumptions about the sec-
ondary component of a binary system, we could verify the im-
portance of those combined effects on stellar structure and evolu-
tion. Work is in progress, where we remove the assumption that
the disturbing star can be treated as a point mass, include the
pseudo-potential centrifugal terms caused by the orbital motion
and consider the simultaneous evolution of the two components
of a binary system.
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