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ABSTRACT

Aims. The behavior of the dark energy equation of state (EOS) is crucial in distinguishing different cosmological models. With a
model independent approach, we constrain the possible evolution of the dark energy EOS.
Methods. Gamma-ray bursts (GRBs) of redshifts up to z > 6 are used, in addition to type Ia supernovae (SNe Ia). We separate the
redshifts into 4 bins and assume a constant EOS parameter for dark energy in each bin. The EOS parameters are decorrelated by
diagonalizing the covariance matrix. And the evolution of dark energy is estimated out of the uncorrelated EOS parameters.
Results. By including GRB luminosity data, we significantly reduce the confidence interval of the uncorrelated EOS parameter whose
contribution mostly comes from the redshift bin of 0.5 < z < 1.8. At high redshift where we only have GRBs, the constraints on the
dark energy EOS are still very weak. However, we can see an obvious cut at about zero in the probability plot of the EOS parameter,
from which we can infer that the ratio of dark energy to matter most probably continues to decrease beyond redshift 1.8. We carried
out analyses with and without including the latest BAO measurements, which themselves favor a dark energy EOS of w < −1. If they
are included, the results show some evidence of an evolving dark energy EOS. If not included, however, the results are consistent with
the cosmological constant within 1σ for redshift 0 < z � 0.5 and 2σ for 0.5 � z < 1.8.
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1. Introduction

Unexpected accelerating expansion of the universe was first dis-
covered by observing type Ia supernovae (SNe Ia) (Riess et al.
1998; Perlmutter et al. 1999). This acceleration is attributed to
dark energy, whose presence was corroborated later by other
independent sources including the WMAP and other observa-
tions of the CMB (Spergel et al. 2003), X-ray clusters (Allen
et al. 2002), etc. With more observational data available (e.g.
Hawkins et al. 2003; Abazajian et al. 2003; Spergel et al. 2007;
Riess et al. 2007; Wood-Vasey et al. 2007; Davis et al. 2007;
Schaefer 2007), we are getting more stringent constraints on the
nature of dark energy; nevertheless, the underlying physics of
dark energy remains mysterious. In addition to the cosmological
constant, many other dark energy models have been suggested,
including models of scalar fields (see Copeland et al. 2006, for
a recent review) and modification of general relativity (see for
example Deffayet 2001; Binetruy et al. 2000; Maartens 2007;
Capozziello et al. 2003; Dvali et al. 2000; Carroll et al. 2004).

Measuring the expansion history directly may be the best
way to constrain the properties of dark energy. To measure the
expansion history, we need standard candles at different red-
shifts. SNe Ia, which are now viewed as nearly ideal stan-
dard candles, have played an important role in constraining

cosmological parameters. We now have 192 samples of
SN Ia (Riess et al. 2007; Wood-Vasey et al. 2007; Davis et al.
2007) that can be used to determine the expansion history. And
the proposed SNAP satellite1 (see for example Aldering et al.
2004) will add about 2000 samples per year. Increasing SN Ia
samples will provide more and more precise description of the
cosmic expansion. However, the redshift of the present 192 SNe
Ia ranges only up to about 1.7 and the mean redshift is about 0.5.
They cannot provide any information on the cosmic expansion
beyond redshift 1.7. Here gamma-ray bursts (GRBs) come in and
fill the void. With their higher luminosities, GRBs are visible
across much greater distances than supernovae. The presently
available 69 compiled GRBs (Schaefer 2007) extend the redshift
to z > 6 and the mean redshift is about 2.1. After being cali-
brated with luminosity relations, GRBs may be used as standard
candles to provide information on cosmic expansion at high red-
shift and, at the same time, to tighten the constraints on cosmic
expansion at low redshift. See, for example, Dai et al. (2004),
Ghirlanda et al. (2004), Di Girolamo et al. (2005), Firmani
et al. (2005), Friedman & Bloom (2005), Lamb et al. (2005),
Liang & Zhang (2005), Xu et al. (2005), Wang & Dai (2006),

1 See http://www.snap.lbl.gov/
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Li et al. (2008), Su et al. (2006), Schaefer (2007), Wright (2007),
and Wang et al. (2007) for works on GRB cosmology.

Among parameters that describe the properties of dark en-
ergy, the equation of state (EOS) is the most important. Whether
and how it evolves with time is crucial in distinguishing dif-
ferent cosmological models. Due to not understanding of the
behaviors of dark energy, simple parametric forms such as
w(z) = w0 + w

′z (Cooray & Huterer 1999) and w(z) = w0 +
waz/(1+ z) (Chevallier & Polarski 2001; Linder 2003) have been
proposed for studying the possible evolution of dark energy.
However, a simple parameterization itself greatly restricts the
allowed wandering of w(z), and is equivalent to a strong prior on
the nature of dark energy (Riess et al. 2007). To avoid any strong
prior before comparing data, one can utilize an alternative ap-
proach in which uncorrelated estimates are made of discrete w(z)
of different redshifts. This approach was proposed by Huterer &
Starkman (2003) and Huterer & Cooray (2005) and has been
adopted in previous analyses using SNe Ia (Riess et al. 2007;
Sullivan et al. 2007a).

In this work, we apply this approach to GRB luminosity
data (Schaefer 2007), in addition to SN Ia data (Riess et al. 2007;
Wood-Vasey et al. 2007; Davis et al. 2007), and compare our re-
sults with those in the previous work that does not include GRB
luminosity data (Sullivan et al. 2007a). We first briefly review
the techniques for uncorrelated estimates of dark energy evolu-
tion in Sect. 2. The observational data and how they are included
in the data analysis are described in Sect. 3. We present our
results in Sect. 4, followed by a summary in Sect. 5.

2. Methodology

Standard candles impose constraints on cosmological param-
eters essentially through a comparison of the luminosity dis-
tance from observation with that from theoretical models.
Observationally, the luminosity distance is given by

dL =

( L
4πF

)1/2

, (1)

where L and F are the luminosity of the standard candles and
the observed flux, respectively. Theoretically, the luminosity dis-
tance dL(z) depends on the geometry of the universe, i.e. the sign
of Ωk, and is given by

dL(z) = (1 + z)
c

H0
×

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

1√|Ωk | sinh
(√|Ωk|

∫ z

0
dz̃

E(z̃)

)
if Ωk > 0∫ z

0
dz̃

E(z̃) if Ωk = 0

1√|Ωk | sin
(√|Ωk |

∫ z

0
dz̃

E(z̃)

)
if Ωk < 0,

(2)

where

E(z) =
[
Ωm(1 + z)3 + Ωx f (z) + Ωk(1 + z)2

]1/2
,

Ωm + Ωx + Ωk = 1 (3)

and

f (z) = exp

[
3
∫ z

0

1 + w(z̃)
1 + z̃

dz̃

]
. (4)

Dark energy parameterization schemes enter through f (z). For
the case where EOS is piecewise constant in redshift, f (z) can
be rewritten as (Sullivan et al. 2007a)

f (zn−1 < z ≤ zn) = (1 + z)3(1+wn)
n−1∏
i=0

(1 + zi)
3(wi−wi+1), (5)

where wi is the EOS parameter in the ith redshift bin defined by
an upper boundary at zi, and the zeroth bin is defined as z0 = 0. In
order to compare with previous analysis (Sullivan et al. 2007a),
we define the first three redshift bins to be the same as those used
by Sullivan et al. (2007a) by setting z1 = 0.2, z2 = 0.5, and z3 =
1.8. The fourth bin is defined by z4 = 7 to include GRBs. We
carry out our analyses under two different assumptions about the
high redshift (redshift greater than z4 = 7 in our case) behavior
of dark energy, i.e. the so-called (see Riess et al. 2007) “weak”
prior, which makes no assumptions about w(z) at z > 7 and the
“strong” prior, which assumes w(z) = −1 at z > 7.

In this paper we adopt χ2 statistic to estimate parameters.
For a physical quantity ξ with experimentally measured value
ξo, standard deviationσξ, and theoretically predicted value ξt(θ),
where θ is a collection of parameters needed to calculate the the-
oretical value, the χ2 value is given by

χ2
ξ (θ) =

(ξt(θ) − ξo)2

σ2
ξ

(6)

and the total χ2 is the sum of all χ2
ξs, i.e.

χ2(θ) =
∑
ξ

χ2
ξ (θ). (7)

The likelihood function is then proportional to exp
(
−χ2(θ)/2

)
,

which produces the posterior probability when multiplied by
the prior probability of θ. In the case of our analysis, the cal-
culation of χ2s for different observational data is described in
Sect. 3. According to the posterior probability derived in this
way, Markov chains are generated through the Monte-Carlo al-
gorithm to study the statistical properties of the parameters. In
this paper, we focus on the EOS parameters by marginalizing
the others.

As mentioned above, in the process of constraining cosmo-
logical parameters, standard candles play this role by providing
the luminosity distances at certain redshifts. However, the lumi-
nosity distance depends on the integration of the behavior of the
dark energy over redshift, so the estimates of the dark energy
EOS parameters wi at high redshift depend on those at low red-
shift. In other words, the EOS parameterswi are correlated in the
sense that the covariance matrix,

C = 〈wwT〉 − 〈w〉〈wT〉, (8)

is not diagonal. In the above equation, thew is a vector with com-
ponents wi and the average is calculated by letting w run over the
Markov chain. We can obtain a set of decorrelated parameters w̃i
through diagonalization of the covariance matrix by choosing an
appropriate transformation

w̃ = Tw. (9)

There can be different choices for T. In this paper we use the
transformation advocated by Huterer & Cooray (2005) (see
below). First we define the Fisher matrix

F ≡ C−1 = OTΛO, (10)

and then the transformation matrix T is given by

T = OTΛ
1
2 O, (11)

except that the rows of the matrix T are normalized such that∑
j

Ti j = 1. (12)
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Fig. 1. Distribution of SN Ia samples versus redshift.

The advantage of this transformation is that the weights (rows of
T) are positive almost everywhere and localized in redshift fairly
well, so the uncorrelated EOS parameters w̃i are easy to interpret
intuitively (Huterer & Cooray 2005).

3. Observational data

To constrain the dark energy EOS, we have made use of obser-
vational data described below.

3.1. Type Ia supernovae

Recently compiled SN Ia data (Riess et al. 2007; Wood-Vasey
et al. 2007; Davis et al. 2007 include 45 nearby super-
novae (Hamuy et al. 1996; Riess et al. 1999; Jha et al. 2006),
60 ESSENCE supernovae (Wood-Vasey et al. 2007), 57 SNLS
supernovae (Astier et al. 2006), and 30 HST supernovae (Riess
et al. 2007). Figure 1 shows the distribution of these SN Ia sam-
ples versus redshift. The χ2 value for SNe Ia is

χ2
SN =

∑
i

(µp,i − µo,i)2

σ2
i + σ

2
int

, (13)

where µo,i and µp,i are the observed and theoretically predicted
distance modulus of SN Ia, which is defined by µ = 5 log dL+25
with the luminosity distance dL in unit of megaparsec and σint is
the intrinsic dispersion.

3.2. Gamma-ray bursts

Besides SNe Ia, GRB luminosity data is another main observa-
tional constraint we used. As mentioned before, GRBs are com-
plementary to SNe Ia at high redshifts. We include GRBs pre-
sented by Schaefer (2007) (see Fig. 2 for the distribution of these
GRBs versus redshift) in our analysis by utilizing the five lu-
minosity relations, i.e. the connections between measurable pa-
rameters of the light curves and/or spectra and GRB luminosity:
τlag-L, V-L, Epeak-L, Epeak-Eγ and τRT-L

log
L

1 erg s−1
= a1 + b1 log

[
τlag(1 + z)−1

0.1 s

]
, (14)

log
L

1 erg s−1
= a2 + b2 log

[
V(1 + z)

0.02

]
, (15)
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log
L

1 erg s−1
= a3 + b3 log

[
Epeak

300 keV

]
, (16)

log
Eγ

1 erg
= a4 + b4 log

[
Epeak

300 keV

]
, (17)

log
L

1 erg s−1
= a5 + b5 log

[
τRT(1 + z)−1

0.1 s

]
· (18)

Throughout this paper, by GRB luminosity data we refer to the
GRBs’ observational data related to such luminosity relations. It
is worth mentioning that these relations may be correlated. As
discussed in Schaefer (2007), there is one significant correlation
between the V-L and τRT-L relations with the correlation coeffi-
cient equaling 0.53. However, even for this correlation, ignoring
it only causes a 4% underestimate in the standard error of the av-
erage distance modulus (Schaefer 2007), so in our analysis we
safely ignore the correlations and simply add the contributions
from each relation (see Eq. (21) below).

There are significant differences between SNe Ia and GRBs
on the calibration. For SNe Ia, the calibration is done with nearby
events and is therefore independent of cosmological parameters.
The luminosity relations obtained in the calibration are applied
to high-redshift events to derive the luminosity of SNe Ia, then
used to constrain cosmological parameters. In this procedure, the
calibration and the constraining of cosmological parameters are
done separately. In contrast to SNe Ia, to constrain cosmological
parameters using GRBs, we need to know the luminosity rela-
tions of GRBs (Eqs. (14)–(18)), i.e. to know the values of a1-a5
and b1-b5; consequently, we need the luminosity L and the total
collimation-corrected energy Eγ of GRBs, which are converted
respectively from the bolometric peak flux Pbolo and the bolo-
metric fluence S bolo of GRBs through the relations

L = 4πd2
LPbolo, (19)

Eγ = Eγ,isoFbeam = 4πd2
LS bolo(1 + z)−1Fbeam. (20)

The conversion depends on cosmological parameters because
the luminosity distance dL depends on cosmological models. As
a result, the calibration and the constraining of cosmological pa-
rameters are mixed for GRBs; i.e., we need to simultaneously fit
calibration parameters of GRBs and cosmological parameters.
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Based on the above discussions, the χ2 value for GRBs is
calculated by

χ2
GRB =

∑
i

{
log Li

1 erg s−1 − a1 − b1 log
[
τlag,i(1+zi)−1

0.1 s

]}2

σ2
1

+
∑

i

{
log Li

1 erg s−1 − a2 − b2 log
[

Vi(1+zi)
0.02

]}2

σ2
2

+
∑

i

{
log Li

1 erg s−1 − a3 − b3 log
[ Epeak,i

300 keV

]}2

σ2
3

+
∑

i

{
log Eγ,i

1 erg − a4 − b4 log
[ Epeak,i

300 keV

]}2

σ2
4

+
∑

i

{
log Li

1 erg s−1 − a5 − b5 log
[
τRT,i(1+zi)−1

0.1 s

]}2

σ2
5

, (21)

where Li and Eγ,i are derived using Eqs. (19) and (20). The sum-
mations run over the GRBs with the corresponding luminos-
ity indicator observed. We use the systematic errors estimated
by (Schaefer 2007) that account for the scatter of the log-log
plots of the luminosity versus the luminosity indicators as σ1–
σ5 in our analysis. Apparently, χ2

GRB is a function of calibration
parameters a1–a5, b1–b5 and cosmological parameters that enter
through the luminosity distance dL.

3.3. Other data

In addition to SNe Ia and GRBs, we have also used the con-
straints below following previous analyses (Riess et al. 2007;
Sullivan et al. 2007a)

– Constraints on dimensionless mass densities: the SDSS
large-scale structure measurements give the constraint on lo-
cal mass density in terms of Ωmh = 0.213 ± 0.023 (Tegmark
et al. 2004). The WMAP three-year data combined with the
HST key project constraint on the Hubble constant gives
Ωk = −0.014 ± 0.017 (Spergel et al. 2007).

– The SDSS luminous red galaxy, baryon acoustic oscilla-
tion (BAO) distance parameter to zBAO = 0.35: A ≡√
ΩmH2

0

czBAO

[
r2(zBAO) czBAO

H0 E(zBAO)

]1/3
, where r(z) = dL(z)/(1 + z).

A = 0.469
(

n
0.98

)−0.35 ± 0.017 from Eisenstein et al. (2005)
and the three-year WMAP results give n = 0.95 (Spergel
et al. 2007).

– The distance to last scattering, z = 1089: if nonzero cosmic
curvature is allowed as we do in our analysis, the three-year
WMAP data (Spergel et al. 2007) gives the shift parameter

RCMB =

√
ΩmH2

0

c r(zCMB) = 1.71 ± 0.03 (Wang & Mukherjee
2007).

– The distance ratio between zBAO = 0.35 and zCMB = 1089:

R0.35 =

[
r2(zBAO) czBAO

H0 E(zBAO)

]1/3

r(zCMB)
· (22)

The SDSS BAO analysis (Eisenstein et al. 2005) gives
R0.35 = 0.0979 ± 0.0036.

The corresponding χ2 for these constraints are directly calcu-
lated using Eq. (6).

Table 1. Number of SNe Ia and GRBs that fall into the four bins.

Bin 1 2 3 4
Redshift range 0–0.2 0.2–0.5 0.5–1.8 1.8–7

Number of SNe Ia 47 59 86 0
Number of GRBs 1 3 32 33

Total number 48 62 118 33

We have also studied the dark energy EOS evolution with
the above BAO constraints replaced by the latest BAO measure-
ments presented in Percival et al. (2007), for which the χ2 value
is (Percival et al. 2007)

χ2
BAO = XT

BAOC−1
BAOXBAO (23)

where

XBAO =

( rs
DV (0.2) − 0.1980

rs
DV (0.35) − 0.1094

)
(24)

with rs the comoving sound horizon at recombination and

C−1
BAO =

(
35059 −24031
−24031 108300

)
. (25)

This constraint itself favors a dark energy EOS of w < −1
(Percival et al. 2007).

4. Results

Figures 3 and 4 show our results for the weak prior and strong
prior respectively. For these two figures, we have included sub-
sets of data from Sect. 3.3 same as that are used in Sullivan
et al. (2007a) besides SNe Ia. For the results presented in
Fig. 5, the BAO constraints are updated with the latest measure-
ments (Percival et al. 2007), see Eqs. (23)–(25). A comparison
between Figs. 3 and 4 shows that the results are insensitive to
the priors, i.e. insensitive to whether w(z > 7) = −1 is assumed
or not for dark energy.

Since Figs. 3 and 4 only differ from results derived
by Sullivan et al. (2007a) in that we include GRB luminosity
data, comparisons of Figs. 3 and 4 with figures in Sullivan et al.
(2007a) demonstrate the improvement made by including GRBs.
We find that there is little improvement in w̃1 and w̃2. This is
because at low redshift, where we have both SNe Ia and GRBs,
there are fewer GRBs than that of SNe Ia (see Table 1, in the first
two bins the number of GRBs is negligible compared with that
of SNe Ia); at the same time, the contributions to w̃1 and w̃2 from
high redshift, where we have a considerable number of GRB
samples (see Table 1), are too small (see the weight histograms
in Figs. 3 and 4) to improve constraints on w̃1 and w̃2 signifi-
cantly. The most significant improvement lies in w̃3, whose con-
tribution mostly comes from the third bin, where we have sev-
eral GRBs (see Table 1). The 1σ confidence interval of w̃3 with
GRBs included is less than one third of that presented in Sullivan
et al. (2007a) without including GRB luminosity data.

For Figs. 3 and 4, w̃1 and w̃2 are consistent with the cosmo-
logical constant within 1σ, and w̃3 consistent within 2σ. While
in Fig. 5, for which the latest BAO measurements are used in-
stead, the cosmological constant lies outside of the 1σ confi-
dence intervals of w̃1 and w̃2, and outside the 2σ confidence in-
terval of w̃3, though still inside the 2σ confidence intervals of
w̃1 and w̃2. These results show some evidence of an evolving
dark energy EOS. This is not surprising provided that the lat-
est BAO measurements themselves favor a dark energy EOS of
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Fig. 5. Estimates of the uncorrelated dark energy EOS parameters using
the strong prior. Same as Fig. 4 except BAO constraints were updated
with the latest measurements (Percival et al. 2007).

w < −1 (Percival et al. 2007). The BAO distance information lies
in the second redshift bin, so including it leads to a smaller w̃2.
And main data we used depends on the integration of the dark
energy evolution, thus the decrease in w̃2 causes increases in w̃1
and w̃3.

The constraints on w̃4 are very weak. The uncertainty is so
great that we plot its probability separately. This is due to three
reasons. First, there are not enough samples of standard candles
in the fourth bin, all of which are GRBs. From Table 1 it can
be seen that the number ratio of third bin to the fourth bin is
about 4. Second, as mentioned earlier, the estimate of the be-
havior of dark energy at high redshift depends on its behavior at
low redshift; consequently, the uncertainty of EOS parameters
at low redshift will be reflected on EOS parameters at high red-
shift. Therefore we get increasing errors as the redshift increases.
Thirdly, the density ratio of dark energy to matter is given by (as-
suming a constant EOS parameter for dark energy)

ρx

ρm
=
ρx0(1 + z)3(1+wx)

ρm0(1 + z)3
≈ 3(1 + z)3wx . (26)

For negative wx, the ratio decreases as z increases. For exam-
ple, when wx = −1, the ratio is about 1/9 at z = 2. At higher
redshift, matter dominates over dark energy, then dark energy
becomes less important in determining the cosmic expansion.
Thus the constraints imposed on the behavior of dark energy by
the expansion history become weak compared with that at low
redshift where dark energy is important. Despite the large uncer-
tainty in w̃4, there is indeed some restriction imposed by GRBs.
From the probability plots of w̃4 in Figs. 3–5, it can be seen that
there is obviously a cut at about zero. In other words, it is most
probable that the ratio in Eq. (26) continues to decrease at a red-
shift beyond 1.8. The probability cut at the left of −200 is due to
the precision of the computer and can be viewed as the negative
infinity. To get substantial constraints on the dark energy EOS
beyond 1.8, we need more GRB samples.

To see the overall improvement made by including GRB lu-
minosity data, we calculate the figure of merit (FOM), which is
defined by (Sullivan et al. 2007a,b)

FOM =

⎡⎢⎢⎢⎢⎢⎣∑
i

1
σ2(w̃i)

⎤⎥⎥⎥⎥⎥⎦
1/2

· (27)

For the the results presented in Fig. 5, FOM = 9.6. And if the
GRB luminosity data are excluded, FOM = 8.8.

5. Summary

We used a model-independent approach to constrain the evo-
lution of dark energy. First, we separated the redshifts into 4
bins and assumed a constant EOS parameter for dark energy
in each bin, then estimated the uncorrelated EOS parameters.
We mainly used the SNe Ia and GRBs in our analysis. Other
constraints from SDSS, 2dFGRS, HST, and WMAP are also in-
cluded. Compared with the results obtained without including
GRB luminosity data, the confidence interval of the third uncor-
related EOS parameter, whose contribution mostly comes from
the third bin, is reduced significantly. Even though constraints
at high redshift where we have only GRBs are very weak, from
the obvious probability cut of the EOS parameter at about zero,
we can infer that it is most probable that the ratio of dark energy
to matter continues to decrease beyond redshift 1.8. To get sub-
stantial constraints at redshifts beyond SNe Ia more GRBs are
needed.

http://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361:20079329&pdf_id=5
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If the latest BAO measurements, which themselves favor a
dark energy EOS of w < −1, are included, the results show some
evidence for an evolving dark energy EOS. Otherwise, the re-
sults are consistent with the cosmological constant.
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