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ABSTRACT

Context. Measuring how the density of the plasma in the Sun’s corona varies along fine structures such as coronal loops using
emission measure is very difficult as the exact value of the line of sight filling factor and the correct amount of background subtraction
are unknown.
Aims. To investigate if magnetohydrodynamic (MHD) wave theory can be used to complement existing observational methods to
obtain diagnostic information about the density structure of coronal loops by measuring the amplitude profile of the fundamental
standing mode of the fast kink wave.
Methods. Analytical and numerical approaches are used to show how the amplitude profile of the fundamental fast kink mode changes
by varying the amount of density stratification in a coronal loop.
Results. Increasing the amount of density stratification in a coronal loop will increase the difference in amplitude profile from one
of constant longitudinal density. For a semi-circular TRACE 171 Å temperature loop of length 200 Mm and density scale height,
H = 50 Mm, the maximum change in amplitude profile is of the order of 50 km. It is also found that the amplitudes of these
oscillations are effectively negligible at altitudes lower than the transition region.
Conclusions. The effect of density stratification on the amplitude profile of the fundamental standing kink mode of a TRACE 171 Å
temperature loop may be very subtle. Unfortunately, the observational signatures of this effect are likely to be well below the resolution
of the best currently available extreme-ultraviolet (EUV) imagers. Only loops with homogeneous magnetic fields have been addressed
here, but inhomogeneous magnetic fields may well dominate over the effect of density stratification on the amplitude profile.
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1. Introduction

High resolution EUV images by the Transition Region And
Coronal Explorer (TRACE) have shown many observations
of post-flare transversal coronal loop oscillations (see e.g.,
Aschwanden et al. 1999a, 2002; Nakariakov et al. 1999;
Verwichte et al. 2004). Using existing MHD theory by Edwin
& Roberts (1983) describing waves in a magnetic cylinder,
Aschwanden et al. (1999a) and Nakariakov et al. (1999) in-
terpreted these transversal loop oscillations as the fundamental
standing mode of the fast kink wave. Using these observations,
attempts were made at coronal seismology (as suggested initially
by Roberts et al. 1984) with the purpose of providing diagnostic
information about magnetic field strength along loops. The pro-
cedure involved measuring the period of oscillation, loop length
and estimating plasma density from emission measure.

A simplification in the theory used so far was that the plasma
density and magnetic field strength remained constant along
loops. In fact, density decreases dramatically from the photo-
sphere to the corona, e.g., Vernazza et al. (1981) estimated that
for a bright active region the number density of electons in
the photosphere was ≈1014−1015 cm−3 and only ≈109 cm−3 in
the lower corona. Although variation in magnetic field strength
along loops cannot be measured directly, it is highly likely that
field strength decreases substantially from the photosphere to
corona. Assuming a dipole potential field model, the dependence

of the magnetic field strength, B on vertical height h above the
photosphere (h = 0 is the photospheric height) can be given by

B(z) ≈ Bfoot

(
1 +

h
hd

)−3

, (1)

where Bfoot is the photospheric field strength and hd is the
dipole depth (see e.g., Aschwanden 2004). Using the Solar
and Heliospheric Observatory/Extreme-ultraviolet Imaging
Telescope (SoHO/EIT), 171 Å images of thirty active region
loops that were cospatial with SoHO/Michelson-Doppler Imager
(MDI) magnetograms, Aschwanden et al. (1999b) estimated that
Bfoot ≈ 20−200 G and B <≈ 10 G for h >≈ 100 Mm.

Currently, MHD wave theory is being developed to model
more realistic loop equilibria, e.g., magnetic cylinders with cur-
vature (Van Doorsselaere et al. 2004), twisted magnetic fields
(Bennett et al. 1998; Erdélyi & Fedun 2006), non-circular cross-
sections (Ruderman 2003) and density stratification (Díaz et al.
2002; Andries et al. 2005b; Dymova & Ruderman 2005). The
ground work to describe waves in more complex magnetically
structured flux tubes has also been addressed, e.g. by Erdélyi &
Carter (2006). In this paper we will implement a method which
allows the density to vary arbitrarily along a loop. We will inves-
tigate how density stratification affects the spatial displacement
of the commonly observed fundamental fast kink mode of loops
compared with those of constant longitudinal density and if these
effects could be measured by current or future solar missions.
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This is a qualitative shift from a previous approach by Andries
et al. (2005a) where attention was paid to data in the frequency
domain of transversal loop oscillations.

2. Theoretical approach

There are many observational difficulties in determining the den-
sity structure of the corona. What would appear to be the most
straightforward way of measuring plasma density is by emission
measure (where image intensity is proportional to plasma den-
sity squared, see e.g., Aschwanden 2004), but this technique is
actually plagued by unknown parameters such as the line of sight
filling factor (e.g. Cargill & Klimchuk 1997; Jain & Yashiro
2002). Also, observers have argued about whether coronal loops
are isothermal or non-isothermal along their structure on the ba-
sis of interpreting filter ratios (Reale & Peres 2000) or varying
background subtraction (Schmelz et al. 2005).

The theory of MHD waves in magnetic cylinders may be
able to complement this work by using observations of coronal
loop oscillations to determine how the important parameter of
plasma density changes along a loop. Andries et al. (2005a) sug-
gested that by measuring the periods of the fundamental mode
and first harmonic of a loop, information can be acquired about
the longitudinal density stratification of that loop. Using TRACE
only two possible observations have been made of first overtones
(Verwichte et al. 2004) but unfortunately the time cadence of the
data was too poor to determine the periods to the accuracy re-
quired by their model.

Observers have previously used the EUV imager on TRACE
to measure the amplitude of fundamental kink mode oscilla-
tions in coronal loops (see e.g., Aschwanden et al. 1999a, 2002;
Nakariakov et al. 1999; Verwichte et al. 2004). It is with this
in mind, that we shall focus on how the amplitude profile of the
fundamental kink mode in a coronal loop is affected by changing
the density stratification.

The radial velocity component (which is directly propor-
tional to the amplitude) of the fundamental mode for a mag-
netic cylinder with varying longitudinal density has been calcu-
lated before. This was carried out, e.g., by Diaz et al. (2002) for
a prominence type density profile and Andries et al. (2005b) for
two coronal loop type density profiles. These papers both calcu-
lated the standing mode solutions using numerical approaches.
The main difference in our present study is that we use analytical
approaches whenever possible. We also want to carry out a com-
prehensive comparative study into how the amplitude profile of
the fundamental mode changes by varying the density stratifica-
tion. Diaz et al. (2002) did not consider this aspect and the re-
sults presented by Andries et al. (2005b) did not fully illustrate
this very interesting phenomenon.

The magnetic cylinder model we use was suggested by
Dymova & Ruderman (2005). The plasma is considered to be
ideal and cold (plasma β = 0) which are reasonably valid as-
sumptions for the corona. The full MHD equations can then be
simplified to the form,

∂ρ

∂t
+ ∇ · (ρu) = 0, (2)

ρ
Du
Dt
=

1
µ

(∇ × B) × B, (3)

∂B
∂t
= ∇ × (u × B), (4)

∇ · B = 0, (5)

Fig. 1. The equilibrium configuration of a magnetic cylinder with lon-
gitudinally varying density.

where B is the magnetic field vector, u is the plasma velocity
vector, ρ is the plasma density, µ is the magnetic permeability
and D/Dt is the material derivative for time variations following
the motion (defined by D/Dt ≡ ∂/∂t + u · ∇).

The model was originally developed to describe the oscil-
lations of prominence fibrils but is general enough to apply to
coronal loops since it allows for an arbitrary equilibrium den-
sity along the waveguide. Using cylindrical co-ordinates (r, φ, z),
a coronal loop in its equilibrium state is modelled by a straight
cylindrical magnetic flux tube of total length 2L and radius R
(see Fig. 1). The plasma densities both outside (ρe) and in-
side (ρi) the tube are assumed to depend only on the longitu-
dinal z co-ordinate. B is directed along the z axis and is constant
in magnitude everywhere.

By observation (see e.g. Aschwanden et al. 2002) it is also
assumed that R � L (the thin flux tube approximation) and that
the loop has footpoints fixed somewhere in the lower solar at-
mosphere where the plasma is of higher density, i.e., u = 0 at
z = ±L. With these valid assumptions we can linearise Eqs. (2)
to (5) (for details see Dymova & Ruderman 2005) and derive
a simple second order ordinary differential equation which de-
scribes standing fast kink modes (see e.g., Roberts et al. 1984)
of the loop in terms of the maximum radial velocity perturbation,
vr(z) at the tube boundary r = R, shown by

d2vr

dz2
+

ω2

c2
k(z)

vr = 0 (6)

with boundary conditions

vr = 0 at z = ±L, (7)

where ω is the angular frequency and

c2
k(z) =

2B2

µ(ρi(z) + ρe(z))
· (8)

The loop’s fixed footpoints described by condition (7) mean
that ω2 is an eigenvalue of a Sturm-Liouville problem defined
by Eq. (6) and boundary conditions (7). If ρi(z) and ρe(z) are
constant then ck is known as the kink speed (the characteristic
phase speed in the thin tube, long wavelength limit). Here we
still call ck the kink speed even when there is density stratifica-
tion. In our present study we assume that external density ρe(z)
is directly proportional to internal density ρi(z), such that

ρe(z) = ε ρi(z) where ε ∈ (0, 1). (9)
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The model used here does not actually require this particu-
lar constraint, but it does simplify the mathematical analysis
considerably.

Since we actually want to solve for the amplitude of the
standing fast kink modes instead of vr(z), we shall introduce
ψ(z), the maximum amplitude of the transversal oscillation at
position z. In standing modes all of the loop oscillates in phase,
giving the simple relationship vr(z) = ωψ(z). For a Sturm-
Liouville eigenvalue problem, the eigenvalues ω2 form an infi-
nite sequence, and consequently there is also an infinite sequence
of eigenfunctions, ψ(z). The eigenfunction associated with each
eigenvalue is unique up to a constant scaling factor.

At this point it is appropriate to introduce the subscript no-
tation n, where n = 1, 2, 3, 4, . . . This denotes the specific eigen-
value, ω2

n and associated eigenfunction, ψn(z). When describing
standing waves, n is often referred to as the mode number. The
analytical approach employed in this present study requires that
we solve for odd and even integer modes separately. It is there-
fore necessary to rewrite (6) and (7) in terms of the specific mode
number n we are solving for, i.e.,

d2ψn

dz2
+ (αωn)2 ρi(z)ψn = 0 (10)

and

ψn = 0 at z = ±L, (11)

where

α =
1
B

√
µ(ε + 1)

2
· (12)

Using stereoscopic analysis, Aschwanden et al. (1999b) found
that for 30 loops studied in EUV, most fitted closely to an ex-
ponentially stratified density model. The loop footpoints were
assumed to be about 2.5 Mm above the photosphere. If a coro-
nal loop is semi-circular with an exponentially stratified plasma,
then the form of ρi(z) would be

ρi(z) = ρf exp

⎡⎢⎢⎢⎢⎢⎣ − 2L
πH

cos

⎛⎜⎜⎜⎜⎜⎝ πz
2L

⎞⎟⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎥⎦, (13)

where ρf is the footpoint density of the loop and H is the den-
sity scale height. This is equivalent to the form of ρi(z) used by
Andries et al. (2005a) to study the effect of density stratification
on loop oscillations in the frequency domain. Unfortunately, we
know of no analytical solution for Eq. (10) when ρi(z) is de-
scribed by (13). We shall solve (10) and (11) with the density
profile given by Eq. (13) numerically in Sect. 6 but useful insight
into the behaviour of the solution can be gained by using vari-
ous approximations to (13). It is with this in mind that we have
chosen three separate types of approximations to (13) which in-
crease in refinement and mathematical difficulty as we progress
from Sects. 3 through to 5.

3. Step function density profile

For our most basic approximation to density profile (13) we shall
use step functions. This will most simply illustrate how vary-
ing the footpoint and apex densities can change the amplitude
profile of a standing kink mode when Eq. (10) is solved with
condition (11). Figure 2a shows a comparison between the type
of step density function used against the more realistic density
profile (13).

Taking the density discontinuity boundaries to be at z = ±d,
the density along the loop is defined by

ρi(z) =

{
ρa, z ∈ [−d, d]
ρf , z ∈ [−L,−d) ∪ (d, L], (14)

where ρf is the footpoint density and ρa is the apex density and
both are constants. Density profile (14) gives contact disconti-
nuities at z = ±d, therefore the following boundary conditions
have to be satisfied (see e.g., Landau & Lifshitz 1956; Cowling
1960),

[u] = 0, [B] = 0, (15)

where the square brackets indicate the jump of a quantity at z =
±d. This implies that ψn(z) and its derivative must be continuous
at z = ±d (see Dymova & Ruderman 2005).

We are primarily interested in the fundamental mode solu-
tions. This is an odd integer mode (n = 1), so we shall only
be looking at the odd integer mode solutions. A similar mathe-
matical approach can also be used to obtain all the even integer
mode solutions. As well as condition (11), the symmetry of den-
sity profile (14) about z = 0, means that all odd integer modes
must have

ψn(0) = An, (16)
dψn

dz
(0) = 0, (17)

where An is the arbitrary maximum amplitude at the loop apex.
Solving (10) locally in each region of z and matching the solu-
tions together at the density discontinuity so that ψn(z) and its
derivative are continuous (see e.g., Zwillinger 1997) gives the
solution for the amplitude of all odd integer standing modes as,

ψn(z) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
An cos(αωn

√
ρaz), z ∈ [−d, d]

Bn cos(αωn
√
ρfz)

+Cn sin(αωn
√
ρf |z|), z ∈ [−L,−d) ∪ (d, L],

(18)

where

Bn =
An√
ρf

⎧⎪⎪⎨⎪⎪⎩
√
ρf cos(αωn

√
ρfd) cos(αωn

√
ρad)

+
√
ρa sin(αωn

√
ρfd) sin(αωn

√
ρad)

⎫⎪⎪⎬⎪⎪⎭, (19)

and

Cn =
An√
ρf

⎧⎪⎪⎨⎪⎪⎩
√
ρf sin(αωn

√
ρfd) cos(αωn

√
ρad)

−√ρa cos(αωn
√
ρfd) sin(αωn

√
ρad)

⎫⎪⎪⎬⎪⎪⎭, (20)

only if the following equation is satisfied (because of the bound-
ary condition [11]),

tan(αωn
√
ρfL) =

−
√
ρf +

√
ρa tan(αωn

√
ρad) tan(αωn

√
ρfd)√

ρf tan(αωn
√
ρfd) − √ρa tan(αωn

√
ρad)
· (21)

Obviously Eq. (21) is not valid if ρa = ρf . In the case of con-
stant density along the loop (ρi(z) = ρc, say), solution (18) just
simplifies to

ψn(z) = An cos(αωn
√
ρcz), z ∈ [−L, L], (22)
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Fig. 2. a) The step function approximation (dashed line) given by Eq. (14) and the exponentially stratified density profile (solid line) given by
Eq. (13). b) The allowed density pairs (given in units of elecron number density (109 cm−3)) for the fundamental standing mode where ρa and ρf

are apex and footpoint densities. The fixed parameters are L = 100 Mm, d = 70 Mm, B = 10 G, P1 = 5 min and ε = 0.1. Pairs A, B and C are
chosen to represent H = ∞, H ≈ 50 Mm and H ≈ 33 Mm. c) The density profiles of A, B and C. d) The amplitude profiles of A, B and C, where
for all, the apex maximum amplitude for the fundamental kink mode (at z = 0) is normalised to A1 = 800 km.

where

ρc =

(
nπ

2αωnL

)2

· (23)

For the more general case of ρa � ρf , we shall look at all pos-
sible density stratifications of the fundamental mode (n = 1)
for fixed α, d, L and ω1 (in this study we shall assume that ω1
is an observed parameter and therefore always fixed). Since the
fundamental mode must have ψ1(z) non-zero everywhere on the
domain except at z = ±L, it is easy to see from (18) that ρa and ρf
must be within the following ranges,

0 ≤ ρa <

(
π

2αω1d

)2

(24)

and

0 < ρf ≤
(

π

2αω1(L − d)

)2

· (25)

In fact, the upper limit of ρf is exactly as stated in (25) but the
upper limit for ρa has to be calculated by taking the limit of (21)
as ρf → 0, which gives the transcendental equation,

tan(αω1
√
ρad) =

1
αω1(L − d)

√
ρa
· (26)

The required upper limit for ρa is the first positive root of
Eq. (26) (higher positive roots give nodes on the domain z ∈
[−d, d], and therefore do not give fundamental mode solutions).

For each value of ρf in the range defined by (25), there
is a unique value of ρa in the range given by (24) that solves

Eq. (21). These density pairs will each give a unique fundamen-
tal kink mode amplitude profile, ψ1(z) when the values of ρf
and ρa are specified in (18). The range of allowed density pairs
(given in units of electron number density, 109 cm−3) is illus-
trated in Fig. 2b for fixed values of d, L, α and ω1. The cho-
sen fixed parameter values for the fundamental mode period, P1
(where P1 = 2π/ω1) and loop half length, L are typical of those
values observed by TRACE in 171 Å (plasma at ≈1 MK), i.e.,
P1 = 5 min and L = 100 Mm (see Aschwanden et al. 2002).
The other fixed parameter values are chosen to be d = 70 Mm
(to approximate the exponentially stratified density profile [13]),
B = 10 G, a plausible average coronal magnetic field strength
(see Aschwanden et al. 1999b) and ε = 0.1 (see Golub &
Pasachoff 1997).

Using SoHO/EIT, stereoscopic analysis in EUV of coronal
loops with plasma at temperatures of between 1–1.5 MK (simi-
lar to the TRACE 171 Å passband), Aschwanden et al. (1999b)
estimated the average density scale height, H to be 55 ± 10 Mm.
In Fig. 2b, three specific density pairs A, B and C are plotted
to represent H = ∞, H ≈ 50 Mm and H ≈ 33 Mm. These
are therefore loops of constant density, typical stratification and
more extreme stratification. The density and amplitude profiles
for A, B an C are shown in Figs. 2c and 2d. In all cases, the
value for A1, the maximum amplitude at the apex of the loop (at
z = 0) is normalised to be 800 km, a typical observed value (see
Aschwanden et al. 2002).

It can be noted from Fig. 2b, that as ρf → 0 there are den-
sity pairs where ρa > ρf . This is unphysical for coronal loops,
but may be relevant for the kink oscillations of prominences.
Most importantly, the difference between the amplitude profiles
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Fig. 3. a) The piecewise linear approximation (dashed line) given by Eq. (27) and the exponentially stratified density profile (solid line) given by
Eq. (13). b) The allowed density pairs for the fundamental standing mode where ρa and ρf are apex and footpoint densities. The fixed parameters
are L = 100 Mm, d = 45 Mm, B = 10 G, P1 = 5 min and ε = 0.1. Pairs D, E and F are chosen to represent H = ∞, H ≈ 50 Mm and H ≈ 33 Mm.
c) The density profiles of D, E and F. d) The amplitude profiles of D, E and F, where for all, the apex maximum amplitude for the fundamental
kink mode (at z = 0) is normalised to A1 = 800 km.

is subtle as can be seen clearly in Fig. 2d. Even for the more ex-
treme stratification case C (H ≈ 33 Mm), the loop apex is still
only a few scale heights above the photosphere. For an average
TRACE 171 Å temperature loop in the corona one might expect
H ≈ 50 Mm (profile B). The step density profile (14) approx-
imation to that of a semi-circular TRACE 171 Å temperature
loop with H ≈ 50 Mm (profile B) has a maximum difference in
amplitude profile from the one of constant density (profile A) of
approximately 30 km and this occurs at about 30 Mm from the
footpoints.

To find ψn(z) for the higher odd integer modes (n =
3, 5, 7, . . .) for a particular density pair shown in Fig. 2b, we use
the chosen values of ρa and ρf in (21) to find the relevant ωn

(with α, d and L still fixed at the same values). Since ω2
n is the

eigenvalue of the Sturm-Liouville boundary value problem (10)
and (11), for n = 1, 2, 3, 4, . . ., the sequence

{
ω2

n

}
is monoton-

ically increasing (see e.g. Coddington & Levinson 1955). Now
treating ωn as the free parameter, for a fixed ρf and ρa pair the
lowest positively valued root of (21) is the frequency of the fun-
damental mode,ω1 (which is already known) and the higher val-
ued positive roots of (21) form the monotonically increasing se-
quence {ωn}, where n = 3, 5, 7, . . . Hence, for any density pair
ρf and ρa, all the odd integer mode values of ωn for n ≥ 3 can
be calculated and then used in (18) to find the corresponding
amplitude profiles, ψn(z).

4. Linear density profile

Increasing the complexity of the density profile slightly, a linear
function is chosen in the regions z ∈ [−L,−d) ∪ (d, L], as shown

in Fig. 3a. The density function is now piecewise continuous,
given by

ρi(z) =

⎧⎪⎪⎨⎪⎪⎩
ρa, z ∈ [−d, d]
(ρf − ρa)|z| + (Lρa − dρf)

L − d
, z ∈ [−L,−d) ∪ (d, L].

(27)

As before, if ρa = ρf then the solution of (10) is just described
by (22) and (23), but if ρa � ρf then the solution in the regions z ∈
[−L,−d) ∪ (d, L] is now described in terms of Airy functions Ai
and Bi. So the amplitude function for all odd integer modes is
now of the form

ψn(z)=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

An cos (αωn
√
ρaz), z ∈ [−d, d]

Bn Ai
(
−

(
αωn

a

) 2
3 (a|z| + b)

)

+Cn Bi
(
−

(
αωn

a

) 2
3 (a|z|+b)

)
, z ∈ [−L,−d) ∪ (d, L],

(28)

such that

a =
ρf − ρa

L − d
, (29)

b =
Lρa − dρf

L − d
, (30)

Bn = Anπ
{
Bi′(−ξd) cos(ηd)

−
(
αωn

a

) 1
3 √

ρaBi(−ξd) sin(ηd)
}
, (31)

Cn = −Anπ
{
Ai′(−ξd) cos(ηd)

−
(
αωn

a

) 1
3 √

ρaAi(−ξd) sin(ηd)
}
, (32)
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and

ηd = αωn
√
ρad, (33)

ξd =

(
αωn

a

) 2
3

(ad + b). (34)

The relationship that for all values of x, the Wronskian,
W{Ai(x),Bi(x)} = π−1 (Abramowitz & Stegun 1965), was used
to simplify the expressions for the coefficients (31) and (32).
Boundary conditions (11) mean that (28) is only a solution for
odd integer modes if

Ai (−ξL)
Bi (−ξL)

=
Ai′(−ξd) −

(
αωn

a

) 1
3 √ρaAi(−ξd) tan(ηd)

Bi′(−ξd) −
(
αωn

a

) 1
3 √ρaBi(−ξd) tan(ηd)

, (35)

where,

ξL =

(
αωn

a

) 2
3

(aL + b). (36)

Again, for the fundamental mode (n = 1) we shall look at all the
possible density stratifications for fixed values of α, d, L and ω1,
using Eq. (35) to find the upper limits for ρa and ρf . When ρa = 0,
the upper limit for ρf is the first positive root of

Ai
(
−

(
χ1
√
ρf

) 2
3

)

Bi
(
−

(
χ1
√
ρf

) 2
3

) = − 1√
3
, (37)

where

χ1 = αω1(L − d). (38)

The relationship that for all values of x, Ai′(x)/Bi′(x) = −1/
√

3
(Abramowitz & Stegun 1965) was used in deriving Eq. (37).
When ρf = 0, the upper limit for ρa is the first positive root
of

− [
χ1
√
ρa

] 1
3 tan

(
αω1
√
ρad

)
=

√
3Ai′

(
−

[
χ1
√
ρa

] 2
3

)
− Bi′

(
−

[
χ1
√
ρa

] 2
3

)
√

3Ai
(
−

[
χ1
√
ρa

] 2
3

)
− Bi

(
−

[
χ1
√
ρa

] 2
3

) · (39)

The relationship that for all values of x, Ai(x)/Bi(x) = 1/
√

3
(Abramowitz & Stegun 1965) was used in deriving Eq. (39).

The fixed equilibrium loop parameters are the same as used
in Sect. 3 for α, L and ω1 but now d = 45 Mm to approxi-
mate the exponentially stratified profile (13) more closely. From
Eqs. (37) and (39) the range limits for the allowed density pairs
ρf and ρa are found. Within these ranges Eq. (35) is solved and
the resultant density pairs are plotted in Fig. 3b. The linear den-
sity profile (27) approximation to that of a semi-circular TRACE
171 Å temperature loop with H ≈ 50 Mm (profile E) gives the
maximum difference in amplitude from one of constant density
(profile D) as approximately 35 km, occurring at about 35 Mm
from the loop footpoints.

It can be seen that the linear approximation density pairs
curve in Fig. 3b closely matches that of the step approximation
shown in Fig. 2b, as do the fundamental mode amplitude profiles
in Figs. 3d and 2d. The small amplitude differences between lin-
ear and step cases E and B (loops with H ≈ 50 Mm) are shown
in Fig. 4. The maximum differences are only about ±7 km and
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Fig. 4. Difference between the step and linear amplitude profiles (14)
and (27) for L = 100 Mm and H ≈ 50 Mm, i.e., profile E – profile B.

occur at ±55 Mm and ±82 Mm. To attempt the inverse prob-
lem to distinguish between the linear or step cases E and B, i.e.,
measuring an amplitude profile E or B and then calculating the
correct density profile using Eq. (10) with condition (11), one
would obviously have to measure the amplitude profile to the
required accuracy, i.e., to less than 7 km.

The exponentially stratified density model fitted by
Aschwanden et al. (1999b) to EUV observations was valid for
loop footpoints assumed to be 2.5 Mm above the photosphere.
The linear density profile (27) can actually be used as a rea-
sonable approximation of the solar atmosphere from the photo-
sphere through to the transition region and corona to model what
the amplitude profile of the standing kink mode would look like
if the footpoints were fixed at the photosphere. It has been esti-
mated, e.g. by Vernazza et al. (1981), that from the photosphere
to the transition region the density decreases by 5–6 orders of
magnitude. For this model ρf , the photospheric electron number
density at z = ±L is taken to be 1015 cm−3 and this decreases
linearly to the transition region at z = ±d (2 Mm from the pho-
tosphere) where ρa, the coronal density is 109 cm−3. The coronal
density is assumed to be constant since here we are only inter-
ested in how the very large density gradient between the photo-
sphere and the transition region affects the fundamental mode so-
lution of (10) with boundary conditions (11). This linear density
approximation to the density gradient between the photosphere
and the corona is shown in Fig. 5a.

A shorter length loop is chosen with L = 50 Mm (with
A1 = 800 km) to better illustrate the behaviour of the ampli-
tude solution in the 2 Mm region between the photosphere and
the transition region. It is found that there is only one solution
that resembles TRACE observations of fundamental kink modes
in the coronal segment of the loop, i.e., an amplitude profile
that decreases in size from the loop apex towards the footpoints
(see Fig. 5b). In the loop segments between the transition re-
gion and the photosphere, this solution actually has many nodes
and a vastly reduced amplitude (as shown in Fig. 5c). The very
steep density gradient at the transition region is acting like a bar-
rier, forcing the kink mode to have a node at this point. In each
2 Mm loop footpoint segment between the photosphere and the
transition region there are 15 nodes and the maximum amplitude
decreases to less than 5 km. Strictly speaking, the solution is not
a pure fundamental mode but as the amplitude of the oscillation
becomes effectively negligible at the transition region, the loop
is behaving as if the footpoints are actually fixed in the tran-
sition region. Often in observations the fixed footpoints of the
fundamental kink mode are assumed to be in the much denser
photosphere. The study here shows that this is probably a less
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accurate assumption and that they could be at least 2 Mm higher
in the solar atmosphere.

5. Hyperbolic cosine density profile

For a final analytical insight, to model a continuous and
smoothly curved density profile the hyperbolic cosine function
is used as follows,

ρi(z) = ρa cosh

[
cosh−1

(
ρf

ρa

)
z
L

]
· (40)

Qualitatively, density profile (40) models (13) very well as can
be seen from Fig. 6a. Now Eq. (10) can be solved using Mathieu
functions, C and S. The odd integer modes are given by

ψn(z) = An C

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝0, 2ρa

⎡⎢⎢⎢⎢⎢⎢⎢⎣ αωnL

cosh−1
(
ρf

ρa

)
⎤⎥⎥⎥⎥⎥⎥⎥⎦

2

,
i
2

cosh−1

(
ρf

ρa

)
z
L

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ (41)

as long as the boundary condition (11) is satisfied, i.e.,

C

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝0, 2ρa

⎡⎢⎢⎢⎢⎢⎢⎢⎣ αωnL

cosh−1
(
ρf

ρa

)
⎤⎥⎥⎥⎥⎥⎥⎥⎦

2

,
i
2

cosh−1

(
ρf

ρa

)⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ = 0. (42)

Again for the fundamental mode (n = 1), by fixing α, ω1 and L,
we can easily find the upper limit of ρa by making ρf = 0 in (42).
The upper limit for ρa is the first positive root of

C

⎛⎜⎜⎜⎜⎜⎝0,−2ρa

(
2αω1L
π

)2

,−π
4

⎞⎟⎟⎟⎟⎟⎠ = 0. (43)

By Eq. (42), there is now no upper limit for ρf since ρf → ∞
as ρa → 0. This is shown clearly in Fig. 6b, where we have
solved Eq. (42) for fixed parameters α, L and ω1 (with the same
values as in the previous sections). The upper limit for ρf in the
previous case studies of the step and linear density profiles in
Sects. 3 and 4 was due to the parameter d being fixed. The plots
of allowed density pairs in Figs. 2b and 3b would have been
similar to Fig. 6b if we had allowed d to vary such that d → L
as ρf → ∞ and ρa → 0.

The hyperbolic cosine density profile approximation (40) to
that of a semi-circular TRACE 171 Å temperature loop with H ≈
50 Mm (profile H) has a maximum amplitude difference with the
loop of constant density (profile G) of about 42 km at a distance
38 Mm from the loop footpoints (as shown in Fig. 6d).

6. Example of an exponentially stratified density
profile

Finally, using the most realistic exponentially stratified density
profile (13), Eq. (10) with boundary conditions (11) is solved for
the fundamental mode numerically using the shooting method
(see e.g., Zwillinger 1997). The same fixed values for α, L
and ω1 are used. Using the symmetry about z = 0, the shoot-
ing method is started at z = 0 for the fundamental mode with
fixed values ψ1 = 800 km and dψ1/dz = 0 (see [16] and [17]).
For any chosen value of H ∈ (−∞, 0) ∪ (0, ∞), ρf can be ad-
justed to an arbitrary accuracy to obtain the fundamental mode
solution, i.e., ψ1(±L) = 0 and ψ1(z) � 0 for z ∈ (−L, L).

The resulting numerical calculations are shown in Fig. 7.
Obvious qualitative similarities can be seen between the plots for
allowed density pairs, density and amplitude profiles for the hy-
perbolic cosine density approximation loop shown in Figs. 6b–d
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Fig. 5. a) Linear approximation of the density profile from the pho-
tosphere (P) through the transition region (T.R.) to the corona (re-
gion C), where the distance between the P and T.R. is 2 Mm. b) The
quasi-fundamental standing mode amplitude solution for a loop with
L = 50 Mm and A1 = 800 km. The position of the T.R. is shown by the
vertical dotted line. c) A blow-up of the amplitude profile at the right
hand footpoint shown in (b).

and those of the exponentially stratified one shown in Figs. 7a–c.
A semi-circular exponentially stratified TRACE 171 Å tempera-
ture loop with H = 50 Mm (profile K) has a maximum amplitude
difference with the loop of constant density (profile L) of about
46 km at a distance 38 Mm from the loop footpoints.

7. Summary and conclusions

A fundamental question of great interest is: could the simple sec-
ond order differential Eq. (10) with boundary conditions (11) be
used to determine how the density profile changes along a coro-
nal loop by observing the spatial dependence of the amplitude?
To answer this question fully we would have to investigate the
relative contributions of all other physical effects that could vary
the amplitude profile which have not been addressed here. It is



750 R. Erdélyi and G. Verth: The effect of density stratification on the amplitude profile of transversal coronal loop oscillations

−L 0   L
0

z

ρ i(z
)

ρ
a

ρ
f

(a)

0 5 10 15 20
0

0.5

1

1.5

2

2.5

ρ
f
 (10 cm−3)

ρ a (
10

9  c
m

−3
)

G

H

I

(b)

−100 −50 0 50 100
0

2

4

6

8

10

z (Mm)

ρ i(z
) (

10
9  c

m
−3

)

G
H
I

(c)

−100 −50 0 50 100
0

200

400

600

800

1000

z (Mm)

ψ 1(z
) (

km
)

G
H
I

(d)

Fig. 6. a) The hyperbolic cosine function approximation (dashed line) given by Eq. (40) and the exponentially stratified density profile (solid line)
given by Eq. (13). b) The allowed density pairs for the fundamental standing mode where ρa and ρf are apex and footpoint densities. The fixed
parameters are L = 100 Mm, B = 10 G, P1 = 5 min and ε = 0.1. Pairs G, H and I are chosen to represent H = ∞, H ≈ 50 Mm and H ≈ 33 Mm.
c) The density profiles of G, H and I. d) The amplitude profiles of G, H and I, where for all, the apex maximum amplitude for the fundamental
kink mode (at z = 0) is normalised to A1 = 800 km.

also possible that the magnetic field decreasing in strength from
the loop footpoints to the apex could be the dominant factor since
the kink speed, ck is proportional to B, the magnitude of the mag-
netic field. In the model presented here, the magnetic field was
kept constant to make the problem more tractable. To our current
knowledge, there is not yet a model that describes the standing
fast kink mode of a magnetic cylinder that has a magnetic field
changing in strength along its axis, except a work in progress by
ourselves.

The exact magnetic structure along coronal loops is still very
much a mystery as there has not yet been a technique devel-
oped which can provide a direct measurement. The indirect ob-
servational evidence so far has been rather puzzling. A study
of TRACE loops (Watko & Klimchuk 2000) has shown that the
cross-sectional width remains relatively constant with increasing
height above the photosphere. The flux tube interpretation sug-
gests that magnetic field is therefore almost constant along loops
but this contradicts potential and force-free field extrapolations
from SoHO/MDI data where the field lines always diverge with
height. Klimchuk et al. (2000) suggested that by twisting a loop
this could reduce the amount of width expansion with height.
They performed a force-free extrapolation with a twisted loop
embedded in a magnetic dipole and found that although the twist
did reduce the expansion of the loop they could still not match
the observed constant thickness. It would therefore be useful to
develop theoretical models which could predict how different
magnetic field structures in loops would affect the frequency and
spatial properties of loop oscillations. These models could then
be tested against observations and help further advance the field
of coronal seismology.

It was shown in the previous sections that density stratifica-
tion in a TRACE 171 Å temperature coronal loop with a constant
magnetic field is likely to give only a subtle change to the am-
plitude profile of fundamental fast kink mode oscillations com-
pared to one of constant longitudinal density (see Table 1 for
comparisons). The effect is greatest when a loop’s apex is very
much higher than its density scale height. This agrees with the
result of Andries et al. (2005a) concerning changes within fre-
quency domain. A typical semi-circular TRACE 171 Å temper-
ature loop with exponential density stratification (L = 100 Mm
and H = 50 Mm) will only differ in amplitude from one of
constant density by a maximum of 46 km. TRACE, our current
best resolution EUV imager has a pixel size equivalent to about
357 km on the surface of the Sun (and therefore has a resolu-
tion of nearly 714 km), so this difference is far too small to be
measured at present.

There are also many practical problems for observers in mea-
suring spatial dependence of amplitude along a loop. Currently,
it is very difficult to use 2D images from TRACE to infer the
true 3D geometry of a loop. Aschwanden et al. (2002) have
tried circular fits using heliospheric co-ordinates with limited
success. The planned Solar TErrestrial RElations Observatory
(STEREO) mission may be of help in this regard as it will view
the Sun using two imagers simultaneously from two different
locations giving quasi-3D data to work from (but unfortunately
its EUV Imaging Telescope (EUVI) has about three times less
resolution than TRACE).

Furthermore, since TRACE can only use one EUV passband
at a time to view the coronal plasma, only part of the loop is usu-
ally clearly visible. This is because loop temperature can vary in
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Table 1. Comparison of results from Sects. 3–6.

Density profile approximation Maximum amplitude difference (km) Distance from footpoints (Mm)
of semi-circular stratified loop to loop with constant density where maximum difference occurs

(L = 100 Mm and H ≈ 50 Mm)
step 30 30

linear 35 35
hyperbolic cosine 42 38

exponential 46 38
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Fig. 7. a) For the exponentially stratified density profile (13), the al-
lowed density pairs for the fundamental standing mode are shown
where ρa and ρf are apex and footpoint densities. The fixed parame-
ters are L = 100 Mm, B = 10 G, P = 5 min and ε = 0.1. Pairs J, K
and L are chosen to represent H = ∞, H = 50 Mm and H = 33 Mm.
b) The density profiles of J, K and L. c) The amplitude profiles of J, K
and L, where for all, the apex maximum amplitude for the fundamental
kink mode (at z = 0) is normalised to A1 = 800 km.

the longitudinal direction. A loop footpoint segment could be
brightly visible in one specific temperature passband but if the
loop becomes hotter towards the loop apex it will appear fainter
or may even disappear out of the passband altogether. For this

model to be really useful we would ideally like the whole loop
to be visible while it is oscillating. The planned Atmospheric
Imaging Assembly (AIA) EUV imager on the Solar Dynamics
Observatory (SDO) mission may be helpful in this regard as it
will view with seven different EUV passbands simultaneously,
but unfortunately the resolution is only equivalent to that of
TRACE.
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