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ABSTRACT

Aims. The formation and evolution of galaxies is one of the forefront problems of Astrophysics. Detailed studies of our own Galaxy are the
first step to understand these complex processes. In this paper we discuss the stellar populations and kinematics toward the North Galactic Pole
(NGP) using data taken from the Guide Star Catalog II.
Methods. The Padova Galaxy model has been upgraded including the possibility of simulating in a consistent way color magnitude diagrams,
luminosity functions and proper motions. Particular care is paid to simulate the kinematics of the thin disk, using a velocity dispersion tensor
with off-diagonal term accounting for the vertical tilt.
Results. To reproduce the observational color distribution of the studied fields, one of the most critical parameters is the IMF slope. The
canonical Kroupa IMF gives a poor fit of the data. The most convincing solutions are obtained assuming that about 40% of the stars are in
binaries and that the initial mass function changes slope at 0.8 M� instead than at the canonical value of 0.5 M�. We derive a Thin Disk
IMF slope of α = 0.9 ± 0.2 in the mass range 0.2−0.8 M�. We derive the velocity ellipsoids of the Thin disk populations. The Thick disk
and the Thin disk are well separated concerning their kinematic properties. The Thick disk is found to have a mean rotational velocity of
vc = 178 ± 8 km s−1 implying a moderate rotational lag with respect to the solar motion. The data are not consistent with a significant vertical
velocity gradient. This points in favor of a formation of the Thick disk by a quick heating of the precursor disk. Finally, no significant rotation
velocity is found in the Halo.
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1. Introduction

The formation and evolution of galaxies is one of the forefront
problems of Astrophysics. Detailed studies of our own Galaxy
are the first step to understand this complex process. In spite of
the work done in the recent past on the Galaxy formation, still
many unanswered questions remain. The diagnostic to distin-
guish the different models proposed in literature, is hidden in
the observational color-magnitude diagram (CMD), luminosity
function (LF), kinematics and dynamics of stellar populations.

Recently, the existence of large databases of proper motions
and/or radial velocities as 2MASS, RAVE, CFHTLS, GSC-II,
allows the study of large samples of stars. Current issues, that
could be addressed with those data, are the rotational charac-
ter of the Thick Disk and Halo; the presence, if any, of a ver-
tical velocity gradient which might be considered as a relic

� Appendix is only available in electronic form at
http://www.edpsciences.org

of the formation process (Beers et al. 2000; Chiba & Beers
2001, 2000; Soubiran et al. 2003; Gilmore et al. 2002; Beers
& Sommer-Larsen 1995; Freeman & Bland-Hawthorn 2002);
the existence of a retrograde rotating component in the outer
Halo, first suggested by Majewski (1993) and more recently,
found in the RR-Lyrae and blue horizontal branch star kinemat-
ics (Kinman et al. 2004, 2005). To understand Galaxy forma-
tion, it is important to obtain information on the global Galactic
kinematics properties (i.e. the velocity ellipsoids), so that devi-
ation from the expected behavior can be assessed.

To address the above issues, a program has been undertaken
to analyze space motions and age distributions of stars in the
Galaxy. Here we analyze proper motions, magnitudes and col-
ors in the direction of the NGP taken from the GSC-II catalog.
For those stars astrometric and photometric data are available.

In Sect. 2 we discuss the data; in Sects. 3 and 4 we present
the adopted population synthesis model and kinematic model
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Table 1. Plate material.

Field Survey Center (J2000) Epoch Pixel Color Emulsion + Filter

NGP 442 – l = 162.55◦ , b = +86.60◦

XJ442 POSS-II 12:41:27.0 +29:43:33 1990.225 15 µm BJ IIIaJ + GG385

XP442 POSS-II 12:41:27.0 +29:43:33 1990.081 15 µm RF IIIaF + RG610

XI442 POSS-II 12:41:27.0 +29:43:33 1997.414 15 µm IN IV-N + RG9

N321 Quick V 12:41:07.2 +29:12:15 1983.294 25 µm V12 IIaD+Wratten 12

XE321 POSS-I 12:41:07.2 +29:12:15 1950.275 25 µm E 103a-E + red plexiglass

XO321 POSS-I 12:41:07.2 +29:12:15 1950.275 25 µm O 103a-O unfiltered

NGP 443 – l = 77.31◦, b = +86.11◦

XJ443 POSS-II 13:04:23.2 +29:43:55 1995.234 15 µm BJ IIIaJ + GG385

XP443 POSS-II 13:04:23.2 +29:43:55 1993.288 15 µm RF IIIaF + RG610

XI443 POSS-II 13:04:23.2 +29:43:55 1991.299 15 µm IN IV-N + RG9

N322 Quick V 13:06:56.1 +29:13:24 1982.387 25 µm V12 IIaD+Wratten 12

XE322 POSS-I 13:06:56.1 +29:13:24 1955.288 25 µm E 103a-E + red plexiglass

XO322 POSS-I 13:06:56.1 +29:13:24 1955.288 25 µm O 103a-O unfiltered

respectively; in Sect. 5 we discuss the results, and finally, in
Sect. 6 we draw conclusive remarks.

2. The data

2.1. The observational CMD

Our material consists of digitized Schmidt plates from
the Northern photographic surveys (POSS-I, Quick-V and
POSS-II) carried out at the Palomar Observatory and which
have been utilized for the construction of the GSC-II (see
Table 1)1.

We analyzed two fields in the direction of the NGP. The
first, namely 422c, is centered at (l, b) = (162.55◦, +86.60◦)
and covers an area of 7.1 deg2, while the second, 443c, encom-
passes 19.6 deg2 at (l, b) = (77.28◦, 86.11◦). Images were dig-
itized at the STScI (Space Telescope Science Institute) utiliz-
ing modified PDS type scanning machines and were processed
with the GSC-II software pipeline which provides positions,
magnitudes and classification for all the detected objects down
to the magnitude limit of the plates.

The absolute position errors are 0.′′2−0.′′3, while relative as-
trometry attains a precision of 0.′′1. Photometric calibrations of
the individual plates are based on BVRc sequences provided
by the GSPC-I and GSPC-II (Bucciarelli et al. 2001). The ac-
curacy of the photographic magnitudes is about 0.1−0.2 mag,
including systematic errors that can affect objects close to the
magnitude limit of the plate or located far from the photometric
sequences.

In order to compare the observed GSC-II starcounts
with those predicted by the Galaxy model, photographic BJ,
RF magnitudes were transformed to the standard photome-
try V , B − V , by means of color transformations derived from

1 The catalogs used for this study are available via
http://www.to.astro.it/astrometry/Astrometry/
Galaxy.html or can be requested to A. Spagna.
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Fig. 1. The observational CMDs for the two fields discussed in the
text.

those used for the photometric calibration of the POSS-II
plates:

B − V = −0.0372 + 0.689 × (BJ − RF )

V = BJ − 0.00299− 0.87322(B− V) + 0.05116(B− v)2

+0.00316(B− V)3. (1)

Photographic magnitudes, BJ and RF , and absolute proper mo-
tions are available for 14906 stars down to V = 20 mag in the
field 443c and for 4743 stars in 442c.

The sample is complete for magnitudes brighter than BJ ≈
19.5 and RF ≈ 18.5 corresponding to V ≈ 19.0, while the com-
pleteness abruptly drops below this limit. The observational
CMDs are shown in Fig. 1 where only data having both proper
motions in α and δ are shown.

The observed starcounts of both the fields are plotted
in Fig. 2. The differences between the luminosity functions of
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Fig. 2. The luminosity function for the two fields in exam of
the GSC-II. The normalization to the area unit is adopted to compare
the two distributions.

the two fields might be due to intrinsic inhomogeneity of the
Galaxy, but it cannot be excluded that residuals in the photo-
metric corrections are still present. The differences are higher
at V > 19, due to the different completeness of the fields. In
Fig. 5 we show the color distributions versus B−V and BJ−RF

for all the stars brighter than V = 19. The data have been cor-
rected for a bias ∆BJ � −0.13 mag affecting the field 442c that
was revealed because it presented color distributions system-
atically redder of about ∆(B − V) � 0.09 with respect to those
derived from the field 443c and other regions in the area toward
the NGP.

When comparing with the models, this shift is applied to
the data in the V magnitude and (B − V) color.

2.2. The observational proper motions

Proper motions, µα cos δ, µδ, were computed according to the
procedure described by Spagna et al. (1996) using multi-epoch
positions measured on POSS-I, Quick-V and POSS-II plates
which span an epoch baseline of about 40 years.

The errors on the proper motions are plotted in Figs. 3
and 4. The bulk of the stars have errors of 3−6 mas/yr, although
the mean proper motion error is a function of the magnitude,
and it is almost constant, σµα ≈ σµδ ≈ 2 mas/yr in the range
12 <∼ V <∼ 18, while increases exponentially at fainter magni-
tudes (see Fig. 4).

The proper motion space can then be investigated to check
the possibility of clustering or bimodal distribution due to
systematic errors. Neither evidences of inhomogeneous re-
gions, nor over-densities, nor bimodal distributions are found
in the field 442c. Similar conclusion is reached in the case of
field 443c. No systematic difference is evident from the proper
motion error distribution between the two field 442c and 443c.
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Fig. 3. Contour plot of the proper motion error space. The majority of
the stars has errors on the proper motion of 4−5 mas yr−1.

3. Padova Galaxy model

The Galaxy is modeled with the code already described by
Bertelli et al. (1995), where however substantial improvements
have been introduced.

The Padova model has been updated including:

1. the usage of new stellar tracks from Z = 0.0001 till Z =
0.03 with low mass stars down to 0.15 (Girardi et al. 2000).
The 0.1 M� track is taken from Baraffe et al. (1998);

2. the extinction along the line of sight derived follow-
ing Drimmel & Spergel (2001) model obtained from
COBE-DIRBE infrared data;

3. the thin disk formed by several populations with different
scale height;

4. the velocity space simulated in a consistent way as de-
scribed in the following sections.

Summarizing, the structure of the Padova Model is as follows.
First the synthetic CMDs are generated by Monte Carlo simu-
lations, as described by Vallenari et al. (2000). Then a best fit is
produced using a down-hill simplex method in order to derive
the scale height and scale length of the populations. A mass
density (ρ0 of Table 4) is then individuated on the basis of the
CMD and LF. The Galactic potential Φ = ΦTOT (R, z) is cal-
culated using the mass density to invert the Poisson equation
as in Quinn & Goodman (1986) and Bienayme et al. (1987).
We assume a dark matter halo profile as in Helmi & de Zeeuw
(2000), a ISM distribution as in Dehnen & Binney (1998a),
and finally, a bulge mass distribution as in Helmi & de Zeeuw
(2000). The derived potential is used to calculate the radial-
vertical coupling of the thin disk velocity dispersions σRz, the
vertical profile of the σzz velocity dispersion and the radial de-
pendence of the azimuthal dispersionσφφ. Other radial and ver-
tical dependence are assumed (see Sect. 4.3 for details). Finally
velocities and proper motions are generated from the potential.
The quality of the fit is evaluated, comparing observations with
model predictions by means of a χ2 test. The process is iter-
atively repeated until a good solution is obtained. More detail
can be found in the following sections and in the Appendix.
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Fig. 4. Proper motion errors as a function of the magnitude for both the components µα and µδ and for both the fields 442c and 443c.
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Fig. 5. Color distributions for the two fields under exam. Panel a) shows the data of both fields in (B−V); b) is the analogous of a) in (BJ −RF).
We point out that a shift of ∆BJ = −0.13 mag is applied to the data of the field 442c (see text for details).
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4. Kinematic model

4.1. Basic consideration

The number Nk of stars per apparent magnitude, and apparent
color unit for Galactic component k at position x and velocity
u is given by the fundamental equation of the stellar statistics
(von Seeliger 1898; Trumpler & Weaver 1953), generalized to
include the kinematics:

dNk

d3ud3x
= Nk fk (x, u) (2)

where fk (x, u) is the Distribution Function (DF) for a popu-
lation k. In the following we consider the reference system in
polar cylindrical coordinates (R, φ, z) in the space of the config-
urations (S) with the origin of the coordinates in the ideal center
of mass of the galaxy. The stationary DF in the phase-space can
be expressed as fk = fk

(
R, z, vR, vφ, vz

)
.

This formulation is very similar to the classical one by
Schwarzschild (1907). The Schwarzschild DF was initially de-
rived to describe the kinematics of the solar neighborhood.
However its use has soon been extended to the whole disk kine-
matics (Shu 1969; King 1990; Ratnatunga et al. 1989; Mendez
& van Altena 1996). Here we assume as DF a simple trivari-
ate Gaussian having in general cross terms:

fk (x, u) = f0,k(R, z) exp

(
−1

2
(a − ā)T Σ(k) (a − ā)

)
(3)

where a =
(
vR, vφ, vZ

)
is a vector in the velocity space, ā =(

0, v̄φ, 0
)

is the mean velocity and Σi j the symmetric disper-
sion matrix, whose elements are functions of the space coor-
dinates in the meridional plane for the kth-population. While in
the Schwarzschild original formulation the velocity dispersion
does not depend on the Galactocentric radius (Fricke 1952), in
the hydrodynamic approach the DF depends both on the veloc-
ity dispersions and positions. From the observational point of
view, S is the natural reference frame of the Galaxy. However
it is not convenient to express the DF in this system due to the
complexity of the formulation. An easier formulation can be
obtained in a system S2 aligned with the main axes of the ve-
locity ellipsoid where the dispersion tensor is diagonal. Once
a Gaussian DF is calculated in S2, then a simple change of
reference system to S will conserve the character of a trivariate
Gaussian with cross terms. Finally, we will make use of another
reference system (U, V, W) centered on the Local Standard of
Rest, where U is toward the Galactic center, V is in the direction
of the Galactic rotation, and W is pointing toward the NGP.

In order to simulate the kinematics of the Galactic compo-
nents, at any location P (R, Z) the velocity ellipsoid is derived
in the reference system S2, whose motion relative to S is ex-
pressed by the mean circular speed V̄C,k = V̄C,k (R, Z). Hence
a simple transformation matrix in the space of velocities will
transform the vectors generated by the DF in S2 to S and finally
to the observer system (U, V, W) (see following sections).

4.2. Geometry of the projected velocities space

Vp, the peculiar velocity vector of a star in the system S2 cen-
tered on P(R, Z) can be expressed as:

Vp = V̄C (R�, Z�) + V� + Vhel − V̄C,k (R, Z) (4)

where V̄C,k (R, Z) is the mean rotational velocity of a star lo-
cated in P (R, Z) for the population k, V� is the solar peculiar
velocity vector relative to the LSR, Vhel is the heliocentric ve-
locity vector. The rotation velocity at the Sun in Eq. (4) is:

V̄C (R�, Z�) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
0

VLSR

0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

0∣∣∣V̄C (R�, Z�)
∣∣∣

0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ . (5)

A velocity vector V′′p in S2 is transformed in the sys-
tem (U, V, W) by means of the rotation:

V′′p = EVp (6)

or

Vp = E−1V′′p = ETV′′p. (7)

The transformation from S2 to (U, V, W) can be expressed as a
function of the angles α, β, ψ where α is the angle between the
direction of P(R, Z) on the Galactic plane (GP) and the Galactic
center (GC), β is related to the tilt of the velocity ellipsoid out
of the plane (see Eq. (26)), and finally ψ accounts for the vertex
deviation. The transformation matrix E is:

E = BCD (8)

where

B =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
cosψ sinψ 0
− sinψ cosψ 0

0 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ (9)

C =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
cos β 0 sin β

0 1 0
− sin β 0 cos β

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ (10)

D =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
cosα sinα 0
− sinα cosα 0

0 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ . (11)

Since no vertex deviation is included in the model (see follow-
ing sections), B is the identity. The Eq. (8) then becomes:

ET =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
cosα cos β sinα cosα sin β
− sinα cos β cosα − sinα sin β
− sin β 0 + cos β

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ (12)

where the angle α is given by⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
sin (α) =

r cos (b) sin (l)
R

cos (α) =
R� − r cos (b) cos (l)

R
·

(13)
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Table 2. Adopted values of dσii
dZ in Eq. (14). The parameters in Eq. (14)

are indicated in the first two columns. For each fixed radius the verti-
cal gradient of the two velocity dispersion tensors is indicated in the
fourth and fifth columns. The third column gives the vertical ranges.

γ − 1 Z[γ−1] Z range ∇zσRR ∇zσφφ

0 Z0 = 0.0 |Z| = 0 0 0

1 Z1 = 0.0 |Z| ∈ ]0.0; 0.5] 27.2 17.4

2 Z2 = 0.5 |Z| ∈ ]0.5; 1.0] 9.78 5.44

3 |Z| ≥ 1.0 0 0

4.3. The velocity dispersion tensor

4.3.1. The thin disk

No vertex deviation is included in the model, although the im-
portance of the streaming motions on the velocity ellipsoid in
the solar neighborhood has been widely evidenced by several
authors (Dehnen & Binney 1998b; Binney & Merrifield 1998;
Delhaye 1965). However the mechanisms responsible for the
presence of substructures in the velocity space in the solar
vicinity are still under discussion (see e.g. Famaey et al. 2005),
as well as the value of the vertex deviation, going from 15◦
to 30◦ (Dehnen & Binney 1998b) and its dependence on the
age of the disk populations (Famaey et al. 2005; Soubiran et al.
2003).

Then the azimuthal and radial velocities will be considered
un-coupled or equivalently σ2

Rφ = vR

(
vφ − v̄φ

)
≡ 0.

It can be shown that in a cool disk the azimuthal and ver-
tical velocities are approximately un-coupled, or equivalently
that the short axis of the velocity ellipsoid remains aligned with

a cylindrical coordinate system so that σ2
φZ =

(
vφ − v̄φ

)
vZ ∼ 0.

This is strictly true because of the symmetry on the galac-
tic plane (Aoki 1965, 1985; Hunter 1975, 1979; Vandervoort
1975).

Following Fuchs & Wielen (1987) the vertical profile of the
velocities dispersion σi j can be approximated by a recurrence
relation on the index γ as:

σ
(γ)
ii (R, z) = ∇zσ

(γ)
ii (R, z) ·

(
|z| − z(γ−1)

)
...

... + σ
(γ−1)
ii

(
R, z(γ−1)

)
(14)

for γ = 1, 2, 3 and where ii = R, φ. The adopted coeffi-
cients ∇zσ

(γ)
ii (R, z) as function of γ are taken as in Fuchs &

Wielen (1987) and are given in Table 2.
For all reasonable gravitational potentials,σ2

RR > σ
2
zz. It can

be proved that σ2
zz is minimum on the plane, i.e. ∂σ2

zz/∂z = 0
(Hill et al. 1979; Wainscoat et al. 1989; Fuchs & Wielen 1987;
van der Kruit 1988). In the solar neighborhood (R = R�), at
small z a Taylor expansion in σ2

zz in the vertical direction gives:

σ2
zz (R�, z) � σ2

zz (R�, 0) +
1
2

z2 ∂
2σ2

zz (R�)

∂z2
+ O

(
z3

)
where O(z3) represents higher order derivatives. It follows:

σ2
zz (R�, z)

σ2
zz (R�, 0)

� 1 +
λ (R�)
2R�

(α − 1)

∥∥∥∥∥∥∥
∂ lnσ2

zz

∂R

∣∣∣∣∣∣
(R�,0)

∥∥∥∥∥∥∥ z2

where λ is derived from the Galactic potential (see Eq. (22)) as
in Amendt & Cuddeford (1991).

Supposing that σ2
zz ∝ ρ in the plane, as in van der Kruit

& Searle (1982), and that ρ follows an exponential law with
constant scale length hR we have

σ2
zz (R�, z)

σ2
zz (R�, 0)

� 1 +
λ (R�)
2R�

⎛⎜⎜⎜⎜⎝σ2
RR (R�, 0)

σ2
zz (R�, 0)

− 1

⎞⎟⎟⎟⎟⎠ z2

hR

which describes the non isothermal case as

σ2
zz (R�, z) � σ2

zz (R�, 0)

+

⎛⎜⎜⎜⎜⎝λ (R�)
2R�

⎛⎜⎜⎜⎜⎝σ2
RR (R�, 0)

σ2
zz (R�, 0)

− 1

⎞⎟⎟⎟⎟⎠ z2

hR

⎞⎟⎟⎟⎟⎠σ2
zz (R�, 0) . (15)

This formulation takes into account the non-isothermal struc-
ture of the Thin Disk. Generalizing the kinematical character-
istic of the solar neighborhood to the whole disk of the Galaxy,
we can write Eq. (15) as:

σ2
zz (R, z) � σ2

zz (R, 0) +
λ (R,Φ)

(
σ2

RR − σ2
zz

)
2 · hR · R

∣∣∣∣∣∣∣∣
(R,0)

z2 (16)

where Φ is the Galactic Potential (see Sect. 4.3.3 where the
dependence of λ from the potential will be discussed). The
adopted approximation of the vertical profile is in agreement
with the Bahcall (1984a) data up to 1 kpc from the plane.

The radial profile terms in the plane are described as in
Lewis & Freeman (1989). They assume an exponential ra-
dial dispersion profile corresponding to an anisotropic model.
Under the hypothesis that σ2[γ−1=0]

RR /σ
2[γ−1=0]
zz = const. they ob-

tain:

σ
2[γ−1=0]
RR (R, 0) = σ2

RR,� exp

(− (R − R�)
hR

)
(17)

σ
2[γ−1=0]
zz (R, 0) = σ2

zz,� exp

(− (R − R�)
hR

)
· (18)

The azimuthal dispersion profile depends on the rotation curve
as in Binney & Merrifield (1998):

σ
2[γ−1=0]
φφ (R, 0) =

1
2

(
1 +

dln VC (R)
dR

)
σ

2[γ=0]
RR (R, 0) . (19)

Finally, the only off-diagonal term we take into account is re-
lated to the vertical tilt, i.e. the coupling of the velocities in R−z
and will be discussed in the following sections.

4.3.2. Age-velocity relation
As it’s well known an age-velocity dispersion relation seems
to exist for disk stars. A series of spiral transient events can
strongly mix stars in the radial direction (Sellwood & Binney
2002). In addition to radial heating stars experience a verti-
cal disk heating. Their vertical velocity dispersion increases as
they age. This is believed to occur through a combination of
in-plane spiral arm heating and scattering off giant molecular
clouds (Carlberg & Sellwood 1985). Then the vertical struc-
ture is related to the age distribution of the population (Gomez
et al. 1997). When the amplitude of the random motions in-
creases, the stars become less vulnerable to heating by transient
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Table 3. The local values of the velocity ellipsoid taken from
Rocha-Pinto et al. (2004).

Age [Gyr] σRR,� σφφ,� σzz,�
0–1 25 16 9

1–3 37 22 17

3–5 45 23 19

5–7 51 30 22

7–10 52 33 27

spiral waves, and the heating process is expected to saturate.
Inside this general framework, however, no complete agree-
ment is found among authors concerning the details of the
process (Wielen 1974a,b; Mayor 1974; Carlberg et al. 1985;
Knude et al. 1987; Stromgren 1987; Meusinger et al. 1991;
Wielen et al. 1992; Dehnen & Binney 1998b; Fuchs et al.
2001; Gómez et al. 1998; Rocha-Pinto et al. 2004; Nordström
et al. 2004). On the observational ground, it is matter of debate
whether the effect saturates or not after 3−4 Gyr (Gomez et al.
1997; Nordström et al. 2004; Rocha-Pinto et al. 2004). Table 3
presents the age-velocity relation derived by Rocha-Pinto et al.
(2004) that will be used in the following as starting guess for
the down-hill simplex fit.

4.3.3. Thin disk vertical tilt

The thin disk tilt term is described following Amendt &
Cuddeford (1991) who analytically link the vertical-coupling
term of the velocities ellipsoid to the potential, and to the den-
sity distribution:

σ2
Rz (R, z) � σ2

Rz (R�, 0) + z
∂σ2

Rz (R�, 0)

∂z
+ o

(
z2

)
. (20)

The first term of the sum is null by symmetry when z = 0 and
the last term is given by:

∂σ2
Rz (R, 0)

∂z
= λ (R)

⎛⎜⎜⎜⎜⎝σ2
RR − σ2

zz

R

⎞⎟⎟⎟⎟⎠ (R, 0) (21)

where

λ (R) =

(
R2Φ,Rzz

3Φ,R + RΦ,RR − 4RΦ,zz

)
(R, z = 0) (22)

where Φ = ΦTOT (R, z) is the total potential of the Galaxy (see
Appendix) and where Φ,Rzz,Φ,R,Φ,RR,Φ,zz are the derivatives
of the potential. λ is 1 in the case of a spherical potential,
when the velocity ellipsoid is pointing toward the Galactic cen-
ter, while λ is 0 for a cylindrical potential when the velocity
ellipsoid is always parallel to the Galactic plane. Amendt &
Cuddeford (1991) show that λ is related to the mass gradient in
the Galactic plane. A galaxy with a flat rotation curve and a flat
mass distribution has λ(R) = 0.5 at z = 0.

Out of the plane of symmetry of the galaxy the vertical
tilt of the velocity ellipsoid results in a rotation of an angle β
around vφ in S2 (defined in Sect. 4.1). β can be expressed as a
function of the velocity dispersions in S. If u′′p = (v′′R , v

′′
φ , v
′′
z )

is the vector in S2, then the corresponding vector in S is
up = (vR, vφ, vz) = Cu′′p where the rotation matrix C is de-

fined in Sect. 4.2. If (σii)2 = (vii − v̄ii)2 we find that in S2 the
DF of the disc components can be expressed by Eq. (3) where
the dispersion tensor is of the form:

Σi j = −1
2
·

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
(σ′′RR)−2 0 0

0 (σ′′φφ)−2 0

0 0 (σ′′zz)
−2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ . (23)

The normalization factor fk,0 can be expressed as:

fk,0 (R, z) =
1

(2π)3/2 σ′′RR (R, z)σ′′φφ (R, z)σ′′zz (R, z)
·

The simplest way to derive the components of the velocity dis-
persion tensor is to find its eigenvalues: solving the characteris-
tic equation for the velocity dispersion tensor det (Σ − λI) = 0,
one finds

λ1 =
1
2

(
σ2

RR + σ
2
zz −

√(
2σ2

Rz

)2
+

(
σ2

RR − σ2
zz

)2
)
≡ (σ′′RR)−2

λ3 =
1
2

(
σ2

RR + σ
2
zz +

√(
2σ2

Rz

)2
+

(
σ2

RR − σ2
zz

)2
)
≡ (σ′′zz)

−2

while σ2
φφ ≡ (σ′′φφ)2. We can write:

(σ′′RR)2 = (η− (R, z))−1

(σ′′zz)
2 = (η+ (R, z))−1 (24)

where

η∓ (R, z) =
1
2

⎛⎜⎜⎜⎜⎜⎝σ2
RR + σ

2
zz ∓

√(
2σ2

Rz

)2
+

(
σ2

RR − σ2
zz

)2
⎞⎟⎟⎟⎟⎟⎠ . (25)

The above equations describe how the velocity dispersions
change in S2 as a function of the observable profile in S due
to the tilt of the velocity ellipsoid out of the symmetry plane of
the MW. The inclination angle β can be obtained imposing that
in the reference frame S2 where the DF is a normal distribution
with only diagonal dispersion terms, vR and vz are statistically
independent, in the sense that vRvz = 0. β comes out to be:

2β = arctan

⎛⎜⎜⎜⎜⎝ 2σ2
Rz

σ2
RR − σ2

zz

⎞⎟⎟⎟⎟⎠ (26)

where σ2
Rz, σ

2
RR and σ2

zz are functions of the position (i.e.
Bienaymé 1999).

4.4. Thick disk DF

Concerning the Thick Disk, neither age nor position depen-
dence in the velocity dispersion are ascertained. We describe
the Thick Disk velocity ellipsoid as an anisotropic but isother-
mal DF. Little information is available on the thick disk kine-
matics. In particular it is not clear whether the velocity ellip-
soid presents or not a vertical tilt. The data suggest a vertex
deviation near to zero (Soubiran et al. 2003). For those rea-
sons, neither vertical tilt nor vertex deviation is included in the
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model. A simple trivariate Gaussian with no cross terms (see
e.g. Méndez et al. 2000) is assumed to give a description of the
velocity distribution:

fthick (u, x) = fthick,0 exp
(
(a − ā)T · Σ · (a − ā)

)
(27)

where

Σ =
1
2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
σ−2

RR 0 0

0 σ−2
φφ 0

0 0 σ−2
zz

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ (28)

where fthick,0 is the normalization factor and Σ is the thick
disk dispersion matrix, whose elements are not functions of the
space coordinates but are regarded as constant.

4.5. Halo DF

We approximate the Halo with an isothermal anisotropic
spheroid. A Gaussian DF is used even if more sophisticated
approaches have been presented in literature, i.e. a DF depend-
ing on the energy and the angular moment f = f (E, L) such as
in the Osipkov-Merrit models (Osipkov 1979; Merritt 1985b,a)
or Michie models (Michie 1963). Our simple approach allows
us to easily introduce a constant rotation, a skew-rotational ve-
locity or a two-components model for the inner and outer Halo
(e.g. Chiba & Beers 2001). The DF can be written as a trivari-
ate Gaussian with no cross terms in the LSR of any given point
in the space:

fhalo (u) = fhalo,0 exp
(
aT · Σ · a

)
(29)

where

Σ =
1
2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
σ−2

RR 0 0

0 σ−2
φφ 0

0 0 σ−2
zz

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ (30)

are position independent velocity dispersions for the halo.

4.6. The circular velocity

– The thin disk. The module of the mean circular velocity of
the thin disk component k,

∣∣∣V̄C,k (R, z)
∣∣∣, at z = 0 is:

∣∣∣V̄C,k (R, z)
∣∣∣ � ∣∣∣V̄C,k (R, 0)

∣∣∣ = √
V2

c (R) − σ2
φφ,k+...

...+

⎛⎜⎜⎜⎜⎜⎝1 + 2R
hR,thin

+
R

σ2
RR,k

∂σ2
Rz,k

∂z

⎞⎟⎟⎟⎟⎟⎠σ2
RR,k (31)

where the vertical tilt of the ellipsoid is calculated follow-
ing Eq. (22).
This formulation which is rigorously valid at z = 0 can be
regarded as a reasonable approximation up to a few hun-
dred parsecs out of the plane.

– The thick disk. We assume:∣∣∣V̄Cthick (R, z)
∣∣∣ ≡ const. (32)

Alternatively the vertical gradient can be calculated from
the radial Jeans equation. We derive:

∣∣∣V̄C (R, z)
∣∣∣ =

√
(1 − R

hR,thick
)σ2

RR − σ2
φφ...

...+R
∂ΦTOT (R, z)

∂R
(33)

where hR,thick is the thick-disk scale length (see Appendix
for details on the potential).

– The halo. We assume for the halo constant circular mean
velocity analogously to Eq. (32).

5. Results

The comparison of the observational CMD, color distribution
and proper motion with the simulations is made minimizing
the χ2 distribution in the several magnitude ranges using the
down-hill simplex method.

In this section, first we briefly present the down-hill simplex
method, then we discuss the results.

5.1. The down-hill simplex method

The down-hill simplex method is a direct search method of op-
timization that works for stochastic problems. It is based on
evaluating a function at the vertices of a simplex, then iter-
atively shrinking the simplex as better points are found un-
til some desired bound is obtained. Since its publication by
Nelder & Mead (1965), the simplex algorithm has become
one of the most widely used methods. We use this method
minimizing the χ2 function in a parameter-space having N di-
mensions. In the following, the observational CMD is divided
into magnitude and color bins of size ∆ (B − V) = 0.2 mag
and ∆V = 1.0 mag, where the fitting parameters are the scale
heights of the Thin and Thick Disk and the relative percentages
of the populations. Concerning the kinematics, the σii,� are re-
garded as free parameters and then derived using the down-
hill simplex method fitting the observational distributions of
proper motions µα and µδ in magnitude bins. We point out
that in the simulations, observational errors on magnitudes, col-
ors, and proper motions as derived from the data (see Sect. 2)
are taken into account. To prevent settling on local rather than
global minima, the simplex is first started from a random po-
sition in the parameter space for the thick disk and halo, while
we make use as first guess of the local values of the thin disk
velocity ellipsoids of the populations defined in Table 3. When
a possible solution is obtained, the simplex is re-started from
a position very close to it. The uncertainties on the parameters
are derived using Boot-strap Method simulations, where a frac-
tion equals to 1/e of the original data are randomly substituted
within the errors and the new data sample is re-analyzed (Efron
1982).
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Table 4. Column 1 indicates the number of the Model, Cols. 2 and 3 present the IMF slope used in the simulation for the Thin and Thick
disk respectively in the mass range 0.2-mc. Column 4 indicates the mass mc at which the IMF slope of the Thin disk changes. Column 5 gives
the scale height for the Thick Disk. Columns 6 and 7 indicate the used fraction of binaries stars. The last column gives the chi-square merit
function.

Models IMF α IMF α mc hz Binaries χ2/N

Thin disk Thick disk M� Thick disk [kpc] Thin disk Thick disk

(1) Kroupa Kroupa 0.5 0.9 No No 6.2

(2) Kroupa –0.5 0.5 0.7 No No 2.7

(3) 1.1 1.1 0.8 0.8 No No 3.0

(4) 0.9 0.5 0.6 1.2 No No 7.8

(5) 0.9 0.5 0.7 1.5 No No 7.1

(6) 0.9 0.5 0.8 1.5 No No 7.0

(7) Kroupa 0.5 0.5 0.9 40% 40% 5.2

(8) 0.9 0.5 0.8 0.9 40% 40% 2.2

(9) 0.9 0.5 0.6 0.9 No 40% 3.4

(10) 0.9 0.5 0.7 0.9 No 40% 3.1

(11) 0.9 0.5 0.8 0.7 No 40% 2.9

5.2. CMD and LF analysis

In the following, a detailed analysis of the two fields is
presented.

Table 4 shows the most interesting solutions obtained using
the standard Kroupa (2001b,a) IMF for all the populations.

The best solution with a Kroupa IMF and when binary stars
are not taken into account is obtained for a Thick disk scale
height hz,thick = 0.9 ± 0.2 kpc (see model 1 of Table 4).

Figure 6 shows the poor quality of the fit, comparing the
observational color distribution with the results of model (1).
The data show a bimodal distribution in the magnitude range
V ∈ [17−19] mag, with the stars distributed in two regions, one
redder than (B − V) ∼ 1.2 and one bluer than (B − V) ∼ 0.8.
While the blue peak is reproduced, the red one is poorly fit-
ted. Additionally, when the number of faint stars is reproduced,
then in the magnitude ranges V ∈ [13−15] mag and V ∈
[15−17] mag the number of stars in the central peak is greatly
underestimated. Looking at the simulated CMD (see Fig. 7) it
is clear that, due to their age, age distribution, metallicity and
spatial distribution, Halo, Thin and Thick Disk are mainly lo-
cated in different regions of the CMD, although it is not re-
ally possible to separate them. Stars brighter than V = 15 are
mainly Thin Disk population, objects in the range V ∈ [15−17]
are a mixture of Thin and Thick Disk population, whereas the
Halo contribution becomes significant for V > 17. In order to
improve the quality of the fit at brighter magnitudes, one of
the most critical parameters is the slope of the IMF. Figure 8
presents the simulated CMD where the mass range is brought
into evidence. The relative percentage of bright blue stars to
faint red objects can be modified changing the IMF, since the
blue and the red part of the CMD are occupied by stars of dif-
ferent mass ranges. Regarding the IMF slope as a free param-
eter, when no binary stars are included, we find out that better
merit functions are obtained when the IMF slope changes at
mc = 0.8 M� for the Thin and Thick disk instead that at the

canonical Kroupa value of 0.5 M� (see model 3). We derive
in the lower mass range, 0.2−0.8 M�, α = 1.1 ± 0.3 whereas
for masses higher than 0.8 M� no need is found to change the
standard value of α = 2.3 (model 4 of Table 4). In this nota-
tion the Salpeter slope is 2.35. We remind that Kroupa (2003)
suggests a slope α = 1.1 ± 0.7 in the mass range 0.1−0.5 M�
and α = 2.2 ± 0.3 for more massive stars. The Thick disk
scale height turns out to be hz,thick = 0.8 ± 0.1 kpc. The im-
portance of the change of mc is pointed out by the fact that
when binaries are not included, and mc = 0.5 M�, then the
best fit Thick disk IMF turns out to be rising with a slope
α = −0.5 ± 0.2 from 0.8 M� and the Thick disk scale height
becomes 0.7 ± 0.2 kpc (model 2).

The simulations of the previous paragraph do not take
into account the presence of binary stars. Kroupa (2001b) has
pointed out the importance of binaries in the IMF determi-
nations. We recall that the predicted multiplicity of stars de-
pends on the spectral type and is varying from 30−40% for
the M-dwarf stars (Fischer & Marcy 1992) to 59% for O-stars
(Mason et al. 1998) till 65% of GV-stars (Duquennoy et al.
1991; Duquennoy & Mayor 1991). Models taking into account
a percentage of 40% of binaries have been tested against star
counts. A poor solution is derived when the standard Kroupa
IMF is adopted for the Thin Disk at varying parameters of
the Thick Disk (IMF slope and scale height) (see for instance
model 7). The most convincing solution (model 8) is found
including 40% of binary stars for the Thin Disk IMF slope
α = 0.9 ± 0.3 in the mass range 0.2−0.8 M�, when the Thick
Disk IMF slope is α = 0.5. This is in agreement with Reylé
& Robin (2002) who derive α = 0.5 for the thick disk popula-
tion in the mass range 0.2−0.8 M�. In this case, the Thick Disk
scale height is 0.9 ± 0.1 kpc in agreement with the results ob-
tained by other authors (we quote among others Spagna et al.
2005; Reylé & Robin 2002; Larsen & Humphreys 2003; Ng
et al. 1997). The merit function χ2/N is definitely better than
in the previous solutions. Figure 9 compares the observational
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Fig. 6. Comparison of the observational and simulated color distribution in different magnitude range, for the model (1) of Table 3. The solid
line with error-bars and squares represents the data of field F2, the solid line with circles gives the data of F3, the long-short dashed line
indicates the halo stars, the dashed-dotted line shows thick disk stars, the dotted line represents the thin disk population. Finally dashed line
with triangles is the total simulated LF (see text for details).

color distribution with the best solution model for magnitudes
brighter than V = 19. The importance of including binary stars
is pointed out by the comparison between the models (6), (8)
and (11).

The IMF slope at low masses is still under debate.
Holtzman et al. (1999) find α = 0.9 for 0.3−0.7 M� for the
Bulge population. Chabrier (2003) suggests for the solar vicin-
ity a slope α = 1 for stars in the mass range 0.1−0.35 M�,
and α = 2 for higher masses. Schultheis et al. (2005) de-
rive a change in the IMF slope for m < 0.2−0.25 M� for the
Thin disk single stars. If the stars in the Galactic disk are born
in embedded clusters rather than in isolation (Lada & Lada
2003), then the young cluster IMF can give information about

the disk IMF. In most star forming regions and open clusters
such as Trapezium, IC 348, Taurus, the IMF rises from high
masses down to about 0.8 M�, then rises more slowly down
to 0.1−0.2 M� and finally declines in the sub-stellar regime
(Luhman & Potter 2006, and references therein). Muench et al.
(2003) obtain α = 1.2 in the mass range 0.1−0.7 M� in two
young clusters. Recently, Luhman et al. (2003) and Luhman
(2004) derive in Taurus an IMF showing a peak near 0.8 M�
and then steadily declining toward lower masses. This is in
agreement with the results from the earlier surveys of Taurus
(Briceño et al. 2002) and is usually interpreted in terms of dif-
ferent average Jeans masses between Taurus and other denser
clusters resulting in the shift in peak mass as proposed by
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Fig. 7. Simulated CMD where different populations are shown. Black
dots indicate thin disk stars, dark gray dots show thick disk objects,
and light grey dots present the halo population.
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Fig. 8. Simulated CMD where different populations are shown. Black
dots indicate stars having masses <0.5 M�, light grey squares show
stars in the mass range 0.5−0.8 M�, and finally dark gray squares rep-
resent stars more massive than 0.8 M�.

several fragmentation models (Goodwin et al. 2004; Padoan &
Nordlund 2002).

Although very reasonable, and in agreement with young
cluster determinations, the present result concerning the IMF
should be regarded with caution for a number of reasons:

– due to the fact that we are observing stars in a cone, we are
not very sensitive to populations located very close to the
Galactic plane. Concerning the thin disk, the main contribu-
tion is given by the populations older than ∼3 Gyr, having

a turnoff mass <1.3 M�. Younger populations are under-
represented. The IMF slope we derive is referring to such a
sample;

– in principle there is a dependence of the IMF on the as-
sumed star formation rate for regions having formed stars
longer than the age of the most massive stars (Binney et al.
2000; Elmegreen & Scalo 2005). SFR variations reflect on
the slope of the derived IMF. This does not apply to thick
disk stars whose star formation interval is supposed to be
very short in comparison to the age of the population. Stars
living longer than the age of the disk will be hardly affected
by the SFR changes. With an age of 10 Gyr, the turnoff
mass will be of the order of 0.95 M� for Z = 0.008. For
these reasons, the dependence of the results from the as-
sumptions on the SFR is probably not extremely significant
for masses lower than 0.9 M�, but might be more relevant
at higher masses;

– kinematic effects such as stellar orbital diffusion, radial
mixing by stellar waves (Binney et al. 2000) might play an
important role in altering the stellar population in a given
direction;

– it is clear from the previous simulations that including bi-
nary stars in the simulations plays a significant role in the
determination of the IMF slope. However the percentage
of binary stars in the low mass range is still poorly known
(Chabrier 2003);

– stellar models for masses lower than 0.5 M� suffer of uncer-
tainties mainly regarding synthetic optical colors, the com-
plex problem of dust formation in the coolest atmosphere
models and the mass-luminosity relation (Baraffe 2002)

Table 5 gives the adopted parameters for the bulge, the ISM,
the halo (qΦ, v0,Rc) and the thin disk (scale lengths hR) together
with the parameters derived from the best fit solution (central
values of the mass densities ρ0 of the different components and
scale heights) (model 7 of Table 4). The parameters related to
the Thin Disk population have been tested on several Galactic
fields and will be the further discussed in a forthcoming pa-
per (Vallenari et al. 2006). Including the ISM components, the
Dark Matter Halo and the WD correction of 0.027 M�/pc3

from Méndez (2002), we estimate the mass density in the solar
neighborhood to be 0.06 M� pc−3. This value is in agreement
with the dynamical mass estimate by Creze et al. (1998), who
find 0.07 M� pc−3, whereas it is definitely lower than the lo-
cal density derived by Bahcall (1984b,c); Bahcall & Soneira
(1984). The Thick Disk comes out to amount to 5% of the Thin
Disk. Figure 10 gives the percentage of stars of different pop-
ulations as a function of the magnitude for the model (7) of
Table 4.

5.3. Kinematics of the populations

The best fit distribution of the proper motions is shown
in Fig. 11.

Table 6 presents the best-fit determination of the velocity
ellipsoids and of the circular velocity of the populations indi-
cated in Table 6.
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Fig. 9. Comparison of the observational and simulated colour distribution in different magnitude ranges for the model (8) of Table 3. The
solid line with error-bars and squares represents the data of field F2, the solid line with circles gives the data of F3, the long-short dashed line
indicates the halo stars, the dashed-dotted line shows thick disk stars, the dotted line represents the thin disk population. Finally dashed line
with triangles is the total simulated LF (see text for details).

5.3.1. Thin disk kinematics

Since more than 80% of the Thin Disk population has ages
between 3 and 10 Gyr, only velocity ellipsoid values corre-
sponding to these populations have been derived from the data.
For the population having ages younger than 3 Gyr, the values
given in Table 6 are assumed. The velocity ellipsoids obtained
are in good agreement with Hipparcos measurements (Gomez
et al. 1997; Bienaymé 1999; Bienaymé et al. 1999).

5.3.2. Thick disk kinematics

From the proper motion distribution the Thick Disk is found
to have a moderate rotational lag of 42 ± 7 km s−1 with

respect to the solar motion, a value comparable to the canon-
ical Vlag = 50 km s−1 (Gilmore et al. 2002). In particu-
lar we find that the thin and the thick disk are well sep-
arated in the kinematic properties. The velocity ellipsoids
given in Table 6 are in substantial agreement with recent
determinations based on 3D-velocity analysis by Alcobé &
Cubarsi (2005); Soubiran & Girard (2005); Soubiran et al.
(2003). Different results are presented in literature. Layden
et al. (1996) on the basis of field RR Lyrae survey ob-
tain (σRR, σφφ, σzz) = (56 ± 8, 51 ± 8, 31 ± 5) km s−1. Chiba
& Beers (2001) derive from a sample of solar-neighborhood
metal poor stars the velocity ellipsoid (σRR, σφφ, σzz) =

(46 ± 4, 50 ± 4, 35 ± 5) km s−1. Our data are not consistent with
a vertical gradient in the rotational velocity in the Thick Disk.
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Table 5. Best fit parameters (mass parameters, scale length and scale height of the Galactic components), see appendix for details.

Thin disk 1−3 Gyr Thin disk 3−5 Gyr Thin disk 5−7 Gyr Thin disk 7−10 Gyr

hR = 2.5 kpc hR = 2.5 kpc hR = 2.5 kpc hR = 2.5 kpc

hz = 0.20 kpc hz = 0.25 kpc hz = 0.28 kpc hz = 0.35 kpc

ρ0 = 2.2 × 108 [M� kpc−3] ρ0 = 1.0 × 108 [M� kpc−3] ρ0 = 2.1 × 108 [M� kpc−3] ρ0 = 8.0 × 108 [M� kpc−3]

Thick disk ISM Bulge Halo

hR = 2.5 kpc hR = 4.5 kpc Mbulge = 3.4 × 1010 M� v0 = 165 km s−1

hz = 0.9 kpc hz = 0.20 kpc a = 0.7 kpc Rc = 7 kpc

ρ0 = 1.1 × 106 [M� kpc−3] ρ0 = 1.48 × 108 [M� kpc−3] qΦ = 0.9

Table 6. The best-fit for the velocity dispersions and the circular velocities of the Galactic populations. All the values are in km s−1.

Parameters Thin disk 1−3 Gyr Thin disk 3−5 Gyr Thin disk 5−7 Gyr Thin disk 7−10 Gyr

σRR,� 25 ± 2 25 ± 4 38 ± 4 34 ± 4

σφφ,� 20 ± 4 22 ± 2 32 ± 2 21 ± 2

σzz,� 10 ± 1 15 ± 1 18 ± 1 13 ± 1

Thick disk Halo

σRR,� 74 ± 11 151 ± 14

σφφ,� 50 ± 7 116 ± 11

σzz,� 38 ± 7 96 ± 11

V̄c 178 ± 7 6 ± 19

Fig. 10. Percentage of stars of different populations as a function of
the magnitude for the model (7).

The presence of a gradient in the Thick Disk velocity disper-
sion or a multi-component structure is indicative of the forma-
tion process. Our results support the idea that the Thick Disk is
formed by quick heating of the precursor Thin Disk. From the
observational point of view, the situation is far from being clear.
No Thick Disk velocity gradient has been detected by Soubiran
(1993); Ojha et al. (1994); Soubiran et al. (2003). This suggests
a formation of the Thick disk by a quick heating of the precur-
sor Disk. Chiba & Beers (2000) find that far from the plane,
the Thick Disk has lower rotational velocity and higher velocity
dispersion than close to the Galactic plane. These data are inter-
preted as a vertical gradient of about 30 km s−1 kpc−1. Gilmore
et al. (2002) propose a different interpretation of the data: the
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Fig. 11. The observational proper motion distribution is compared
with simulated data. The heavy solid line indicates the data. The long-
dashed line shows the thin disk, the dot-dashed line represents the
halo, and the dotted line shows the thick disk, the thin solid line gives
the total simulated proper motion. Error bars are calculated using
Monte Carlo simulations taking into account the observational data
error (see text for details).

Thick Disk has a composite form, indicating, at some locations
in the sky, the presence of relics of destroyed satellites. This
can show the same effect as the presence of a vertical velocity
gradient.

5.3.3. Halo kinematics

The Halo is characterized by (σRR, σφφ, σzz) = (151 ±
14, 116 ± 11, 96 ± 11) km s−1 without any significant
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rotational velocity component for stars brighter than V =

19, corresponding to a distance from the Galactic plane of
about 7 kpc. Gilmore et al. (1989) and Robin & Oblak
(1987) find Halo velocity dispersions (σRR, σφφ, σzz) =

(135 ± 20, 95 ± 10, 95 ± 10) km s−1 with vlag = 220 km s−1.
More recent determinations of the velocity ellipsoid of the
Halo are by Layden et al. (1996) who find (σRR, σφφ, σzz) =
(168 ± 13, 102 ± 8, 97 ± 7) km s−1 for a sample of RR Lyrae of
mean metallicity [Fe/H] = −1.6. Chiba & Beers (2000) de-
rive (σRR, σφφ, σzz) = (141 ± 11, 106 ± 9, 94 ± 8) km s−1 us-
ing metal poor solar neighborhood stars. The majority of the
authors suggests that the Halo has little or no net rotation.
However, a Halo presenting a prograde rotation is found by
(Majewski et al. 1991, 1994; Majewski & Siegel 2002) who
determine vlag = 280 km s−1 and Chiba & Beers (2000) who
derive vlag = 250÷ 270 km s−1. These authors find that the am-
plitude of the prograde rotation is decreasing with increasing
distance from the Galactic plane. Finally, in our data no evi-
dence is found of the Sagittarius dwarf galaxy velocity stream
down to V = 19 (corresponding to a distance of 7 kpc). N-Body
simulations of the Sagittarius orbit predict the presence of a
substantial stream in this direction (Helmi & White 2001), but
at higher distances from the Galactic plane.

6. Conclusions

In this paper we present an update of the Padova Galaxy Model
in order to simulate in a consistent way the color-magnitude
diagrams and the velocity space of the Galactic populations.
Particular care is paid to simulate the kinematics of the thin
disk, using a velocity dispersion tensor with off-diagonal term
accounting for the vertical tilt.

The model is applied to derive the stellar population prop-
erties and the kinematics of two fields in the direction of the
NGP taken from GSPC-II Catalog data.

Concerning the stellar populations, one of the most criti-
cal parameters is the IMF slope. A poor fit of the color dis-
tributions at different magnitudes is obtained using a standard
Kroupa IMF. The most convincing solutions are obtained when
about 40% of the stars are in binaries and when the initial mass
function changes slope at mc = 0.8 M� instead than at the
canonical value of 0.5 M�. We derive a Thin Disk IMF slope
of α = 0.9±0.2 in the mass range 0.2−0.8 M�. The Thick Disk
scale height is hz,thick = 0.9 ± 0.1 kpc.

Kinematic properties of the Disks and Halo are dis-
cussed, deriving the velocity ellipsoids, and the velocity lags.
The Thick Disk is found to have a moderate rotational lag
with respect to the solar motion. Its velocity ellipsoid axes
are (σRR, σφφ, σzz) = (74 ± 11, 50 ± 7, 38 ± 7) km s−1 in sub-
stantial agreement with Soubiran et al. (2003). No significant
velocity gradient is found in the Thick Disk thus suggesting
quick heating of the precursor disk. The Halo is characterized
by the velocity ellipsoid (σRR, σφφ, σzz) = (151± 14, 116± 11,
96±11), without significant rotational velocity for stars brighter
than V = 18, corresponding to a distance from the Galactic
plane of about 7 kpc. In particular, the data are not consistent

with a retrograde Halo rotation up to the above distance from
the plane.
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Appendix

In this section, more detail is given about the adopted Potential. The predictions of the kinematic model such as rotation curve,
Oort functions, terminal velocity, vertical force on the plane, total mass are derived and discussed. Finally, the predicted vertical
tilt angle of the thin disk velocity ellipsoid is shown (Pasetto 2005, more detail can be found in).

A.1. The potential

We assume:
a) a logarithmic profile for the dark matter and stellar halo profile from as in Helmi & de Zeeuw (2000):

Φhalo (R, z) =
v2

0

2
ln

⎛⎜⎜⎜⎜⎝R2
c + R2 +

z2

q2
Φ

⎞⎟⎟⎟⎟⎠ + const. (A.1)

with v2
0 = 165 km s−1 (see Table 5) where v0 is the velocity-scale for the halo rotation curve, Rc = 6 kpc is the length scale and

qΦ ≤ 1 is the ellipticity control parameter for the potential isocontour (see Binney & Tremaine 1994);
b) an Hernquist (1990) profile for the Bulge:

Φbulge = −GMbulge

r + a
(A.2)

where Mbulge is the Bulge mass, and a is the scale length 0.7 kpc long;
c) the k disk component density is described by the double exponential law:

ρdisk(k) (R, z) = ρC(k) exp

(
− R

hR(k)
− |z|

hz(k)

)
· (A.3)

From this density the potential is derived by numerical integration

ΦDisk(k) (R, z) = −4πG
ρC(k)

hR(k)

∫ +∞

0

J0 (xR)(
h−2

R(k) + x2
)3/2

h−1
z(k)e

−x|z| − xe−h−1
z(k) |z|

h−2
z(k) − x2

dx (A.4)

with k = thin disk (young and old), thick disk, following Quinn & Goodman (1986).

A.2. The rotation curve

Given a gravitational potential, the rotation velocity is

vc =

√
R
∂Φtot

∂R
· (A.5)

The problem is reduced to calculate the contribution from the various components of the galaxy. Here we report, as an example,
only the result for the rotation curve. After simple passages one obtains:

vc =

√√√√√
R

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝4GπR
n∑

k=1

αkρc,k

∫ ∞

0

kJ1 (xR)(
x2 + α2

k

)3/2 (
x + βk

)dx +
Rv2

0

R2 + R2
c
+

3GMbulge

(c + R)2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ (A.6)

with n = 4 as above for the four disk-like components.
The rotation curve of Fig. A.1 is obtained using the parameters of Table 5. This curve is comparable with the one derived by

Dehnen & Binney (1998a) in their best-fit model.

A.3. The Oort functions

The Oort functions A(R) and B(R) are given by:

A (R) ≡ 1
2

(
vc (R)

R
− dvc (R)

dR

)

B (R) ≡ −1
2

(
vc (R)

R
+

dvc (R)
dR

)
·
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Fig. A.1. The rotation curve for each sub-component of the galaxy model. The solid bold line is the total rotational curve. The solid thin line is
disk-total components: thin young disk (dotted line), old thin disk (dot-dashed line), thick disk (dotted thin line) and ISM (dashed line). Squares
indicate the model of Dehnen & Binney (1998a).

The value of these functions in the solar vicinity are the Oort constants. The quantity B is determined by studying the dependence
of stellar proper motions on the Galactic longitude, whereas A is derived from the analysis of either proper motions or radial
velocities in the solar vicinity:

vr = Ad sin 2l

µl =
A cos 2l + B

4.74

where d is the distance to the object in kpc, l is the Galactic longitude, A and B are in km s−1 kpc−1 and µl in mas yr−1.

A − B = vc
R can be derived in an independent way from proper motion surveys in the direction l = 90◦ or l = 270◦, because

along these directions the star distribution has a small dependence on the Galactocentric radius and is slightly affected by the
radial dependence of the Oort functions. Finally, the combination − B

A−B can be estimated from the velocity ellipsoid of random
stellar motions. From our assumptions, we derive in the solar vicinity A = 14.2 and B = −13.7, in agreement with the values
A = 14.5 ± 1.5 and B = −13.5 ± 2 proposed by Dehnen & Binney (1998a), Olling & Merrifield (1998). Figure A.2 shows the
Oort functions, A − B and − B

A−B . These functions are in agreement with the data form Olling & Merrifield (1998).

A.4. The terminal velocity

For an axisymmetric Galaxy with circular rotating interstellar medium, the peak velocity along a given line-of sight (l.o.s.) at
b = 0 and l either in the first or in the fourth quadrant, occurs at the radius R = R� sin l. This terminal velocity vterm is related to
the circular speed vc by

vterm = vc (R� sin l) − vc (R) · sin l.

However, the non circular motion of the ISM induced by spiral arms leads to deviation from this ideal relation (outside the region
|l| ≤ 20◦ dominated by the bar, these deviations are expected to be small). Figure A.3 compares the terminal velocity derived by
us with the model by Dehnen & Binney (1998a). Figure A.4 shows both the direction and the value of vterm on the galactic plane.
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Fig. A.2. The Oort functions A(R) and B(R) as derived from the model of Fig. A.1 together with the values of A − B and −B/(A − B). The
units of A, B and A − B are km s−1 kpc−1. The smooth behavior depends on the fact that they have been derived directly form the potential. The
predicted trend given by these functions is in agreement with the observational estimates of these quantities (Olling & Merrifield 1998, and
reference therein).

A.5. The rotation curve of the outer Galaxy

For an axisymmetric galaxy, the radial velocity relative to the LSR, vR,LSR, of a circularly orbiting object at galactocentric coor-
dinates (l, b) and galactocentric radius R is related to the circular velocity by

W (R) =
vR,LSR

sin l cos b
=

R�
R
vc (R) − vc (R�) .

As well known, for R > R�, one cannot deduce R for an object at given l without a knowledge of the distance d. Widely
used data to constrain the rotational curve of the outer galaxy are those by Brand & Blitz (1993) who list HII regions that have
spectro-photometric distances and associated molecular clouds with measured radial velocities, Pont et al. (1997) who give radial
velocities and photometry for classical Cepheids (Olling & Merrifield 1998; Dehnen & Binney 1998a). Figure A.5 compares the
values of W derived from our model with the available data.

A.6. The total mass inside a radius R < 100 Kpc

The total mass within a sphere of radius R can be estimated from the velocity distribution of the Milky Way’s satellites (Zaho
1998), from the maximal locally observed stellar velocity and argumentation on the escape speed, from the LSR (Robin et al.
2003), from the timing of the local group (Combes 1999) and finally from the dynamics of the Magellanic Clouds and Stream
(Lin et al. 1995; Sawa et al. 1999). Sakamoto et al. (2003) derived the mass reproducing the kinematics of the galactic satellites
from the Halo globular clusters and the horizontal branch stars. The total mass inside the radius of 100 kpc can be calculated
integrating the density profile. The model presented above gives a mass of Mtot

(
r < 100 kpc

)
= 8.8 × 1011 M�, fully compatible

with the values presented in literature e.g.:

– Kochanek (1996): Mtot
(
R < 100 kpc

)
= 7 ± 2 × 1011 M�;

– Lin et al. (1995): Mtot
(
R < 100 kpc

)
= 5 ± 2 × 1011 M�;

– Dehnen & Binney (1998a): Mtot
(
R < 100 kpc

)
= 8 ± 2 × 1011 M�;
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Fig. A.3. The terminal velocity derived in this work (solid line). The
model is in good agreement with the model by Dehnen & Binney
(1998a) reproducing the data from Dehnen & Binney (1998a), Brand
& Blitz (1993) and Pont et al. (1997).
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Fig. A.4. The terminal velocity as in Fig. A.3. In this plot both the di-
rection and the value of the terminal velocity are shown at the galactic
plane. The angular degree refers to the l galactic longitude and the
dashed rings show the vterm levels in the specified direction. The zero
direction correspond to the galactic center and the zone of avoidance
near 0 is due to the presence of the bulge.
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Fig. A.5. The numerical model reproduces the trend of W(R) as
derived by Dehnen & Binney (1998b) in agreement with the data
of Weaver & Williams (1973, 1974a,b); Bania & Lockman (1984);
Knapp & Morris (1985), and Kerr & Lynden-Bell (1986). Upper and
lower model from Dehnen & Binney (1998a) are plotted.
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Fig. A.6. The tilt of the vertical ellipsoid is shown for the solar neigh-
borhood. The picture shows the shape of the velocity ellipsoid of the
solar position up till z = 1 kpc.

A.7. The vertical force on the plane

The gravitational force toward the galactic plane can be measured from data describing the balance between the gravitational
attraction toward the plane and the pressure (i.e. the velocity dispersion) force away from the plane of a stellar “tracer” population
(Kuijken & Gilmore 1989c,b,a). The basis of the authors analysis is the standard assumption that the z-motion of disk stars near
the sun can be described by one-dimensional Boltzmann equation. Having the vertical density and the vertical energy integral,
they perform an Abel inversion to obtain the distribution in the phase space. Independently of the details of the adopted Galactic
model they concluded that the force due to all the matter below z = ±1.1 kpc is∣∣∣Fz

(
1.1 kpc

)∣∣∣ = 2πG · (71 ± 6) M� pc−2.

Using our model of the Galactic potential, we derive:∣∣∣Fz
(
1.1 kpc

)∣∣∣ = 2πG · (68) M� pc−2

in good agreement with the quoted estimate.
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Fig. A.7. Tilt angle β of the velocity ellipsoid for different distances from the Galactic center. The plot can be better understood in comparison
with Fig. A.6.

A.8. The thin disk off-diagonal term of the velocity ellipsoid

As already described in the previous Sections, to derive the off diagonal terms σRz for the thin disk we follow Amendt &
Cuddeford (1991) approximations:

λ (R) =

(
R2Φ,Rzz

3Φ,R + RΦ,RR − 4RΦ,zz

)
(R, z = 0) . (A.7)

From the above equation and Eq. (26), the vertical tilt angle β is derived. Figures A.6 and A.7 present the predicted tilt angle β
as a function of the height z on the GP in the solar vicinity and at different radii, respectively.


