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ABSTRACT

Easy to use analytical formulae are presented for the computation the of light curves of extra-solar planetary transits. The equations are a
function of the fractional radii of the planet and the parent star, the inclination of the orbit, and the limb-darkening coefficients of the star.
Light curves can be solved for these parameters depending on the precision of the available observations. When the radial velocity curve is
also available, as is normally the case to ensure the nature of the system, the masses, radii, and average density of both the star and the planet
can be determined. The equations are valid for any degree of limb darkening, as well as for any type of transit. The cases of eccentric orbits,
third light, or a non-zero relative luminosity of the planet can be easily taken into account. The basic assumption is that the projections of both
the star and the planet on the plane of the sky are well represented by circular discs. The effects in case this assumption is not valid are also
discussed. Practical applications are shown, beginning with the light curve of the photometrically discovered planet OGLE-TR-113, obtained
with a ground-based telescope. As a second example, results are shown from the study of the light curve obtained for the transit of the giant
planet in HD 209458 with the Hubble Space Telescope. Procedures to get the best fit parameters are briefly discussed.
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1. Introduction

During the past decade the study of extra-solar planets has been
a very active field of research, and the method to find new cases
based on planetary transits has been found to be very promis-
ing. Despite the dominant role of the radial velocity technique
in the discovery of new planets, the possibility of detecting the
small light dips photometrically due to planets moving in front
of their parent stars has been considered for a long time. In fact
the photometric method is expected to be less limited than the
radial velocity techniques in the detection of Earth-like planets.
For a review of the methods of detecting extra-solar planets, see
e.g. Perryman (2000).

After the measurement by Charbonneau et al. (2000) with
a rather small telescope, of the light variations caused by the
giant planet around HD 209485, the method of planetary tran-
sits was confirmed and found to be a very rewarding source of
information. This planet had been previously discovered using
radial velocity changes but the evidence of the transit encour-
aged new searches using photometric techniques. New obser-
vations could of course benefit from the infrastructure devel-
oped for wide-field photometric surveys like those searching
for microlensing events. In fact, existing instrumentation was
immediately applied for such a purpose, and the success of it
was soon shown by the discovery of several planets, e.g. within

the OGLE-III survey (Udalski et al. 2003). The possibility of
measuring accurate relative radii and orbital inclinations, lead-
ing to the actual masses, radii, and densities of the star and
the planet, became a new and very interesting area of research
that was not possible with only the radial velocities. The pho-
tometric precision required for these studies was found to be
achievable with medium sized telescopes.

In addition to these efforts using ground-based telescopes,
an excellent light curve was obtained with the Hubble Space
Telescope for the first known case of HD 209458 (Brown et al.
2001). The photometric quality of the light curve required
equally precise equations for its analysis. Moreover, space mis-
sions specifically designed to obtain very accurate light curves
of planetary transits will also be available soon. The French-led
space mission Corot, to be launched in 2006, will search for
transits of extra-solar planets with the necessary photometric
precision for detecting big Earths while Kepler, to be launched
two years later, will get even more precise light curves, even-
tually leading to the detection of truly Earth-like planets. Both
missions make use of the transit method to detect new planets
and will provide a large number of light curves to be analyzed.

The study of the light curves of extra-solar planets has
been generally based on relatively simple geometric algo-
rithms for computing the occulted area of the stellar disc as
caused by an opaque moving circle representing the planet.
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Deeg et al. (2001) adopted such a geometrical approach to
put boundary constraints to the system elements and used de-
tailed stellar models by Claret et al. (1995) to interpret the ob-
servational data. A similar procedure was applied by Seager
& Mallén-Ornelas (2003) searching for a unique solution of
planet and star parameters. In these studies it became clear that
a correct treatment of the limb darkening of the star is very im-
portant in the computation of the system parameters. A more
elaborated approach was presented by Mandel & Agol (2002)
allowing the use of non-linear laws for limb darkening and a
precise geometrical solution for the transits. Unfortunately the
equations given by these authors are different for each type of
transit and limb-darkening law, making the analysis and inter-
pretation of the observations somewhat complicated.

Only rarely available synthetic light curve codes, developed
for the analysis of eclipsing binaries, have been used to study
planetary transits. Among these codes, EBOP (Etzel 1993) is
probably the best choice since it is based on a geometrical
solution for almost spherical stars as described by Nelson &
Davis (1972). More sophisticated models, like the one devel-
oped by Wilson & Devinney (1971) for the analysis of close
binaries, are clearly not well-suited for spherical components
and the expected small value of the ratio of radii. An exception
could be the ELC code by Orosz & Hauschildt (2000) due to
the possibility of increasing the effective resolution in the sur-
face elements through a Monte Carlo sampling, as indicated by
Wittenmyer et al. (2005). The use of Roche geometry and de-
tailed model atmospheres for highly-distorted stars is neverthe-
less not required in well-detached systems like those of plane-
tary transits, contrary to the case of cool giants in close binaries
originally targeted for the development of the ELC code.

In this paper we present analytical solutions for the transit
problem adapted from those derived initially for the study of
the light curves of eclipsing binaries by Kopal (1977). The orig-
inal equations were developed in a long series of papers finally
collected in a book (Kopal 1979) and are based on the study of
the eclipses through the cross-correlation of optical apertures.
This approach is very rigorous mathematically and provides a
consistent method to derive the light-curve elements. It was in-
tended to avoid the obtention of a “right combination of wrong
elements”, which used to be a problem for synthetic light curve
methods.

Unfortunately, the new equations did not get very much at-
tention due to the fact that they were difficult to extend to real-
istic cases of close binaries, with highly-distorted components.
On the other hand, the synthetic light curve codes benefited
from a rapid increase in computing capability, leading to better
and more effective parametric searches and thus avoiding the
intrinsic problem of finding a unique solution. Another source
of confusion with Kopal’s equations certainly was the differ-
ent misprints in several of the published results, the complex
procedure to check them, and the difficulty of reproducing ob-
servational data. But the situation of essentially spherical com-
ponents is actually what we were looking for in the case of
extra-solar transiting planets and the equations can be effec-
tively brought back into use to open new possibilities for the
analysis of light curves as described in this paper.

2. The equations

The total luminosity l, as seen from Earth, is given at any time t
by l(t) = Ls(t)+ Lp(t)−α(t)Ls(t), where Ls and Lp represent the
luminosity of the star and the planet, respectively, while α(t)
denotes the relative loss of light due to the partial occultation
of the star by the planet during the transit. Using the orbital
phase θ, as reckoned from the primary conjunction t0, to mea-
sure the time – i.e. θ = (2π/P)(t − t0), with P representing the
orbital period – and assuming the luminosities to be constant
and normalized so that Ls + Lp = 1, we can re-write the light-
curve equation as l(θ) = 1 − α(θ)Ls.

The main condition for the validity of the equations pre-
sented in this paper is that both the star and the planet be treated
as circular discs moving in front of each other. This is indeed a
realistic approximation since the mutual distortions caused by
rotation and tides can be neglected for most extra-solar plan-
etary systems. The assumption, which is of course also linked
to the constant value of the luminosities, can be easily checked
with the observations outside of the transit within the level of
observational precision of the data. For the phases when there
is no transit, we should obviously have α(θ) = 0 and l(θ) = 1.
Some comments about the effects of this assumption not being
valid are included in Sect. 4.

The conjunction opposite to the transit, at θ = π, can
moreover be used to directly measure the relative luminosity
of the planet, Lp. At this phase we have a total eclipse, and
l(θ) = 1 − Lp = Ls. If this expectedly very small light varia-
tion can be detected, the corresponding value of the luminosity
can be adopted in the analysis of the transit. In most cases, the
relative luminosity of the planet with respect to the star will
be negligible, therefore l(θ) = 1 − α(θ) can be safely used.
It should be noted that, very recently, the luminosity of the
planet in HD 209458 was detected using this method (Deming
et al. 2005) in the infrared domain at 24 µm. The obtained
value of Lp = 0.0026 is quite small but significant. The corre-
sponding effect in the optical domain is actually consistent with
Lp = 0. This has been confirmed with measurements using the
small Canadian space mission MOST, in the optical, and in the
near infrared with K-band ground-based observations (Snellen
2005).

Another interesting point is how to treat the light curves
a with certain amount of third light. This is the contribution
of background sources, which is found to be quite signifi-
cant in the new searches for planetary transits in very crowded
fields. Then, the normalization of the luminosities becomes
Ls + Lp + L3 = 1, where L3 denotes the light of the addi-
tional contributions, and even if Lp = 0 the depth of the tran-
sit will also be a function of the amount of third light, since
l(θ) = 1−α(1−L3). The more background light that is included,
the shallower the changes in the total luminosity for the same
geometrical parameters, making the process of solving it for
the elements more difficult.

The whole problem of analyzing the light curve of a
transiting planet is reduced to the obtention of an analytical
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expression for α, the fractional loss of light, which will be given
at any phase of the orbit by

α =

∫
S

I cosγdσ (1)

where the integral is extended over the entire area S of the star
occulted by the planet, I stands for the distribution of bright-
ness over the star, of surface element dσ, and where γ is the
so-called angle of foreshortening, i.e. the angle between the
surface normal and the line of sight.

2.1. The law of limb darkening

In order to proceed with the evaluation of Eq. (1) we need to
have a good knowledge of the brightness distribution over the
surface of the star. Fortunately, the effect of limb darkening is
a well-known element in the theory of stellar atmospheres. The
simplest solution is to adopt a linear law of the form,

I(µ) = I(1)[1 − u(1 − µ)] (2)

where µ = cosγ, I(1) is the intensity of radiation emerging nor-
mally to the surface, and u the coefficient of linear limb darken-
ing. This approximation is known to provide quite good results
for the case of the Sun and should also work well for most plan-
etary transits since parent stars are expected to be solar-like.
For these stars, the value of the linear coefficient is found to be
close to 0.6. Nevertheless, the small size of the planet with re-
spect to the star requires very precise knowledge of the surface
brightness distribution I(µ) in order to avoid possible system-
atic effects in the light curve analysis, mainly in the determi-
nation of the orbital inclination. An improved approximation is
possible with the quadratic law given by

I(µ) = I(1)
[
1 − ua(1 − µ) − ub(1 − µ)2

]
. (3)

In some cases, it was found by Diaz-Cordovés & Giménez
(1992) that an even better representation of the limb-darkening
effect could be obtained by means of a square-root law of the
form I(µ) = I(1)[1−uc(1−µ)−ud(1− √µ)], which was later ex-
tended by Claret (2000) to include the quadratic law by means
of I(µ) = I(1)[1 −∑4

n=1 un(1 − µn/2)] and using 4 coefficients.
All the involved limb-darkening coefficients have been ex-

tensively tabulated (Diaz-Cordovés et al. 1995; Claret et al.
1995; Claret 2000). When analyzing light curves of plane-
tary transits, it is important to remember that the best coef-
ficients are those fitted by least squares to the model atmo-
sphere rather than methods based on the conservation of the
total flux. Claret (2000) has published theoretically derived
values of the coefficients for 12 photometric bands in the op-
tical and near-infrared (uvby, UBV, and RIJHK) for a wide
range of temperatures, surface gravities, metal abundances,
and micro-turbulence velocities, using available model atmo-
spheres (ATLAS and PHOENIX).

In this paper, a general law of limb darkening is adopted as
given by,

I(µ) = I(1)

⎡⎢⎢⎢⎢⎢⎣1 −
N∑

n=1

un(1 − µn)

⎤⎥⎥⎥⎥⎥⎦ , (4)

Fig. 1. Geometry and parameters of a planetary transit from the per-
spective of the observer.

with which an arbitrary degree of accuracy can be achieved for
a sufficiently high value of N, thus without any loss of gen-
erality. Note that for N = 1 we have the same linear law as in
Eq. (2), with u1 = u, but in the case of N = 2, the quadratic limb
darkening coefficients are not defined as in Eq. (3). Instead,
u1 = ua + 2ub and u2 = −ub.

Using Eq. (4) for I(µ), it can be shown (see Kopal 1979)
that associated αn functions can be defined by means of

α =
N∑

n=0

Cnαn, (5)

where the coefficients Cn are given by

C0 =
1 −∑N

n=1 un

1 −∑N
n=1

nun
n+2

, (6)

for n = 0, and

Cn =
un

1 −∑N
n=1

nun
n+2

, (7)

for n > 0. In this way the geometrical elements can be decou-
pled from the radiation parameters, facilitating the analysis and
interpretation of the light curve.

2.2. The αn-functions

It is now possible to evaluate the αn functions by integrating the
occulted area of the star. Figure 1 shows the basic parameters
of the problem. The radii of the star and the planet are repre-
sented, respectively, by rs and rp as fractional values of their
separation, while the orbital inclination i is measured with re-
spect to the plane of the sky. The apparent separation between
the centers of the projected discs of the star and the planet is
given by δ, also expressed relative to the radius of the orbit.
With these parameters, δ, rs, rp, i, we can establish the limits of
integration for Eq. (1).

In the case of circular orbits, we obviously have

δ2 = 1 − cos2 θ sin2 i, (8)

while in the case of eccentric orbits, we should use,

δ2 =

[
(1 − e2)

1 − e sin(θ − ω)

]2

(1 − cos2 θ sin2 i), (9)
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where e represents the orbital eccentricity, and ω is the posi-
tion of the periastron (for more details, see e.g. Giménez &
Garcia-Pelayo 1983). For δ > rs+ rp there is obviously no tran-
sit and α = 0. For δ < rs − rp the transit will be annular and for
values, rs + rp > δ > rs − rp, the transit will be partial.

Deeg et al. (2001) indeed produced an approximation to
Eq. (1) using linear limb-darkening, circular orbits, and a small
ratio of radii, k = rp/rs. In this approximation, the surface
brightness distribution can be considered to be constant within
the area occulted by the planet and an analytical equation can
be obtained. This was found to be very useful for ground-based
observations obtained with relatively small telescopes, but cer-
tainly not for the more accurate light curves obtained from
space. For this latter case, we mentioned the work by Mandel
& Agol (2002) that extended the equations of Deeg et al. to
second-order limb-darkening laws and solved Eq. (1) by means
of elliptical integrals, under different assumptions for the law of
limb darkening and cases of transit (involving different limits
of integration).

A solution for the α functions can also be obtained through
numerical integration. This is essentially what is done in the
analysis of the light curves of eclipsing binaries by synthetic
models. It has already been mentioned that the code by Etzel
(1993) could be used for this purpose. In fact, we find that
EBOP provides good results and converges rapidly towards
the right combination of elements. Because the original ver-
sion of the code only considers a linear law of limb darken-
ing, a modified version has been used as described by Giménez
& Diaz-Cordovés (1993), where the possibility of computing
light curves with non-linear limb-darkening laws was intro-
duced. The main possible limitations of the method are the pre-
cision of the computed luminosities, which is a function of the
adopted size of the integration rings, and the optimization of
the elements by means of differential corrections. Due to the
consideration of the surface brightness as constant over each of
the rings and the relative size of the transiting planets, the finest
grid available of 1 degree has to be used. This produces preci-
sions ∼4 × 10−5 in luminosities that are more than enough for
ground-based observations, as well as for high-quality space-
based light curves. Unfortunately, the differential corrections
method inherent to the code was found to be non-applicable
in most transits observed with ground-based telescopes since
convergence is not effectively achieved for observational preci-
sions poorer than ∼1/10 the depth of the transit.

In this paper, the goal is to derive a more general equa-
tion, and one that is as precise as possible, for α to deal with
all kinds of transit, limb-darkening law, and eccentricity. For
this purpose, we use the approach introduced by Kopal (1977),
who reformulated the problem of evaluating the fractional loss
of light as a cross-correlation of two apertures; one represent-
ing the star undergoing eclipse, and the other the eclipsing disc
(in our case, the transiting planet). This method links the frac-
tional loss of light to the diffraction patterns of the two aper-
tures as described in physical optics, allowing the use of well
known mathematical tools, like diffraction integrals. With this

approach, it is found that the αn functions can be expressed,
using a Hankel transform, as

αn(k, h) = 2νΓ(ν)
∫ ∞

0
(x/k)−νJν(x/k)J1(x)J0(hx/k)dx (10)

where the symbols Jn(x) are Bessel functions of the first kind,
with real arguments, k is the usual ratio of radii, h ≡ δ/rs, and
we abbreviated ν ≡ (n + 2)/2.

After some more or less complicated algebra, Eq. (10) can
be expressed, without any loss of generality, in terms of Jacobi
polynomials of the type Gn(p, q; x) with the result

αn(b, c) =
b2(1 − c2)ν+1

νΓ(ν + 1)

∞∑
j=0

(−1) j(2 j + ν + 2)
Γ(ν + j + 1)
Γ( j + 2)

×
{
G j(ν + 2, ν + 1; 1 − b)

}2
G j

(
ν + 2, 1; c2

)
(11)

where the parameters, b ≡ rp/(rs + rp) = k/(1 + k), and
c ≡ δ/(rs + rp) = bδ/rp have been introduced. This is equiv-
alent to Eq. (3.91) in Chapter I of Kopal (1979) as given for the
analysis of non-distorted eclipsing binaries, except for minor
misprints and the degree of the Jacobi polynomials.

Equation (11) is the most general expansion for the asso-
ciated αn functions in algebraic form, valid for any degree n
of limb darkening, eccentricity, and type of eclipse, whether
total, annular, a transit, or an occultation. The right-hand-side
of the equation is a convergent series of terms and the preci-
sion that can be achieved, under the adopted assumptions, is
more than enough for the needs of existing or planned photo-
metric surveys. This precision is, of course, obtained as a func-
tion of the degree adopted for the law of limb darkening, as
well as that for the series of terms in the Jacobi polynomials.
We have found no practical problem evaluating α for any high
value of j, even well above 1000, but in most cases a good
geometric precision was obtained, better than 5 × 10−5, with
values of j up to only ∼20, or below 5 × 10−7, with values
of j ∼ 200. The application of Eq. (11) in the analysis of light
curves is not only simple but also very fast. The computer code
needed for the evaluation of the total luminosity at any orbital
phase, for a given set of parameters, requires only 25 lines of
FORTRAN making use of available mathematical libraries and,
using a standard laptop, predicted light curves could be com-
puted faster than the results could be printed.

In order to check the validity of Eq. (11) for any type of
transit and any orbital phase, we compared the predicted results
with those using the set of equations by Mandel & Agol (2002).
Adopting different types of limb-darkening, linear, quadratic or
even no limb-darkening, a set of light curves were computed for
realistic system elements, reproducing known cases of extra-
solar planets with both sets of equations. They were found to
agree within their internal precisions to any degree in luminos-
ity, as pointed out earlier, depending on the adopted maximum
value of j. The largest differences, as could be expected, are
found at phases of internal tangency.

Of course the precisions mentioned concern the integration
of Eq. (1) with respect to the geometry of the problem, which
is no longer a limitation. An incorrect treatment of the stellar
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properties (limb-darkening, surface inhomogeneities, or a non-
spherical stellar shape) may nevertheless limit the accuracy of
the obtained system elements as discussed in Sect. 4.

3. Fitting the transit parameters

One problem is to get analytical equations for the study of plan-
etary transits and another to solve the light curve for the system
elements. As already shown, the relations between the elements
of the transit and their observed characteristics are transcenden-
tal, and not capable of any type of analytic inversion. In order
to find the best combination of elements reproducing observed
light curves, five parameters are to be considered: the relative
radius of the star rs, the ratio of radii k = rp/rs, the orbital incli-
nation i, and the limb-darkening coefficients ua and ub, in the
case of a quadratic law.

The phase of the transit ingress θ1, is preferred to the radius
of the star as an independent parameter since it is easily and
directly measured on the light curve. On the other hand, θ1 is
defined by the sum of the relative radii of the two components
as a function of the latitude over the star as given by the orbital
inclination. At this phase, δ = rs + rp and, according to Eq. (8),

rs =
(1 − cos2 θ1 sin2 i)1/2

1 + k
· (12)

In order to avoid correlations between the two limb-darkening
coefficients in Eq. (3), it is also better to use the values of u+ =
ua + ub and u− = ua − ub instead of the individual coefficients.

The best combination of the five elements, θ1, k, i, u+,
and u−, should be obtained by optimization of the O–C
(observed-computed) light curve as expressed by the minimum
value of the χ2 parameter. There are many ways to fit the ele-
ments of a non-linear function (see e.g. Press et al. 1992), such
as that given by l(θ, θ1, k, i, u+, u−), but two especially simple
methods have been chosen in order to illustrate the use of the
equations.

A parametric search in the space domain of the possible val-
ues of the first three elements, θ1, k, and i, was adopted for light
curves with the precision typical of ground-based observations
(∼0.003 in magnitude), adopting values for the limb-darkening
coefficients as derived from model atmospheres. This direct
method requires boundary values for the search for the best
combination of elements. The value of θ1 can be easily con-
strained observationally. For k, an upper value is given by the
solution for no limb-darkening at the middle of the transit, i.e.
ku =

√
1 − l(0), while a lower value in k is given by,

kl =
[
1 − (1 − (1 − l(0)))2/3

]1/2
, (13)

valid for i = 90 degrees and a total linear limb darkening of u =
1. Finally, for the orbital inclination, an obvious upper value
is i = 90 degrees, while the lower value for the exploration
range is given by i = arccos(rs + rp), which establishes the
limit for transits to occur at all. The search for the best solution,
minimum χ2, involves the computation of approximately m×n3

times the α-function, where m is the number of points in the
light curve and n the resolution in the space parameter grid.

The second method can only be applied to more precise
light curves (better than ∼0.001 in magnitude), like those avail-
able from space-based observations. In this case the limb-
darkening coefficients can be fitted and good results are ob-
tained with a least-squares differential correction method for
three independent parameters, k, i and u+, and a parametric
search for the two other, θ1 and u−. For the differential cor-
rections a linearized Taylor expansion is taken around approx-
imate values of the parameters, xn, for each observation, i, and
least squares are used to optimize the fit towards the true values
by means of:

(O–C)i =

3∑
n=1

(
∂α

∂xn

)
i

∆xn (14)

where the resulting corrections are denoted by ∆xn. Each of the
partial derivatives can be calculated numerically by varying xn

to determine its effect in α. In the case of Eq. (11), the ana-
lytical partial derivatives are also available as given by Kopal
(1979, Chap. III-3). In terms of the number of computations of
the α-function, which drives the required processing time, this
method needs 4×m×n2 times per iteration rather than the much
more time-consuming previous method that requires m× n5 for
five independent variables. Examples of the two methods are
shown in the following subsections.

3.1. The case of OGLE-TR113

A good example of a light curve for an extra-solar planet ob-
tained with a ground-based telescope is that of OGLE-TR-113
(Udalski et al. 2002). The quality of the light curve is easily
evaluated with the observations outside of the transit, during
the nearby constant phases, showing a standard deviation of
σ = 0.005 in luminosity.

Under the assumption of a circular orbit, no third light, and
a dark planet relative to the star, as supported by the observa-
tional evidence, the corresponding value of χ2 for the O–C light
curve can be calculated using Eq. (11) and estimated elements.
The photometric precision does not allow for an independent
determination of the limb darkening coefficients of the star, and
they were adopted for the quadratic law (3) from Claret (2000)
using the ATLAS model atmospheres for an effective tempera-
ture of 4800 ± 150 K, as given by Konacki et al. (2004), in the
photometric I band. The adopted values were u+ = 0.64± 0.05
and u− = 0.17 ± 0.05. It is important to note that, even though
the quality of the light curve may not be good enough to dis-
tinguish between a linear and a quadratic limb-darkening law,
the adoption of the second-order equation is needed to avoid
systematic effects in the fitted parameters.

In order to proceed with the search for the best values of θ1,
k, and i in the parameter space, realistic ranges were chosen
consistent with the shape of the light curve as described earlier
in this section. Values for θ1 were used within 0.0275−0.0295,
while k was kept within 0.129−0.158, and i between 80
and 90 degrees. A full analysis of the χ2 grid was then per-
formed with an adequate resolution (0.0001, 0.001, and 0.1
for θ1, k and i, respectively). The best elements were found to
be i = 88.2± 1.8, k = 0.145± 0.002 and θ1 = 0.0286± 0.0003,
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i.e. rs = 0.158 ± 0.005. The uncertainties are indicative of the
internal errors, as well as those in the adopted value of the limb-
darkening coefficients. Clearly, the orbital inclination could not
be well determined, as was also found to be the case by Konacki
et al. (2004) or Bouchy et al. (2004).

The absolute radii of the star and the planet can now be
obtained using the size of the orbit as given by the radial veloc-
ity measurements. Both Konacki et al. (2004) and Bouchy et al.
(2004) provide similar results and an average value of the semi-
amplitude of the variations, K = 258 ± 50 m/s, was adopted.
With this value and an estimated mass for the star, also derived
from the spectroscopic information, the radius of the orbit was
obtained and thus the absolute radii: Rs = 0.78 ± 0.05 in solar
units, for the star, and Rp = 1.10± 0.08 in units of the radius of
Jupiter, for the planet.

3.2. The case of HD 209458

The light curve of the transit of the planet in HD 209458 was
accurately measured using HST observations by Brown et al.
(2001). The quality of the light curve, as indicated by the
standard deviation of the measurements outside of the transit
(σ = 0.00015 in luminosity) is clearly much better than in
the previous case but it should be remembered that a slightly
lower quality was achieved for the observations in one of the
four series of measurements, the first one. This is visible in
the dispersion of individual points for that orbit. In any case,
the precision of the light curve is some two orders of magni-
tude better than the depth of the transit, and the limb-darkening
coefficients can therefore be obtained while the differential
corrections approach becomes applicable.

As explained above, a simultaneous search for the mini-
mum χ2, using θ1 and u− in the parameter space and opti-
mizing the remaining k, i, and u+ with the differential correc-
tions Eq. (14) was adopted. A linear limb-darkening solution
was attempted first and a coefficient u = 0.505 ± 0.005 was
obtained. Nevertheless, a much better fit to the observational
data could be achieved with a quadratic limb-darkening law.
In this case, the resulting parameters were i = 86.71 ± 0.04,
k = 0.1208 ± 0.0002, and θ1 = 0.018160 ± 0.000003. The ob-
tained limb-darkening coefficients were ua+ub = 0.654±0.008
and ua − ub = −0.033 ± 0.015 in good agreement with model
atmospheres. The corresponding relative radii of the star and
the planet are thus determined to better than 1% to be 0.1136
and 0.0137, respectively.

Taking the orbital parameters given by Mazeh et al. (2000)
into account, the absolute radii of the star and the planet are
found to be 1.144±0.040 solar radii and 1.344±0.050 Jupiter’s
radii, respectively. These values are quite close to those pub-
lished by Brown et al. (2001) but with the precision essentially
dominated by the uncertainty in the size of the orbit rather than
the geometry of the system. Results also show excellent agree-
ment with the most recent re-analysis by Winn et al. (2005) or
Wittenmyer et al. (2005).

It is interesting to note that a simple, but not fully cali-
brated, photometric estimation by Giménez (2000) already in-
dicated an effective temperature for the star of 6060 K with

a metal content of [Fe/H] = 0.02, both agreeing with values
given by the detailed spectroscopic analysis by Mazeh et al.
(2000). On the other hand, a calibrated infrared method by
Ribas et al. (2003), much more appropriate for this kind of
study, not only provided an effective temperature of 6088±56 K
but also the absolute radius of the star as R = 1.145 ± 0.049,
in excellent agreement with the value obtained from the light
curve.

4. Conclusions

Analytical equations for the study of extra-solar planetary tran-
sits are given, together with simple approaches to derive ac-
curate geometrical elements. Two representative cases have
been analyzed with these equations leading to improved re-
sults. FORTRAN subroutines for the calculation of the relevant
equations are available from the author on request. Of course,
the method and equations described in this paper can also be
applied to eclipsing binaries with small components so that the
same tools can be used for the study of all possible photomet-
ric candidates derived from large surveys, independent of their
nature as extra-solar planets or not. The distinction between a
planet and a very low-mass star will only be possible with the
radial velocity curve.

In this paper, the adopted equations are valid for any type
of eclipse and degree of limb darkening but assume spherical
components and homogeneous distribution of light over the
stellar surface. Let us discuss these two assumptions further.
Star spots are the usual source of surface inhomogeneities in
solar-type stars, and their presence increases with stellar activ-
ity driven by fast rotation. Fortunately, spots can be detected
through the photometric behavior of the star outside of the
transit and then disentangled from the geometric properties.
Moreover, in the event of the planet transiting over a spotted
region, the shape of the light curve would be modified in a dis-
tinctive manner (Hui & Seager 2002). The tools presented in
this paper allow for the geometrical aspects of the problem not
to be a limitation in the understanding of the observations.

On the other hand, the spherical shape of the star may also
be questioned as soon as stellar rotation and mutual tides are
considered. The elongation effect of tidal interactions between
the star and the planet should be a function of phase and there-
fore detectable, if at all significant (given the small mass ratio
of the planet with respect to the star). In addition, during the
transit, the position of the elongation with respect to the plane
of the sky makes the projected shape of the star to be closest to
circular. In the case of the planet, where the effect of tides may
be significant, the observed relative radius can be easily cor-
rected to obtain the equivalent to a sphere value using the ratio
of masses and size of the orbit. The situation is different for the
rotational effects. There is no phase dependence and therefore
no photometric footprint. Fortunately the effect is expected to
be so small that it does not make any difference in the analysis
of the light curve. Most stars hosting planets are slow rotators,
like our Sun. This may be due (see e.g. Barnes 2001) to an ob-
servational bias (so that spectral lines used for the measurement
of very small radial velocities are not rotationally broadened) or
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to real evolutionary aspects (age and angular momentum trans-
fer). The fact is that with small relative radii and rotational ve-
locities, no deviation from the spherical shape can be detected
with the level of precision of the available light curves. In the
two cases of planetary transits analyzed in this paper, the ro-
tational velocities of the parent stars are well known, and they
correspond to a deviation from the spherical shape at the equa-
tor of the order of 10−5 in units of the relative radius. This is
negligible when compared to the observational uncertainties of
the derived parameters by more than 2 orders of magnitude.
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