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ABSTRACT

I compare numerical multiplicity function with the theoretical multiplicity function obtained by means of the excursion set model and an im-
proved version of the barrier shape which implicitly takes account of total angular momentum acquired by the proto-structure during evolution
and of a non-zero cosmological constant. I describe the better agreement of the multiplicity function obtained in this paper with simulations of
other previous models. While the theoretical multiplicity function of the present paper is in agreement with high resolution N-body simulations,
the comparison of the theoretical multiplicity function of the present paper with the theoretical multiplicity function of several authors shows
some discrepancies: e.g., the maximum value of the multiplicity function from simulations at ν ∼ 1 is smaller, and its low mass tail is shallower
when compared with the ST multiplicity function.
The multiplicity function of the present paper gives a good fit to simulations results and was obtained from a sound theoretical background.
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1. Introduction

It is likely that structures in the Universe grow from small ini-
tially Gaussian density perturbations that progressively detach
from the general expansion, reach a maximum radius and then
collapse to form bound objects. Larger haloes are formed hier-
archically by mergers between smaller ones.

Two different kinds of method are widely used for the study
of structure formation. The first one is N-body simulations that
are able to follow the evolution of a large number of particles
under the influence of the mutual gravity, from initial condi-
tions to the present epoch. The second one is semi-analytical
methods. Among them, the Press-Schechter (hereafter PS) ap-
proach and its extensions (EPS) are of great interest since they
allow us to compute mass functions (Press & Schechter 1974;
Bond et al. 1991), to approximate merging histories (Lacey
& Cole 1993, LC93 hereafter; Bower 1991; Sheth & Lemson
1999b) and to estimate the spatial clustering of dark mat-
ter haloes (Mo & White 1996; Catelan et al. 1998; Sheth &
Lemson 1999a).

In the PS and Bond et al. (1991) papers, the authors de-
scribed how the statistical properties of the initial density field,
assumed to be Gaussian, together with the spherical collapse
model, could be used to derive an estimate of the number

� Appendices A and B are only available in electronic form at
http://www.edpsciences.org

density of collapsed dark matter haloes at later times: the so-
called universal “unconditional” multiplicity function. Lacey
& Cole (1993) showed how the model could be extended to
estimate the merging rate of small objects to form larger ones,
thus leading to the possibility of estimating the “conditional”
mass function of sub-haloes within parent haloes. Mo & White
(1996) applied the model to compute an approximation of the
spatial clustering of dark haloes.

Although the analytical framework of the PS model has
been greatly refined and extended, it is well known that the
PS mass function, while qualitatively correct, disagrees with
the results of N-body simulations. In particular, the PS for-
mula overestimates the abundance of haloes near the charac-
teristic mass M∗ and underestimates the abundance in the high
mass tail (Efstathiou et al. 1988; Lacey & Cole 1994; Tozzi &
Governato 1998; Gross et al. 1998; Governato et al. 1999).

A better agreement between the numerical mass function
and the analytic mass function can be obtained by incorpo-
rating into the PS ansatz the non-sphericity of collapse model
(Del Popolo & Gambera 1998; Sheth & Tormen 1999, here-
after ST; Sheth et al. 2001, hereafter SMT; Sheth & Tormen
2002, hereafter ST1; Jenkins et al. 2001, hereafter J01), instead
of the spherical model or taking into account the spatial corre-
lation of density fluctuations (Nagashima 2001).

However, different authors support different mass func-
tions. More recently in order to investigate the functional form
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of the universal multiplicity function, Yahagi et al. (2004)
(hereafter YNY) performed five runs of N-body simulations
with high mass resolution and compared them with different
multiplicity function and with a fit proposed by them.

They showed that discrepancies are observed between
some of the quoted analytical multiplicity function and sim-
ulations: for example the maximum value of the multiplicity
function from their simulations at ν � 1 is smaller, and its low
mass tail is shallower when compared to the ST multiplicity
function.

In the present paper, I use an improved version of the bar-
rier shape obtained in Del Popolo & Gambera (1998), obtained
from the parameterization of the nonlinear collapse discussed
in that paper, taking account of asphericity and tidal interaction
between protohaloes and the effects of a non-zero cosmologi-
cal constant, together with the results of ST1 in order to study
the “unconditional” mass function.

As previously reported, multiplicity functions like ST and
J01 fit high resolution N-body simulations like those of YNY
only approximatively, while the functional form proposed
in YNY provides a better fit than the ST functional form.
Unfortunately the functional form for the multiplicity function
proposed in YNY and similarly that of J01 (which is a fit to
their “Hubble Volume” simulations of τCDM and ΛCDM cos-
mologies) are not based on any theoretical background. Thus
it is important to find a better analytical form which, starting
from “first principles”, is able to fit simulations better and is
physically motivated. I show that the function obtained in this
paper, similarly to that in YNY, provides a better fit than the ST
or other functional forms used in the literature and moreover it
has been obtained from solid physical, theoretical, arguments.

As previously reported, a comparison between ST multi-
plicity functions with the YNY simulations and with the result
of the present paper shows a slight difference which is larger at
small ν. The difference between the mass functions reflects the
difference between the barrier obtained by ST and that used in
this paper.

The present paper is based on a more sophisticated calcula-
tion of the barrier based on an improved collapse model that
takes into account angular momentum acquisition by proto-
structures (see Del Popolo & Gambera 1998) and the effects
of a non-zero cosmological constant.

The paper is organized as follows: in Sect. 2, I calculate
the “unconditional” multiplicity function. Section 3 is devoted
to a discussion of the N-body simulations used for the com-
parison with the theoretical multiplicity function of the present
paper, Sects. 4 and 5 are devoted to results and to conclusions,
respectively.

2. The barrier model and the multiplicity function

The PS model when compared to numerical simulations gives
a smaller number of high-mass halos while giving a larger num-
ber of low-mass halos. The quoted discrepancy that leads to re-
search on new expressions for the mass function is not surpris-
ing since the PS model, as any other analytical model, should
make several assumptions to obtain simple analytical predic-
tions. The main assumptions that the PS model combines are

the simple physics of the spherical collapse model with the as-
sumption that the initial fluctuations were Gaussian and small.
On average, initially denser regions collapse before less dense
ones, which means that, at any given epoch, there is a critical
density, δc(z), which must be exceeded if collapse is to occur.
In the spherical collapse model, this critical density does not
depend on the mass of the collapsed object. Taking account of
the effects of asphericity and tidal interaction with neighbors,
it is possible to show that it is mass dependent (Del Popolo &
Gambera 1998, SMT). Also, the Gaussian nature of the fluctu-
ation field means that a good approximation to the number den-
sity of bound objects that have mass m at time z is given by con-
sidering the barrier crossing statistics of many independent and
uncorrelated random walks, where the barrier shape B(m, z),
is connected to the collapse threshold. Simply changing the
barrier shape, SMT showed that it is possible to incorporate
the “quoted effects”1 in the excursion set approach. Moreover,
using the shape of the modified barrier in the excursion set
approach, it is possible to obtain a good fit to the universal
halo mass function2. The excursion set approach allows one to
calculate good approximations to several important quantities,
such as the “unconditional” and “conditional” mass functions.
ST1 provided formula to calculate these last quantities starting
from the shape of the barrier.

In the following, I use an improved version of the barrier
obtained in Del Popolo & Gambera (1998) to get the multiplic-
ity functions to compare to those obtained by PS, ST, J01, YNY
and with numerical simulations of YNY. Since the way the bar-
rier is obtained is described in previous papers (see Del Popolo
& Gambera 1998, 1999, 2000) the reader is referred to those
papers for details. Assuming that the barrier is proportional to
the threshold for the collapse, similarly to ST, the barrier can
be expressed, in the case of a zero cosmological constant, in
the form:

B(M) = δc = δco

[
1 +

∫ rta

ri

rtaL2 · dr
GM3r3

]
� δco

[
1 +
β1

να1

]
(1)

where δco = 1.68 is the critical threshold for a spherical model,
ri is the initial radius, rta is the turn-around radius, L the an-
gular momentum, α1 = 0.585 and β1 = 0.46. The angular
momentum appearing in Eq. (1) is the total angular momen-
tum acquired by the proto-structure during evolution. In order
to calculate L, I use the same model as described in Del Popolo
& Gambera (1998, 1999) (more hints on the model and some
of the model limits can be found in Del Popolo et al. (2001)
and in Appendix A to the present paper).

Assuming a non-zero cosmological constant Eq. (1) is
changed as follows (see Appendix B):

B(M) = δc = δco

[
1 +

∫ rta

ri

rtaL2 · dr
GM3r3

+ Λ
rtar2

6GM

]

� δco

[
1 +
β1

να1
+
ΩΛβ2

να2

]
(2)

1 In the case of objects collapsing at the same time, the less massive
regions must initially have been denser than the more massive ones.

2 Note that at present there is no good numerical test of analytic
predictions for the low mass tail of the mass function.
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where α2 = 0.4 and β2 = 0.02 and ΩΛ is the contribution to the
density parameter from the cosmological constant.

The CDM spectrum used in this paper is that of Bardeen
et al. (1986, hereafter BBKS, Eq. (G3)), with the transfer
function:

T (k) =
[
ln (1 + 2.34q)

]
2.34q

×
[
1 + 3.89q + (16.1q)2 + (5.46q)3 + (6.71)4

]−1/4
(3)

where q = kθ1/2

ΩXh2Mpc−1 . Here θ = ρer/(1.68ργ) represents the ratio
of the energy density in relativistic particles to that in photons
(θ = 1 corresponds to photons and three flavors of relativistic
neutrinos). The power spectrum was normalized to reproduce
the observed abundance of rich clusters of galaxies (e.g. Bahcal
& Fan 1998).

It is important at this point to present a clear definition of
the “multiplicity function” and its correlation with the usual,
more straightforwardly used, “mass function”.

Following Sheth & Tormen (1999) notation, if f (m, δ)dm
denotes the fraction of mass that is contained in collapsed
haloes that have masses in the range m–m + dm, at redshift z,
and δ(z) the redshift dependent overdensity, the associated “un-
conditional” mass function is:

n(m, δ)dm =
ρ

m
f (m, δ)dm. (4)

In the excursion set approach, the universal or “unconditional”
mass function, n(m, z), representing the average comoving
number density of haloes of mass m is given by:

n(m, z) =
ρ

m2

d log ν
d log m

ν f (ν) (5)

(Bond et al. 1991), where ρ is the background density, ν =(
δc(z)
σ(m)

)2
is the ratio between the critical overdensity required for

collapse in the spherical model, δc(z), to the rms density fluc-
tuation σ(m), on the scale r of the initial size of the object m.
The function ν f (ν) is the “multiplicity function” which is ob-
tained by computing the distribution of first crossings, f (ν)dν,
of a barrier B(ν), by independent, uncorrelated Brownian mo-
tion random walks. The multiplicity function and mass func-
tion are related by Eq. (5). In the literature sometime the terms
“mass function” and “multiplicity function” are used as syn-
onymous (e.g. ST; Lin et al. 2002).

The mass function thus can be calculated once a shape for
the barrier is given and the power spectrum is known. In the
case of spherical collapse, characterized by a constant barrier
(for all ν), PS and Bond et al. (1991) obtained:

ν f (ν) =

(
2
π

) 1
2 √
ν exp

(
− ν

2

)
· (6)

In the case of a nonspherical collapse, the shape of the bar-
rier is no longer a constant and moreover it depends on mass
(Del Popolo & Gambera 1998; SMT). As shown by ST1, for

a given barrier shape, B(S ), where S ≡ S ∗
(
σ
σ∗

)2
= S ∗

ν
and

σ∗ =
√

S ∗ = δco, the first crossing distribution is well approxi-
mated by:

f (S )dS = |T (S )| exp

(
−B(S )2

2S

)
dS/S√

2πS
(7)

where T (S ) is the sum of the first few terms in the Taylor
expansion of B(S ):

T (S ) =
5∑

n=0

(−S )n

n!
∂nB(S )
∂S n

· (8)

The quantity S f (S , t) is a function of the variable ν alone.
Since δc and σ evolve with time in the same way, the quan-
tity S f (S , t) is independent of time. Setting S f (S , t) = ν f (ν),
one obtains the so-called function f (ν). This is why the shape
of the barrier influences the form of the multiplicity function.

The previous Eqs. (7) and (8), reduce to Eq. (6) for constant
barriers. In the case of the ellipsoidal barrier shape given in ST:

B
(
σ2, z

)
=
√

aδc(z)

[
1 +

β

(aν)α

]
· (9)

Equations (7) and (8), give, after truncating the expansion at
n = 5 (see ST):

ν f (ν) =
√

aν/2π
[
1 + β(aν)−αg(α)

]
× exp

(
−0.5aν

[
1 + β(aν)−α

]2
)

(10)

where

g(α) =
∣∣∣∣∣1 − α + α(α − 1)

2!
− ... − α(α − 1) · · · (α − 4)

5!

∣∣∣∣∣ · (11)

If the barrier takes account of the cosmological constant, as
in Eq. (2), using the same method that lead to Eq. (10), we
have that:

ν f (ν) = A1

(
1 +
β1g(α1)
(aν)α1

+
β2g(α2)
(aν)α2

) √
aν
2π

× exp

⎧⎪⎪⎨⎪⎪⎩−aν

[
1 +

β1

(aν)α1
+
β2

(aν)α2

]2

/2

⎫⎪⎪⎬⎪⎪⎭. (12)

Using the values for β and α of ST (a = 0.707, δc(z) =
1.686(1 + z), β � 0.485 and α � 0.615) in Eq. (10), one
gets (ST1):

ν f (ν) � A2

(
1 +

0.094

(aν)0.6

) √
aν
2π

× exp

⎧⎪⎪⎨⎪⎪⎩−aν

[
1 +

0.5

(aν)0.6

]2

/2

⎫⎪⎪⎬⎪⎪⎭ (13)

with A2 � 1. This last result is in good agreement with the fit
of the simulated first crossing distribution (ST):

ν f (ν)dν = A3

(
1 +

1
(aν)p

) √
aν
2π

exp(−aν/2) (14)

where p = 0.3, and a = 0.707.
The normalizatition factor A3 has to satisfy the constraint:∫ ∞

0
f (ν)dν = 1 (15)
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and as a consequence it is not an independent parameter, but is
expressed in the form:

A3 =
[
1 + 2−pπ−1/2Γ(1/2 − p)

]−1
= 0.3222 3. (16)

In the case of the barrier given in Eq. (1), the “unconditional”
multiplicity function can be approximated by:

ν f (ν) � A4

(
1 +

b

(aν)0.585

) √
aν
2π

× exp

⎧⎪⎪⎨⎪⎪⎩−acν

[
1 +

d

(aν)0.585

]2
⎫⎪⎪⎬⎪⎪⎭ (17)

where a = 0.707, b = 0.1218, c = 0.4019, d = 0.5526 and
A4 � 1.75 is obtained from the normalization condition.

In the case of the barrier with non-zero cosmological con-
stant, Eq. (2), a good approximation to the multiplicity function
is given by:

ν f (ν) � A5

(
1 +

0.1218

(aν)0.585
+

0.0079

(aν)0.4

) √
aν
2π

× exp

⎧⎪⎪⎨⎪⎪⎩−0.4019aν

[
1 +

0.5526

(aν)0.585
+

0.02

(aν)0.4

]2
⎫⎪⎪⎬⎪⎪⎭ (18)

where A5 = 1.75.
As previously reported, for matter of completeness, to the

previous functions, namely PS, ST, Eq. (17) we have to add
J01, which satisfies the equation:

ν f (ν) = 0.315 exp
(
−

∣∣∣∣0.61 + ln
[
σ−1(M)

]∣∣∣∣3.8
)

= 0.315 exp
(
− ∣∣∣0.61 + ln

√
ν − ln δc

∣∣∣3.8) . (19)

The above formula is valid for −1.2 < ln
√
ν − ln δc < 1.05.

YNY (Eq. (7), hereafter YNY7) proposed the following func-
tion to fit the numerical multiplicity function:

ν f (ν) = A6

[
1 +

(
B

√
ν)/
√

2
)C

] √
νD exp

[
−

(
B
√
ν/
√

2
)2
]
, (20)

where A6 is a normalization factor to satisfy the unity con-
straint,

∫ ∞
0

f (ν)dν = 1, therefore

A6 = 2
(
B/
√

2
)D {Γ[D/2] + Γ [(C + D)/2]}−1 . (21)

The best-fit parameters are given as B = 0.893, C = 1.39, and
D = 0.408, and from these parameters, A is constrained so that
A6 = 0.298.

This best-fit function from Eq. (20) is shown in Figs. 1–3
and is only valid at 0.3 ≤ ν ≤ 3.

3 Note, that Eq. (14) gives a better fit to Eq. (10) if A � 0.3 and
a � 0.79. Vice versa a smaller value of a (a � 0.63) and A = 1.08 in
Eq. (10) gives a better fit to Eq. (14) (with A1 = 0.3222 and a = 0.707),
which was the one ST used to compare model and data.
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Fig. 1. Panels a)–e) plot the multiplicity functions from five runs of
YNY simulations (crosses with error bars). The panel f) shows the
results from all the runs (thin lines). In each panel, the solid line rep-
resents PS multiplicity function, the dotted line the ST multiplicity
function, the long-dashed line the J01 multiplicity function, the short-
dashed line YNY7, and the dot-dashed line the one of the present
paper.

3. N-body simulations used for the comparison

The theoretical model of the present paper is compared with
YNY simulations. I use the YNY simulations because the mass
dynamic range is large and the mass resolution of the YNY re-
sults is high compared with other papers that try to obtain the
mass function of dark halos and moreover it gives a fitting func-
tion for numerical multiplicity functions.

YNY used the Adaptive Mesh Refinement N-body code
developed by Yahagi (2002), which is a vectorized and par-
allelized version of the code described in Yahagi & Yoshii
(2001). Those simulations adopt the ΛCDM cosmological pa-
rameters of Ωm = 0.3, Ωλ = 0.7, h = 0.7, and σ8 = 1.0, using
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Fig. 2. The best-fit multiplicity function. In the plot the solid line
represents the multiplicity function obtained in this paper, the short-
dashed line YNY7, the dotted line the ST multiplicity function, the
long-dashed line the J01 multiplicity function. The errorbars with
open circles represent the run 140 of YNY, those with filled squares
the case 70b, those with open squares the case 70a, those with filled
circles the case 35b, those with crosses the case 35a.

5123 particles in common. The size of the finest mesh is 1/64
of the base mesh, and the force dynamic range is 215 = 32 768.
Other simulation parameters such as the box size and the parti-
cle mass are given in Table 1 of YNY. For example, the run 35a
has a box size L = 35 h−1 Mpc, a particle mass of 2.67 ×
107 h−1 M	, and the initial redshift zstart = 50. Initial conditions
were generated by the GRAFIC2 code provided by Bertschinger
(2001) using the power spectrum given by BBKS. YNY cal-
culated five runs, for a total number of 529 files, which were
analyzed by the FoF (friends-of-friends) algorithm with a con-
stant linking length of 0.2 times the mean particle separation.

I now discuss some limits and characteristics of N-body
schemes. The N-body simulations used as comparisons neglect
gaseous dissipation processes they are not SPH simulations.
Thus the numerical mass function of YNY has the limits and
reliability of the other numerical mass functions that neglect
gaseous dissipation processes. Here I summarize the main lim-
itations of this kind of N-body simulation.

There are two kinds of uncertainties in N-body simulations
of collisionless systems. First, the dynamical equations are in-
tegrated numerically with less-than-perfect accuracy. Second,
even exact solutions of these equations do not correspond to
exact solutions of Collisionless Boltzmann and Poisson equa-
tions. Numerical errors are fairly easy to measure and control,
but smoothing and discreteness effects have subtle implications
for the interpretation of N-body simulations. Tests of N-body
codes are hampered by a lack of exact solutions with which
to compare the output of numerical integrations. Errors in nu-
merical solutions include approximations introduced by the

-0.4 -0.2 0 0.2 0.4 0.6
0

0.1

0.2

0.3

0.4

Fig. 3. Time dependence of the multiplicity function from the 35a run,
for four redshift ranges of 0 ≤ z < 1 (open circles), 1 ≤ z < 3 (open
squares), 3 ≤ z < 6 (open triangles), and z ≥ 6, (crosses). Also shown
are YNY7 (solid line) and the model of this paper (dot-dashed line).

specific force calculation algorithm used, truncation caused by
using a finite time-step, and roundoff due to finite computer
wordlength. All can be treated as small perturbations intro-
duced at each time-step; their cumulative effects can be esti-
mated by monitoring the conservation of energy and momen-
tum, or studied in more detail by running the same set of initial
conditions with different time-steps and, in tree-codes, opening
angles. Convergence testing shows that it is generally possible
to constrain the uncertainty associated with numerical errors at
a reasonable computational cost (e.g. Barnes & Hut 1989).

Another problem is relaxation. A standard technique to
study the formation and evolution of gravitating systems is
to perform an N-body simulation in which the mass distri-
bution is discretised into a series of softened point parti-
cles. In this approach the particles represent a coarsegrained
sampling of phase space which sets mass and spatial resolu-
tion. Unfortunately these super-massive particles will undergo
two body encounters that lead to energy transfer as the system
tends towards equipartition. In the real Universe the dark matter
particles are essentially collisionless and pass each other unper-
turbed. The process of relaxation is difficult to quantify, but in
the large N limit the discreteness effects inherent to the N-body
technique vanish, so one uses as large a number of particles
as computationally possible. Unfortunately in most cosmolog-
ical simulations the importance of two body interactions does
not vanish if one increases N. Structure formation in the cold
dark matter (CDM) model occurs hierarchically since there is
power on all scales, so the first objects that form in a simulation
always contain only a few particles (Binney & Knebe 2002).
With higher resolution the first structures form earlier and have
higher physical densities because they condense out of a denser
environment. Two body relaxation increases with density, so it
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is not clear if increasing the resolution can diminish the over-
all amount of two body relaxation in a CDM simulation, i.e.
if testing for convergence by increasing the mass resolution is
appropriate (see Diemand 2004).

In order to have reliable results, it is necessary to prop-
erly furnish initial conditions. Advances in computational al-
gorithms combined with the steady advance of computer tech-
nology have made it possible to simulate regions of the universe
with unprecedented dynamic range (Bertschinger 1998).

The possibility to numerically resolve such vast dynamic
ranges of length and mass raises the question of what the appro-
priate initial conditions are for such simulations. Hierarchical
structure formation models like the cold dark matter (CDM)
family of models have increasing amounts of power at smaller
scales. This power should be present in the initial condi-
tions. For simulations of spatially constant resolution, this is
straightforward to achieve using existing community codes
(Bertschinger 1995). However, investigators are increasingly
using multiscale methods in which the best resolution is con-
centrated in only a small fraction of the simulation volume.

A satisfactory method to initialize multiscale simulations
should satisfy several requirements in addition to correctly ac-
counting for variable mass resolution. First, each refined field
should preserve exactly the discretized long-wavelength ampli-
tude and phase so as to truly refine the lower-resolution sam-
ple. Second, high-frequency power should be added in such
a way that the multiscale fields are an exact sample of the
power spectrum over the whole range of wavelengths sampled.
Finally, a practical method should have a memory requirement
and computational cost independent of refinement so that it is
not limited by the size of the largest FFT that can be performed.

Bertschinger (2001) proposed a practical implementation
of multiscale Gaussian random field sampling methods that
meet these requirements (namely GRAFIC2). The essential
idea enabling this development is that Gaussian random fields
can be sampled in real space rather than Fourier space (here-
after k-space). Adaptive mesh refinement can then be per-
formed conceptually in real space as is done in the nonlinear
evolution code used by Abel et al. (2000).

In YNY, initial conditions are generated by the program de-
veloped and distributed by Bertschinger (2001) (GRAFIC2),
while the fitting function for the power spectrum proposed
by BBKS is adopted.

What is the dependence of the results on these initial
choices and parameters? The multiplicity function depends on
the initial condition as shown in Fig. 1 of the present paper and
in Fig. 2 of YNY. As shown, changes in the parameters lead to
not very large changes in the obtained multiplicity function. On
the other hand, as shown by Jenkins et al. (2001), for a suitable
halo definition, the simulated mass function is almost indepen-
dent of epoch, cosmological parameters, and of initial power
spectrum when expressed in appropriate variables.

4. Results

In this section, I compare the analytic multiplicity functions
of PS, ST, J01, YNY7 and Eq. (18), of the present paper, with
the numerical simulations of YNY. The numerical multiplicity

functions are shown by crosses with errorbars in the five panels
of Fig. 1 (Note that all figures have logarithmic abscissa). All
the data from the initial redshift to the present z = 0 is compiled
to draw the average curves (crosses) with error bars indicating
the epoch to epoch variation. In the panel (f), all the numerical
multiplicity functions are shown by thin lines.

Four analytic multiplicity functions described in the previ-
ous section are also shown in this figure, that is PS (solid line),
ST (dotted line), J01 (long-dashed line), YNY7 (dashed line),
and the one of the present paper described by Eq. (18) (dot-
dashed line). Since the data are available only in the region at
ν ≤ 3, these functions could be erroneous at ν ≥ 3.

Note that the comparison of the above curves with the re-
sults of N-body simulations show a very good agreement ex-
cept for the PS model. However, there are some discrepancies
between the YNY multiplicity function and other model func-
tions (except the one in the present paper). First, the multiplic-
ity function of the present paper, similarly to that of YNY, in
the low-ν region of ν ≤ 1 systematically falls below the ST and
the J01 functions. In this region the multiplicity function of the
present paper is very close to that of YNY.

As seen in Fig. 1, and in agreement with YNY, the numer-
ical multiplicity functions reside between the ST and J01 mul-
tiplicity functions at 2 ≤ ν ≤ 3 (except for the run 35b).
Additionally, the numerical multiplicity functions have an ap-
parent peak at ν ∼ 1 instead of the plateau that is seen in the
J01 function.

On the other hand, in the high-ν region, where ν is sig-
nificantly larger than unity, the multiplicity function of the
present paper like YNY takes values between ST and J01 func-
tions. These differences between numerical multiplicity func-
tions and analytic ones, like ST, ST1 and J01, are within
1σ error bars, and they are possibly due to the different box
sizes adopted (see YNY for a discussion). Throughout the peak
range of 0.3 ≤ ν ≤ 3, the ST multiplicity function is in dis-
agreement with the high mass resolution N-body simulations
of YNY and that of the present paper. As shown by YNY the
ST functional form provides a good fit to them only choosing
parameter values of a = 0.664, p = 0.321, and A3 = 0.301. The
multiplicity function obtained in the present paper has a peak
at ν ∼ 1 as in the ST function, and the YNY numerical mul-
tiplicity function and YNY7, instead of a plateau as in the
J01 function.

The previous results are summarized in Fig. 2, where all the
YNY N-body runs are plotted together. Note that Fig. 2 clearly
shows that all the curves are compatible within the errors with
the numerical simulation data there reported.

As shown in Figs. 1 and 2, the functional form proposed
in YNY, namely YNY7, provides a better fit when compared
with the ST functional form but it is not based on theory. The
function obtained in this paper, similarly to YNY7, provides
a better fit to simulations than the ST functional form, and at
the same time has been obtained from solid physical, theoret-
ical arguments. The better agreement observed between the
multiplicity function of the present paper and YNY simula-
tions, when compared with the ST, is connected to the shape
of the barrier (δc). As reported in Sect. 2, taking account of
the effects of asphericity and tidal interaction with neighbors,
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Del Popolo & Gambera (1998) showed that the threshold is
mass dependent, and in particular that in the set of objects that
collapse at the same time, the less massive ones must initially
have been denser than the more massive, since the less mas-
sive ones would have had to hold themselves together against
stronger tidal forces.

The shape of the barrier given in Eq. (1) is a direct con-
sequence of the angular momentum acquired by the proto-
structure during evolution while Eq. (2) introduces the effects
of the cosmological constant.

Similarly to ST, the barrier increases with S (decrease with
mass, M) differently from other models (see Monaco 1997a,b).
The increase of the barrier with S has several important con-
sequences and these models have a richer structure than the
constant barrier model.

The decrease of the barrier with mass means that, in or-
der to form structure, more massive peaks must cross a lower
threshold, δc(ν, z), than under-dense ones. At the same time,
since the probability of finding high peaks is larger in more
dense regions, this means that, statistically, in order to form
structure, peaks in more dense regions may have a lower value
of the threshold, δc(ν, z), than those of under-dense regions.
This is due to the fact that the resistance of an object to tides de-
pends on its mass density, and for clumps having the same lin-
ear dimensions, on mass (less massive objects are more influ-
enced by external tides), and consequently they must be more
overdense to collapse by a given time. The angular momentum
acquired by a shell centred on a peak in the CDM density dis-
tribution is anti-correlated with density: high-density peaks ac-
quire less angular momentum than low-density peaks (Hoffman
1986; Ryden 1988). A larger amount of angular momentum ac-
quired by low-density peaks (with respect to the high-density
ones) implies that these peaks can more easily resist gravita-
tional collapse and consequently it is more difficult for them to
form structure. Therefore, on small scales, where the shear is
statistically greater, structures need, on average, a higher den-
sity contrast to collapse.

The effect of a non-zero cosmological constant adds to that
of L. The effect of a non-zero cosmological constant is that
of slightly changing the evolution of the multiplicity function
with respect to open models with the same value of Ω0. This
is caused by the fact that in a flat universe with ΩΛ > 0, the
density of the universe remains close to the critical value later
in time, promoting perturbation growth at lower redshift. The
evolution is more rapid for larger values (in absolute value) of
the spectral index, n.

As previously reported, the ST model gives a better fit to
simulations than the PS model, but it has some discrepancies
to the simulations. The ST model was introduced as a fit to
the GIF simulations at the beginning (ST) and in a subsequent
paper (SMT) the importance of aspherical collapse was recog-
nized in the functional form of the mass function. The effects of
asphericity were taken into account by changing the functional
form of the critical overdensity (barrier) by means of a sim-
ple intuitive parameterization of elliptical collapse of isolated
spheroids. The model proposed in the present paper is similar
to ST and ST1 models, namely it uses the excursion set
approach as extended by ST1 to calculate the multiplicity

function, but at the same time it differs from ST and ST1 in the
way the barrier was calculated and in the fact that takes account
of angular momentum acquisition, and a non-zero cosmologi-
cal constant, aspects not taken into account in ST and ST1.
These differences gives rise to a multiplicity function in better
agreement with simulations. This shows the importance of the
form of the barrier.

The improvement of the multiplicity function of the present
paper and ST with respect to PS is probably connected also to
the fact that incorporating the non-spherical collapse with in-
creasing barrier in the excursion set approach results in a model
in which fragmentation and mergers may occur. These effects
are important in structure formation.

In the case of non-spherical collapse with increasing bar-
rier, a small fraction of the mass in the Universe remains un-
bound, while for the spherical dynamics, at a given time, all the
mass is bound up in collapsed objects. Moreover, incorporating
the non-spherical collapse with increasing barrier in the excur-
sion set approach results in a model in which fragmentation
and mergers may occur (ST). If the barrier decreases with S
(Monaco 1997a,b), this implies that all walks are guaranteed to
cross it and so there is no fragmentation associated with this
barrier shape.

Thus the excursion set approach with a barrier taking ac-
count effects of the physics of structure formation gives rise
to good approximations of the numerical multiplicity function:
the approximation goodness increases with a more improved
form of the barrier (taking account more physical effects: angu-
lar momentum acquisition, a non zero cosmological constant,
etc.). Another important aspect of the quoted method is its note-
worthy versatility: for example it is very easy to take account
of the presence of a non-zero cosmological constant, englobing
it in the barrier. The YNY numerical multiplicity function as-
sumes a non-zero cosmological constant while the theoretical
models (ST, ST1, J01) not take this into account.

Finally, I checked the time dependence of the multiplic-
ity function. Figure 3 shows the multiplicity function from the
35a run, for four redshift ranges of 0 ≤ z < 1 (open circles),
1 ≤ z < 3 (open squares), 3 ≤ z < 6 (open triangles) and z ≥ 6
(crosses). At high redshifts, high-ν halos in the exponential part
of the YNY7 (solid line) function and Eq. 18) (dot-dashed line
of the present paper) are probed. As redshift decreases, the
probe window moves to the lower-ν region. Figure 3 shows
that the multiplicity function of the present paper, Eq. (18),
and YNY7 both give a good fit to the numerical simulations.
For small values of ν, Eq. (18) is a slightly better fit to data,
and at large values of ν the two functions decay in the same
way.

The theoretical mass function of the present paper has also
been compared with the numerical simulations of Reed et al.
(2003) and Warren et al. (2005), and their fitting functions.
Their results are compatible with that of YNY.

5. Conclusions

In the present paper, I compared the numerical multiplicity
function given in YNY with the theoretical multiplicity func-
tion obtained with the excursion set model and an improved
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version of the barrier shape obtained in Del Popolo & Gambera
(1998), which implicitly takes account of tidal interactions be-
tween clusters and a non-zero cosmological constant. The bar-
rier obtained in Del Popolo & Gambera (1998) gives rise to a
better description of the multiplicity functions than other mod-
els (ST, J01) and the agreement is based on sound theoretical
models and not on fit to simulations.

The main results of the paper can be summarized
as follows:

1) The non-constant barrier of the present paper combined
with the ST1 model gives “unconditional” multiplicity
functions in better agreement with the N-body simulations
of YNY than previous models (ST, ST1, J01).

2) The comparison of the theoretical multiplicity function of
the present paper, in agreement with the YNY result, shows
some discrepancies with the theoretical multiplicity func-
tion of several authors (ST, ST1, J01): e.g., the maximum
value of the multiplicity function from simulations at ν ∼
1 is smaller, and its low mass tail is shallower than the
ST multiplicity function.

3) The multiplicity function of the present paper gives as
good a fit to simulations results as the fit function pro-
posed by YNY, but it was obtained from a sound theoretical
background.

4) The excursion set model with a moving barrier is very ver-
satile since it is very easy to introduce several physical
effects in the calculation of the multiplicity function, by
modifying the barrier.

The above considerations show that it is possible to obtain ac-
curate predictions for a number of statistical quantities asso-
ciated with the formation and clustering of dark matter haloes
by incorporating non-spherical collapse which takes account
of a non-zero cosmological constant in the excursion set ap-
proach. The improvement is probably also connected to the
fact that incorporating non-spherical collapse with an increas-
ing barrier in the excursion set approach results in a model in
which fragmentation and mergers may occur, effects important
in structure formation. Moreover, the effect of a non-zero cos-
mological constant adds to that of angular momentum, slightly
changing the evolution of the multiplicity function with re-
spect to open models with the same value of the matter density
parameter.
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Appendix A

The effect of tidal torque on structure evolution has been stud-
ied in several papers especially in connection with the origin of
galaxy rotation (Hoyle 1949; Peebles 1969; White 1984; Ryden
1988, hereafter R88; Eisenstein & Loeb 1995).

Following Eisenstein & Loeb (1995), we separate the uni-
verse into two distinct parts: the collapsing region, character-
ized by high density, and the rest of the universe. The boundary
between these two regions is taken to be a sphere centered on
the origin. As usual, in the following, we denote with ρ(x) the
density as function of space and δ(x) = ρ(x)−ρb

ρb
. The gravita-

tional force exerted on the spherical central region by the ex-
ternal universe can be calculated by expanding the potential,
Φ(x), in spherical harmonics. Assuming that the sphere has ra-
dius R, we have:

Φ(x) =
∞∑

l=0

4π
2l + 1

l∑
m=−l

alm(x)Ylm(θ, φ)xl (A.1)

where Ylm are spherical harmonics and the tidal moments, alm,
are given by:

alm(x) = ρb

∫ ∞

R
Ylm(θ, φ)ρ(s)s−l−1d3s. (A.2)

In this approach the proto-structure is divided into a series
of mass shells and the torque on each mass shell is com-
puted separately. The density profile of each proto-structure
is approximated by the superposition of a spherical profile,
δ(r), and a random CDM distribution, ε(r), which provides the
quadrupole moment of the proto-structure. To the first order,
the initial density can be represented by:

ρ(r) = ρb [1 + δ(r)] [1 + ε(r)] (A.3)

where ε(r) is given by:
〈
|εk |2

〉
= P(k) (A.4)

P(k) being the power spectrum. The torque on a thin spherical
shell of internal radius x is given by:

τ(x) = −GMsh

4π

∫
ε(x)x × �Φ(x)dΩ (A.5)

where Msh = 4πρb [1 + δ(x)] x2δx. We are interested in the ac-
quisition of angular momentum from the inner region, and for
this purpose we take account only of the l = 2 (quadrupole)
term. In fact, the l = 0 term produces no force, while the
dipole (l = 1) cannot change the shape or induce any rotation of
the inner region. As shown by Eisenstein & Loeb (1995), in the
standard CDM scenario the dipole is generated at large scales,
so the object we are studying and its neighborhood move as
bulk flow with the consequence that the angular distribution of
matter will be very small, then the dipole terms can be ignored.
Because of the isotropy of the random field, ε(x), Eq. (A.5) can
be written as:

〈
|τ|2

〉
=

√
(30)

4πG
5

A(x) (A.6)

where

A(x) =
[〈

a2m(x)2
〉 〈

q2m(x)2
〉
−

〈
a2m(x)q∗2m(x)

〉2
]1/2

where 〈〉 indicates the mean value of the physical quantity con-
sidered. As stressed in the next section, following Eisenstein &
Loeb (1995), the integration of the equations of motion ends at
some time before the inner external tidal shell (i.e., the inner-
most shell of the part of the universe outside the sphere con-
taining the ellipsoid) collapses. Then the inner region behaves
as a density peak. This is important one in the development of
the present paper.

What is the role of triaxiality of the ellipsoid (density peak)
in generating a quadrupole moment? Equation (A.6) takes into
account the quadrupole moment coming from the secondary
perturbation near the peak. The density distribution around
the inner region is characterized by a mean spherical distri-
bution, δ, and a random isotropic field. In reality the central
region is a triaxial ellipsoid. It is then important to evaluate the
contribution to the quadrupole moment due to the triaxiality.
Remembering that the quadrupole moments are given by:

q2m =

∫
|r|<R

Y∗2m(θ, φ)s2ρ(s)d3s

=
x2 Msh

4π

∫
Y∗2m(θ, φ)ε(x)dΩ (A.7)

and approximating the density profile as:

δ(x) = 〈δ(x)〉Spherical + ν f (x)A(e, p) (A.8)

〈δ(x)〉Spherical being the mean spherical profile, ν = δ
σ

the peak
height and σ the rms value of δ. The function A(e, p) of the
triaxiality parameters, e and p, is given by:

A(e, p) = 3e
(
1 − sin2 θ − sin2 θ sin2 φ

)

+p
(
1 − 3 sin2 θ cos2 φ

)
(A.9)

and the function f (x) is given by (R88) by:

f (x) =
5

2σ
R2
∗

(
1
x

dξ
dx
− 1

3
�2 ξ

)
(A.10)

where ξ, σ and R∗ are respectively the two-point correlation
function, the mass variance and a parameter connected to the
spectral moments (see Bardeen et al. 1986, Eq. (4.6d), here-
after BBKS). Substituting Eqs. (A.8) and (A.9) in Eq. (A.7) the
sum of the mean quadrupole moments due to triaxiality is:

1
Msh

2∑
m=−2

〈q2m(x)〉 = νx2 f (x)g(e, p) (A.11)

where

g(e, p) =

(
1

2π

√
6π/5(e − p) +

1
4π

√
4π/5(3e + p)

)

which must be compared with that produced by the secondary
perturbations, ε:

〈
q2m(x)2

〉
=

x4

(2π)3
M2

sh

∫
k2P(k) j2(kx)2dk (A.12)
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where j2 is the Bessel function of order 2. The values of e and p
can be obtained from the distribution of ellipticity and prolate-
ness (BBKS, Eq. (7.6) and Fig. 7) or for ν > 2 by:

e =
1√

5x
[
1 + 6/

(
5x2

)]1/2
(A.13)

and

p =
6

5x4
[
1 + 6/

(
5x2

)]2
(A.14)

(BBKS Eq. (7.7)). where x is given in BBKS (Eq. (6.13)). In
the case of a peak with ν = 3, we have e � 0.15, p � 0.014
while for peaks having ν = 2 and ν = 1 they are respectively
given by e � 0.2, p � 0.03 and e � 0.25 p � 0.04.

For a 3σ profile, the source of quadrupole moment due to
triaxiality is less important than that produced by the random
perturbations ε in all the proto-structure, except in the central
regions where the quadrupole moment due to triaxiality is com-
parable in magnitude to that due to secondary perturbations.

Thus, the triaxiality has a significant effect only in the very
central regions, which contains no more than a few percent of
the total mass and where the acquisition of angular momentum
is negligible. It follows that the triaxiality can be ignored when
computing both expansion and spin growth (R88). Moreover,
as observed by Eisentein & Loeb (1995), the ellipsoid model
does better in describing low shear regions (having higher val-
ues of ν), whose collapse is more spherical and then the effects
of triaxiality are less evident. Only those peaks with at least
ν > 2, are studied in this paper. Even if the triaxiality was not
negligible it contributes to increment the acquisition of angular
momentum (Eisenstein & Loeb 1995), and has a greater effect
on the density evolution (i.e., a larger reduction of the grow rate
of the density).

In order to find the total angular momentum imparted
to a mass shell by tidal torques, it is necessary to know
the time dependence of the torque. This can be done con-
necting q2m and a2m to parameters of the spherical collapse
model (Eisenstein & Loeb 1995, Eq. (A.13); R88, Eqs. (A.13)
and (A.15)). Following R88 we have:

q2m(θ) =
1
4

q2m,0δ
−3
0

(1 − cos θ)2 f2(θ)

f1(θ) −
(
δ0
δ0

)
f2(θ)

(A.15)

and

a2m(θ) = a2m,0

(
4
3

)4/3

δ0(θ − sin θ)
−4
3 . (A.16)

The collapse parameter θ is given by:

t(θ) =
3
4

t0δ
−3/2
0 (θ − sin θ). (A.17)

Equations (A.15) and (A.16), by means of Eq. (A.6), give the
tidal torque:

τ(θ) = τ0
1
3

(
4
3

)(1/3)

δ
−1
0

(1 − cos θ)2

(θ − sin θ)(4/3)

f2(θ)

f1(θ) −
(
δ0
δ0

)
f2(θ)

(A.18)

where f1(θ) and f2(θ) are given in R88 (Eq. (A.12)), τ0 and δ0 =
ρ−ρb

ρb
are respectively the torque and the mean fractional density

excess inside the shell, as measured at the current epoch t0.
The angular momentum acquired during expansion can then be
obtained integrating the torque over time:

L =
∫
τ(θ)

dt
dθ

dθ. (A.19)

The angular momentum obtained from Eq. (A.19) is evaluated
at the time tM. Then the calculation of the angular momentum
can be solved by means of Eq. (A.19), once we have chosen the
power spectrum. With the power spectrum and the parameters
given in the next section and for a ν = 2 peak, the model gives
a value of 2.5 × 1074 g cm2/s. We asssume that from tM on, the
ellipsoid has this constant angular momentum.

Appendix B

The equation governing the collapse of a density perturba-
tion taking account of angular momentum acquisition by pro-
tostructures can be obtained using a model due to Peebles
(Peebles 1993; see also Del Popolo & Gambera 1998, 1999).

Let us consider an ensemble of gravitationally growing
mass concentrations and suppose that the material in each sys-
tem collects within the same potential well with inward point-
ing acceleration given by g(r) (see Del Popolo & Gambera
1998). We indicate with dP = f (L, rvr, t)dLdvrdr the proba-
bility that a particle can be found in the proper radius range r,
r+dr, in the radial velocity range vr = ṙ, vr+dvr and with angu-
lar momentum L = rvθ in the range dL. The radial acceleration
of the particle is

dvr
dt
=

L2(r)
M2r3

− g(r) =
L2(r)
M2r3

− GM
r2
· (B.1)

Equation (B.1) can be derived from a potential and then from
Liouville’s theorem it follows that the distribution function, f ,
satisfies the collisionless Boltzmann equation:

∂ f
∂t
+ vr
∂ f
∂r
+
∂ f
∂vr
·
[L2

r3
− g(r)

]
= 0. (B.2)

Assuming a non-zero cosmological constant Eq. (B.1)
becomes:

dvr
dt
= −GM

r2
+

L2(r)
M2r3

+
Λ

3
r (B.3)

(Peebles 1993; Bartlett & Silk 1993; Lahav 1991; Del Popolo
& Gambera 1998, 1999). Integrating Eq. (B.3) we have:

1
2

(
dr
dt

)2

=
GM

r
+

∫
L2

M2r3
dr +

Λ

6
r2 + ε (B.4)

where the value of the specific binding energy of the shell, ε,
can be obtained using the condition for turn-around, dr

dt = 0.
In turn the binding energy of a growing mode solution is

uniquely given by the linear overdensity, δi, at time ti. From
this overdensity, using linear theory, we can obtain that of the
turn-around epoch and then that of the collapse. We find the
binding energy of the shell, C, using the relation between v



A. Del Popolo: Multiplicity function, Online Material p 4

and δi for the growing mode (Peebles 1980) in Eq. (B.4) and
the linear overdensity at the time of collapse is given by:

δc = δco

[
1 +

∫ rta

ri

rtaL2 · dr
GM3r3

+ Λ
rtar2

6GM

]

� δco

[
1 +
β1

να1
+
ΩΛβ2

να2

]
(B.5)

where α1 = 0.585, β1 = 0.46, α2 = 0.4 and β2 = 0.02.


