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Abstract. We investigate the influence of different magnetic field configurations on the temperature distribution in neutron star
crusts. We consider axisymmetric dipolar fields which are either restricted to the stellar crust, “crustal fields”, or allowed to
penetrate the core, “core fields”. By integrating the two-dimensional heat transport equation in the crust, taking into account the
classical (Larmor) anisotropy of the heat conductivity, we obtain the crustal temperature distribution, assuming an isothermal
core. Including classical and quantum magnetic field effects in the envelope as a boundary condition, we deduce the corre-
sponding surface temperature distributions. We find that core fields result in practically isothermal crusts unless the surface
field strength is well above 1015 G while for crustal fields with surface strength above a few times 1012 G significant deviations
from crustal isothermality occur at core temperatures inferior or equal to 108 K. At the stellar surface, the cold equatorial region
produced by the suppression of heat transport perpendicular to the field by the Larmor rotation of the electrons in the envelope,
present for both core and crustal fields, is significantly extended by that classical suppression at higher densities in the case of
crustal fields. This can result, for crustal fields, in two small warm polar regions which will have observational consequences:
the neutron star has a small effective thermally emitting area and the X-ray pulse profiles are expected to have a distinctively
different shape compared to the case of a neutron star with a core field. These features, when compared with X-ray data on
thermal emission of young cooling neutron stars, would provide a first step toward a new way of studying the magnetic flux
distribution within a neutron star.
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1. Introduction

The presence of strong magnetic fields in neutron stars is one
of their distinctive characteristics. In typical neutron stars the
observed and/or inferred surface fields are of the order of
1012...13 G; for magnetars they even reach 1014...15 G (Vasisht &
Gotthelf 1997; Kouveliotou et al. 1998). The strength, structure
and topology, and time evolution of the magnetic field is inti-
mately related to its origin, which is still an open problem and
about which several scenarios have been proposed. During the
supernova core collapse which produces the neutron star, the
magnetic field possibly present in the progenitor is amplified
by flux conservation and may reach values compatible with the
observed ones (Woltjer 1964). Moreover, during the convective
phase of the proton-neutron star efficient dynamo processes are
likely to take place (Thompson & Duncan 1993). In these two
scenarios one can expect the magnetic field to have a very com-
plicated topology, the currents supporting it certainly span the
whole stellar interior, and significant toroidal components gen-
erated by differential rotation can be expected. An alternative
scenario had been proposed by Blandford et al. (1983) in which
a small seed field is amplified in the upper (liquid) layers of the
star through thermomagnetic processes. The currents produc-
ing this field are then located entirely in the stellar crust. Notice

that these three types of scenarios are not exclusive at all, may
act almost simultaneously and/or in succession, and may pro-
duce magnetic fields with a double or even triple structure.

Beyond the existence of a strong dipolar component, very
little is known about the exact structure of a neutron star mag-
netic field. Several lines of evidence, both observational and
theoretical as described by Arons (1993), indicate that non-
dipolar (quadrupolar, octopolar, ...) components in pulsars have
to be smaller than the dipolar one. On the other hand, the four-
peaked shape of the light curve of the giant flare of August 27,
1998 from SGR 1900+14 (Feroci et al. 2001) is probably
strong evidence for the presence of a large quadrupolar com-
ponent in this magnetar.

A way to observe the structure of the star’s surface mag-
netic field is provided with the observation of surface thermal
emission in the soft X-ray band. The structure of the field in the
envelope, a shallow layer below the surface, has a direct effect
on the surface temperature and leads to a non-uniform distri-
bution (Greenstein & Hartke 1983) with observational conse-
quences (Page 1995) if its strength is above 1010 G. Modeling
of the thermal X-ray pulse profile of the Geminga pulsar
and PSR 1055-52 (Page & Sarmiento 1996) seemed to re-
quire the presence of a quadrupolar component with a strength
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compatible with the constraint that Arons (1993) had obtained
for millisecond pulsars. (See, however, Harding & Muslimov
1998 for a different analysis with a purely dipolar field.)
Moreover, Page & Sarmiento (1996) found that the superpo-
sition of an arbitrary quadrupolar component with a strength
comparable to the dipole generally reduced the observable
modulation of the soft thermal X-ray emission, much below
observed values, simply due to the fact that it introduced more
(up to four) magnetic poles and hence more warm regions at the
surface. Together with the considerations of the previous para-
graph, these results show that the surface and external field of
radio pulsars could be, as a first approximation, reasonably well
approximated by a dipolar field. In contrast, almost nothing in
observationally known about the structure of the magnetic field
inside the neutron star.

Considering physical processes in the interior of a neutron
star, transport processes are the most affected by a magnetic
field. The effects of the magnetic field onto the transport pro-
cesses can be roughly divided into classical and quantum ones
(see, e.g., Yakovlev & Kaminker 1994 for a review). The clas-
sical effects are due to the Larmor rotation of the electrons,
the main carriers of charge and heat, and are determined by
the magnetization parameter ωBτ where ωB ≡ eB/m∗ec is the
gyrofrequency of the electrons, τ being their relaxation time
and m∗e their effective mass. Quantized motion of the elec-
trons transverse to the magnetic field causes the quantum ef-
fects which are of importance only if few Landau levels are
occupied. Quantum effects play an important role for strong
magnetic fields in the outermost layers of the neutron star crust
– the thin low density shell of the envelope – but are negligi-
ble in the deeper layers. The deeper layers of the crust, as well
as the envelope, can, however, be affected by classical effects
in case of strong fields, i.e., large ωB, and/or low temperature,
i.e., high τ. In such a case the usual assumption of an isother-
mal crust could be questionable and this is the issue we want to
address in this paper.

As a first step in this study, in the present paper we will
compare two extreme field configurations referring to the old
dichotomy of “core” and “crustal” fields. In the first case we
have a field penetrating the whole star while the latter is charac-
terized by having the field and its supporting currents restricted
to the stellar crust (see, e.g., Chanmugam 1992). Moreover,
for simplification, we also restrict ourselves to axisymmetric
poloidal dipolar fields. For identical external field structure and
strength, in the case of a crustal magnetic field its strength in
the crust unavoidably exceeds its surface value by one to two
orders of magnitude (see, e.g., Page et al. 2000) and its effects
on heat transport can naturally be expected to be much stronger
than in the case of a field permeating the whole star whose in-
ternal strength can perfectly be everywhere inferior to its exter-
nal strength. To date, there is still no compelling observational
evidence in favor of or against either of these two hypotheses of
core or crustal field, but recently Link (2003) argued that long
period pulsar precession, as observed in PSR B1828-11 (Stairs
et al. 2000), may be impossible if the magnetic field penetrates
regions of the core where neutrons are superfluid and proton su-
perconducting (see, however, Jones 2004b for a different point
of view).

Our results will show that the structure of the magnetic field
deep in the crust can potentially control the distribution of tem-
perature at the stellar surface. This may open a way to study the
structure of the magnetic field in the crust and provide obser-
vational features which may allow us to discriminate between
the above mentioned two types of hypothesized field structure,
crustal vs. core. More complex field structure, as, e.g., superpo-
sition of core and crustal poloidal dipolar fields, toroidal com-
ponents, quadrupolar poloidal components, will considered in
future papers.

The paper is organized as follows: in the next Sect. 2 the ba-
sic equations are introduced which describe the magnetic field
and the heat transport influenced by it. The components of the
heat conductivity tensor are given and the outer boundary con-
dition is discussed. The physical input as well as the numerical
method are shortly described. In Sect. 3 the results of the nu-
merical calculations are presented. For different core tempera-
tures, magnetic field strengths and geometries the crustal tem-
perature profiles, the surface temperature distributions and the
corresponding luminosities are calculated. Section 4 is devoted
to the discussion of the consequences of the magnetic effects
on the crustal and surface temperature distributions.

2. Physics input

2.1. Heat transport and magnetic field

The thermal evolution of the crust is determined by the energy
balance equation

C
∂T
∂t
= Sources − Sinks − ∇ · F (1)

and the heat transport equation

F = −κ̂ · ∇T (2)

where C denotes the specific heat per unit volume, F is the heat
flux density and κ̂ the tensor of heat conductivity.

In this paper we intend to consider only the effect of the
crustal magnetic field onto the stationary temperature distribu-
tion in the crust, which, in a first approximation, is assumed to
be free of heat sources and sinks. The cooling process itself as
well as the back reaction of the now non-spherically symmet-
ric temperature distribution upon the magnetic field decay are
beyond the scope of this work.

In the relaxation time approximation the components of κ̂
parallel and perpendicular to the magnetic field, κ‖ and κ⊥ re-
spectively, as well as the Hall component, κ∧, are related to the
scalar heat conductivity κ0 and to the magnetization parameter
ωBτ by (Yakovlev & Kaminker 1994)

κ‖ = κ0 , κ⊥ =
κ0

1 + (ωBτ)2
, κ∧ = ωBτ κ⊥. (3)

For κ0 we use

κ0 =
π2k2

BTne

3m∗ν
(4)

where ν = 1/τ is the effective electron collisional frequency
and is given by the sum

ν = νph + νion + νimp (5)
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Fig. 1. Thermal conductivity κ0, in cgs units, versus density ρ and temperature T . The left panel shows the phonon-only contribution κ0 ph, the
right one the impurity-only contribution κ0 imp, and the central panel the complete κ0 (with an impurity concentration Qimp = 0.1).

where νph is the effective collisional frequency for electron-
phonon, νion for electron-ion, and νimp for electron-impurity
collisions. Since for the range of densities and temperatures
we are interested in the crust is always in the solid state we
neglect νion and use the calculations of Baiko & Yakovlev
(1996) for νph while we take νimp from Yakovlev & Urpin
(1980). Troughout this work we assume an “impurity param-
eter” Q ≡ ximp(∆Z)2 equal to 0.1, where ximp is the fractional
number of impurities which have a mean square charge excess
of (∆Z)2. Figure 1 shows the resulting κ0: note that νimp is al-
most temperature independent while νph scales approximately
as T 2 so that if ν = νph then we have the “phonon-only conduc-
tivity” κ0 ph ∼ T−1 (Fig. 1, left panel) but if ν = νimp we would
have an “impurity-only conductivity” κ0 imp ∼ T+1 (Fig. 1, right
panel) and the exact κ0 (Fig. 1, central panel), which one could
write as κ0 = (1/κ0 ph+1/κ0imp)−1, shows both types of behavior
depending on which type of collision process dominates.

Given the conductivities described above, the magnetiza-
tion parameter ωBτ varies strongly throughout the crust by
many orders of magnitude. In ωB the values of both B and m∗e
span a large range of values throughout the crust and in τ there
is also a strong dependence on the temperature T , chemical
composition and the thermodynamic phase of the matter. For
illustration we show, in Fig. 2, ωBτ in the crust at various uni-
form temperatures and a uniform field strength: however, nei-
ther T nor B will be uniform in our realistic calculation pre-
sented below. Note that values of ωBτ at T = 105 and 106 K
are very close to each other because at such low temperatures,
ν is dominated by νimp which is temperature independent while
when going to increasingly higher temperatures νph contributes
more and more and hence τ decreases. Finally, Fig. 3 shows
the resulting κ⊥: notice its very different T–ρ behavior com-
pared to κ0 due to the simple fact that at high ωBτ we obtain
κ⊥ ∝ τ−1 while κ0 ∝ τ.

Note, that the contribution of electron-impurity collisions
to the collisional frequency is far from being understood.
Moreover, Jones (2001, 2004a) argues that the crust is a
glass rather than a bcc lattice, resulting in Q 	 10...100.
However, calculation of the effect of electron-impurity
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B = 10    G12

Fig. 2. Magnetization parameter ωBτ vs. density at six different tem-
peratures (as labeled on the curves) assuming a uniform magnetic field
of strength B = 1012 G. Its value for different field strengths scales lin-
early in B.

collisions (Flowers & Itoh 1976) assumes that impurity col-
lisions are uncorrelated, which requires that impurities are ran-
domly located. This raises the issue of how the impurities are
arranged, besides their concentration. While well ordered im-
purities do not disturb significantly the electron motion, highly
disordered impurities will (Yakovlev 2004, private communica-
tion). In the former case the conductivity would be close to the
perfect lattice one while in the latter case it would approach the
conductivity of a liquid, i.e. be dominated by electron-ion colli-
sions. These qualitative different behaviors are not reflected by
the “impurity parameter” Q. In this investigation, as described
in the previous paragraph, we will consider the crust to be a
Coulomb crystal which is so far the only case studied in detail.
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Fig. 3. Thermal conductivity, in cgs units, perpendicular to the mag-
netic field, κ⊥, vs. density ρ and temperature T for a uniform mag-
netic field of strength 3× 1012 G. For field strengths
1012 G, i.e., for
ωBτ 
 1, κ⊥ scales as B−2. The impurity parameter Q is assumed to
be 0.1.

Conductive processes which are not affected by magnetic
fields can increase the heat flux perpendicular to B. Recently,
Yakovlev (2004, private communication) pointed out that there
are at least three processes which have to be considered care-
fully: the convective counterflow of superfluid neutrons in the
inner crust, the diffusive transport by non-superfluid neutrons
which may be present in certain regions of the crust and the
phonon transport. These transport processes have not yet been
considered in the context of cooling calculations of neutron
stars up to now. They are beyond the scope of the present
manuscript but should be seriously investigated.

2.2. The crustal magnetic field

A dipolar poloidal magnetic field can be conveniently de-
scribed in terms of the (possibly time dependent) Stokes stream
function S = S (r, t). The vector potential A = (0, 0, Aϕ) is writ-
ten as Aϕ = S (r, t) sin θ/r, where r, θ and ϕ are spherical coor-
dinates. The field components are then expressed as

Br = +
2 cos θ

r2
S (r, t) = B0

cos θ
x2

s(x, t) (6)

Bθ = − sin θ
r
∂S (r, t)
∂r

= −B0

2
sin θ

x
∂s(x, t)
∂x

(7)

Bϕ = 0 (8)

where B0 is the field strength at the magnetic pole, and we have
introduced normalized variables S = sB0R2

NS/2, with s = 1 at
the magnetic north pole, and x = r/RNS. The vacuum solution,
outside the star, is simply s = 1/x. At the surface, x = 1, the

Fig. 4. Magnetic field lines of the core field (left panel) and of the
crustal field as applied in our calculations. Both field configurations
match for r ≥ RNS with a dipolar poloidal vacuum field. They are
presented in a meridional plane, of the crust for ρn ≥ ρ ≥ ρb (see
Sects. 2.4 and 2.5). The polar surface value B0 is identical for both
field types.

standard boundary condition for matching to a vacuum dipole
field should be fulfilled,

∂S
∂r
+

S
RNS
= 0 i.e.

∂s
∂x

∣∣∣∣∣
x=1
= −s (9)

and at the center regularity requires S (r = 0, t) ≡ 0.
For the present investigation we select for the crustal field

configuration a snapshot of the evolution of S (x, t). The Stokes
function S (x, t) was calculated by solving the induction equa-
tion, applying the above boundary conditions and an electric
conductivity which reflects the same microphysics as the heat
conductivity does for the model under consideration (see, e.g.,
Geppert & Urpin 1994 or Page et al. 2000).

The initial value S (x, t = 0) is a priori unknown and de-
pends on the field generation process. For a crustal magnetic
field, the function S (x, t = 0) initially vanishes in the core and,
due to proton superconductivity, the Meissner-Ochsenfeld ef-
fect prevents the field from penetrating into the core (see, e.g.
Page et al. 2000). A typical crustal field structure is shown in
the right panel of Fig. 4. In case the magnetic field is main-
tained by electric currents circulating in the core the field pen-
etrates the crust too but has a qualitatively different structure.
Let us assume that for the core field there are no currents in the
crust and the field is maintained in the core by axisymmetric
currents circulating around the center of the star. Then a dipo-
lar field will penetrate the crust with the components

Bdipole
r = B0

cos θ
x3
, (10)

Bdipole
θ =

B0

2
sin θ
x3
, (11)

Bdipole
ϕ = 0, (12)
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where B0 denotes again the polar surface value of the mag-
netic field. The crustal field lines of such a field are presented
in the left panel of Fig. 4. A comparison of the geometries
of both fields immediately suggests that the star-centered core
field will not significantly affect the heat transport through the
crust while a crustal field may cause drastic changes. Moreover,
in the crust Bθ has to be much larger than Bdipole

θ , for a given
identical external field, since the flux of a crustal field is com-
pressed into a layer of thickness ∆r ∼ 1

10 − 1
20 of RNS, while the

flux of a core field can expand within the whole core, typically
Bθ ∼ 10 − 20Bdipole

θ .

2.3. The two-dimensional heat transport equation

Denoting the components of the temperature gradient ∇T par-
allel and perpendicular to the unit vector of the magnetic field,
b as well as the Hall component by

(∇T )‖ = b (∇T · b), (∇T )⊥ = b × (∇T × b), (13)

(∇T )∧ = b × ∇T,

the magnetic field-influenced heat flux can be expressed by

κ̂ · ∇T =

κ‖ b (∇T · b) + κ⊥ b × (∇T × b) + κ∧ b × ∇T. (14)

This provides the following expression for the heat flux in
terms of the scalar heat conductivity, the magnetization param-
eter, the temperature gradient, and the unit vector of the mag-
netic field:

F = −κ̂ · ∇T = − κ0

1 + (ωBτ)2

×
[
∇T + (ωBτ)

2 b (∇T · b) + ωBτ b × ∇T
]
. (15)

The last term on the r.h.s. represents the Hall component of the
heat flux. Its divergence vanishes as long as the magnetic field
and the temperature gradient are assumed to be axially sym-
metric, i.e. do not depend on the azimuthal angle ϕ. By use of
the representation of the dipolar magnetic field in terms of the
Stokes stream function s and its radial derivatives (see Eqs. (6),
(7)) and by introducing the heat conductivity coefficients

χ1 =
κ0

1 + (ωBτ)2
, χ2 =

κ0 (ωB0
τ)2

1 + (ωBτ)2
, (16)

the radial and meridional components of the magnetic–field–
dependent heat flux have the following form:

Fx = −χ1
∂T
∂x

+χ2

(
∂T
∂θ

s
2x4

∂s
∂x

sin θ cos θ − ∂T
∂x

s2

x4
cos2 θ

)
, (17)

Fθ = −χ1
1
x
∂T
∂θ

+χ2

∂T∂x
s

2x3

∂s
∂x

sin θ cos θ − ∂T
∂θ

1
4x3

(
∂s
∂x

)2

sin2 θ

 , (18)

where T is measured in units of Tcore and the temperature gra-
dient is normalized on Tcore/RNS. Note that in Eq. (16) the mag-
netization parameter ωB0

τ is calculated by use of the polar sur-
face field strength B0.

Axial symmetry implies that, along the polar axis, Fθ and
∂Fθ/∂θ vanish while x2Fx is constant. Mirror symmetry at the
magnetic equator implies that Fθ vanishes (but ∂Fθ/∂θ can be
very large).

Our aim in this paper will be to find stationary solutions
for the temperature distribution in the neutron star crust, i.e. to
solve the equation

∇ · F = 1
x2

∂(x2Fx)
∂x

+
1

x sin θ
∂(sin θFθ)
∂θ

= 0. (19)

The boundary condition for this equation at the crust-core
boundary is “T fixed and uniform” and at the surface it as dis-
cussed in the following subsection.

2.4. Outer boundary: Tb(B)–Ts (B) relation

In the lowest-density layers, close to the surface, matter is no
longer degenerate and the magnetic field affects the equation
of state. Appropriate treatment of this layer requires solving
for hydrostatic equilibrium simultaneously with heat transport.
Moreover, quantum effects of the magnetic field become im-
portant. To avoid these problems, we separate this layer, called
envelope, from the crust and incorporate it in the outer bound-
ary condition.

Quantum effects become significant (see, e.g., Yakovlev &
Kaminker 1994, for a review) when electrons occupy only few
Landau levels, requiring thus densities

ρ < ρB = 7045
( B
1012 G

)3/2 〈A〉
〈Z〉 g cm−3

and temperatures

T � TB ≈ 1.34 × 108
( B
1012 G

)
K

(Potekhin et al. 2003) where 〈A〉 and 〈Z〉 are the average mass
and charge numbers of the ions. From these numbers it be-
comes clear that quantum effects play an important role for
strong magnetic fields in the outermost layers of the neutron
star crust – the envelope – but are negligible in the deeper
layers.

The thinness of this envelope justifies a study of heat trans-
port in a plane parallel, one dimensional approximation and
many such calculations have been performed (see, e.g., for
the most recent one, Potekhin & Yakovlev 2001, hereafter
PY01, and references therein). In such 1D envelope approx-
imation, a surface temperature Ts, and hence an out-coming
flux Fenv ≡ σT 4

s , is chosen and hydrostatic equilibrium and
heat transport are solved toward increasing densities up to ρb

giving the temperature T env
b at that density. Varying Ts gives a

“Tb − Ts relationship”. Two-dimensional calculations of heat
transport with magnetic field have been presented by Schaaf
(1990a,b) who however restricted himself to the thin envelope
and an uniform magnetic field. Tsuruta (1998) has presented re-
sults of two-dimensional cooling calculations of neutron stars
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which included the quantizing effect of a dipolar magnetic field
in the envelope. These 2D calculations showed that the 1D ap-
proximation is indeed very good when the field affects heat
transport only in the thin envelope. We will use the 1D results
of PY01.

We stop the interior integration at an outer boundary den-
sity ρb, at radius rb, and, for each latitude θ, obtain a radial
flux Fr(ρb, θ) and a temperature T (ρb, θ) which we match to
the envelope. At each point (rb, θ) we apply an envelope with a
magnetic field B equal to the field we have at that point (hence
the “Tb − Ts relationship” should be called a “Tb(B) − Ts(B)
relationship”). The matching of the envelope with our interior
calculation is simply obtained by imposing T env

b = T (ρb, θ)
and Fenv ≡ σT 4

s = Fr(ρb, θ) which is our outer boundary
condition. YP01 place the bottom of the envelope at the neu-
tron drip density, i.e., ρb ≈ 4 × 1011 g cm−3, while we in-
tend to apply lower values down to ρb = 1010 g cm−3 in or-
der to extend the 2–dimensional transport calculation as far as
possible while still being safely in the non-quantizing regime.
Since the temperature profile in the 1D calculations of YP01 is
quite flat between 4 × 1011 g cm−3 and 1010 g cm−3 the same
Tb − Ts relationship can be applied for the lower ρb which
we consider a good approximation. Explicitly, we apply their
Eqs. (26) to (30) but replace their Tint, which they assume to
be spherically symmetric, by our calculated angle-dependent
Tb(θ).

To illustrate the main features of this boundary condition,
a good approximation (Greenstein & Hartke 1983; YP01) is to
write it as

Fr(ρb,ΘB, B, Tb) ≈ F‖ cos2ΘB + F⊥ sin2ΘB, (20)

which expresses Fr, for an arbitrary angle ΘB between B and
the radial direction, in terms of the radial flux for a radial field
F‖ ≡ Fr(ρb,ΘB = 0, B, Tb) and for a meridional field F⊥ ≡
Fr(ρb,ΘB = π/2, B, Tb). For a dipolar field ΘB is related to
the polar angle θ by tanΘB = 0.5 tan θ. Note that when B 

1011 G one has F⊥ � F‖, i.e. the envelope is blanketing the star
much more strongly around the magnetic equator than around
the poles.

2.5. Equation of state and chemical composition

We will consider a 1.4 M� neutron star whose structure is ob-
tained by integrating the Tolman-Oppenheimer-Volkoff equa-
tion of hydrostatic equilibrium. The core matter is described
by the equation of state (EOS) calculated by Wiringa et al.
(1988). We separate the crust from the core at the density
ρ = ρn ≡ 1.62 × 1014 g cm−3 (Lorenz et al. 1993) and use
the EOS of Negele & Vautherin (1973) for the inner crust,
at ρ > ρdrip ≡ 4.4 × 1011 g cm−3, and Haensel et al. (1989)
for the outer crust. We assume that the chemical composition
is that of cold catalyzed matter, as is the case for these two
crustal EOSs.

The star so produced has a radius RNS = 10.9 km and the
crust-core boundary is at radius rn = 0.925RNS = 9.33 km.

2.6. Numerical method

We solve the heat transport equation in its time-dependent
form,

C
∂T
∂t
= −∇ · F (21)

starting with constant temperature, T = Tcore. As boundary
condition at the lower boundary the temperature is kept fixed
to the value Tcore at all times while at the outer boundary the
radial heat flux is related to the temperature at the same point
as described above. The code is then run until a stationary state
is reached.

For the discretization of the spatial derivatives a staggered
mesh method as described in Stone & Norman (1992) is used in
spherical polar coordinates (r and θ). For the integration in time
the fully explicit method turned out to be prohibitively slow
because the diffusion coefficients vary strongly in space in the
case of strong magnetic fields. We therefore use the scheme in
an operator-split implementation that treats the radial diffusion
terms implicitly while the horizontal diffusion and the ∂T/∂θ
term in Fr remain explicit. This keeps the computational effort
per time step small as the equations to be solved are tridiagonal,
but allows for a sufficiently large time step to reach a stationary
state within several hours of computing time. For the evaluation
of the transport coefficients and the outer boundary condition
the temperature resulting from the last time step is always used,
i.e., only the radial derivatives are treated implicitly.

3. Results

3.1. Internal temperature

The importance of the magnetic field-induced non-
isothermality of the whole crust is illustrated in Figs. 5–8. The
temperature profiles of Fig. 5, when compared with Fig. 6,
show clearly the difference between a crustal and a core field,
the latter inducing temperature variations in the crust of much
less than 1% at B0 = 3 × 1012 G while the former can result
in variations of a factor two for the same dipolar external
field strength and Tcore = 107 K, and even much larger at
lower Tcore.

For strong fields, when ωBτ 
 1, one has κ‖ = κ0 
 κ⊥
and hence heat flows essentially along the field lines and, given
the large values of κ0, no large temperature gradient can build
up along them, as illustrated in Fig. 7. Only extremely strong
core fields may cause significant deviations from the isother-
mality of the crust; for B0 = 1016 G we could observe a dif-
ference of only 10% for T (ρb) between pole and equator. The
qualitative difference between core and crustal magnetic fields
is then easily understood by observing that field lines are es-
sentially radial in most of the crust in the case of a core field
while they are predominantly meridional for a crustal field in-
hibiting radial heat flow in a large part of the crust. We could
find significant differences to the isothermal crust model only
if the polar surface field strength exceeds 1012 G. Additionally,
the core temperature should be smaller than 108 K.

In the case of a star-centered core field, Fig. 6 and the right
panel of Fig. 7 show that the stellar equator is very slightly
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Fig. 5. The crustal temperature T (normalized on Tcore) as a function of the density within the crust at 4 different polar angles: θ = 0: dotted-
dashed line (almost coincident with the upper limit of the figure), θ = 30: dashed line, θ = 60◦: dotted line, and θ = 90◦: full line, for a crustal
field of strength B0 = 3 × 1012 G. The three panels correspond, from left to right, to Tcore = 108 K, 107 K, and 106 K, respectively.
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Fig. 6. Same as Fig. 5 but for a dipolar core field with Tcore = 107 K.

warmer than the pole. This is a direct consequence of the outer
boundary condition, i.e., the envelope: magnetic–field–induced
anisotropies are weak within the crust for such fields but are
large in the envelope which is more insulating around the equa-
tor than around the poles.

A 3D representation of the crust temperature is shown in
Fig. 8: it may be surprising in the sense that heat flows into
the crust from the core, at a fixed Tcore, and out of the crust at
the surface and most of the heat comes out in the polar regions
which are, first, warmer than the equator and where, second,
the envelope is less insulating. So heat must be flowing from
the equatorial regions toward the polar regions, i.e., apparently
from cold regions toward warmer ones! That this situation can-
not violate the second law of thermodynamics is built into the
heat conductivity tensor κ̂ which is positive definite and guar-
antees that F·∇T < 0 always. Figure 9 illustrates this situation:
at a point in the northern hemisphere ∇T is almost perpendic-
ular to B and −(∇T )θ is clearly pointing toward the equator.
However, since F‖ = −κ‖(∇T )‖, F⊥ = −κ⊥(∇T )⊥, and κ‖ 
 κ⊥
we have |F‖| 
 |F⊥| and the resulting Fθ is negative, i.e., point-
ing toward the pole: heat is flowing from the equator toward the
poles but does it along the magnetic field lines from warmer
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Fig. 7. Representation of both field lines and temperature distribution
in the crust whose radial scale (r(ρn) ≤ r ≤ r(ρb)) is stretched by a
factor of 5, assuming B0 = 3 × 1012 G and Tcore = 106 K. Left panel
corresponds to a crustal field, right panel to a star-centered core field.
Bars show the temperature scales in units of Tcore.

regions toward colder ones. Our numerical results show that,
e.g., in the northern hemisphere, Fθ is negative in large regions
and is positive elsewhere depending on the orientation of B.

The results shown in Fig. 5 for the crustal field config-
uration with the typical strength B0 = 3 × 1012 G confirms
the statement that with increasing magnetization parameter the
anisotropy of the temperature distribution within the crust in-
creases too. The magnetization parameter increases with in-
creasing magnetic field strength and with decreasing crustal
temperature, i.e. with decreasing Tcore, because the relaxation
time of electron-phonon collisions grows strongly in the course
of cooling. Therefore, while the temperature profile along the
poles shows practically no gradient with decreasing Tcore the
ratio T (ρb, θ = 90◦)/T (ρb, θ = 0◦) decreases from 0.95 to 0.5
and 0.2 when Tcore decreases from 108 K to 107 and 106 K,
respectively. Also, an increase of the magnetic field strength
amplifies that difference. Applying the same field structure but
B0 = 1013 G the temperature ratio becomes smaller than 0.1 for
Tcore = 106 K.
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Fig. 8. 3-D presentation of the temperature distribution in the crust
for Tcore = 106 K and a crustal field with strength B0 = 3 × 1012 G.
(corresponding to the right panel of Fig. 5).
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Fig. 9. Illustration of the magnetic-field-induced anisotropy (see text
for details).

Note also that the highly unknown parameter of the im-
purity concentration (Q = 0.1 throughout this paper) affects
the relaxation time: the more impurities the shorter the relax-
ation time of electron-impurity collisions. Therefore, while in
a highly impure crust the magnetic field effects on the crustal
temperature distribution are reduced, in a very pure neutron star
crust these effects will be even more pronounced.

3.2. Surface temperature distribution

The magnetic field permeating the envelope induces a non-
uniform surface temperature distribution, mostly due to quan-
tizing effects of the field at low densities, even in the case of a
uniform crustal temperature (Schaaf 1990a,b; Page 1995). The
non-isothermality of the crust produced by a crustal magnetic
field will result in an even more pronounced non-uniformity of
the surface temperature. These effects are shown quantitatively
in Fig. 10 where the two cases of core and crustal fields are
compared.

The different field structures do not only affect the relation
between polar and equatorial surface temperature but also the
setup and the extension of the warm polar regions. In Fig. 10
it is seen that the crustal field can cause a much smaller warm
polar region than a star-centered core field of the same polar
surface strength would do. While for the core field geometry
with B0 = 1013 G and Tcore = 108 K the surface tempera-
ture at a polar angle of 31.5◦ is reduced only to 0.93 of its
polar value, for the crustal field configuration the correspond-
ing value is 0.82. With decreasing Tcore this difference becomes
larger: thus for Tcore = 106 K the corresponding values for the
core and the crustal field are 0.93 and 0.77, respectively. The
setup of a clearly distinct warm polar region becomes more and
more pronounced with an increasing magnetization parameter
(i.e. increasing field strength and/or decreasing crustal temper-
ature and/or decreasing impurity concentration) for a crustal
field configuration, while the shape of the surface temperature
distribution is almost unaffected by the magnetization parame-
ter in case of a core magnetic field.

3.3. Luminosity

Having a non-uniform surface temperature distribution, Ts =

Ts(θ), the effective temperature Teff can be calculated, from its
definition, as

4πR2σSBT 4
eff ≡ L =

∫
σSBT 4

s (θ)dΣ, (22)

where R is the circumferential neutron star radius and dΣ ≡
sin θdφdθ is the surface area element, so that finally the lumi-
nosity is given by

L = 2πσSBR2
∫ π

0
T 4

s (θ) sin θdθ. (23)

The photon luminosities for the neutron star models under con-
sideration with different magnetic field structures and strengths
are listed in Table 1 for a model with Tcore = 108 K, Table 2 for
Tcore = 107 K, and Table 3 for Tcore = 106 K.

The almost identical luminosities obtained for the isother-
mal crust and a crust penetrated by a star-centered core field
(Table 1) reflect the little effect even strong fields of that struc-
ture have onto the crustal temperature distribution. While for
a star-centered magnetic field (both with isothermal and non-
isothermal crust) the photon luminosity increases with increas-
ing field strength, in neutron stars possessing a crustal mag-
netic field above a certain strength (≈1012 G) the luminosity
is reduced since then over the major part of the surface the
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Fig. 10. The surface temperature Ts as a function of the polar angle θ and for Tcore = 106 K (left panels), Tcore = 107 K (mid panels), or
Tcore = 108 K (right panels) The dashed lines show the surface temperature distribution when an isothermal crust is assumed. The full lines
represent the surface temperatures when the crust temperature distributions take into account the anisotropy of heat transport induced by a
crustal magnetic field (the temperature at the crust-core interface being fixed at the Tcore). Almost indistinguishable from the isothermal crust
model is the Ts-distribution for a star-centered core field. It is shown by dot-dashed lines for Tcore = 108 K; for lower Tcore the differences are
even smaller. The assumed polar surface field strengths B0 are 1012 G (upper panels), 3 × 1012 G (mid panels) and 1013 G (lower panels).

Table 1. Photon luminosities for a neutron star with Tcore = 108 K.
The differences between isothermal crust and star-centered field are
negligible but significant between them and crustal fields larger
than 1013 G.

B[G] L[erg/s] L[erg/s] L[erg/s]
Isothermal Star-centered Crustal

crust field field
1012 3.32 × 1032 3.28 × 1032 3.26 × 1032

1012.5 3.70 × 1032 3.66 × 1032 3.36 × 1032

1013 4.40 × 1032 4.34 × 1032 2.50 × 1032

Table 2. Photon luminosity for a neutron star with Tcore = 107 K.

B[G] L[erg/s] L[erg/s]
Isothermal Crustal

crust field
1012 2.84 × 1030 2.62 × 1030

1012.5 3.46 × 1030 2.38 × 1030

1013 1.00 × 1031 2.00 × 1030

heat insulating effect of such a field configuration dominates;
its θ-component causes strong meridional heat fluxes toward
the polar region whose area, however, becomes smaller with
increasing field strength. This effect impedes the radial heat
transport strongly, finally less heat can be irradiated away from

Table 3. Photon luminosity for a neutron star with Tcore = 106 K.

B[G] L[erg/s] L[erg/s]
Isothermal Crustal

crust field
1012 6.72 × 1028 5.64 × 1028

1012.5 9.08 × 1028 5.42 × 1028

1013 1.38 × 1029 5.18 × 1028

the surface and the photon cooling process will be decelerated
significantly in comparison to a non-magnetized neutron star
(here B0 ≤ 1012 G) or even to a strongly magnetized neutron
star with a star-centered core field.

4. Discussion and conclusions

A sufficiently strong magnetic field modifies the thermal in-
sulation of the envelope by increasing the longitudinal thermal
conductivity due to the Landau quantization of the electron mo-
tion and increases the insulation perpendicular to B because of
the classical electron Larmor rotation which may diminish the
transversal thermal conductivity considerably.

Here, importance of the classical (Larmor) effect for the
heat transport through the whole crust has been demonstrated
in the particular case of a specific magnetic field configura-
tion, exclusively maintained by electric currents circulating in
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the crust, which does not penetrate the core of the star and,
consequently, has a large tangential component in most of the
crust. Besides its insulating effect, the tangential crustal mag-
netic field creates a meridional heat flux from the equatorial
regions towards the high latitude ones. It transports the heat,
which is dammed in the equatorial region, towards the poles
where it can be much more easily irradiated away. Eventually
this leads to an extended equatorial belt which is much cooler
than the poles.

In case the magnetic field is allowed to penetrate the core of
the star, and assuming a star-centered dipolar geometry in the
crust, we have shown that the stationary thermal state of the
crust is very close to isothermality. We are thus confirming, for
this field geometry, the assumptions of the models of surface
temperature distribution of magnetized neutron stars (e.g., Page
1995; Page & Sarmiento 1996; Shibanov & Yakovlev 1996)
which considered only the effects of different magnetic field
structures and strengths in the envelope and assumed the rest
of the crust to be isothermal.

Recently, Svidzinsky (2003) argued that the accumulation
of magnetic field lines along the proton superconductor at the
crust-core boundary, due to the Meissner-Ochsenfeld effect,
produces an insulating barrier preventing heat to flow between
the crust and the core. Our results are in the same line of
thought but they do not confirm his claims of insulation of the
crust from the core. The field geometries, i.e., the Stokes stream
functions (Eqs. (6), (7)), we used in our calculations come from
field evolution models (Page et al. 2000) of crustal fields in
which the migration, and accumulation, of the currents and
the field lines toward the crust-core superconducting boundary
was modeled in detail and, as illustrated in Fig. 7, they allow
heat diffusion through the crust-core boundary. Nevertheless,
other field evolution scenarios, e.g. the possible expulsion of
the magnetic flux from the core by a proton type I supercon-
ductor (Link 2003; Buckley et al. 2004) may produce a much
stronger piling up of field lines tangentially to the crust-core
boundary and result in more efficient thermal insulation.

Our results have several observational consequences which
will be explored in details in forthcoming papers. For both
magnetic field structures considered here, the thermal emis-
sion of cooling neutron stars will show low amplitude pulsa-
tions due to the non-uniform surface temperature exhibited in
Fig. 10. Even if the crust remains (almost) isothermal the effect
of the magnetic field in the envelope still creates a significant
meridional temperature gradient. However, in the presence of a
purely crustal field, that temperature gradient will be consider-
ably steeper than for a core field and pulse profiles of different
shape and amplitude can be expected. Generally, the steeper
meridional temperature gradient will enhance the pulsed frac-
tion of the light curve. However, since it is strongly affected
both by the inclination of the line of sight and by the gravi-
tational light bending (see e.g. Page 1995; Heyl & Hernquist
2002), these influences on the light curve have to be taken into
account. Clearly, the effect of a crustal magnetic field on the
surface temperature distribution will counteract the reduction
of the pulsed fraction by gravitational light bending.

A second observational consequence comes from the
warm polar region which in case of a strong crustal field

is much smaller than for star-centered and/or weak mag-
netic fields (see Fig. 10). This may open a new way to dis-
tinguish between crustal and core magnetic fields: a strong
crustal magnetic field implies a smaller effective area for ther-
mally emitting cooling neutron stars. For example, the “Three
Musqueteers” (PSR 0656+14, PSR 1055-52 and Geminga:
Becker & Trümper1997) as well as RX J185635-3754 (Pons
et al. 2002) all have Reff ∼ 5−7 km when their thermal spectra
are fitted with blackbody spectra. If these radii would coincide
with the radius of the neutron star, the equation of state de-
scribing the state of the core matter would have to be extremely
soft. A relatively small warm polar region, created by a strong
crustal field and emitting almost all the thermal radiation would
be a reasonable explanation for such small Reff .

The differences in the photon luminosities for a star-
centered or a crustal field will also affect the long term cooling
of neutron stars. A neutron star having a magnetic field con-
fined to its crust will stay warmer for a longer time, due to its
lower photon luminosity, than a neutron star with a field pene-
trating its core. The strength of this effect has to be explored by
2D cooling calculations.

We also mention the consequences the non-isothermality of
the crust may have for the crustal field itself. Since the electric
conductivity in the hot polar region is much smaller than in the
equatorial layer, the field decay will be affected too and may
cause differences in the field structure. This “back reaction” of
the field onto its own decay via a field driven non-spherical
symmetric crustal temperature distribution will be subject of
future investigations.

As discussed in the introduction, the dichotomy “core” ver-
sus “crustal” magnetic field is probably an over simplification.
More realistic cases, comprising a superposition of a core and
a crustal field as well as including toroidal components will
be considered in future work. The inclusion of higher order
multipolar components will also be needed. Nevertheless, one
can expect that any field configuration which presents strong
meridional components in the crust will affect the surface tem-
perature.
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