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Abstract. Alfv én wave transport in the solar wind, including non-linear spectral energy transfer, is studied. We present numeri-
cal solutions of wave transport using a diffusive flux function previously introduced for spectral energy transfer, and compare it
with the analytical solution obtained for a convective flux function. The two models of cascading produce very similar behavior
of a power spectrum initially of 1/ f -form at the solar surface, provided that the cascading constants are tuned to produce the
same spectral flux in the inertial range. We present an analytical expression for the power spectrum of the diffusively-cascading
Alfv én waves in the solar wind derived from a solution of the wave transport equation and show that it compares well with the
exact solutions. Our expression enables (semi) analytical evaluation of the cyclotron heating rate, the wave pressure gradient,
and the energetic-particle mean free path related to the Alfv´en waves in the corona and solar wind.
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1. Introduction

One of the fundamental outstanding problems in solar physics,
even about half a century after its formulation, is a clearcut
identification of the mechanism(s) that heat the solar corona to
such high temperature that it expands as a solar wind into the
surrounding interstellar medium. In the context of studies of the
solar wind many suggestions have been made such as MHD
or acoustical wave energy (van de Hulst 1953), electron heat
conduction (Chapman 1957), plasma wave damping (Hartle &
Barnes 1970), resonant ion-cyclotron interactions (Hollweg &
Turner 1978) or velocity filtration (Scudder 1992). Out of the
many proposed candidates few have survived and among those
the most promising one is the damping of ion-cyclotron waves
as is discussed, along with an extended review of related work,
by Hollweg & Isenberg (2002).

Laitinen et al. (2003) have recently discussed various ap-
proaches employed for an explicit incorporation of the pro-
cess of ion-cyclotron damping into kinetic (e.g. Isenberg 2001),
semi-kinetic (e.g. Vocks & Marsch 2001) or hybrid (e.g. Liewer
et al. 2001), and fluid models (e.g. Hu et al. 1999) of solar
wind expansion. Aiming at a study of the mutual implications
of models of the solar wind heating and of the coronal and
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interplanetary transport of energetic particles, their focus was
on fluid models. So far, only fluid models allow one to investi-
gate the effects of processes acting close to the coronal base on
the plasma at heliocentric distancesr of 0.3 AU and beyond.
Therefore, they play a privileged role when trying to relate
in-situ measurements atr > 0.3 AU to remote observations
of the acceleration region of the solar wind atr < 10 r�, with
r� denoting the solar radius.

The incorporation of ion-cyclotron damping into fluid mod-
els requires the definition of specific acceleration as well as
heating functions describing the deposition of wave momentum
and energy into the solar wind plasma. Laitinen et al. (2003)
classified the various corresponding modeling attempts by dis-
tinguishing between ad-hoc, phenomenological, and consistent
heating functions. The ad-hoc heating functions, originally in-
troduced by Hartle & Barnes (1970), are formulated without
explicitly specifying a physical process and do not depend on
the plasma parameters. While the phenomenological heating
functions introduced by Hollweg (1986) explicitly relate the
plasma heating to the turbulent transport of waves through the
solar wind, this process is formulated by prescribing a corre-
lation length scale for the waves. Consistent heating functions
require a description of this parameter in terms of the wave en-
ergy and solar wind parameters. For an appropriate description
of the wave power within a fluid concept, Tu et al. (1984) de-
rived an equation that contains its spatial transport in the mag-
netized expanding solar wind plasma as well as its transport in
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wave number space, thus providing an explicit formulation of
the physics of the cascade.

In the context of the heating of the solar wind plasma, not
only was the importance of the wave power transport in wave
number space recognized early, but also an equation describing
the phase space evolution of the wave power was derived al-
most 20 years ago (Tu et al. 1984). Its first consistent solution
was presented by Tu (1987) for a one-fluid model. The consis-
tent solution for a two-fluid description, however, was not ob-
tained until recently (Hu et al. 1999). These authors solved the
wave power evolution equation simultaneously with the wind
equations for the whole region from the coronal base to the
Earth’s orbit. The description of the transport in wave number
space, usually referred to as cascading, was based on so-called
cascade functions derived by Tu et al. (1984) and Tu (1987,
1988). Zhou & Matthaeus (1990) pointed out that these cas-
cade functions belong to a specific class of models describ-
ing MHD turbulence, and that there exists an alternative, if not
more general, approach. This approach is based on a diffusion
approximation for the spectral transfer of wave energy first in-
troduced by Leith (1967) who was motivated by the successful
application of this idea in radiation as well as neutron transport
theory in the 1950s. Thisdiffusive cascadingis superior to the
previously used approach, which we refer to asconvective cas-
cading, in that it yields vanishing transport in wave number for
flat power spectra, i.e., it preserves the equilibrium in the case
of no damping.

While the diffusive cascading, as proposed by Zhou &
Matthaeus (1990) for the case of interplanetary MHD turbu-
lence, has been employed for the acceleration of solar flare
particles (Miller & Roberts 1995), it has not yet been con-
sistently incorporated into models of solar wind expansion.
Before adding the diffusive cascading term to the wave power
evolution equation and numerically solving the latter simulta-
neously with the wind equations, as done for the convective
cascading by Hu et al. (1999), however, a study of the princi-
pal consequences of diffusive cascading for the heating of the
solar wind, for the wave pressure (gradient) and for the mean
free path of energetic particles is helpful. This is not only be-
cause of the usefulness of the insights one obtains from a test
wave approach (in which the fluid properties are prescribed,
i.e., not consistently computed), but also because it results in a
valuable analytical approximation of the evolution of the power
spectrum of Alfvén waves in the solar wind.

Therefore, after a description of a simplified solar wind
model and a brief review of the convective and diffusive cas-
cading approaches in Sect. 2, we present in Sect. 3 an an-
alytical expression for the wave power spectrum in the case
of diffusive cascading, very similar to the known analytical
steady state (test-wave) solution of the convective cascade,
which we re-derive for the Kolmogorov phenomenology. In
Sect. 4, based on this approximation, we demonstrate both the
near-equivalence of diffusive and convective cascading and the
goodness of the analytical approximation derived in Sect. 3. We
then apply the approximation to the computation of the result-
ing heating functions, the wave pressure gradient, as well as the
mean free path of energetic particles. All findings are discussed
along with the conclusions in Sect. 5.

2. Models

2.1. Coronal and solar wind plasma

While it is possible to numerically solve the multi-fluid equa-
tions describing a plasma heated by cascading cyclotron waves
in a given magnetic-field geometry (e.g., Hu et al. 1999), such
an effort is beyond the scope of the present analysis. Instead,
we use prescribed models of the solar corona and solar wind.
For slow solar wind, we have devised a model that is com-
putationally simple but, nonetheless, represents quite well the
observations of the equatorial regions. Note, however, that we
employ this simplified solar wind model below only for the
numerical cascade simulations. The analysis is conducted for
general solar wind parameters.

We start our modeling from three simplifying assumptions:
we take (i) the plasma to be an electron-proton plasma, (ii) the
central magnetic field line of a considered flux tube to be radial,
and (iii) the sum of solar wind and Alfv´en speeds,V ≡ u+ vA,
i.e., the phase and group speed of the outward-propagating
Alfv én waves, to be constant. In addition, we use the conser-
vation of particle number,Aneu = const., to calculate the so-
lar wind speed (assumed to be the same for both species), the
Alfv én speed, and the electron number density,ne, as functions
of radial distancer from the center of the Sun. Here,A(r) ∝ 1/B
is the cross-sectional area of the flux tube, andB(r) is the mag-
netic field on the considered line of force, modeled by

B(r) = B0
r2
0

r2

[
1+ 1.9bf

( r�
r

)6
]
, (1)

wherebf is a parameter describing the magnetic field close to
the coronal base. All quantities with subscripts 0 denote values
at 1 AU. We obtain

vA = vA0
vA0B
2u0B0


√

1+

(
u0

vA0
+ 1

)
4u0B0

vA0B
− 1

 (2)

u = V − vA (3)

ne = ne0
Bu0

B0u
· (4)

Thus, fixing the parametersV, vA0, ne0 andbf , and noting that
B0 = vA0

√
4πmpne0 andu0 = V − vA0, gives us a description

of the coronal and solar wind plasma, which we employ in our
numerical simulations of the cascading Alfv´en waves.

The assumption (iii), regarding the constancy of the
Alfv én-wave speed in the inertial frame, results in the model to
be unable to fit the dilute fast solar wind streams, because they
have too large Alfv´en speeds in the corona. Thus, when dis-
cussing the applications of our model, fast winds are studied us-
ing the same magnetic field as above combined with the empir-
ical polar-coronal hole density model of Sittler & Guhathakurta
(1999). Using a given value for the solar wind speed at 1 AU
together with the other assumptions (except (iii)) listed above
then allows one to determine the solar wind speed profile.

An example of our models along with observational data is
plotted in Fig. 1. The values chosen for the slow-wind model
arene0 = 10 cm−3, V = 400 km s−1, vA0 = 20 km s−1, all
consistent with measurements at 1 AU (Schwenn 1990), and
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Fig. 1. Profiles of solar wind speed (dash-dotted curves), Alfv´en
speed (dashed curves), and number density (solid curves). The thick
[thin] curves result from our slow [fast] solar wind model. A fit to the
observational equatorial electron densities is denoted by crosses.

bf = 1 reproducing the coronal base value of 4.54× 108 cm−3

given by Bird & Edenhofer (1990) for the electron number den-
sity. The modeled slow-wind number density profile compares
well with the observations at all distances. From the wealth
of empirical density models summarized in Bird & Edenhofer
(1990), we have chosen the Allen–Baumbach formula for the
inner corona supplemented with a term proportional tor−2.76 to
reproduce, in the outer corona, the standard empirical model of
Newkirk for the equatorial region during solar minimum and
with a term proportional tor−2 to account for the asymptotic
expansion at constant speed, which we have adjusted to yield
the density of 10 cm−3 at 1 AU, consistent with the observa-
tions in low-speed streams (Schwenn 1990). The solar wind
speed profile given by our slow-wind model gives a good eye-
ball fit to the widely scattered observational points given in
Bird & Edenhofer (1990, Fig. 2.18). The implied magnetic field
of 3.9 G at the coronal base is also in a reasonable range, at least
for the quiet corona. The fast-wind profiles presented in Fig. 1
are given foru0 = 750 km s−1.

2.2. Alfvénic turbulence

As the model governing the power spectrum,P( f , r), of
Alfv énic turbulence we use that of Tu et al. (1984), which, in
steady state, can be given by

vA
AV
∂

∂r

(
AV
vA

VP

)
= −∂F
∂ f
, (5)

wheref is the wave frequency in the inertial frame andF is the
spectral flux function.

The difference between the convective and the diffusive
treatment arises in the definition of the flux function. In the
convective approach it is defined by Tu (1987, 1988) as

F = 2πC2vA

V
f 5/2P3/2

B
· (6)

The resulting form of Eq. (5) then transports wave energy
to higher frequencies until a steady-state spectrum∝ f −5/3 is

reached, thus reproducing the observations of MHD turbulence
in the solar wind, which suggest the Kolmogorov phenomenol-
ogy for the inertial-range spectrum (Horbury 1999).

The same steady state solution may also be reached with
the diffusive approach, in which the flux function is defined by
use of a diffusion coefficient as

F = −Dff
∂P
∂ f
, where (7)

Dff = 2πC̃2 vA
V

f 7/2P1/2

B
· (8)

In this case, Eq. (5) represents diffusion in frequency space
governed by the diffusion coefficient Dff . The f -derivative
of this flux function vanishes for two steady state solutions,
P ∝ f −q: for a Kolmogorov spectrum,q = 5/3, and for a flat
spectrum,q = 0.

The flux function in both formulations is proportional to a
model parameter,C2(r) = αα1(r) andC̃2(r) = α̃α1(r), where
α [α̃] is the cascading constant in the convective [diffusive]
approach andα1 is the square root of the ratio of the inten-
sities of the inward and outward propagating Alfv´en waves
(Verma et al. 1995). (Note that in previous work (e.g., Tu et al.
1984; Tu 1987; Hu et al. 1999),α1 has often been taken to
be directly proportional to the inward/outward ratio, but this is
valid only in the case of the Kraichnan phenomenology (Verma
et al. 1995).) Asα1 can not be calculated self-consistently in
the present model we use instead the formulation by Hu et al.
(1999):

α1(r) =

 α0

(
r − r�
9r�

)η
r� ≤ r < 10r�

α0 r ≥ 10r�.
(9)

Thus, because itpostulatesthe intensity of the inward waves,
this model can not address the important questions of how the
ingoing waves are produced, how they propagate, or what their
role is in the overall energy balance.

The value ofα = 1.25 – consistent with observations of
ordinary fluid turbulence – in the convective flux function,
Eq. (6), was derived from solar wind observations by Tu et al.
(1989). We adopt this value for the convective cascade model.
For the diffusive model, we choose ˜α = 3

5α = 0.75 to pro-
duce consistent values of the diffusive flux function given by
Eqs. (7)–(8) in the inertial range, where∂P/∂ f ≈ −(5/3)P/ f .

3. Analytical cascade formulation

3.1. Exact solution for the convective cascade

As was noted already by Tu et al. (1984), the convective cas-
cade formulation in the test-wave approach is governed by a
quasi-linear first-order partial differential equation that can be
solved analytically using the method of characteristics. The so-
lution was presented by Tu et al. (1984) for the Kraichnan cas-
cade, whereF ∝ f 3P2, and by Tu (1988) for the Kolmogorov
cascade. We re-derive the solution here for the Kolmogorov
cascade.
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First note that the wave transport equation in the convective
case can be written in a compact dimensionless form as

∂I
∂τ
− I1/2 ∂I

∂x
= 0. (10)

Here, the dependent variable is

I (x, τ) =
V2B�vA�
V2�BvA

f 5/3P( f , r)

f 5/3
n P( fn, r�)

, (11)

where fn is an arbitrarily chosen normalization frequency. The
independent variables are

x =

(
fn
f

)2/3

(12)

and

τ = 2π fnε
1/2
P

∫ r

r�

C2(r ′)V�vA(r ′)
V3(r ′)

(
ne�

ne(r ′)

)1/4

dr ′, (13)

whereεP ≡ fnP( fn, r�)/B2� � 1 is a dimensionless constant.
Equation (10) can be formally solved as

I (x, τ) = g
(
x+ I (x, τ)1/2τ

)
(14)

with the function

g(x) = I (x, 0) = x−5/2
P

(
fnx−3/2, r�

)
P( fn, r�)

· (15)

This gives us an algebraic equation forI (x, τ), which may have
to be solved numerically, depending on the form ofg(x).

Let us consider the case of

P( f , r�) = εP
B2�
f
· (16)

(Note that an initial spectrum with this slope can not extend
from f = 0 to∞, but a cutoff at both high and low frequen-
cies has to be assumed to avoid diverging wave pressure. This
means that analytical modeling presented below will only be
valid between these frequencies.) Then,

g(x) = 1/x (17)

and

I (x, τ)
[
x+ I (x, τ)1/2τ

]
= 1 (18)

giving a cubic equation forI (x, τ)1/2. This can, of course, be
solved exactly, but the asymptotic results are already evident
from the equation itself.

At low frequencies,x � I (x, τ)1/2τ, the solution is simply
I (x, τ) ≈ 1/x = I (x, 0), which means that the waves propagate
according to the WKB theory as

P( f , r) ≈ Pwkb( f , r) = P( f , r�)
B(r) V2� vA(r)

B� V2(r) vA�
· (19)

This approximation, thus, holds ifτ � x3/2, i.e., if f �
fn/τ(r) ≡ fc(r), which is given by

1
fc
= 2πε1/2P

∫ r

r�

C2(r ′)V�vA(r ′)
V3(r ′)

(
ne�

ne(r ′)

)1/4

dr ′. (20)

At high frequencies,x � I (x, τ)1/2τ, we haveI (x, τ) ≈ 1/τ2/3

meaning that the approximation is valid ifx � τ2/3, i.e., at
f � fc(r). The solution yields the power spectrum in form

P( f , r) = Pwkb( f , r)

(
fc
f

)2/3

, f � fc(r). (21)

The analytical theory can, thus, describe how the point of the
spectral break from a 1/ f to a 1/ f 5/3 spectral form behaves as
a function of radial distance from the Sun. The generalization
of the result to the case of initial power spectrum∝1/ f q with
other values of the spectral indexq is discussed in Appendix A.

3.2. Approximate solution for the diffusive cascade

Following the result for the convective cascade, we assume
that also in the case of adiffusive cascade the spectrum
can be divided in two ranges: at low frequencies,f < f̃c
the cascade is inefficient and the wave power evolves ac-
cording to WKB theory. At higher frequencies, the cascade
has efficiently transformed the spectrum to its inertial form
of P ∝ f −5/3. Therefore, we approximate the spectrum with a
double power law,

P( f , r) ≈


Pwkb( f , r), f < f̃c(r)

Pwkb( f , r)

(
f̃c
f

)2/3

, f ≥ f̃c(r),
(22)

where we assume a single power law for the initial power spec-
trum given by Eq. (16). This spectral form allows us to estimate
the break-point frequency,̃fc(r), analytically, as follows.

Evaluate the terms of Eq. (5) for the solution (22) to get

vA
AV
∂

∂r

(
AV2

vA
P

)
≈ H

(
f − f̃c

) 2V

3 f̃c

d f̃c
dr

(
f̃c
f

)2/3

Pwkb, (23)

and

∂F
∂ f
≈ H

(
f̃c − f

) 2πC̃2vA
V

(
f Pwkb

B2

)1/2

f Pwkb, (24)

whereH( f ) is the Heavisde step function. While the approxi-
mation isnota solution of the wave transport equation, we can
calculate theposition of the break pointin the power spectrum
by assuming that the corresponding terms of the exact solution
at f = f̃c are well estimated (up to numerical constants of the
order unity) by the values obtained from the approximation.
This yields

1

f̃ 2
c

d f̃c
dr
≈ −a

3πC̃2vA

V2

(
f̃cPwkb( f̃c, r)

B2

)1/2

, (25)

wherea is an adjustable constant of the order unity.
Making use Eqs. (16) and (19), we get

1

f̃ 2
c

d f̃c
dr
≈ −a

3πC̃2V�vAε1/2P

V3

(
ne�
ne

)1/4

(26)

which can be integrated for̃fc as

1

f̃c
≈ 3πaε1/2P

∫ r

r�

C̃2(r ′)V�vA(r ′)
V3(r ′)

(
ne�

ne(r ′)

)1/4

dr ′. (27)
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Fig. 2. Wave power spectrum at 0.3 AU from diffusive (solid curve)
and convective (dashed curve) cascade models. The dash-dotted line
represents the relative difference between the two. The dotted curve
gives the approximate analytical form, Eq. (30).

This is, thus, the equation for the break point in the diffusive
cascade model. Taking into account thatC̃2 = 3

5C2, a value of
a = 10/9 would yield an agreement between the models in the
inertial range, i.e.,̃fc(a = 10

9 ) = fc.
The generalization of the result to other power-law forms

of the initial power spectrum is again sketched in Appendix A.

4. Results

We have performed simulations of the transport of turbulence
in the diffusive cascade model and compared our analytical
formulation against them. We first analyze the convective and
diffusive approaches by comparing our simulations to the ex-
act convective flux solution, and then estimate the validity of
the analytical approximation presented for the diffusive cas-
cade. After that, we apply the method to solar wind wave
heating and acceleration, as well as energetic particle trans-
port. For a description of the numerical solution procedures,
see Appendix B.

4.1. Comparison of model approaches

We first compare the spectral form of the diffusive approach
to the analytical solution of the convective model of a turbu-
lent cascade. For this, we have performed simulations using
the following solar wind and cascade parameters. For the back-
ground solar wind, we choose the slow-wind example with
V = 400 km s−1 discussed in Sect. 2.1 (Fig. 1) and the initial
spectrum and wave transport parameters to match those by Hu
et al. (1999). Thus, we choose the power spectrum parameter
εP = 5× 10−5, the cascade parametersα0 = 0.05 andη = 1.

In Fig. 2, we show the spectra resulting from both cas-
cade models at the distance of 0.3 AU. The agreement be-
tween the models, after the adjustment of the cascade constant
discussed in Sect. 2.2, is remarkably good. As shown by the
dash-dotted line in Fig. 2, the difference is less than 7% ev-
erywhere, and∆ = 0.005 in the inertial range, the diffusive
spectrum being below the convective one. We can obtain the

Fig. 3. Contours (at levels of 10−i/3 with i = 1,2, . . . ,7) of the nor-
malized wave spectrum from diffusive cascade simulations, and the
spectral break-point frequency (fb of Eq. (28)) as obtained from the
simulation (dashed curve). The inertial range, limited by the analyti-
cal approximation (̃fc of Eq. (27) witha = 10/9, i.e., fc of Eq. (20))
for the break-point frequency and the dissipation frequencyfH (dashed
curve), is shown by the gray area.

break-point frequency,fb, for the considered broken power-
law spectrum,P( f , r), as the frequency fulfillingP( fin, r) =
Pwkb( fin, r)( fb/ fin)2/3. Here fin is a frequency deep in the in-
ertial range, where the spectral index is 5/3. Thus,

fb = fin

[
P( fin, r)

Pwkb( fin, r)

]3/2

· (28)

By noting thata = 10
9 ( fc/ f̃c), we can fix the value ofa in

Eq. (27):

a =
10
9

[
Pconv( fin)
Pdiff( fin)

]3/2

=
10
9

(1+ ∆)3/2 ≈ 1.12. (29)

Since the diffusively simulated spectrum is only 0.5% different
from the convective model in the inertial range, the break points
in the convective and diffusive models differ by less than 1%. It
can not be excluded that the difference is due to numerical inac-
curacies of the diffusive simulations. Our study, thus, indicates
that both models essentially capture the same physics.

We next compare the simulations with our analytical mod-
eling of the break-point frequency (Eq. (27)) as a function of
distance. In Fig. 3, we show the spectrum over the whole inte-
gration range as a contour plot. The WKB spectrum, Eq. (19),
has been divided out in order to show only the evolution of the
inertial range. Here we have takenP = Pdiff and fin = 105 Hz in
Eq. (28), and usedf2 = 108 Hz for the maximum frequency on
the numerical grid. The figure shows thatf̃c from Eq. (27) with
a = 10/9 (i.e., fc of Eq. (20)) traces the spectral break point
of the simulations very well. (The above-derived errors of less
than 1% are not visible on this scale.)

As compared to the spectra by Hu et al. (1999), our cascade
is somewhat faster, resulting in about half an order of mag-
nitude lower level of the inertial-range power spectrum. This,
however, does not reflect any numerical problems (of ours or
theirs), but is due to the slower wind in our model: besides
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increasing the value of the flux function, decreasing the solar
wind speed increases the time it takes for the wind to reach
the observer, so the spectrum is more “aged” in our case than
that of Hu et al. (1999). This effect is also observed in the solar
wind, when comparing the power spectra in slow and fast solar
wind streams at a fixed distance (e.g., Horbury 1999).

4.2. Applications

In the following applications, we evaluate three physical vari-
ables related to the Alfv´enic turbulence: the heating functions
due to ion-cyclotron resonances, the wave pressure, and the
mean free path of the solar energetic particles. As shown in the
previous section, the spectral break point of the diffusive model
is well approximated by the exact result of the convective cas-
cade recovered by choosinga = 10/9 in Eq. (27). We, thus,
make use of the break-point frequency governed by Eq. (20),
but model the spectrum with a smoothly behaving form,

P( f , r) =
Pwkb( f , r)

1+ [ f / fc(r)]2/3
, (30)

wherePwkb( f , r) is given by Eqs. (16) and (19). For compari-
son with the exact spectral shapes, this form is also plotted in
Fig. 2, and the agreement is seen to be satisfactory. Although
the break-point frequency in the diffusive cascade model could
also be calculated using this trial form of the power spectrum,
we notice that this is unnecessarily complicated, since the ad-
ditional numerical factors entering Eq. (27) can be absorbed
in the constanta. All the analytical approximations below are
calculated for both solar wind streams depicted in Fig. 1.

4.2.1. Heating functions

The analytical formulation of the cascade can readily be imple-
mented for determining the heating rate of solar wind by dis-
sipation at cyclotron resonance. Tu (1987) derived the heating
rate due to dissipation and cascade at cyclotron resonance as

Q = Qc + Qs =
F( fH, r)

4π
− V

d fH
dr

P( fH, r)
4π

, (31)

where the second term represents the heating due to the de-
crease of the dissipation frequency,fH, with heliospheric dis-
tance and the first term the cascading of wave power into the
dissipation region. Hereafter, we refer to the first one as the
cascade termand to the second one as thecyclotron sweep
term (Tu & Marsch 1997). A conventional way of choosing
the dissipation frequency is to take it as a fixed fraction of the
local ion cyclotron frequency. We, however, use a recent model
(Vainio & Laitinen 2001; Laitinen et al. 2003), which incorpo-
rates the thermal dependence of cyclotron resonance by calcu-
lating the dissipation frequency from the quasilinear damping
rate,γ( f , r), of the Alfvén waves asV/2γ( fH, r) = r − r�, i.e.,
equating the damping length with the distance traveled by the
wave. The proton temperature,Tp, is modeled using a fit to
the results of Tu & Marsch (1997) for a cyclotron heated solar
wind stream with an asymptotic speed of 550 km s−1, an

intermediate value between the two models considered in this
work. Thus, we use

vp =
75.5R2.8 + 40.1R−5.4(

1+ 0.132R5.55+ 0.0222R6.3
)1/2 km s−1 (32)

for the proton thermal velocity,vp =
√

2kBTp/mp, with R =
r/r� andkB being the Boltzmann constant. The calculatedfH
is the upper boundary (dashed line) of the shaded inertial fre-
quency range in Fig. 3.

The derivation of the cascade term requires simply the
value of the flux function (Eq. (6) or (7)) at the dissipation fre-
quencyfH. The result is

Qc ≈


C2

2
vA
V

f 5/2
H

P3/2
H

B
, convective

C̃2

2
vA
V

f 5/2
H

P3/2
H

B
φ( fc/ fH), diffusive,

(33)

whereφ(x) = 1 + 2
3[1 + x2/3]−1 and PH(r) = P

(
fH(r), r

)
is

computed from Eq. (30). The term can be simplified by using
Eq. (20) if fc � fH. Then the cascade term for both models
reduces to

Qc ≈ −V
fc

d fc
dr

fcPwkb( fc)
4π

, fH � fc. (34)

Comparing this form to the cyclotron sweep term in the same
limit, i.e.,

Qs ≈ − V
fH

d fH
dr

fHPwkb( fH)
4π

(
fc
fH

)2/3

, fH � fc, (35)

shows the dominance of the cascade heating in our model:
since f Pwkb( f , r) is independent off and (1/ fc) d fc/dr ∼
(1/ fH) d fH/dr ∼ 1/r, the ratio of the sweep and cascade terms
is of the order of (fc/ fH)2/3, when the dissipation frequency lies
far in the inertial range.

We present the heating functions in Fig. 4 for the diffusive
model, and compare them to the heating function of the pure
cyclotron sweep model, i.e., a model applying the sweeping
mechanism to non-cascading (WKB) waves (F = 0), in the
same two solar wind streams. As can be seen, for the speci-
fied cascade, the heating by the sweep process is always below
the heating caused by the cascade. Note that in the case of the
pure cyclotron sweep model in the slow wind, the heating is
almost as efficient as the total heating in the case of cascad-
ing apart from the region near the coronal base. This can be
understood by comparing the approximate form of the cascade
term, Eq. (34), with that of the the sweep term, Eq. (35), and
noting that in the case of no cascading, the fraction (fc/ fH)2/3

should be omitted from the sweep term. The predicted wave
power level in the dissipation range in the case of the pure cy-
clotron sweep model, however, contradicts observations in the
solar wind, so at least atr & 0.3 AU, this model is not an
option. For the fast-wind model, cascading increases heating
considerably at distances below∼10 r� relative to the pure cy-
clotron sweep model. The total heating rate at these distances
is about three times the corresponding heating rate in the slow-
wind model.
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Fig. 4. Cascade (solid curves) and sweep (dash-dotted curves) com-
ponents of the heating function, both plotted using the analytical ap-
proximation of the diffusive cascade. For comparison, we present the
heating function in the case of no cascading applied (dashed curves).
The results for the slow-wind model are multiplied by 106 as indicated
in the figure.

Compared to the heating functions calculated using the ex-
act spectra (slow-wind model), the analytical heating rates dif-
fer by less than 10% for both cascade models, so they provide
an efficient alternative for numerical steady-state models of so-
lar wind expansion.

4.2.2. Wave pressure gradient

In models of solar wind expansion driven by Alfv´en waves, a
considerable part of the momentum deposited to the solar wind
comes from the gradient of the pressure of the Alfv´en waves.
This gradient consists of two parts. One is due to the decay of
the wave pressure due to WKB-transport effects representing
non-resonant interaction between the fluid and the wave. The
other, resonant part is due to the loss of wave energy to the
particles by heating.

Also the wave pressure can be estimated using our analyti-
cal formulation. The wave pressure is defined as

pw(r) =
1
8π

∫ ∞

0
P( f , r) d f =

1
8π

∫ fH

f1

P( f , r) d f , (36)

where f1 is the lower cutoff frequency of the spectrum, and
the most straightforward way of calculating it in the case of a
cascaded spectrum is to use numerical integration. The integral
can also be analytically calculated in the case of our broken
power law approximation, Eq. (30). This would, however, be
a non-general formulation, since a spectrum with more com-
plicated initial shape might not be easily integrated. Instead,

we consider an alternative method, that is consistent with the
computed heating functions, above.

To compute the wave pressure, we first note that it can
be obtained also from an alternative formulation of the heat-
ing function (Hollweg 1973, 1986; Hollweg & Johnson 1988;
Tu 1987):

Q = − vA
VA

d
dr

AV
vA

V

〈
b2

〉
4π

 , (37)

where
〈
b2

〉
= 8π pw. Thus, by integrating the equation we find

for the wave pressure:

pw =
vA
vA�

A�
A

V2�
V2

pw� − vA

2V2A

∫ r

r�

V′A′

v′A
Q′ dr ′, (38)

where the primed quantities other thanr ′ are values taken at
r = r ′, e.g., A′ = A(r ′). We present the specific accelera-
tion,−(mpne)−1∂pw/∂r, caused by the wave pressure, in Fig. 5
for the diffusive model using Eq. (38) for both the slow-wind
stream and the fast-wind stream. When evaluating the wave
pressure,f1 = 3 × 10−5 Hz is used for the low-frequency
cutoff at the Sun. For comparison, we have also plotted the
same result for the pure cyclotron sweep model, the acceler-
ation caused by the thermal proton pressure computed using
the modeled temperature profile (Eq. (32) withpp =

1
2mpnev

2
p),

and the acceleration due to the gradient of the total pressure,
−(mpne)−1(∂ptot/∂r) = u(∂u/∂r) + GM�/r2, whereG andM�
are the gravitational constant and solar mass. It is seen that for
our slow-wind model, the thermal pressure gradient dominates
the acceleration. For the fast-wind model with a lower density,
the situation is different: thermal pressure dominates only close
to the coronal base, atr < 2 r�. Also the difference between
the cascade models is larger in the case of the fast find than in
the case of the slow wind. Although our models have different
densities from the model of Tu & Marsch (1997), used here to
describe the temperature, they produce rather reasonable values
of the acceleration due to thermal pressure. For the fast wind
the thermal pressure gradient is probably too small because of
a low temperature. Note, however, that near the coronal base,
at least, the gradient of electron pressure should also be con-
sidered, and it should bring up the sum of the thermal pressure
gradients closer to the total pressure gradient consistent with
the flow profiles.

The difference between the approximated wave pressure
and the exact results is a few percent, which again proves the
usefulness of analytical approaches to solar wind modeling.

4.2.3. Solar energetic particle transport

Vainio & Laitinen (2001) noted that there is a close connection
between the cyclotron heating mechanism and the transport
of solar energetic particles: the same high-frequency Alfv´en
waves required for the heating of the corona would efficiently
scatter the energetic particles because of the cyclotron reso-
nances. The calculated energetic-particle mean free paths for
cyclotron heating models without cascading were shown to be
orders of magnitude smaller than any values consistent with
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Fig. 5. The specific acceleration due to the wave pressure gradient
computed using the analytical approximation of the diffusive cascade
(solid curves). The same result for a pure cyclotron sweep model
(dashed curves), and the acceleration due to the gradients of the ther-
mal proton pressure (dash-dotted curves) and the total pressure (dot-
ted curves) are plotted for comparison. The results for the slow-wind
model are multiplied by 103 as indicated in the figure.

observations of solar energetic particle events. Since cascading
can reduce the level of the power spectrum at resonant frequen-
cies without resulting in a decrease of wind heating or accelera-
tion, it was concluded by Vainio & Laitinen (2001) that spectral
energy transfer could potentially resolve this discrepancy.

The energetic-particle mean free path, determining the
strength of particle scattering by turbulence, is (e.g.,
Schlickeiser 2002)

λ =
3v
8

∫ +1

−1

(
1− µ2

)2

Dµµ
dµ, (39)

whereDµµ is the particles’ pitch-angle diffusion coefficient,v is
the particle speed andµ the particle pitch-angle cosine. In the
case of Alfvén waves propagating outward from the Sun,Dµµ
can be given under quasi-linear approximation as (Vainio &
Laitinen 2001)

Dµµ =
π

4
Ω

(
1− µ2

) frP( fr, r)
B2

, (40)

whereΩ is the particles’ (relativistic) gyrofrequency, and

fr =
Ω

2π
V
v|µ| (41)

is the resonant wave frequency. Here,v andµ are measured in
the frame co-moving with the Alfv´en waves. We have also as-
sumed that Alfvén waves have a zero net magnetic helicity, i.e.,

Fig. 6. Mean free path of 10 MeV protons computed using the ex-
act diffusive-cascading solution (solid curve) and the approximation,
Eq. (30), (dashed curves) for the power spectrum. The mean free path
resulting from WKB-waves (dot-dashed curves) and from an observa-
tional trend of fc (dotted curve) are given for comparison. The thick
[thin] curves are computed for the slow [fast] wind model.

that both the left- and right-handed Alfv´en waves have equal
power spectra,PR( f , r) = PL( f , r) ≡ 1

2P( f , r). This assumption
is equivalent of considering Alfv´en waves with linear polariza-
tion, which they have already at very small propagation angles
(θ > 2

√
ω/Ωp) relative to the ambient magnetic field.

In the quasi-linear formulation, the pitch-angle diffusion
coefficient is zero in a region nearµ = 0, which results in
an infinite mean free path. Scattering off inward-propagating
waves (Vainio 2000), or resonance broadening due to damping
effects (Schlickeiser & Achatz 1993) or spectral energy trans-
fer (Bieber et al. 1994) can, however, close the resonance gap
nearµ = 0. We have modeled the scattering by extrapolating
the power spectrum asP( f ) ∝ f −5/3 as f → ∞, thus filling the
resonance gap caused by cyclotron damping. As some models
predict substantially less scattering inside the resonance gap,
our calculation represents a lower limit to the mean free path in
the solar wind stream with the chosen parameters.

We computed the mean free path using both the diffusively
simulated power spectrum and its analytical approximation,
Eq. (30). The latter results in

λ =
2
π

v

Ω

1+ 27
7

(
ΩV

2π fcv

)2/3 B2

( f Pwkb)(r)

=
2
πεP

v

Ω

1+ 27
7

(
ΩV

2π fcv

)2/3
(

ne

ne�

)1/2 V2

V2�
· (42)

The value of the mean free path of 10 MeV protons for the
simulated diffusive cascade spectrum is plotted in Fig. 6 along
with this approximation. For comparison, we have plotted also
the mean free path resulting from WKB wave transport, given
by the first term in Eq. (42). Both solar wind models produce
relatively similar mean free paths, the fast-wind values being
above the slow-wind values near the position of the Alfv´en
speed maximum, as expected from Eq. (42). A mean free path
of λ ∼ 0.015 AU atr = 1 AU gives a diffusion time scale of
τd ∼ r2/2λv ≈ 30 h for 10 MeV protons in the solar wind,
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which is about an order of magnitude too long to account for
observations of “standard” energetic particle events at 1 AU.
This discrepancy between the model results and observations
can be expected as is discussed in the following section.

5. Discussion and conclusions

We have calculated a semi-analytical expression for the power
spectrum of cascading Alfv´en waves in the coronal and solar
wind plasma. The approximation is based on a description of
the evolution of the break point of the power spectrum that is
based on Tu et al.’s (1984) model of Alfv´en-wave transport in
the interplanetary medium. We restrict our study to flux func-
tions reproducing the Kolmogorov spectrum supported by ob-
servations of power spectra in the interplanetary medium. The
spectral break-point frequencyfc at the boundary of the energy-
containing and inertial ranges of the spectrum evolves accord-
ing to a simple integral, Eq. (20), that can be easily evaluated
using standard numerical methods. As might be anticipated, the
two forms of the Alfven-wave flux function,F, appearing in
the literature and given by Eqs. (6), (7), and (8), do not result
in significantly different power spectra, provided that the cas-
cading constants are tuned to give the same flux in the inertial
range,f � fc.

We parametrize the spectrum with a convenient func-
tional form, Eq. (30), to calculate the resulting heating func-
tions, wave pressure and energetic-particle mean free path. We
demonstrated that our semi-analytical treatment allows us to
give these variables with a satisfactory accuracy without hav-
ing to resort to numerical integration of the wave transport
equation. For the heating function and the mean free path, we
only have to solve the break-point frequencyfc, which can be
done using standard numerical integration methods. For the
wave pressure, one additional numerical integration (again us-
ing standard methods) of the computed heating function is re-
quired. The numerical evaluation of the heating and accelera-
tion rates of the solar wind by this way is far more efficient
than by solving partial differential equations of wave-energy,
and we will use the methods developed here to generalize our
steady-state solar wind model (Laitinen et al. 2003) to take into
account wave cascading. The analytical description of the coro-
nal and interplanetary mean free path of SEPs provides a model
for the spatial and (high-)rigidity dependence of this parameter
throughout the inner solar system.

We have chosen the parameters of the present cascade
model so that the power spectrum exhibits a broken power law
form with P ∝ f −1 below andP ∝ f −5/3 above a break-point
frequencyfc, in agreement with observations of the solar wind
MHD turbulence. According to observations made in the po-
lar regions by Ulysses, this frequency scales likefc ∝ r−1.1±0.1

(Horbury et al. 1996). For our slow-wind model with a con-
stantα1 in the solar wind, the break point scales asr−0.70 near
1 AU and less steeply further out. This indicates that the as-
sumption of constantα1 might not be consistent with obser-
vations. We can translate the observed break point behavior
as a function of distance to that of the cascade constant and,
thus,α1 by using Eq. (25). When using typical scaling laws
for the solar wind parameters,vA ∝ r−1, ne ∝ r−2, and V

Fig. 7. Parameterα1 (solid curve) and the resulting cross-helicityσc

(dashed curve) computed for a break-point frequencyfc deduced from
observations in the solar wind.

constant, we getα1 ∝ r0.6±0.1. Thus, the normalized cross he-
licity, σc = (1 − α2

1)/(1 + α2
1), should be decreasing with ra-

dial distance, consistent with observations in the solar wind
(Bavassano et al. 1998). To give a quantitative example, we
consider a break-point frequency scaling asr−1.1 with a value
of fc = 6.6 × 10−5 Hz at 1 AU, obtained as an average of the
measured values cited in Horbury et al. (1996). Using our slow-
wind model, we compute the values ofα1 andσc between 0.1
and 1 AU (see Fig. 7). We note that while the cross helicity is
a decreasing function of distance, the waves are still predom-
inantly outward propagating inside 1 AU, and the small de-
crease of the cross helicity might not explain the observations.
On the other hand, the smallness ofα2

1 is necessary for the ap-
plied connection toσc to be valid (Verma et al. 1995). It is also
a necessary constraint for the present cascade models to be rea-
sonable, as they do not treat the inward waves consistently.

The results shown in Fig. 4 are very similar to those ob-
tained by Hollweg & Johnson (1988) who, like us, consid-
ered heating of the solar corona and solar wind by cascading
outward-propagating Alfv´en waves. Similar results were also
obtained by Dmitruk et al. (2002). They considered heating due
to cascading in perpendicular wave number and found that the
heating function is, via the Alfv´en speed, related to the large-
scale magnetic field and the solar wind density profile – like
in the case of a parallel cascade studied in the present paper.
So, as these authors concluded as well, while the heating func-
tion can be understood on the basis of turbulent cascading, a
discrimination between the different heating models can as yet
not be made. Note, however, that the inward/outward wave ra-
tio, which in the present work is merely a model parameter,
was self-consistently determined in the model of Dmitruk et al.
(2002).

Although cascading is seen to provide a strong enhance-
ment of the mean free path, it is still not enough (for the
studied parameters) to produce values in agreement with typ-
ical SEP observations, i.e.,λ(1 AU) & 0.1 AU. This is, how-
ever, what one often observes in the solar wind: the mean free
path calculated from a typical magnetic-field power spectrum



722 R. Vainio et al.: Steady-state power spectrum of cascading Alfv´en waves

(assuming, as above, standard quasi-linear theory (QLT) with
slab-mode fluctuations, i.e.,k ‖ B0 ⊥ δB) is, on average, about
an order of magnitude smaller than values typically obtained
from SEP observations (e.g., Bieber et al. 1994). This may
reflect the details of scattering acrossµ = 0 (Schlickeiser &
Achatz 1993; Vainio 2000), but it may also be due to the in-
validity of the slab-mode waves as a description of the solar
wind fluctuations (Bieber et al. 1994). However, a case-by-
case comparison between the observed energetic-particle mean
free path and the one computed (using slab-mode QLT) from
thesimultaneously observedmagnetic-field power spectrum by
Wanner & Wibberenz (1993) shows that in four of the studied
eight energetic particle events, the two mean free paths agree
within the accuracy of observations. These authors concluded
that the slab-mode QLT can be considered a viable theory of
SEP propagation. In reflection to our modeling, we note that in-
creasing the value of the cascade constant and/or lowering the
level of solar wave power can increase the modeled mean free
paths to the typically observed levels. A model with a cascade
constant increasing in the solar wind, consistent with the ob-
served break-point scaling lawfc ∝ r−1.1 (see above), already
yields larger values of the mean free path than obtained for our
constant value (dotted curve in Fig. 6). To conclude whether
our model is capable of explaining the global transport condi-
tions, however, requires self-consistent modeling of the solar
wind expansion and turbulence transport, which is left for the
future.

Appendix A: The spectral break point for P ∝ f −q

Let us consider the spectral break point in the case of an initial
spectrum of a power-law form,

P( f , r�) =
εPB2�

fn

(
fn
f

)q

(A.1)

with q < 5/3. In the convective model, the dimensionless
power spectrum at the Sun becomes

g(x) = ( f / fn)5/3−q = x(3q−5)/2 (A.2)

and the equation forI becomes

I (x, τ) =
[
x+ I1/2(x, τ)τ

](3q−5)/2
. (A.3)

If x � I1/2(x, τ)τ, the solution is againI = g(x), and
WKB-propagation is recovered. In the other limit,x �
I1/2(x, τ)τ, the solution isI (x, τ) = τ2(3q−5)/[3(3−q)] , i.e.,P( f , r) =
Pwkb( f , r)( fg/ f )5/3−q for f � fg, with

fg(r) = fnτ(r)
2/(q−3), (A.4)

whereτ(r) should be substituted from Eq. (13).
In the case of a diffusive cascade, the analysis starts from

the assumption

P( f , r) ≈


Pwkb( f , r), f < f̃g(r)

Pwkb( f , r)

 f̃g
f

5/3−q

, f ≥ f̃g(r).
(A.5)

Thus,

vA
AV
∂

∂r

(
AV2

vA
P

)
≈H

(
f − f̃g

) (5− 3q)V

3 f̃g

d f̃g
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 f̃g
f

5/3−q

Pwkb, (A.6)

and

∂F
∂ f
≈ H

(
f̃g − f

) (5− 3q)q
2

2πC̃2vA
V

(
f Pwkb

B2

)1/2

f Pwkb. (A.7)

Taking these to be equal atf = fg gives

d
dr

 f̃g
fn

(q−3)/2

=
(3− q)q

2
3π fnC̃2vA

V2

(
fnPwkb( fn, r)

B2

)1/2

(A.8)

leading, apart from numerical factors, again to the same form
as the convective model, Eq. (A.4), forq > 0. Note, however,
that the caseq ≤ 0 can not be handled by this way. In this case,
the initial assumption on the form of the power spectrum is not
a good one, since inverse cascading acts to spread the wave
power also toward lower frequencies.

Appendix B: Solution procedures for wave
transport equation

We numerically solve the diffusive wave transport equation us-
ing finite differencing on a grid with logarithmic spacing in
bothr and f . For the case of the diffusive cascade, Eq. (5) can
be written in a dimensionless form as

∂Ĩ
∂τ̃
= e−y

∂

∂y
e5y/2∂Ĩ

3/2

∂y
, (B.1)

where

Ĩ (y, τ̃) = P( f , r)
f̃n n1/2

e (r) V2(r)

B2(r) n1/2
e� V2�

(B.2)

y = ln
(
f / f̃n

)
(B.3)

τ̃ =
4π f̃n

3

∫ r

r�

C̃2(r ′)V�vA(r ′)
V3(r ′)

(
ne�

ne(r ′)

)1/4

dr ′ (B.4)

and f̃n is an arbitrary normalization frequency. Note that ˜τ(r) =
2
3ε
−1
P τ(r) =

2
3ε
−1
P fn/ fc(r), if we choose the present scaling fre-

quency to match the one from the dimensionless convective ap-
proach,f̃n = fn. The grid values fory are evenly spaced and the
grid values for ˜τ can be computed from those ofr using stan-
dard numerical integration methods. We choosef̃n to be the
smallest frequency in the grid and, thus, takeyk = k∆y with
k = 0, 1, 2, . . . ,Nk − 1. They-discretization becomes

e−y
∂

∂y
e5y/2∂Ĩ

3/2

∂y
≈ e3k∆y/2

(∆y)2

{
e5∆y/4

[(
Ĩk+1

)3/2 −
(
Ĩk

)3/2
]

−e−5∆y/4
[(

Ĩk

)3/2 −
(
Ĩk−1

)3/2
]}
. (B.5)

The τ̃-discretization is then done using an implicit scheme
(adapted from Press et al. 1992) involving a tridiagonal ma-
trix inversion to advance the solution from one ˜τ-level to the
next. As boundary conditions, we takeĨ = 0 outside they-grid.
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In order to solve the convective model, one has to obtain
the solutions ofI (x, τ) from Eq. (14), which requires the use of
a non-linear root solver. In this paper, we have restricted the ini-
tial power spectrum to the form∝1/ f resulting in Eq. (18). This
equation can, of course, be solved analytically in closed form,
but for later generalization we have used a standard root solver.
For positivex andτ, there is only one positive real rootI1/2 of
the equation. We have solved the root atxk = ( fn/ fk)2/3 and
τi = fn/ fc(ri), where{( fk, ri)} is the set of grid points used in
the diffusive simulation,fn = 10−6 Hz. The integral in Eq. (20)
is performed using standard numerical methods.
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