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Abstract. A probability theoretical method is presented which enables the calculation of microlensing autocorrelation func-
tions. Following an idea of Deguchi and Watson the Holtsmark–Markov method is employed to reduce this calculation to
the numerical evaluation of twodimensional integrals. Comparing these results with autocorrelation functions calculated from
measurements, consistent preliminary information about the individual lens system B1600+434 has already been obtained.
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1. Introduction

Microlensing in multiple imaged quasars that is produced by
stars and other compact objects in the lensing galaxy com-
monly is regarded as a nuisance for the determination of the
time delay between different macroimages of the quasar. On
the other hand the variability of the light curves caused by
microlensing provides additional information about the source
and the lens, whereby in this context the signal is seen to be
contaminated by the intrinsic variability of the quasar.

A lot of different methods have been employed to extract
the information added to the detected signal by microlensing.
Analysis of individual high magnification events in the light
curves has been done for example by Grieger et al. (1988,
1991) using ray shooting or by Shalyapin (2001) and Yonehara
(2001) based on the observations of the quadruple quasar
QSO 2237+0305 (Einstein Cross) by Woźniak et al. (2000).

More effort has been put into the statistical analysis of light
curves. Besides the statistics of high amplification events (Witt
et al. 1993; Wyithe et al. 2000b) estimates for the source radius
and the mass spectrum of the lens from light curves have been
of special interest (Refsdal & Stabell 1993, 1997; Schmidt &
Wambsganss 1998; Wyithe et al. 2000a; Refsdal et al. 2000).
Inverse ray shooting (Kayser et al. 1986; Schneider & Weiss
1986) refined by the inclusion of the hierarchical tree code de-
veloped by Wambsganss (1990) or an image tracking method
to solve the lens equation that has been developed indepen-
dently by Lewis et al. (1993) and Witt (1993) have been the
preferred workhorses for the calculation of sample light curves
from numerical simulations. Wambsganss et al. (1990) already
calculated autocorrelation functions using ray shooting. To get
reliable estimates for the variance or the autocorrelation func-
tion given the underlying microlensing model it is essential
to evaluate large statistically independent samples of those
artificial light curves. Especially for the determination of an
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autocorrelation function the random starfield has to be taken
large enough to eliminate the influence from the finite length
of the track. This turns out to be a time consuming task.
Additionally all results are subject to statistical fluctuations that
have to be controlled by relative error estimates.

Application of probability theory to microlensing enables
the calculation of expectation values and removes the depen-
dence of the theoretical modelling on statistical uncertainty
due to finite light curve lengths and individual realisations of
the random star field. Deguchi & Watson (1987) calculated
the variance of light curves caused by microlensing. They em-
ployed the Holtsmark–Markov method that has been presented
by Chandrasekhar (1943) in the context of the calculation of
the gravitational force resulting from a random star field. This
approach has been generalized by Seitz & Schneider (1994)
and Seitz et al. (1994) to include the determination of the light
curve’s autocorrelation function. Unfortunately this project has
not been followed further, mainly because no means has been
found to reduce the numerical effort to a reasonable level. Their
final result was given as a three dimensional integral plus a se-
ries expansion that had to be evaluated numerically. As an ad-
ditional complication the integrand of this function was given
by a three dimensional integral plus series expansion too, so
practical application of this method turned out to be rather
cumbersome.

This paper presents a modified approach to this problem,
that results in an expression for the autocorrelation function
that can be evaluated by a twodimensional numerical integra-
tion which can be done in a couple of minutes on a personal
computer. A correlation function for the light deflection in the
lens is part of every integral and it has been evaluated by a
onedimensional numerical integration once and for all and the
results have been tabulated for future use.

Results of model calculations have been compared to auto-
correlation functions estimated from the 8.5 GHz VLA radio
data of the double quasar B1600+434 (Koopmans et al. 2000).
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The obtained system parameters came out to be of the same
order as estimates by Koopmans and de Bruyn (2000).

2. Basic theory

A microlensing situation can be described in the context of a
thin lens approximation (Schneider et al. 1992) by the normal-
ized lens equation (Paczyński 1986; Kayser et al. 1986)

ζ = J0 z − sgn κ
∑

i

mi
z − zi

|z − zi|2 (1)

using the shorthand notation

J0 :=

(
1 + γ 0

0 1 − γ
)
. (2)

As is common practice in microlensing theory, image locations
z and star positions zi in the lens plane are given in units of the
Einstein radius

z0 :=

√
M0

πΣcr|1 − κc| , (3)

where Σcr is the critical surface mass density Σcr := c2

4πGD
and D an effective distance expressed by angular size distances
D := DdsDd

Ds
. Vectors ζ in the source plane are given in units of

ζ0 := z0 (1−κc) Ds/Dd and the masses mi of the individual stars
are normalized by the unit mass M0 which is conventionally
but not necessarily taken as a solar mass. A surface mass den-
sity Σ is defined by a projection of the mass between source
and observer onto the lens plane.

If for a multiple quasar the normalized mass density κ t :=
Σ/Σcr and the shear γ′ are given by a macrolens model at each
position of a macroimage with κ t = κc + κs, where κc represents
the continuum mass density and κs the smeared out normalized
surface mass density in stars and other compact objects, then

γ :=
γ′

1 − κc
and κ :=

κs

1 − κc
(4)

are the normalized shear and surface mass density in stars re-
spectively. The function

S(z) =
∑

i

Si(z) where Si(z) = mi
z − zi

|z − zi|2 (5)

describes the effect of the stars. The amplification µ of a point
source caused by microlensing at ζ can be expressed by an in-
tegral in the lens plane

µ(ζ) =
1

|1 − κc|2
∫
L
δ
(
ζ − J0 z + sgn κ S(z)

)
d2z. (6)

The flux density of an extended source measured by an ob-
server is simply the convolution of the magnification with the
intrinsic brightness profile

I =
∫
S
µ(ζ)I(ζ) d2ζ. (7)

Since there is no specific information available about the stars
in the lensing galaxy a probabilistic approach will be consid-
ered. The number of stars N, their masses mi and positions zi

can be treated as random variables when calculating the expec-
tation values of physical quantities. The mean flux density

〈I〉 = 1
|1 − κc|2[(1 − κ)2 − γ2]

∫
S
I(ζ) d2ζ (8)

is not suitable for the analysis of microlensing since it does
only depend on the mean mass density and not on it’s distribu-
tion. A quantity that characterizes the flux density fluctuations
and does depend on the mass distribution in the lens is the ex-
pectation value of the square of the flux density 〈I 2〉 that has
been considered by Deguchi & Watson (1987). As was demon-
strated by Seitz & Schneider (1994) there is little extra effort
needed for the calculation of the expectation value of the flux
density product at nonzero time lag 〈I(t1)I(t2)〉which measures
the correlation of fluctuations in time.

The easiest and possibly only way to derive and calcu-
late these expectation values assumes an extended source with
Gaussian profile

I(ζ) =
I0

πR2
e−

(ζ−ζ0)2

R2 . (9)

Besides smoothing the fluctuations as is to be expected with
extended sources, this choice of brightness profile forces con-
vergence of the upcoming integral transformations and re-
moves edge effects under coordinate transformations. Another
restricting preliminary in the course of this project is the as-
sumption that the lens is static and all variability stems from
the relative motion of the source and the lens as a whole, a re-
striction that can be justified by the findings of Wambsganss &
Kundic (1993) or Wyithe et al. (2000a), who show how relative
motion with respect to the lens can be approximated for statis-
tical purposes by an equivalent effective bulk velocity. Under
these preliminaries the expected flux density product is

〈I(ζ01)I(ζ02)〉 =
∫
S2
〈µ(ζ1)µ(ζ2)〉 I(ζ1)I(ζ2) d2ζ1d2ζ2 (10)

and the mean amplification product is given by

〈µ(ζ1)µ(ζ2)〉 = (11)∫
R4
φ(S1, S2)

2∏
j=1

δ(ζ j − J0 z j + sgn κ S j)
d2S j d2z j

|1 − κc|4 ,

where S j := S(z j) and φ(S1, S2) is the probability density for
the correlated light deflection at the positions z1, z2 in the lens
plane. Expressing φ(S1, S2) by its Fourier transform (also called
characteristic function in probability theory)

φ(S1, S2) = (12)
1

(2π)4

∫
R4

Q2(τ1, z1, τ2, z2) e−i (τ1S1+τ2S2) d2τ1 d2τ2,

the δ-functions can be evaluated by integrating over the de-
flection parameters d2S 1, d2S 2. The double convolution of
Eq. (10) then decouples into two distinct Fourier transforms of
the source profile, and after dropping the additional subscript
specifying the source centre, the result can be written as follows

〈I(ζ1)I(ζ2)〉 = I2
0

(2π)4|1 − κc|4
∫
R8

Q2(τ1, z1, τ2, z2)

×
2∏

j=1

exp

−τ
2
jR

2

4
+ i sgn κ τ j

(
ζ j − J0 z j

) d2τ j d2z j. (13)
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Before this course can be followed further, the characteristic
function Q2(τ1, z1, τ2, z2) for the correlated light deflection has
to be derived.

3. The characteristic function of the deflection
probability

The calculation of the probability density of a sum of several
independent random variables by means of the Holtsmark–
Markow method has already been described extensively by
Chandrasekhar (1943) in the context of the estimation of the
gravitational force excerted by a random star field. The main
idea is based on the fact that the probability density of a sum
of N independent random variables can be expressed by a
(N−1)–fold convolution of the individual probability densities.
A Fourier transformation converts this into a N–fold product of
the individual Fourier transforms. If the probability densities of
all the N random variables are equal, so will be their Fourier
transforms, and the probability density of the sum can then be
found by inverse Fourier transformation of the Nth power of
the probability density for the deflection by a single star.

The probability density for the correlated light deflection
can be decomposed to give

φ(S1, S2) =
∞∑

N=0

P(N,L) φN(S1, S2) (14)

where P(N,L) is the probability to find exactly N stars in the
lensL and φN(S1, S2) is the conditional probability for the light
deflection given the number of stars N.

The number of stars in the lens will be taken Poisson–
distributed with mean 〈N(L)〉 = n ||L||

P(N,L) := e−〈N(L)〉 〈N(L)〉N
N!

(15)

where ||L|| is the area of the lens and n the number density of
stars

n :=
|κ|
π〈m〉 · (16)

Comparison with the findings of Seitz & Schneider (1994)
shows that the assumption about the number of stars is not cru-
cial because they get to the same result by taking the limit of
φN(S1, S2) when N → ∞. The conditional probability for the
light deflection given the number of stars will be

φN(S1, S2) =∫
L2N

2∏
j=1

δ

S j −
N∑

k=1

S jk

 N∏
i=1

φ(S1i, S2i) d2S 1i d2S 2i,
(17)

where S ji ≡ Si(z j) is shorthand for the contribution of the ith
star to the deflection angle at the position z j in the lens plane.
When the stars are taken to be identical distributed with proba-
bility density

φ(zi) = ||L||−1 (18)

for the position vector, all correlations between the stars will
be neglected. The mass distribution characterized by it’s prob-
ability density φ(mi) will be left undetermined at this stage.

The probability density for the correlated deflection by a
single star can then be written as

φ(S1i, S2i)=
∫ ∞

0

∫
L

2∏
j=1

δ

(
S ji−mi

z j − zi

|z j − zi|2
)

d2zi

||L||φ(mi) dmi (19)

where the contribution of each star to the light deflection is
averaged for position and mass of this star.

Fourier transforming this equation gives the characteristic
function for this probability density

p(τ1, z1, τ2, z2) =
∫
R4
φ(S1i, S2i)e

i (τ1S1i+τ2S2i) d2S 1i d2S 2i

=

∫ ∞

0

∫
L

e
im
(
τ1

z1−z

|z1−z|2 +τ2
z2−z

|z2−z|2
)

d2z
||L||φ(m) dm, (20)

so the Fourier transform of Eq. (17) results in∫
R4
φN(S1, S2)ei (τ1S1+τ2S2) d2S 1 d2S 2 = pN(τ1, z1, τ2, z2). (21)

Following this simplification the expectation value with respect
to the number of stars involved Eq. (14) can be evaluated:

Q2(τ1, z1, τ2, z2) =
∞∑

N=0

P(N,L) pN (τ1, z1, τ2, z2)

= e−〈N(L)〉[p(τ1,z1,τ2,z2)−1]

= e
n
∫ ∞

0

∫
L

eim(τ1
z1−z

|z1−z|2 +τ2
z2−z

|z2−z|2 )−1

 d2zφ(m) dm
. (22)

After transformation to central and relative coordinates

T :=
τ1 + τ2

2
, t := τ2 − τ1;

Rc :=
z1 + z2

2
, ρ := z2 − z1 (23)

the limit for an infinite lens can be taken

Q2 (τ1, z1, τ2, z2) = Q2

(
T − t

2
, Rc − ρ2 ,T +

t
2
, Rc +

ρ

2

)
= Q2

(
T − t

2
,−ρ

2
,T +

t
2
,
ρ

2

)
e2inπ〈m〉TRc + O

(
||L||−1

)
. (24)

Performing the same coordinate transformation in Eq. (13), the
d2Rc integral can be evaluated and the result will be propor-
tional to δ(T), therefore in this context it suffices to explicitely
calculate

Q(t, ρ) := Q2

(
− t

2
,−ρ

2
,

t
2
,
ρ

2

)
= (25)

exp

(
n
∫ ∞

0

∫
L

[
e

imt
(
ρ−z
|ρ−z|2 +

ρ+z
|ρ+z|2

)
− 1

]
d2z φ(m) dm

)
.

Further simplification can be achieved by the following coordi-
nate transformation where [τ jx, τ jy]T ≡ τ j,

r(z) :=
2∑

j=1

(
τ jx τ jy

τ jy −τ jx

)
z j − z

|z j − z |2 (26)
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which is especially easy to handle in complex notation r :=(
x
y

)
→ x + iy and τ j → τ jx + iτ jy :

r(z) =
2∑

j=1

τ j

z j − z

=
T + t

2

Rc − z + ρ
2

+
T − t

2

Rc − z − ρ
2

(27)

=
2T (Rc − z) − tρ

2

(Rc − z)2 −
(
ρ
2

)2 ·
The x–component or real part of r is equal to the exponent of
the integral in Eq. (22) and the inverse mapping is

z(r) = Rc − T
r
±
√(T

r

)2
− tρ

2r
+

(
ρ

2

)2
· (28)

For a completion of this transform the Jacobi determinant of
the mapping z → r is needed. For the inverse mapping the
determinant reads

∣∣∣∣∣∂r
∂z

∣∣∣∣∣ =
∣∣∣∣∣∣∣∣

2∑
j=1

τ j

(z j − z)2

∣∣∣∣∣∣∣∣
2

· (29)

Further simplification arises with the restriction to Rc = 0 and
T = 0, when

z(r) = ± ρ

2
√

r

√
r − 2s (30)

defining the vector s by the mapping

s :=
t
ρ
⇐⇒ s =

(
tx ty
ty −tx

)
ρ

|ρ |2 = s

(
cosχ
sin χ

)
. (31)

The Jacobi determinant reduces to∣∣∣∣∣∂r
∂z

∣∣∣∣∣
T=0
=

4r3

t2
|r − 2s | , (32)

which can easily be inverted for the employment of the coordi-
nate transformation in Eq. (25).

This transformation then results in

Q(t, ρ) = exp

[
2nt2

∫ ∞

0

∫
R2

eimx − 1
4r2

d2r
|r − 2s |φ(m) dm

]
(33)

= exp
[
−n

2
ρ2a(s)

]
where further task has been reduced to the determination of the
complex function a(s) or, after seperating out the evaluation of
the mass spectrum via

a(s) =
∫ ∞

0
α(m, s) φ(m) dm, (34)

to the determination of

α(m, s) = s2
∫
R2

1 − e imx

r3

d2r
|r − 2s | · (35)

A major progress has been achieved because in Cartesian co-
ordinates the part of the integral not involving the exponential
function can be evaluated seperately

α(m, s) =
∫ ∞

−∞
1 − eimsx

x2
f (x, χ) dx, (36)

where

f (x, χ) :=
∫ ∞

−∞
x2 dy

r3
√

(x − 2 cosχ)2 + (y − 2 sin χ)2
(37)

can be transformed into an elliptic integral for further evalua-
tion. Substitution of

cos
(
φ +

π

2

)
:=

y√
x2 + y2

(38)

which implies

− sin
(
φ +

π

2

)
dφ =

x2

r3
dy where r :=

√
x2 + y2 (39)

leads to

f (x, χ) = (40)∫ π
2

− π
2

cos2 φ dφ√
(x − 2 cosχ)2 cos2 φ + (|x| sinφ + 2 sinχ cosφ)2

·

Equating the denominator of this angular integral to√
a − b sin2(φ + α

2 ) term by term with respect to the trigono-
metric functions and solving for the unknown constants a, b
and α leaves a sum of complete elliptic integrals of the 1st and
2nd kind (Gradshtein & Ryzhik 1994, Ch. 8.1) and

f (x, χ) =
1√
a

∫ α+ π
2

α− π
2

cos2(φ − α
2 ) dφ√

1 − b
a sin2 φ

(41)

=


K(k) + E(k)−K(k)

k cosα k < 1

1
k K( 1

k ) +
[
E
(

1
k

)
− K

(
1
k

)]
cosα k > 1

where

k :=
√

x2 + 2x cos χ + 1 and cosα =
1 − x cosχ

k
· (42)

Inserting this result into Eq. (36) leads to a onedimensional in-
tegral that has to be evaluated numerically. For symmetrie rea-
sons it suffices to restrict that task to the range 0 ≤ χ ≤ π/2
because α(m,−s) = α∗(m, s) and the integrand is independent
of sgnχ. Therefore:

α(m, s) =
0∫

−∞

1 − eimsx

x2

[
1
k

K

(
1
k

)
+

1 − x cosχ
k

[
E

(
1
k

)
− K

(
1
k

)]]
dx

+

2 cosχ∫
0

1 − eimsx

x2

[
K(k) +

1 − x cos χ
k2

[E(k) − K(k)]

]
dx

+

∞∫
2 cosχ

1 − eimsx

x2

[
1
k

K

(
1
k

)
+

1 − x cosχ
k

[
E

(
1
k

)
−K

(
1
k

)]]
dx. (43)
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Apart from logarithmic singularities at x = 0 and at x = 2 cosχ
where some series expansion of the integrand has to be em-
ployed, numeric integration poses no further problem and it is
best to store the results on disk for table look–up and inter-
polation, because this function α(m, s) will be needed for the
calculation of 〈I(ζ1)I(ζ2)〉 in every upcoming lensing situation.

In the course of further calculations analytical approxima-
tions for the function α(m, s) will be used when s → 0 or
s→ ∞. In case of small s:

α(m, s) −→
s→0

α0(m, s) :=

πm2s2

(
3
4
+ 0.6 cos2 χ − 1

2
ln ms

)
− iπms cosχ (44)

and with large s

α(m, s) −→
s→∞ πms

−iπ

 ms cos χ

2
√

1 + (ms)2
+

sin (2ms cosχ)
4ms

+
3 cos (2ms cosχ)

4(ms)2


≈ πms − i

π

2
cos χ, (45)

where the rather complicated expression for the imaginary part
has been included to illustrate the decaying oscillation that is
present in α(m, s).

To include a mass spectrum in the lens it is easiest to sub-
stitute Eq. (34) by the weighted sum

a(s) :=
∑

i

ni

n
α(mi, s) (46)

with weight factors ni/n approximating the probability
φ(m) dm. Because of α(m, s) ≡ α(1,ms) this can be evaluated
without difficulties.

At least for sources with R > 1 it is a good approximation
to use the effective mass (Refsdal & Stabell 1991)

meff :=
〈m2〉
〈m〉 (47)

instead of the mass spectrum.
To allow for peculiar motion of the stars in this context,

Eq. (25) has to be modified accordingly. By substitution of
ρ + 1

2ust for ρ with random star velocity us and probability
density for the star velocity φ(us) the expectation value can be
calculated for every time difference t. As a result the function
a(s) becomes time dependent and has to be evaluated on a three
dimensional grid, so the numerical effort will be too large for
practical applications.

4. Evaluation of 〈I(ζ1)I(ζ2)〉
After insertion of Eqs. (23), (24) into Eq. (13) the integration
over d2Rc is resulting in a factor (2π)2 δ(2JT), where

J := J0 − κ1 (48)

and 1 is representing the 2 × 2 unit matrix.

Exploiting this δ–function the d2T integral is easily evaluated
and taking ζ := ζ2−ζ1, Eq. (13) reduces to the fourdimensional
integral

〈I(ζ1)I(ζ2)〉 = I2
0

(4π)2|1 − κc|4 det J
(49)

×
∫
R4
Q(t, ρ) exp

(
−R2

8
t2 +

i
2

sgn κ tT (ζ − J0ρ)

)
d2t d2ρ

= 〈I〉2 det J
(4π)2

∫
R4
e−

R2

8 t2− n
2 ρ

2a(s)+ i
2 sgn κ tT (ζ−J0ρ)d2t d2ρ.

Since the d2ρ integral is not absolutely convergent with |t| → 0,
convergence will be forced by adding −ε ρ2/2 to the exponent
and taking the limit ε→ 0 after integration (Deguchi & Watson
1987). Rewriting the integral Eq. (49) by application of the co-
ordinate transformation Eq. (31) t → s and taking d 2t = ρ2 d2s,
this function reads

〈I(ζ1)I(ζ2)〉 = 〈I〉2 det J
4π

lim
ε→0

∫
R2
hε(s, ζ)

d2s
s2

= 〈I〉2
(
H0 +

det J
4π

H(ζ)

)
(50)

where

H(ζ) :=
∫
R2

lim
ε→0

hε(s, ζ)
d2s
s2

(51)

and

hε(s, ζ) :=
s2

4π

∫
R2

exp
(
− s

2
ρT Ãρ+

i
2

s sgn κ ρ T UTζ
)
ρ2 d2ρ.(52)

For abbreviation

Ã :=

(
R2

4
s +

n
s

a(s) +
ε

s

)
1 + i sgn κUT J0 (53)

has been used, together with

U :=

(
cosχ − sinχ
cosχ sin χ

)
and t = sUρ. (54)

The quadratic form ρ T Ãρ does only depend on the symmetric
part of Ã so it can be rewritten

ρT Ãρ = ρ T Aρ with A :=
1
2

(
Ã + ÃT

)
. (55)

Since A is independent of ρ the integral Eq. (52) can be trans-
formed to a pair of coupled Gaussians by partial integration and
it evaluates to

h(s, ζ)=
1

2
√

det A
e−

s
8 ζ

T UA−1UT ζ

[
Tr A
det A

− s
4
ζ T UA−2UTζ

]
. (56)

Taking as a shorthand

b(s) :=
R2

4
s + n

a(s)
s
+
ε

s
+ i sgn κ cosχ (57)

the trace and the determinant of A are

Tr A = 2 b(s) and det A = b(s)2 + γ2 (58)
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respectively and using ζ = [ζ cosψ, ζ sinψ]T this results in

h(s, ζ) =

 b(
b2 + γ2

) 3
2

− sζ2

8
b2 − 2ibγ sgn κ cos(χ − 2ψ) − γ2(

b2 + γ2
) 5

2


× exp

(
− sζ2

8
b − iγ sgn κ cos(χ − 2ψ)(

b2 + γ2
) )

· (59)

Because of hε(−s, ζ) = h∗ε(s, ζ), the function H(ζ) is real and
can be rewritten

H(ζ) =
1
2

∫
R2

lim
ε→0
�e [hε(s, χ; ζ) + hε(s,−χ; ζ)]

d2s
s2
· (60)

For s0 < s < s∞ with some cut–off parameters s0, s∞ the
angular integral can be evaluated numerically using a Romberg
scheme followed by radial integration of the same type. For
s > s∞, R2s∞ � 1 the approximation b(s) ≈ s R2/4 can
be used first to evaluate the radial integral analytically and
doing the numerical angular integral afterwards. For s below
s0 ≈ 4 × 10−5/R2 the function h(s, ζ) with decreasing s shows
an increasingly violent oscillation near cos χ ≈ γ/(1 − κ). To
gain the necessary numerical accuracy, those peaks have to
be tracked with high precision. When this can be no longer
achieved as s → 0, a semianalytical evaluation of the angular
integral can be successful. By using the approximation Eq. (44)
and taking the first few terms of a series expansion with respect
to ζ2, the angular integral can be done analytically if γ = 0. In
case of a nonvanishing shear a series expansion with respect
to γ (or γ−1 if γ > 1) can be used, followed by partial frac-
tion decomposition with respect to cos χ to get an acceptible
approximation to the integrand. With the final radial integra-
tion only a logarithmic singularity at the origin poses some mi-
nor numerical difficulty. Severe limitations arise with κ → 0
and R � 1 when the cut–off parameter s0 has to be taken so
large, that Eq. (44) is no longer applicable. To overcome this
limitation further improvement of the integration technique is
needed. In the special cases κ = 1 ± γ the amplification of a
point source becomes infinite and the expected variance drops
to zero logarithmically (Deguchi & Watson 1987). This re-
sult can be confirmed by calculations for smaller sources. With
large sources (R > 50) this dip was confined to small intervalls
around κ = 1 ± γ, a region where the numerical calculations
became unreliable.

In the remaining part of Eq. (50)

H0 =
det J
4π

(
lim
ε→0

∫
R2
hε(s, ζ)

d2s
s2
−
∫
R2

lim
ε→0

hε(s, ζ)
d2s
s2

)
(61)

only a small region with radius δ around the origin contributes.
With larger |s| the influence from the ε can be neglected so that

H0 =
det J
4π

(
lim
ε→0

∫
Uδ(0)
hε(s, ζ)

d2s
s2
−
∫
Uδ(0)

lim
ε→0

hε(s, ζ)
d2s
s2

)
· (62)

These integrals can be evaluated easily when γ = 0, ζ = 0 and
therefore det J = (1 − κ)2. In this case the function a(s) can be
approximated with the help of Eq. (44)

a(s) −→
s→0
− iπ〈m〉s cos χ + O(s2) (63)

and

hε(s, 0) =

(
R2

4
s +

ε

s
+ i sgn κ (1 − κ) cosχ

)−2

. (64)

Angular integration leads to

∫ 2π

0
hε(s, 0) d χ = 2π

R2

4 s + ε
s((

R2

4 s + ε
s

)2
+ (1 − κ)2

) 3
2

(65)

and

H0 =
det J

2
lim
ε→0

∫ δ

0


R2

4 s2 + ε((
R2

4 s2 + ε
)2
+ (1 − κ)2

) 3
2

−
R2

4 s2((
R2

4 s2
)2
+ (1 − κ)2

) 3
2

 s d s =
1
2
, (66)

which is in perfect agreement with the findings of Deguchi &
Watson (1987), so the final result will be

〈I(ζ1)I(ζ2)〉 = 〈I〉2
(
1
2
+

det J
4π

∫
R2

lim
ε→0

hε(s, ζ)
d2s
s2

)
· (67)

The only special case where this right hand integral is analyti-
cally solvable occurs with ζ = 0, γ = 0 and a vanishing num-
ber of stars n = 0, which gives the trivial result 〈I 2〉 = 〈I〉2
since there is no variability without spatial mass fluctuations.
This just serves as a simple but incomplete test for correctness
of the result Eqs. (67), (59). More convincing evidence for the
capability of the presented method can be gathered by compar-
ison with findings by Refsdal & Stabell (1991), who estimate
the variance of the amplification for large sources with constant
surface brightness

〈µ2〉
〈µ〉2 =

4κ
R2
· (68)

To derieve the result for a Gaussian brightness profile from this,
several large sources can be added together, each weighed with
the local brightness. If this sum is then approximated by a sur-
face integral, the variance of the flux density comes out to be

〈I2〉
〈I〉2 =

2κ
R2
, (69)

which is half as large as in the case of constant surface bright-
ness with source radius R. This is in stark contrast to the find-
ings of Seitz et al. (1994) who obtain a variance that is twice
as large. Their correction factor to the Refsdal, Stabell result
Eq. (68) did not lead to an improvement in this context.

Numerical calculations confirm the result Eq. (69) with
20 ≤ R ≤ 100. When R ≈ 100, the variance drops below 10 −5,
the numerical precision becomes important and the results are
about 5% larger than Eq. (69) predicts. For even larger sources
the numerical calculations become completely unreliable.
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5. Applications

If a macroscopic lens model for a multiple quasar has been
determined from observations, the local mass density κ t and
the shear γ′ at the image positions can be calculated from the
gravitational potential of the lens. The variance imprinted on
the light curve of each macroimage by microlensing

Var I := 〈I2〉 − 〈I〉2 (70)

is then completely determined by the mass densities κ s in
stars1 and other compact objects, the corresponding mass spec-
trum φ(m) introduced with Eq. (19) and the source radius R
which, of course has to be equal in the different macroimages of
the same source. If, as will be assumed from now on, the mass
spectrum can be approximated by an effective mass Eq. (47),
its value can be taken as the unit mass used with the definition
of the Einstein radius Eq. (3).

Equation (67) can then be used with ζ 1 = ζ2 to determine
the source radius as a function of variance and normalized mass
density κ, where the variance has to be estimated from mea-
sured light curves. Although straightforward in principle this is
not an easy task to accomplish because variability intrinsic to
the source and measurement errors add to the variance of an ob-
served quasar image. Intrinsic variability can be accounted for
by determination of the crosscorrelation between any two light
curves from different macroimages of the same source that have
been shifted with respect to each other by their relative time de-
lay. With this approach microlensing variability cancels at least
with an infinite light curve, because it is statistically indepen-
dent for different macroimages. Additional variance from sta-
tistical noise will be uncorrelated in time and therefore show up
as a discontinuity of the autocorrelation function at zero time
lag. When those additional sources of variance are accounted
for, the remaining estimate for microlensing variance can be
used to determine the source radius R as a function of mass
density. Irregular sampling of the data can still provide a source
of error, if brightness changes are missed by the observations,
as has been shown by Wambsganss (1992).

Whereas the calculation of the variance supplies just one
number per macroimage, more information can be extracted
from the autocorrelation function for microlensing

q(ζ2 − ζ1) :=
〈I(ζ1)I(ζ2)〉 − 〈I〉2
〈I2〉 − 〈I〉2 · (71)

According to Eqs. (59), (67) this is a function of the normal-
ized lens parameters κ and γ, the source size R, the angle ψ
between the direction of movement and the direction of the
shear if γ � 0 and of the effective transverse velocity via the
transformation to the time domain ζ = V t

V =
us

1 + zs
− ud

1 + zd

Ds

Dd
+
uo

1 + zd

Dds

Dd
(72)

derieved by Kayser et al. (1986) for cosmologies with no space
curvature (Miralda–Escudé 1991). To characterize an autocor-
relation function the correlation time th or the correlation length
ζh = Vth, defined by q(ζh) = 1/2 are convenient but they are not
sufficient to describe the autocorrelation function completely.

1 κc can be calculated from κc = κt − κs.

The actual (dis-)agreement between a microlensing model
and an empirical autocorrelation function f (t) can be ex-
pressed as

|| f (t) − q(Vt)||p :=

(∫ Tmax

0
w(t) [ f (t) − q(Vt)]p dt

)1/p

(73)

with weight factor w(t) reflecting the statistical reliability for
the empirical function f (t), where using w(t) ≡ 1 the area be-
tween the two functions (p = 1), the conventional Euclidian
norm (p = 2) and the Chebychev (maximum) norm (p = ∞)
have been considered for test calculations. With increasing p
more weight is given to data showing large differences between
the two functions. Since all autocorrelation functions are nor-
malized to unity at the origin, those large differences prefer-
ably occur at large time lags where the reliability of the em-
pirical autocorrelation function f (t) is worst. Minimization of
|| f (t) − q(Vt)||p then results in larger differences near the ori-
gin, favouring best approximations, which are quite different
qualitatively as can be seen for example by comparison of their
derivatives at th. This effect can be compensated for by forc-
ing both functions f and q to agree near the origin. Using ap-
proximations by truncated series in −t2 and−ζ2 respectively, an
appropriate choice of the velocity parameter V forces equality
of the curvature near the origin for any pair of autocorrelation
functions. In this way differences between the functions will
arise only for larger time lags and the choice of norm will no
longer be that crucial but might still lead to slightly different
results.

Searching for the best approximation to an empirical au-
tocorrelation function in five dimensional parameter space in-
cludes a large number of function evaluations, which need cpu–
time in the order of minutes for every set of arguments κ,
γ, R, ψ and ζ. This effort can be reduced if κ t and γ′ are known
from a macrolens model and only κc is left as a free param-
eter to fix κ and γ. But, as Wambsganss & Paczyński (1994)
pointed out, the gravitational potential in the lens cannot be
uniquely determined from the image positions alone and ad-
ditional knowledge about the time delay or the flux ratios is
needed, a condition that is not necessarily fullfilled for multi-
ple quasars.

Instead of determining the velocity parameter V by the
aforementioned method, for every set of parameters κ, γ, R
and ψ, it can be searched for by minimizing the norm || f (t) −
q(Vt)||p with respect to V. Several test calculations led to only
minor changes or none at all in the resulting best approxima-
tions, but clearly reduced || f (t) − q(Vt)|| p with other model pa-
rameters, especially with more devious choices.

Whereas the use of the autocorrelation function reduces
systematic errors because of normalization by the variance, the
evaluation of statistical errors becomes more involved, since
〈I(t1)I(t2)〉 and Var I are statistically dependent and error esti-
mation for their ratio is not trivial.

6. B1600+434, a test case

To get an impression of the capability of the presented method,
the VLA 8.4 GHz radio data of the double quasar B1600+434
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(Koopmans et al. 2000) have been analyzed. The light curves
consisting of 75 data points span 243 days and show large un-
correlated variability in addition to a negative linear trend. Six
data points they flagged as outliers have not been considered
in the upcoming analysis. Koopmans & de Bruyn (2000) ex-
amined the fluctuations with respect to the running mean and
discussed scintillation and microlensing by superluminal mo-
tion in a radio jet (Gopal-Krishna & Subramanian 1991) as a
possible cause. They found evidence that supported the latter
and allowed for the deduction of information about the source
so it was challenging to reexamine the data using an indepen-
dent method.

Straightforward estimation of the autocorrelation function
by the Edelson–Krolic method (1988) does not lead to stable
statistical results because of too few data points available and
the estimate strongly depending on bin size. Extension of the
light curve to two data points per day by linear interpolation re-
sults in a continuous autocorrelation function that can be used
for comparison with model calculations. This proceedure is not
suitable for practical purposes since it can introduce uncontrol-
lable bias and does not supply any means for error estimation,
but because of its simplicity it is almost ideal as a test case. In
the following w(t) ≡ 1 has been used in Eq. (73).

B1600+434 is a z = 1.59 double quasar with image sep-
aration 1.39 arcsec. The lens was identified as an edge–on
spiral galaxy at z = 0.41 (Jackson et al. 1985; Fassnacht &
Cohen 1988). Following Koopmans and de Bruyn (2000) and
based on the singular isothermal mass distribution found by
Koopmans et al. (1998), the normalized mass density and shear
are κt = γ

′ = 0.2 at image A which is seen though the galaxie’s
halo and κt = γ′ = 0.9 at image B near the center of the lens
galay.

At image A approximation by microlensing model func-
tions with a Tmax of up to six days has been possible. Because
of oscillations in the empirical autocorrelation functions no
qualitative agreement with model functions has been found
for larger Tmax. At image B approximations for T max ≤ 10 d
were possible. No reason for these oscillations has been found
yet. Similar oscillations show up with the autocorrelation func-
tions to the 8.5 GHz VLA data of the quadruple lens system
B1608+656 (Fassnacht et al. 1999).

Model autocorrelation functions have been calculated for
sources with R = 0.5, 0.7, 1, 2, 3 and 5 Einstein radii, angles
between the direction of motion and the shear 0 ≤ ψ ≤ π/2
and different values of κc. Figure 2 displays contourplots for
the difference || f (t) − q(Vt)||2 produced by twodimensional in-
terpolation. The ratio of R/V is only slowly varying across the
parameter space and the gradient of || f (t) − q(Vt)|| 2 is minimal
approximately along the lines cosψ ≈ Rconstant. The result-
ing bestapproximations are shown in Fig. 1. The large differ-
ences in estimated radii and velocities from both images stem
from a large value for κc in image B. If the resulting factor√|1 − κc| = 0.4 is accounted for, the ratios of the physical quan-
tities become rA/rB = 0.875 and vA/vB = 1.25 respectively.
Allowing for scatter broadening of image B near the galaxie’s
disk and assuming the effective mass to be larger at that image
reduces these discrepancies but quantitative results have to be
based on a more appropriate data analysis. But even then it is

Fig. 1. Autocorrelation functions of B1600+434A,B from interpolated
light curves with six outliers ignored (solid), complete record (dotted)
and model calculations with κc = 0, R = 0.7 ζ0, V = 0.5 ζ0/d at im-
age A and κc = 0.84, R = 2.0 ζ0, V = 1.0 ζ0/d at image B (dashed),
each with ψ = 18◦.

Fig. 2. B1600+434A,B: contourlines of 103 · || f (t)−q(Vt)||2 for Tmax =

6 d at image A (left, κc = 0) and Tmax = 10 d at B (right, κc = 0.84).

not possible to determine the absolute values for m eff because
all results are derieved from normalized quantities that do not
depend on the Einstein radius’ value and therefore are indepen-
dent of a physical length scale.

The variance ratio resulting from the best approximating
model Var IA/Var IB = 3.0 is only 5% larger than the ra-
tio estimated from the data, a finding that so far confirms
the reliability of the presented methods. The variances them-
selves differ considerably. Whereas estimation from data led
to Var IA = 6.1 × 10−4, modelling resulted in Var IA = 0.198.
Following Koopmans & de Bruyn (2000) and assuming that
only a fraction f of the total radiation is emitted by the radio–
jet, the variance of the jet alone is by a factor 1/ f 2 larger
than the variance of the whole source. Comparison of the vari-
ance estimated from data and the model calculations results in
f = 5.5%, a value that agrees well with the Koopmans and
de Bruyn estimate of 5% ≤ f ≤ 11%.
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7. Conclusions

On the basis of the theory of gravitational lensing a probabil-
ity theoretical procedure has been developed, that opens up the
possibility to analyze the effect of microlensing on images of
a multiple quasar. For a statistical investigation of a photomet-
ric series of observations the variance and the autocorrelation
function of the light curve are suitable. While so far it was nec-
essary to produce a large number of artificial light curves by
means of numerical proceedures like ray shooting that formed
the basis for statistical model calculations, the probabilistic
procedure presented here enables a direct numeric computation
of autocorrelation function and variance. Thus it can be ensured
that the achieved precision is limited only by the numerics and
the computed model functions are free of otherwise unavoid-
able statistical errors. These limitations become important with
R � 1 when the numerical accuracy is no longer sufficient.
Further improvement of the algorithms is essential.

The 8.5 GHz VLA radio data of the double quasar
B1600+434 obtained by Koopmans et al. (2000) have been
used to test the probabilistic method presented here. According
to Koopmans & de Bruyn (2000) the variability of the differ-
ence light curve is due to microlensing of a superluminal jet
component. Because of the large apparent transverse velocity
of the source peculiar motion of individual stars can be ne-
glected and the lens can be taken as static. Although variability
on time scales of less than three days remains almost unob-
served, a crude estimate of the autocorrelation functions allows
for consistent approximations by model functions. The system
parameters inferred by this comparison agree quite well with
the findings of Koopmans and de Bruyn. The discovery of a
radio loud lens system with rapid external variability raises
hope for further detection of microlensing in radio loud mul-
tiple quasars. Since light curves of multiple quasars are needed
anyway (determination of the Hubble constant H 0 f. ex.) there
is no extra effort needed to get light curves, which exhibit also
an observation density sufficient for the computation of auto-
correlation functions. In contrast to lens system observed in
the optical where several decades of regular observations are
needed, light curve lengths of one year can be sufficient for
the analysis by this probabilistic method. A main problem will
be the development of a search strategy for best parameter
combination that does better than systematic calculations on a
parameter grid.

A major task that still has to be accomplished is the esti-
mation of an autocorrelation function from data. While inter-
polation of a light curve can introduce bias in an uncontrol-
lable way, the Edelson–Krolic (1988) method leads to highly
discontinuous correlation functions when small bins are used.
With larger bins too much information from a light curve
will get lost. The minimum dispersion method developed by
Pelt (1983) tackles this problem in a different way but has
not been tested yet in the context of autocorrelation function
determination.

As an alternative approach the estimation of the peri-
odogram from the Fourier transformed data is common. In this
way the estimates for large time lags can be improved because
all data are used for each estimate. Comparison with model

calculations can be accomplished either by back transforma-
tion of the periodogram to the time domain or by Fourier trans-
forming Eqs. (59), (67) with respect to time. A characteristic
all these periodogram methods have in common is the fact that
they are direct estimates that are inconsistent, meaning that the
expected error does not decrease with increasing light curve
length (Mullis & Scharf 1991; Thomson 1982).

A standard way to overcome this problem would be the sub-
division of the light curve in question into several eventually
partly overlapping subsections, that are then evaluated inde-
pendently and to take the average of these results. In the case
of multiple quasars light curves are still too short to get suffi-
cient information by averaging individual light curve sections.
Thomson (1982) describes a nonparametric procedure that es-
timates the spectrum by using projection operators. He explic-
itly stated that this procedure is suitable for small data sets, and
not based on a theory that is dependent on infinite light curves.
Such a method then opens up the possibility to obtain statistical
information even from short light curves or from lens systems
with small effective transverse velocity like the double quasar
QSO 0957+961 for example.

What remains to be clariefied is in what respect a separation
of microlens effect and intrinsic variability can be obtained in
Fourier space, or whether the comparison with model calcula-
tions must still be accomplished in the time representation, and
only the computation of the empirical correlation functions can
be replaced by stable procedures.

It is planned to investigate this topic further, since the in-
vestigation of autocorrelation functions promises to be an ideal
means for the deduction of complete statistical models for mul-
tiple lens systems.
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