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Abstract. We present new statistical results on the spectral index–flux density relation for large samples of radio sources
using archival data of the most sensitive surveys, such as WENSS and NVSS. Instrumental selection effects and the complete-
ness of the catalogs used in this study are discussed. Our main results are based on the spectral indices calculated for about
185 800 sources from the WENSS (327 MHz) and the NVSS (1.4 GHz) catalogs and are summarized as follows: (1) The
median spectral index increases from αmed ∼ −0.9 to αmed ∼ −0.8 (S ν ∝ να) for S 327 flux densities decreasing from 0.1 Jy
down to 23 mJy. The median spectral indices nearly show no variation within the error bars in the flux density range above
100 mJy up to several Jy. The median spectral index slightly increases again for S327 above several Jy. The new results confirm
published models of the radio luminosity function (RLF) for sources with S327 > 0.1 Jy and give constraints to the models for
sources of 0.023 Jy < S 327 < 0.1 Jy, respectively. (2) A dependence of the fractions of ultra-steep-spectrum sources (USS,
−1.5 ≤ α < −1.0), steep-spectrum sources (SSS, −1.0 ≤ α < −0.5) and flat-spectrum sources (FSS, −0.5 ≤ α ≤ 0.0) is
partly responsible for the spectral flattening. Another contribution to the spectral flattening comes from the variation of αmed of
steep-spectrum sources (α < −0.5) themselves which increases with decreasing flux densities. (3) The spectral flattening for
faint sources (down to S 327 ∼ 20 mJy) with steep spectra (α < −0.5) suggests that αmed is correlated with luminosity rather than
redshift according to the source evolution model of Condon (1984).
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1. Introduction

Models of the radio luminosity function (RLF) published in
the past years describe the cosmological evolution of radio
source samples. So far most RLF-models attempt to fit ob-
served source counts, luminosity or redshift distributions of
source samples, which, however, are restricted to relatively
strong sources (Peacock & Gull 1981; Wall et al. 1980,
1981; Subrahmanya & Kapahi 1983; Condon 1984; Dunlop &
Peacock 1990; Jackson & Wall 1999). In general the αmed–S re-
lation predicted by RLF-models were just partially confirmed
by available data. However, the source samples used so far were
rather limited in size and sensitivity. Differences between the
observed and the predicted αmed–S relation provide constraints
to RLF-models, which are of particular interest for the faint
sources’ properties. This needs observed αmed–S relations of
high quality for a wide range of flux densities in order to con-
firm RLF-models or set constraints for improvements.

Several investigations on the αmed–S relation came to rather
different conclusions based on small or compound samples.
Vigotti et al. (1989) reported that the median spectral index
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decreases from αmed ∼ −0.90 to αmed ∼ −0.96 for flux den-
sities ranging from 1 Jy to 0.1 Jy at 408 MHz (Fig. 1). They
used a sample of 1103 sources selected from the B3 catalog
at 408 MHz (Ficarra et al. 1985) and calculated spectral in-
dices using 1465 MHz data measured with the VLA. Steppe
& Gopal-Krishna (1984) reported a contrary result for a ra-
dio source sample in the same flux density range at 408 MHz:
αmed was found to be about −0.9 at the 1 Jy and −0.75 at the
0.1 Jy flux density level (Fig. 2). Their sample of 1009 sources
was taken from several catalogs including 5C12 (Benn et al.
1982), B2 (Grueff & Vigotti 1979), MC1 (Davies et al. 1973),
MC2 and MC3 (Large et al. 1981), All-sky Survey (Robertson
1973). Kapahi & Kulkarni (1986), Kulkarni & Mantovani
(1985, 1985) and Kulkarni et al. (1990) claimed that the me-
dian spectral index is constant at αmed ∼ −0.9 in the same flux
density range from 1 Jy to ∼0.1 Jy. A constant αmed differs from
the results of Vigotti et al. (1989) and Steppe & Gopal-Krishna
(1984), as mentioned above.

A few radio source surveys with large sky coverage and
high sensitivities at different frequencies have recently been
published providing a new basis to study the spectral index–
flux density relation, especially for sources with S 327 < 0.1 Jy.
In Sect. 3 we give the results of the spectral index–flux den-
sity relation using WENSS (Rengelink et al. 1997) and NVSS
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Fig. 1. Result of Vigotti et al. (1989) on the relation between flux den-
sity and spectral index for frequencies of 408 MHz and 1465 MHz.
The data are from B3 (open circles, Ficarra et al. 1985) and Benn
et al. (1988) (filled circles).

Fig. 2. The result of Steppe & Gopal-Krishna (1984) of the flux
density–spectral index relation for frequency of 408 MHz (except
sample g which is defined at 611 MHz) and a higher frequency which
is 1.4, 2.7 or 5.0 GHz as indicated by crosses, open circles and dots,
respectively.

(Condon et al. 1998) data. Investigations based on the other
large catalogs are mainly used for comparison which will be
given elsewhere (Zhang et al. 2003). Selection effects and com-
pleteness of radio source samples for both statistics and obser-
vations are discussed in Sect. 2. The results of an analysis of the
WENSS and NVSS data are presented in Sect. 3. In Sect. 4 a
discussion and a comparison of the new results with luminosity
evolution models are made.

2. The radio source samples

Several radio source surveys with large sky coverages became
publicly available. The source catalog “NVSS29” used in this
study was selected from the catalog of NVSS carried out with
the VLA (Condon et al. 1998) for δ ≥ 29◦. This declination

Table 1. The fractions of radio sources in different α1400
327 ranks and flux

density bins at 327 MHz. The radio sources are from the WENSS and
NVSS catalogs.

S 327 −2.0 ≤ α −1.5 ≤ α −1.0 ≤ α −0.5 ≤ α
(Jy) <−1.5 <−1.0 <−0.5 ≤0.0

.038.023
.056 .02 .22 .65 .11

.074.056
.092 .01 .24 .68 .06

.110.092
.128 .01 .26 .68 .05

.146.128
.164 .01 .27 .68 .04

.182.164
.200 .01 .27 .67 .05

0.22.200
.240 .01 .28 .66 .04

0.27.240
.290 .01 .28 .66 .04

0.32.290
.350 .01 .28 .66 .04

0.39.350
.430 .01 .29 .65 .04

0.48.430
.520 .01 .30 .64 .04

0.58.520
.630 .01 .30 .64 .04

0.70.630
.760 .01 .32 .63 .03

0.84.760
.920 .01 .32 .63 .03

1.030.92
1.13 .01 .30 .64 .04

1.301.13
1.46 .01 .31 .64 .03

1.711.46
1.95 .01 .31 .61 .05

2.331.95
2.71 .01 .32 .60 .04

3.412.71
4.10 .01 .33 .59 .04

5.554.10
7.00 .03 .35 .57 .04

Fig. 3. The variation of the source fraction for FSS sources (bottom),
SSS sources (top) and USS sources (middle) at 327 MHz.

limit matches the most important catalog at low frequencies,
the 327 MHz WENSS catalog (Rengelink et al. 1997), which
was carried out with the Westerbork Synthesis Radio Telescope
and covers the sky for δ ≥ 30◦.

To ensure statistical completeness a flux limitation of the
statistical study (FLSS) is defined first. Most radio sources se-
lected at low frequencies such as 327 MHz have spectral in-
dices larger than α = −1.5. This holds for a large flux density
range. Figure 3 shows the fractional variation of radio sources
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whose spectral indices fall into the ranges of −1.5 ≤ α <
−1.0 (USS), −1.0 ≤ α < −0.5 (SSS), and −0.5 ≤ α ≤ 0.0 (FSS)
respectively. Table 1 lists the fractional distribution of sources
in detail. Figure 3 confirms the result mentioned above, i.e.
the statistical study is complete up to 99% if the adopted flux
limitation of the sample corresponds to a spectral index of
α = −1.5. A flux density of 23 mJy at 327 MHz corresponds for
α1400

327 = −1.5 to the NVSS limit of S 1400 (2.5 mJy). We take this
value as the “flux limitation of the statistical study” (FLSS),
which means that less than 2% of the steep-spectrum sources
recorded by WENSS are missing in the NVSS. However, all
flat-spectrum sources recorded by WENSS being stronger than
its sensitivity limit of 18 mJy cannot be missed by the NVSS.
Although about 23 000 sources fainter than 23 mJy were cata-
loged in the WENSS, with most of them having NVSS coun-
terparts, we only use sources stronger than 23 mJy in this study
to ensure that the statistical results are based on a unbiased
sample.

The resolutions of WENSS and NVSS are 54′′ ×
54′′ cosecδ and 45′′ × 45′′ respectively. They are quite simi-
lar in size. This means that source intensities can be directly
used to calculate spectral indices for most sources.

3. Results

In this section the main results from the cross identification be-
tween the WENSS and NVSS are given. The criteria and pro-
cedure employed for the source identification are: 1) to search
for all NVSS sources within a diameter of 50 ′′ centered at ev-
ery WENSS source; 2) to choose the nearest NVSS source to
the central WENSS source; 3) to create a first identification ta-
ble; 4) to do an inverse search, i.e. within a diameter of 50 ′′
centered at each NVSS source identify the nearest WENSS
source; 5) to create a second identification table and compare
the two tables in order to exclude source pairs with complex
corresponding relation. With these criteria and procedure the
final cross-identification table used in this study was obtained
and spectral indices were calculated accordingly.

Table 2 shows the statistical results on the relationship of
flux density and median spectral index, which are also dis-
played in Fig. 4. Integrated flux densities were used for the
spectral index calculations. In Table 2 the first row gives the
median flux densities and the boundary flux densities in Jy
of each bin at 327 MHz. In the second row of the table the
two numbers of each table element represent the numbers of
sources found in both catalogs and the medians of the spectral
indices respectively. The errors of αmed in the third line were
determined as described in Yule & Kendall (1950). Figure 4
displays this result.

– There is a definite increase of the medians of spectral in-
dices from α = −0.89 to α = −0.82 for median flux densi-
ties between 140 mJy to 23 mJy at 327 MHz. This statisti-
cal result is based on about 146 000 sources within this low
flux density range.

– The spectral indices are nearly constant in the flux density
range above 100 mJy up to 7 Jy within the errors. This is
contrary to some previously published results as mentioned

Table 2. Statistical results on the relation of spectral index and flux
density using WENSS and NVSS samples for sources selected at
327 MHz.

Bin(Jy) 0.03.023
.040 0.060.04

0.08 0.100.08
0.12

No./αmed 56261/–0.82 53545/–0.85 23391/–0.88

Error .033 .029 .028

Bin(Jy) 0.140.12
0.16 0.180.16

0.20 0.220.20
0.24

No./αmed 13106/–0.89 8307/–0.89 5669/–0.90

Error .027 .027 .025

Bin(Jy) 0.270.24
0.29 0.320.29

0.35 0.390.35
0.43

No./αmed 4871/–0.90 4103/–0.90 3769/–0.91

Error .025 .025 .025

Bin(Jy) 0.480.43
0.52 0.580.52

0.63 0.700.63
0.76

No./αmed 2713/–0.91 2404/–0.91 1817/–0.92

Error .025 .027 .026

Bin(Jy) 0.840.76
0.92 1.030.92

1.13 1.301.13
1.46

No./αmed 1457/–0.92 1169/–0.91 1086/–0.93

Error .025 .025 .025

Bin(Jy) 1.711.46
1.95 2.331.95

2.71 3.412.71
4.10

No./αmed 818/–0.92 598/–0.91 382/–0.92

Error .029 .031 .032

Bin(Jy) 5.554.1
7.0 13.57.0

20.

No./αmed 214/–0.93 109/–0.89

Error .028 .035

Fig. 4. Statistical results of the flux density–spectral index relation us-
ing the WENSS–NVSS catalogs.

in the introduction, and partly confirms the result of Kapahi
& Kulkarni (1986).

– Below 23 mJy at 327 MHz the incompleteness in cross-
identifications limits an accurate statistical study. Above
23 mJy about 98% sources selected at 327 MHz were iden-
tified at 1400 MHz. Therefore our results are ∼98% com-
plete and reliable for WENSS sources stronger than 23 mJy.
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Fig. 5. The contour/grey scale map of the αmed–S relation of WENSS–
NVSS for all the 185 789 source pairs. The map is a 512 × 512 matrix
with pixel spacings of ∆S :(10 000 − 10)/511 mJy and ∆α : (0.5 −
(−2.5))/511. The maximum value is 549. Contours start at 9% of the
maximum with an interval of 9%.

– At 327 MHz there are 109 sources stronger than 7 Jy (some
very complex extended sources were excluded). Although
the number is relatively small, αmed of this bin indicates
spectral flattening. The difference between the present re-
sult and Kapahi’s result will be discussed in Sect. 4.

Figure 5 shows the contour/grey scale map of the αmed–S re-
lation of WENSS–NVSS sources for all pairs illustrating the
result obtained. The image clearly displays the smooth varia-
tion of spectral indices as a function of flux density.

4. Discussion

4.1. Analysis of the αmed–S variations

Figure 3 shows that with decreasing flux density towards
∼23 mJy the three fractions vary from 35% to 22% for USS,
57% to 68% for SSS, and 4% to 11% for FSS, respectively.
These variations of the fractions for different classes of sources,
e.g. the FSS fraction increases and the USS fraction decreases,
are partly responsible for the variation of spectral flattening
with decreasing flux density in the study of αmed–S relation.
Another contribution to the spectral flattening comes from the
slight increase of αmed of steep-spectrum sources (α < −0.5)
with decreasing flux density (Fig. 6).

4.2. Selection effects and incompleteness

To settle a statistical relationship of flux density and median
spectral index, the completeness is very important. There are
two kinds of completeness. One is the completeness set by
the noise limit of each individual catalog, which for exam-
ple is 18 mJy for the WENSS and 2.5 mJy for the NVSS.
This completeness is important when using each survey indi-
vidually. Another completeness is related to the statistics of
the cross-identification, which reflects how well both catalogs

Fig. 6. The αmed–S relations of steep-spectrum and flat-spectrum
sources (WENSS–NVSS).

match each other. In general, flat-spectrum sources recorded by
the low frequency survey could not been missed by the high fre-
quency survey, whereas some faint steep-spectrum sources near
the sensitivity limit of the low frequency survey may be lost by
the high frequency survey. This statistical incompleteness, or
selection effects, is a more serious limitation for frequency-
pairs which have either a relatively large frequency span or
the sensitivities of the two surveys do not match each other
well. The frequency difference between WENSS and NVSS is
not too large and the sensitivities of them are high that they
match each other quite well. Our statistical spectral index re-
sults using WENSS–NVSS data are complete and reliable for
flux densities larger than 23 mJy at 327 MHz (corresponding
to α1400

327 = −1.5). A discussion of selection effects with cross-
identifications using different catalogs will be given elsewhere
(Zhang et al., in press).

4.3. Comparison with radio luminosity models

It is interesting to compare the present results of the αmed–S
relation with predictions made by multi–frequency models of
the evolution of the radio luminosity function of extragalac-
tic sources. Kulkarni & Mantovani (1985) used the models of
Peacock & Gull (1981, henceforth referred to as PG) for a com-
parison. These models use separate luminosity and redshifty
functions for steep- and flat-spectrum sources. Four models are
considered: model 1 without and model 2 with a cut-off for the
radio luminosity function at z = 5, q0 = 0.5 and models 3 and 4
as models 1 and 2, but with q0 = 0.

Kulkarni & Mantovani (1985) found that only a small range
of the αmed–S relation around S 408 ∼ 1 Jy fits the PG models 1
and 4. It is also clear from Kapahi & Kulkarni’s result (1986)
that the PG models and the Condon model (1984) fit their result
only in a limited range of flux density. The situation is unclear
for sources S 408 < 0.1 Jy, because their samples of available
sources is too small. For sources S 408 > 10 Jy a large devia-
tion from the PG models was noted in Kulkarni & Mantovani’s
(1985) comparison. Kapahi & Kulkarni (1986) came to almost



X. Zhang et al.: Spectral index–flux density relation 61

Fig. 7. Predicted αmed–S relations from the model 1 proposed by
Peacock & Gull (1981) (full line) and the Condon’s model (dash line)
with the new statistical results from this paper (marked by +).

the same conclusion for sources S 408 > 10 Jy using the same
source sample. The S 408 > 10 Jy sample they adopted was
based on sources from the 408 MHz all-sky survey (Haslam
et al. 1982). It seems problematic to calculate spectral indices
with 5 GHz data (HPBW ∼ 3.5′), when considering the ef-
fect of the large all-sky survey beam of 0 .◦85. The beam may
contain several sources seen in projection probably with dif-
ferent spectra. Even for the WENSS–NVSS sample with much
smaller and almost the same beam sizes, there are cases where
one WENSS source corresponds to two NVSS sources. We ex-
cluded these sources in the statistics. It seems rather difficult to
set up a source sample from surveys with significant differences
in resolution.

Figure 7 gives the comparison between our results with the
PG model 1 and Condon’s model predictions. A good agree-
ment between the present αmed–S relation and the PG model
1 is found for S 327 sources stronger than 50 mJy. Our re-
sults are also in agreement with Condon’s model for sources
S 327 > 0.2 Jy. The fitted range of flux density is much wider
than that from previously published results. PG model 1 pre-
dicts a significant spectral steepening with decreasing flux den-
sity from S 408 < 0.05 Jy to 0.01 Jy (Kapahi & Kulkarni
1986). Although our result strongly supports the PG model 1
for sources in a wide flux density range, there is no evidence for
a spectral steepening of very faint sources. Instead, we found
a continuous spectral flattening for faint sources. The situation
for sources S 327 < 23 mJy remains unsettled because of the
completeness limit of the samples.

For sources S 327 < 0.1 Jy, the αmed–S relation for steep-
spectrum sources (α < −0.5) is displayed in Fig. 6. The mean
spectral index of steep-spectrum sources (USS and SSS) in-
creases (spectral flattening). According to Condon’s source
evolution model (1984) this behaviour suggests that αmed is
correlated with luminosity rather then with redshift. However,
more detailed studies of faint steep-spectrum sources are
needed.

Fig. 8. The predicted percentage of flat-spectrum sources at 1.4 GHz
(Jackson & Wall 1999) (solid line) and the statistical result (dashed
line) using the WENSS and NVSS catalogs.

A more recent investigation of extragalactic radio-source
evolution published by Jackson & Wall (1999) predicts a pop-
ulation mix at 1.4 GHz according to their dual-population uni-
fication scheme. Figure 8 gives the prediction of the percent-
age of flat-spectrum sources (PFSS, solid line) obtained from
their paper together with the new statistical results from the
WENSS and NVSS catalogs. This new result is based on a
source selection at 1.4 GHz of the frequency pair of WENSS–
NVSS, whereas the source selection for Fig. 3 and Table 1 is
for 327 MHz. Figure 8 confirms the prediction by Jackson &
Wall (1999) in the sense of a varying PFSS with flux density.
There is a nearly constant difference (∼3%) between their pre-
diction and the observed results. Table 3 lists source numbers
recorded by NVSS and WENSS in each bin respectively, the ra-
tio of total identification, and the PFSS (α1400

327 ≥ −0.5). Table 3
shows that the completeness of the cross-identification between
WENSS and NVSS with source selection at the high frequency
end is about 90% on average. The “missing” sources usually
have quite a complex structure. Their spectral indices could not
be determined with the same accuracy as for compact sources
therefore they were excluded from the statistics. This restric-
tion may contribute to the difference between prediction and
statistics as shown in Fig. 8.

Comparing Fig. 8 with Fig. 3, two differences should be
mentioned. One is that the PFSS from source selection at the
low frequency (Fig. 3) is obviously smaller when compared
to the PFSS from source selection at the high frequency. This
agrees with the result by Jackson & Wall, i.e. the FSS contri-
bution to source counts is smaller at low frequencies (<1 GHz)
than at higher frequencies (>1 GHz). Another difference is that
the PFSS is decreasing or constant with increasing flux density
if the source selection is made at the low frequency (Fig. 3),
whereas PFSS is increasing with increasing flux density for
a source selection at high frequency (Fig. 8). This effect was
previously mentioned by Steppe & Gopal-Krishna (1984) and
Jackson & Wall (1999).
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Table 3. Cross-identification of the WENSS and NVSS catalogs with
source selection at 1.4 GHz.

Med flux(1400) NVSS WENSS total ident. PFSS

(Jy) ratio % %

0.024.032
.016 61 378 55 277 90 13

0.048.032
0.064 34 492 33 133 96 12

0.096.064
0.128 17 954 17 448 97 12

0.192.128
0.256 8669 8406 97 13

0.384.256
0.512 3511 3371 96 15

0.768.512
1.024 1386 1285 93 18.8

1.5361.024
2.048 417 363 87 21.3

3.0722.048
4.096 151 125 83 24.5

5. Conclusions

The main conclusions from this comparison of the WENSS and
the NVSS source catalogs are summarized as follows:

– The median spectral indices increase from αmed ∼ −0.9 to
αmed ∼ −0.8 for S 327 flux densities decreasing from 0.1 Jy
down to 23 mJy, but are nearly constant in the flux density
range above 0.1 Jy up to several Jy. The median spectral in-
dices slightly increase again for S 327 above several Jy. This
new result is in agreement with published models of the ra-
dio luminosity function (RLF) for sources S 327 > 0.1 Jy
and gives constraints to models for sources in the range
0.023 Jy < S 327 < 0.1 Jy respectively. This is the first
source study down to about 20 mJy at 327 MHz.

– A variation of the fractions of USS, SSS and FSS is partly
responsible for the spectral flattening. Another contribution
to the spectral flattening comes from the variation of αmed

of steep-spectrum sources (α < −0.5) themselves which
increases with decreasing flux densities.

– The new results support RLF models by Peacock & Gull
(1981) and Condon (1984) for a wide flux density range
of sources. Also the PFSS prediction of Jackson & Wall’s
model is supported in general.

– The concept of FLSS is adopted for the first time in this
study, and the results obtained confirm that this method is
useful to ensure statistical completeness.
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