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Abstract. In the present paper we study the absolute and convective nature of instabilities in open shear flows by carrying out
fully non-linear adiabatic 2-D hydrodynamic numerical simulations. The purpose is to identify what influences an instability to
become from absolutely to convectively unstable or vice-versa. First we study the case of incompressible fluid approximation
and compare our results with the analytic solution of Huerre & Monkewitz (1985). Next we derive the effect of compressibility
and of viscosity on the transition from absolute to convective instability of an open shear flow. We found, numerically, the value
of the mean flow for which perturbations change from absolutely to convectively unstable. We fully recover the results of the
approximate analytic solution. We found that an inviscid incompressible fluid is the most unstable configuration. We also found
that compressibility and viscosity decrease the value of the mean flow for which the transition from absolute to convective
instability occurs, and that viscosity has a stronger influence than compressibility.

Key words. instabilities – convection – hydrodynamics – methods: numerical – plasmas

1. Introduction

Shear flows are present in most solar-terrestrial applications
and it is of fundamental importance to study their stability.
Examples of such flows include plasma flows in the vicinity of
the magnetopause of planets (Sauer & Dubinin 2000; Laxton
et al. 1997), the boundaries between fast and slow streams of
the solar wind (Korzhov et al. 1985), solar differential rota-
tion (Collier Cameron et al. 2002), sunspot penumbrae (Athay
et al. 1986) and the flow in the vicinity of the heliopause. To
study the stability of shear flows with respect to perturbations
finite in space one has to solve an initial-value problem. When
the shear flow is unstable there can be two different scenarios.
In the first scenario the initial finite perturbation grows expo-
nentially at any spatial position (i.e. the instability is called
absolute). Therefore an analysis has to tackle the full time-
dependent problem. In the second scenario the initial perturba-
tion also grows exponentially, but it is swept away by the flow
so fast that perturbations decay at any fixed spatial position (i.e.
the instability is called convective), eventually leaving the flow
unperturbed as time approaches large values. In this latter case
it is more suitable to study these spatially growing waves. The
classification of these instabilities is important for the under-
standing of the physical processes in solar plasmas and space
weather, in particular for the interpretation of in-situ
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observational data obtained by satellites (e.g. CLUSTER,
STEREO or Solar-B).

There have been a few studies of absolute and convective
instabilities in astrophysical aspects. Wright et al. (2002) and
Mills et al. (2000) studied a boundary with continuous veloc-
ity profile and a discontinuous magnetic field which was rep-
resentative of the flank regions of the Earth’s magnetopause.
Ruderman et al. (2002) derived analytical solutions for the
heliopause geometry and found that it was convectively un-
stable in the reference frame of the Sun (see also the review
by Ruderman 2000). Garnier et al. (2002) carried out numer-
ical experiments for the Eckhaus instability were the spatial-
temporal defects were linked with the absolute and convective
nature of this instability. Suslov (2001) investigated the bound-
ary layers of a region separating absolute and convective in-
stabilities in the case of mixed convection flows. Wicht et al.
(2002) studied the stabilility of zonal flows in rotating spheri-
cal shells applying it to Jupiter. They found in their study the
presence of convective and shear instabilities, which competed
with each other in the rotating spherical shell. This effect of-
fered an explanation for the fact that the Jovian zonal jet struc-
ture is much weaker at the higher latitudes.

The purpose of our investigation here is to study open
shear layers for various physical approximations including
the compressible and viscosity description. We establish, nu-
merically, how these approximations influence the separating
thresholds of convective and absolute instabilities. We set up
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Fig. 1. The initial perturbation tovy (left panel), the shear layer (middle panel), and the pressure evolution throughout the computation at the
upper boundary (right panel).

a fairly common equilibrium for shear flows where the shear
layer is approximated by a hyperbolic tangent velocity profile.
Such an equilibrium seems to be convenient mainly because
of the smooth properties of the hyperbolic functions. Huerre
& Monkewitz (1985) carried out studies of such shear flows
in incompressible fluids using the analytic technique of asymp-
totic theory and the criterion derived by Briggs (1964) and Bers
(1975). The analytic asymptotic solution of an incompressible
inviscid fluid with free shear layers and varying velocity ratio
R = ∆U/2Ū, where∆U is the velocity difference between the
two streams and̄U their average velocity, has shown that the
layer is convectively unstable forR smaller thanRt = 1.3. For
values ofR bigger thanRt the layer is absolutely unstable.

In Sect. 2 we present the numerical method used, and the
setup of the configuration that was perturbed. The numerical
output of the simulations are presented in Sect. 3, and the most
important results are summarised in Sect. 4.

2. Equilibrium configuration

To solve the problem of initially perturbed open shear flows
numerically the program VAC (Versatile Advection Code) has
been used. A detailed description of VAC can be found in e.g.,
Tóth (1996, 1997). A fully non-linear 2-D hydrodynamic sim-
ulation in a 400× 800 uniform mesh was carried out using a
Flux Corrected Transport (FCT) method. The domain is [0, 10]
in thex-direction and [−10, 10] in they-direction.

The set of adiabatic hydrodynamic equations read as
follows:

∂tρ + ∇ · (uρ) = 0, (1)

∂t(ρu) + ∇ · (uρu) + ∇p = 0, (2)

p = ργ. (3)

The equilibrium configuration has a uniform density through-
out the whole domain and there is no vertical component of
velocity, i.e. (vy = 0). A velocity shear is imposed in they-
direction only and it is supposed to affect thevx component. For
thevx component of the velocity the shear profile is defined as

U = U0 +
1
2

tanh(y).

Here the velocity is normalised by the difference in the two
streams∆U and the spatial coordinates (i.e.x andy) are nor-
malised by half the thickness of the shear layer,h0. Using this
dimensionless quantities∆U = 1, because∆U = U+ − U− =(
U0 +

1
2

)
−

(
U0 − 1

2

)
= 1 whereU+ andU− are the flow ve-

locities at the top and lower boundary, respectively. The mean
velocity is U0 and the thickness of the shear layer is≈2. The
equilibrium shear flowvy was then perturbed throughout the
shear layer as can be seen in Fig. 1. The perturbation has a
Gaussian spatial distribution defined by

vpy = A0 exp

(−(x− x0)2

β2
x

)
exp

−(y − y0)2

β2
y

 ,
whereA0 is the maximum value of the perturbation and (x0, y0)
are the coordinates of the centre of the Gaussian surface. The
value ofA0 is so that the maximum value of the perturbation is
≈0.5% of the background value, and

After this initial perturbation the evolution with time can
be observed throughout the whole computational domain. The
boundary conditions are all continuous so that reflections can
be minimised in order to simulate the free shear layer. Also the
pressure at the boundary must be constant so that it may be con-
sidered a free boundary (see Drazin & Reid 1981). This later
condition is checked throughout the simulations and is verified
by e.g. the right panel of Fig. 1.

3. Numerical simulations

In order to study the transition from an absolute to convective
instability the mean flow shall be varied. For each case stud-
ied the value of the mean flow for which the transition from
absolute to convective occurs shall be found. This threshold
velocity shall be defined as the critical mean flow (Uc). Before
we embark on the simulations note that we have carried out
a series of tests where the length of the whole computational
domain was varied. The key question here is how much does
the finite domain influence our results? Or, with other words,
in what extent is it valid to simulate open shear flows within
a finite domain? Since the thickness of the transitional layer
(i.e. thickness of the shear layer,h) is fixed because it is used
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Fig. 2. The evolution of the mean vertical component of the velocity.
The upper panel depicts an absolute instability while a convective
instability can be observed on the lower panel.

for non-dimensionalisation (i.e.h = 2) one has to vary the ex-
tent of the computational domain. We found that even a domain
of (x =)10× (y =)16 in dimensionless units may be sufficient
to obtain convergent results. In what follows we show results
wherex = 10 andy = 20.

To find the critical value of mean flow for a transition from
absolute to convective instability a growth rate (γ) of the per-
turbation is assigned to each simulation. This growth rate is
calculated by assuming that the perturbation has an exponen-
tial growth in the form ofvp = Aexp(γt), which should be true
as long as the perturbation remains linear. Sinceγ characterises
the evolution with time, if it is positive that means that it is an
absolute instability because it grows as time increases. On the
other hand, however, ifγ is negative that means that there is a
convective instability, because the perturbation decays as time
progresses. To calculateγ the mean velocity is plotted with re-
spect to time, as given e.g. in Fig. 2, and an exponential func-
tion is fitted.

Because the non-dimensionalisation used in our paper is
slightly different from the one used by Huerre & Monkewitz
(1985), a simple transformation must be used in order to

recover the threshold found by Huerre & Monkewitz (1985)
in units of mean flow so that a direct comparison can be car-
ried out. Huerre & Monkewitz (1985) found in their analytic
studies a thresholdRth = 1.3, i.e. above that value of a velocity
shear perturbations were absolutely unstable. By their defini-
tion R = ∆U

2Ū
; if ∆U is considered to be unity andR = 1.3,

thenŪc = 0.38. This means that for mean flows below 0.38 the
shear layer is absolutely unstable. Direct comparison can now
be made with the threshold value found in the simulations here
in the case of an inviscid fluid.

3.1. Inviscid incompressible fluid

In the case of incompressible limit the result found by Huerre
& Monkewitz (1985) shall be the test case for the validity of
the numerical solutions of this paper. In order to assume that
these simulations are describing the right physics the asymp-
totic solution found by Huerre & Monkewitz (1985) must be
recovered. In Fig. 5 plots comparing the results of our nu-
merical and the analytical approach by Huerre & Monkewitz
(1985), respectively, are shown. In Fig. 5 the dot-dashed ver-
tical line indicates the critical point in which the shear layer
changes from being absolute to convectively unstable found by
Huerre & Monkewitz (1985), and the solid line represents the
numerical result. In fact the results of the two approaches co-
incide perfectly, i.e.Uc = 0.38. The maximum growth rate is
found to be atU0 = 0, which would be expected since there
is no mean flow to sweep away the perturbation. In the incom-
pressible caseUc = 0.38 meaning that for stronger mean flows
the initial perturbation is swept away and the equilibrium is left
intact.

Detailed response of an incompressible and inviscid fluid to
the initial perturbations described above at various snapshots is
shown in Figs. 3 and 4 for two cases, absolutely unstable, for
e.g.U0 = 0 (i.e.U0 < Uc) and convectively unstable, for e.g.
U0 = 0.4 (i.e.U0 > Uc). Figure 3 shows the time evolution of
the flow streamlines while Fig. 4 shows the final snapshot of
thevy component of velocity.

In Fig. 3 it is shown that in a convectively unstable configu-
ration the basic flow is left unperturbed, while in an absolutely
unstable configuration the flow is destroyed as expected. In the
later case the flow is destroyed by a kind of eddies resembling
the eddies in a Kelvin-Helmholtz instability (see Jeong et al.
2000).

3.2. Inviscid compressible fluid

Let us now introduce compressibility in the fluid. A similar
shear layer as in the above limit of incompressible fluid will be
studied. However, now the sound speed is much lower (in the
incompressible limit the sound speed is infinitely large while
in practise for the simulations we took values of the order of 6)
so that the Mach number is of the order of unity. For the sim-
ulations below the Mach number was≈0.83. In the case repre-
sentative of incompressible limit the Mach number was≈0.17.
The comparison between the compressible and incompressible
cases is shown in Fig. 6.
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Fig. 3. Response of an incompressible flow to an initial perturbation at various snapshots. Streamlines are plotted for two physically distinct
behaviours:a) convectively unstableU0 = 0.4 (top row), b) and absolutely unstableU0 = 0.0 (bottom row).
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Fig. 4.Response of an incompressible flow to
an initial perturbation. The vertical compo-
nent of velocity (vy) is plotted for two phys-
ically distinct behaviours: convectively unsta-
ble U0 = 0.4 (left) and absolutely unstable
U0 = 0.0 (right).

Figure 6 shows that compressibilitydecreasesthe value of
the critical mean flow velocity fromUc = 0.38 toUc = 0.37.
This means that less mean flow is needed to sweep away the
initial perturbation, which in turn also means that the growth
rate of the perturbation is smaller due to compressibility. It
is known that an increase in Mach number reduces the range
of angles of propagation of unstable modes and at supersonic
speeds parallel propagating modes are stable (see Landau 1944;
Syrovatskii 1957; Baranov et al. 1992). Since the Mach num-
ber is very close to unity it could be expected that the growth
rate be smaller and that would explain the result obtained from
these numerical simulations. Note however, this effect is very

small. The decrease is only≈2.5% for a sound speed that is an
order of magnitude smaller. So it can be said that this threshold
is almost constant in relation to the sound speed. The change
of Uc with Mach number is shown if Fig. 7, where a curve is fit-
ted to the threshold values found in the numerical simulations
for different values ofMs, where the Mach number is defined
asMs = ∆U/cs, cs being the sound speed. The behaviour of the
curve in Fig. 6 remains the same and the value ofγ is equal to
its counterpart with no mean flow.

Results of the simulations for two distinct physical sit-
uations representing absolute and convective instabilities are
shown in Figs. 8 and 9. Figure 8 also shows that the eddy-like
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Fig. 5. Variation of the growth rates withU0 for an incompressible
fluid. The dot-dashed line represents the threshold found by Huerre &
Monkewitz (1985). Note the excellent agreement found between the
numerical and analytical approach.

Fig. 6. Variation of the growth rates withU0 for a compressible fluid
(dashed line) and for an incompressible fluid (solid line).

perturbations are not as strong as in the incompressible case,
which might be explained by the elasticity introduced by com-
pressibility.

3.3. Viscous compressible fluid

Finally let us move to study the absolute and convective insta-
bility of open shear flows when there is viscosity present. The
Reynolds number used in the examples is 103 which is of orders
of magnitude below the real Reynolds numbers of astrophysi-
cal problems. However at present in 2-D hydrodynamics even
such simulations take a few days CPU time on the fastest avail-
able AMD Athlon processors. Since the focus here is on the
effect that viscosity has on the threshold value of the critical
mean flow, the Reynolds number does not need to be realis-
tic as it will give the trend that is the objective of this study.
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Fig. 7. Variation of the critical mean flow (Uc) with the Sonic Mach
number (Ms) for an inviscid fluid. The asterisks mark the values found
in the numerical simulations.

Comparison between the inviscid incompressible and viscous
compressible cases is shown in Fig. 12.

Results of simulation for cases of absolute and convec-
tive instabilities generated by the initial perturbation described
above are shown in Figs. 10 and 11.

The introduction of viscosity decreases even further the
value of the critical mean flow as it is clearly shown in Fig. 12.
The case of the ideal compressible flows discussed in the previ-
ous section can actually be considered as a viscous fluid with an
infinite Reynolds number. In that case it may be concluded that
the critical mean flow needed decreases as the Reynolds num-
ber decreases. The trend of this decrease is shown in Fig. 13,
where the values of the critical mean flow were found for differ-
ent values of Reynolds numbers. Another two simulations were
carried out for Reynolds numbers of 500 and 104, in order to
interpolate a curve to give the wanted variation. The dotted line
represents the value ofUc for the inviscid case, which can be
considered as an infinite Reynolds number.

The variation ofUc may be consistent with the reason-
able interpretation that as the Reynolds number increases so
does the importance of turbulence. Since structures observed
in Figs. 10 and 8 are eddy-like configurations it is reasonable
to expect that as the Reynolds number is increased the influence
of these eddies becomes more prominent. For higher Reynolds
numbers stronger flows would be needed to sweep away the
initial perturbations and that is in agreement with the results
found in the numerical simulations. Figure 10 shows exactly
that the eddy-like structures are not so clear in this case. In
Fig. 10 it can also be seen that in the convectively unstable
configuration the shear layer is broadening with time. This is
due to the diffusion introduced by viscosity and that is the rea-
son why this broadening does not appear in the other two cases
with no viscosity (i.e. in the cases of inviscid incompressible
and compressible limits). This may also lead to the conclusion
that the numerical diffusion in the present simulations is indeed
very small and does not really influence the outcome.

Table 1 summarises the results found for an open shear
layer in the three different cases studied.
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Fig. 8.Response of a compressible flow at various snapshots. Streamlines for two different behaviours:a) convectively unstable, e.g.U0 = 0.4,
(top row) andb) absolutely unstable, e.g.U0 = 0.0 (bottom row).
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Fig. 9. Response of a compressible flow to
an initial perturbation. The vertical compo-
nent of velocityvy for a convectively unsta-
ble (U0 = 0.4, left) and absolutely unstable
(U0 = 0.0, right) shear flow.

4. Conclusions

This study has allowed a direct comparison between the in-
compressible and the compressible limits of an open shear fluid
with respect to the convective or absolute nature of its pertur-
bation. The analytic threshold found by Huerre & Monkewitz
(1985) is in an excellent agreement with the results obtained by
numerical studies.

The “worst case scenario” found, meaning the case that re-
quires the strongest flow to become convectively unstable, was
the case of an incompressible inviscid fluid.

Table 1.This table shows the critical flow value for which below this
value the flow is absolutely unstable and above this value it is convec-
tively unstable, in the three cases studied in the previous sections.

Uc

Incompressible 0.38
Compressible 0.37
Viscous 0.31

The effects of compressibility and viscosity are similar.
Both have a stabilising effect on the shear flow configuration
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Fig. 10. Response of a viscous flow at various snapshots with a Reynolds numberRe = 1000. Streamlines are plotted fora) convectively
unstable (e.g.U0 = 0.4, top row) andb) absolutely unstable (e.g.U0 = 0.0 bottom row) shear flows, respectively.
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Fig. 11. Response of a viscous flow with
a Reynolds numberRe = 1000 where the
vertical componentvy of the velocity is
plotted for a) convectively unstable (e.g.
U0 = 0.4, left) and b) absolutely unstable
(e.g.U0 = 0.0, right) shear flows.

resulting in a lower value ofUc. In these two cases the pertur-
bation does not grow as fast as in the case of an incompressible
limit resulting in that a smaller mean flow can sweep away the
perturbation and leave the flow unperturbed. Viscosity also has
a dissipating effect in the flow. When a perturbation is grow-
ing, viscosity may dissipate the energy of this perturbation and
causes the growth rate of the perturbation to decrease. This
mechanism may explain the result obtained in the numerical
simulation and clearly represented in Fig. 12. Compressibility
introduces elasticity and behaves in a similar manner as diffu-
sion in the viscous case. However, in this latter case the effect

is much smaller. All of these findings relate to the eddy-like
structures developed during the simulations. We found, as these
eddy structures became less evident so did the threshold value
decrease indicating that the two mechanisms, i.e. the eddies and
the nature of the instability could be related.

For astrophysical problems the Reynolds numbers used are
normally very large, 106∼108. Since at those high Reynolds
numbers the value ofUc is very close to the inviscid limit, as
shown in Fig. 13, it is reasonable to assume inviscid case for
the study of absolute and convective instabilities. Also, the
effect of compressibility is very small so that the results for the
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Fig. 12.Variation of the growth rates as a function of the mean flowU0

for a viscous compressible fluid with Reynolds numberRe = 103

(dashed line) and for an inviscid incompressible fluid (solid line).
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Fig. 13. Variation of the critical mean flow (Uc) with the Reynolds
number (Re) for Mach number 0.83 (compressible case). The dotted
line shows the value found in the inviscid case (Re= ∞). The asterisks
mark the values found in the numerical simulations.

incompressible limit can be used as a very good estimate, gen-
erally a difference of only 2.5% as shown if Fig. 7. From this
it can be concluded that the case of an incompressible inviscid
fluid, used for simplicity in analytical studies, is relevant to

astrophysical problems and will give very approximate results
in the study of absolute and convective instabilities.

We currently work on the inclusion of magnetic fields to
study the absolute and convective instabilities of open shear
flows in magnetohydrodynamics (MHD). This will allow us to
carry out more rigorous astrophysical applications as MHD is
widely used in space, solar, magnetospheric and geophysical
plasmas.

Acknowledgements.MTH thanks FCT, Portugal, for its financial sup-
port (Ref. No. SFRH/BD/8076/2002). RE acknowledges M. K´eray
for patient encouragement and is grateful to NSF Hungary, (OTKA,
Ref. No. TO32462). We also acknowledge Drs M.S Ruderman for the
many useful discussions and comments and G. T´oth the principal au-
thor of VAC.

References

Athay, R. G., Jones, H. P., & Zirin, H. 1986, ApJ, 303, 877
Baranov, V. B., Fahr, H. J., & Ruderman, M. S. 1992, A&A, 261, 341
Bers, A. 1975, Physique des Plasmas (Gordon and Breach), 117
Briggs, R. 1964, Electron-stream interaction with plasmas (M.I.T.

Press)
Collier Cameron, A., Donati, J.-F., & Semel, M. 2002, MNRAS, 330,

699
Drazin, P., & Reid, W. 1981, Hydrodynamic Stability (Cambridge

University Press)
Garnier, N., Chiffaudel, A., & Daviaud, F. 2002, Phys. Rev. Lett., 88,

134 501
Huerre, P., & Monkewitz, P. 1985, J. Fluid Mech., 159, 151
Jeong, H., Ryu, D., Jones, T. W., & Frank, A. 2000, ApJ, 529, 536
Korzhov, N. P., Mishin, V. V., & Tomozov, V. M. 1985, AZh, 62, 371
Landau, L. D. 1944, Dokl. Akad. NaukSSSR, 44, 151
Laxton, N. F., Balogh, A., Cowley, S. W. H., et al. 1997,

Planet. Space Sci., 45, 1143
Mills, K. J., Longbottom, A. W., Wright, A. N., & Ruderman, M. S.

2000, J. Geophys. Res., 105, 27 685
Ruderman, M. S. 2000, Ap&SS, 274, 327
Ruderman, M. S., Brevdo, L., & Erd´elyi, R. 2002, Proc. Royal Soc.

Lond., submitted
Sauer, K., & Dubinin, E. 2000, Adv. Space Res., 26, 1633
Suslov, S. A. 2001, Comput. Physics Comm., 142, 322
Syrovatskii, S. 1957, Usp. Fiz. Nauk, 62, 247
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