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Abstract. The theoretical understanding of the linear standing or propagating magnetohydrodynamic waves in a variety of
solar coronal structures is far from complete since analytical solutions to the linearised MHD equations can only be found for
very simple magnetic configurations. In this paper, we use a numerical code to solve the linear fast and Alfv´en wave equations
in a very simple, bounded magnetic configuration that incorporates two features that are not usually considered in similar
works, namely the longitudinal magnetic field component and wave propagation in the longitudinal direction (ky , 0). We use
a numerical code (Arregui et al. 2001) that has been modified by including a staggered mesh that allows us to properly capture
the spatial behaviour of solutions to the wave equations. Coupling between fast and Alfv´en modes has been studied in detail
and it has been found that it does not take place when the longitudinal field component is zero and the frequency of the fast
mode is outside the Alfv´en continuum with the same spatial structure along field lines. Under these circumstances, fast modes
retain their global spatial behaviour and are also characterised byω2 varying linearly withk2

y , such as in a uniform medium
(although here the Alfv´en speed changes exponentially in the direction normal to field lines). Regarding mode coupling, its
main feature is the blend of fast and Alfv´en solutions with close frequencies in some modes with a mixture of their properties,
namely discontinuities or jumps around certain magnetic surfaces (such as in pure Alfv´en waves), global spatial distribution of
the normal velocity component and non-zero density perturbations (such as in fast waves).
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1. Introduction

The theoretical study of the magnetohydrodynamic (MHD)
modes of oscillation of coronal magnetic structures has been
the subject of vigorous efforts in the last years. Recent high
resolution observations obtained by both ground-based instru-
ments and those onboard space satellites have provided new
evidence about the presence of oscillations in different coronal
magnetic structures and have therefore increased the need for
improvements in the theoretical modeling of wave phenomena
in these structures. Existing theoretical studies on standing and
propagating MHD waves in coronal magnetic configurations
show that analytical solutions to the linearised wave equations
can only be obtained for very simple magnetic structures. In the
case of the theoretical MHD modeling of linear waves in a ho-
mogeneous plasma, the eigenmode problem can be reduced to a
purely algebraic form that allow one to obtain simple solutions
to the wave equations. However, in most cases the complexity
of the considered equilibrium leads to a set of complicated par-
tial differential equations that in general do not allow for exact
analytical solutions but require a numerical treatment. The sit-
uation is even more complicated when the partial differential
equations are coupled.
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In the context of MHD waves in coronal arcades, Oliver
et al. (1993) studied analytically the modes of oscillation of
a potential arcade for different density profiles and boundary
conditions. This work was later extended by considering the
MHD modes of oscillation of non-potential arcades with no
gravity (Oliver et al. 1996). Terradas et al. (1999) obtained nu-
merical solutions for a fully magnetostatic arcade with gravity
and concluded that a necessary, although not sufficient, require-
ment for fast mode oscillations to be confined in the corona
is that the Alfvén speed must increase with height. Ruderman
et al. (1997) studied the resonant absorption of MHD waves
in a potential arcade by considering two-dimensional magnetic
plasma configurations with a purely poloidal magnetic field. In
all these works it was assumed that the equilibrium configu-
ration is invariant with respect to the axis of the arcade, that
the equilibrium magnetic field is purely poloidal, i.e. with no
magnetic field component in the longitudinal direction, and that
there is no wave propagation along the arcade axis. There is one
exception to this assertion: Tirry & Poedts (1998) considered
the solutions to the coupled fast and Alfv´en modes in a po-
tential arcade without a longitudinal magnetic field component
although with wave propagation in the longitudinal direction.
They solved the wave equations in flux coordinates by means
of a series expansion that allowed them to conclude that under
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these conditions, fast and Alfv´en continuum modes do not ex-
ist independently. However, these authors did not consider the
spatial structure of the eigenfunctions, nor the case in which the
longitudinal magnetic field component is different from zero.

More recently, Arregui et al. (2001) derived the linear MHD
wave equations for a force-free, sheared magnetic field con-
figuration and have developed a numerical code to solve the
resulting system of coupled partial differential equations. The
accuracy of the numerical code was checked by numerically
solving two cases for which analytical or simple numerical
solutions exist (namely a straight magnetic field and a poten-
tial arcade, both with no longitudinal magnetic field compo-
nent and no propagation in the longitudinal direction). Our pur-
pose in this paper is to use that numerical code to study the
properties of linear MHD waves in more complicated magnetic
configurations by including a longitudinal magnetic field com-
ponent and also by considering wave propagation in the lon-
gitudinal direction. Here, a straight, bounded magnetic field is
taken in what must be a first step towards the investigation of
the MHD modes of coronal arcades and loops.

The interaction of fast and Alfv´en modes in a straight and
purely poloidal magnetic field have been investigated by means
of time-dependent simulations by a number of authors. For ex-
ample, Wright & Rickard (1995) derived two criteria for the
efficient excitation of an Alfv´en resonance in a cavity driven
by a broadband spectrum. Mann et al. (1995) considered the
excitation of Alfvén waves by fast modes in the magneto-
spheric cavity and observed that fine scales develop for long
times because of phase mixing. On the other hand, fast and
Alfv én mode coupling has also been investigated in the context
of MHD wave excitation by footpoint motions (Berghmans &
Tirry 1997; Tirry & Berghmans 1997; De Groof et al. 2002;
De Groof & Goossens 2002) and the importance of such mode
coupling for the dissipation of energy has been stressed. In con-
trast, in this work we do not consider the time evolution of fast
and Alfvén perturbations and the transfer of energy between
these waves but investigate the interaction between the fast and
Alfv én normal modes of oscillation, that in turn provides us
with a physical basis for the understanding of the dynamics of
the system.

The work presented here bears some similarities to
Halberstadt & Goedbloed (1993) and Goedbloed & Halberstadt
(1994) who modeled a coronal loop by means of a rectangular
box. However, these authors did not consider the fast mode and
only obtained approximate solutions for the Alfv´en mode with
the help of asymptotic expansions. On the other hand, our ap-
proach consists of solving the full MHD wave equations in a
cold plasma, which allows us to obtain the full spatial struc-
ture of the fast and Alfv´en modes as well as to describe their
coupling.

The layout of the paper is as follows. In Sect. 2 the equi-
librium configuration is described and the linear MHD wave
equations are derived. These equations, in the form of two cou-
pled second order differential equations, govern Alfv´en con-
tinuum modes and fast global modes. The numerical method
used in solving the wave equations is described in Sect. 3. It
turns out that our original numerical code requires some modi-
fications to properly compute the spatial structure of solutions.
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Fig. 1. Schematic view of the equilibrium magnetic field. The plasma
is confined in an infinitely long box with sides atx = ±L, z = 0
andz= H.

The results of these modifications are also shown. The effect of
the longitudinal magnetic field component and of the longitudi-
nal wavenumber on the oscillatory properties of fast and Alfv´en
modes are presented in Sect. 4. Finally, in Sect. 5 conclusions
are drawn.

2. Basic equations

2.1. Equilibrium configuration

We consider a cold plasma in a horizontal, straight and uniform
magnetic field. The magnetic field is contained in thexy-plane
of a Cartesian system of coordinates (x, y, z) and is inclined
with respect to thex-direction (see Fig. 1),

B =
(
Bx, By, 0

)
, (1)

whereBx andBy are the constant components of the magnetic
field and can be written as

Bx = Bcosθ, (2)

By = Bsinθ, (3)

with B =
(
B2

x + B2
y

)1/2
the magnitude of the magnetic field

andθ the angle of inclination with respect to thex-direction,
θ = arctan

(
Bx/By

)
.

The equilibrium is taken to be inhomogeneous in the verti-
cal, z-direction by means of an equilibrium density which is a
function of the vertical coordinate,ρ = ρ (z), so that the Alfvén
speed isv2

A (z) = B2/µρ. The freedom in selecting the vertical
density profile allows us to consider an Alfv´en speed changing
with height as

v2
A (z) = v2

A0 exp
[
−(2− δ) z

L

]
, (4)

δ being a parameter that determines the rate of change of the
Alfv én speed with height from the valuevA0 at z= 0.

Also, the plasma is assumed to be contained in a box lim-
ited by rigid plates atx = ±L andz= 0, H (Fig. 1).

The equilibrium magnetic field given by Eq. (1) is suscepti-
ble to be expressed in terms of a vector potentialA = A(x, z) êy,

B = ∇A× êy + By êy, (5)
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whereêy is the unit vector in they-direction and the flux func-
tion A(x, z) is given by

A(x, z) = −Bxz+ A0. (6)

In this expression,A0 is the value ofA atz= 0. Equation (6) in-
dicates that the magnetic surfaces (i.e. the surfaces of constant
flux function) are planes of constantz.

2.2. Magnetohydrodynamic linear and adiabatic wave
equations

Linear, adiabatic MHD perturbations in a cold plasma are gov-
erned by the equation (Oliver et al. 1993)

−ρω2u =
1
µ
{∇ × [∇ × (u × B)]} × B, (7)

whereu is the plasma velocity andB is the unperturbed mag-
netic field. For a proper description of the modes of oscilla-
tion it is convenient to project the different vectors appearing
in Eq. (7) and also the components of this equation onto an ad-
equate basis of vectors. The physically significant expressions
are obtained by projecting all vectors in the directions defined
at each point by the unit vectors

ên =
∇A
Bx
= −êz, (8)

normal to magnetic surfaces,

ê‖ =
B
B
=

(
Bx

B
,

By

B
, 0

)
, (9)

parallel to magnetic field lines, and

ê⊥ = ê‖ × ên =

(
−By

B
,

Bx

B
, 0

)
, (10)

tangent to magnetic surfaces and perpendicular to field lines.
In the cold plasma (β = 0) approximation the perturbed

velocity along the equilibrium magnetic field,B, vanishes and
the slow mode is absent. For this reason, the third component
of Eq. (7) yieldsv‖ = 0.

On the other hand, since the equilibrium quantities do not
depend on they-coordinate, we can Fourier analyse the per-
turbed velocity with respect to this coordinate and make it
proportional to exp(ikyy). This results in the following pair of
second order partial differential equations for the remaining
components of the velocity,

−ω
2

v2
A

vn =
B2

x

B2

∂2vn

∂x2
+ 2

BxBy

B2
iky
∂vn

∂x
− B2

y

B2
k2
yvn +

∂2vn

∂z2

+
By

B
∂2v⊥
∂x∂z

− Bx

B
iky
∂v⊥
∂z

, (11)

−ω
2

v2
A

v⊥ =
∂2v⊥
∂x2
− k2

yv⊥ +
By

B
∂2vn

∂x∂z
− Bx

B
iky
∂vn

∂z
· (12)

Equations (11) and (12) constitute a set of two linear coupled
partial differential equations for the components of the velocity

in the directions normal (vn) and perpendicular (v⊥) to the equi-
librium magnetic field and govern the oscillatory properties of
fast and Alfvén modes in our configuration.

For ky = 0 andBy = 0 the two components of the wave
equations are decoupled. Then, Eq. (11) describes fast modes,
whose velocity is in the normal direction (vn , 0, v⊥ = 0),
whereas Eq. (12) describes Alfv´en waves, whose perturbed ve-
locity lies in the perpendicular direction (vn = 0, v⊥ , 0). The
basic properties of these solutions in the present equilibrium
are described in Arregui et al. (2001). Regarding other, non-
zero values of the longitudinal wavenumber and magnetic field
component, the above partial differential equations indicate that
bothvn andv⊥ are real forky = 0, By , 0. Forky , 0, By = 0
one velocity component (vn, say) is real and the other one (v⊥)
is purely imaginary. And, finally, forky , 0, By , 0 both ve-
locity components are complex and so can be expressed as

vn(x, z) = |vn(x, z)| eiφn(x,z) (13)

and

v⊥(x, z) = |v⊥(x, z)| eiφ⊥(x,z), (14)

with |vn(x, z)| andφn(x, z) the modulus and phase ofvn (and sim-
ilarly for v⊥). These two expressions have a simple physical in-
terpretation and tell us that the full spatio-temporal dependence
of the velocity components is of the form|vn(x, z)| cos(φn(x, z)+
ωt + kyy).

To solve the coupled system of Eqs. (11) and (12) some
boundary conditions have to be imposed. It can be easily shown
that Eqs. (11) and (12) are fourth order inx, but only second
order inz. Therefore, the proper solutions will be obtained by
considering four boundary conditions in thex-direction and
two boundary conditions in thez-direction. For the sake of sim-
plicity, we impose

vn = 0, v⊥ = 0 at x = ±L (15)

and

vn = 0 at z= 0,H/L. (16)

Concerningv⊥ at z = 0,H/L, no boundary conditions have to
be considered there, but in order to obtain solutions to Eqs. (11)
and (12) using finite differences some restriction must be
placed on this velocity component. The vanishing of the
derivative in the direction normal to the boundary is chosen
by imposing

∂v⊥
∂z
= 0 at z= 0,H/L. (17)

3. Numerical method

The numerical code we use was developed by Oliver et al.
(1996) to solve the fast and slow mode equations in a two-
dimensional equilibrium with no gravity. Later, Arregui et al.
(2001) derived the linear cold MHD wave equations for a gen-
eral two-dimensional force-free magnetic configuration with a
longitudinal magnetic field component and including longitudi-
nal wave propagation, although in that work they only checked
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a) b) c)

d) e) f)

Fig. 2. Spatial structure of an Alfv´en continuum mode with a singularity atz/L = 0.5 in a straight magnetic field configuration with inclination
angleθ = 30◦, H/L = 1 andδ = 6 (this parameter gives the rate of change ofvA with height, see Eq. (4)). In all figures the longitudinal
wavenumber isky = 0. The numerical code described in Arregui et al. (2001) has been used with a grid ofNx = 51 points anda) Nz = 51,
b) Nz = 101,c) Nz = 201,d) Nz = 301,e) Nz = 401 andf) Nz = 501 points. The oscillations in these plots are numerical and come from the
inability of the code for adequately recovering the spatial structure of Alfv´en modes around the singular layer.

the goodness of the code by solving two simple problems with
By = 0 andky = 0. This code was designed to study lin-
ear waves in more complex force-free fields and, therefore,
the logical next step is to consider the case in whichBy , 0
and/or ky , 0. We start by writing the two partial differential
equations subject to be discretised in the code. These equations,
written in terms of derivatives with respect to two generalised
ψ- andχ-coordinates (which map the region−L ≤ x ≤ L,
0 ≤ z≤ H in which the numerical solution is computed), are

a11
∂2vn

∂ψ2
+ b11

∂2vn

∂ψ∂χ
+ c11

∂2vn

∂χ2
+ d11

∂vn

∂ψ
+ e11

∂vn

∂χ

+ f11vn + a12
∂2v⊥
∂ψ2

+ b12
∂2v⊥
∂ψ∂χ

+ c12
∂2v⊥
∂χ2
+ d12

∂v⊥
∂ψ

+e12
∂v⊥
∂χ
+ f12v⊥ = ω2vn (18)

and

a21
∂2vn

∂ψ2
+ b21

∂2vn

∂ψ∂χ
+ c21

∂2vn

∂χ2
+ d21

∂vn

∂ψ
+ e21

∂vn

∂χ

+ f21vn + a22
∂2v⊥
∂ψ2

+ b22
∂2v⊥
∂ψ∂χ

+ c22
∂2v⊥
∂χ2
+ d22

∂v⊥
∂ψ

+e22
∂v⊥
∂χ
+ f22v⊥ = ω2v⊥. (19)

The expressions for the complex coefficients of these two par-
tial differential equations can be found in Arregui et al. (2001).
For the numerical solution of Eqs. (18) and (19) the derivatives
are substituted by appropriate finite difference expressions. The
region under consideration is a rectangle with sides parallel to
the ψ- andχ-axes, covered by a mesh ofNψ × Nχ points in
which approximations to the functionsvn andv⊥ are computed.

At the point (ψi , χ j) the first and second derivatives of these
functions are approximated in the usual manner (Mitchell &
Griffiths 1980; Ames 1992). For the purpose of obtaining nu-
merical solutions to Eqs. (11) and (12) in the equilibrium given
by Eqs. (1)–(4), Cartesian coordinates have been chosen by set-
ting ψ andχ as follows

ψ = z/L, 0 ≤ ψ ≤ H/L, (20)

χ = x/L, − 1 ≤ χ ≤ 1. (21)

The discretisation process leaves us with a complex eigenvalue
problem, which is solved to obtain the frequency and two-
dimensional velocity distribution using complex arithmetics
(Arregui et al. 2001).

Nevertheless, it turns out that our numerical code requires
some modifications before it can be applied to this kind of prob-
lem since it does not properly capture the spatial structure of
continuum Alfvén modes. This is illustrated in Fig. 2, which
shows the perpendicular velocity component of an Alfv´en
mode in a configuration withθ , 0◦ and with no longitudi-
nal wavenumber. The various solutions in this figure have been
obtained with an increasing number of points in thez-direction
(Nz), which should allow us to better reproduce the singular
character of the mode about the resonant magnetic surface.
However, instead of getting a finer resolution of the singular-
ity asNz is increased, a large number of numerical oscillations
about the resonant surface are obtained.

In order to avoid this problem a staggered grid is used for
the elimination of spurious numerical oscillations in Alfv´en
continuum modes. The staggered mesh method is a widely used
technique in Computational Fluid Dynamics for the solution
of problems involving pressure-velocity couplings that lead in
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Fig. 3. Spatial profile ofv⊥ for the Alfvén continuum mode with a
singular surface atzA = 0.5L. The parameters of the equilibrium con-
figuration areδ = 6, θ = 30◦ andH/L = 1. These solutions have been
computed usingky = 0, Nx = 51 (number of points in thex-direction)
andNz = 51 (dotted line),Nz = 201 (dash-dotted line) andNz = 351
(dashed line).

some cases to one or more spurious oscillatory solutions su-
perimposed on the physical solution (see e.g. Fletcher 1988;
Hoffmann & Chiang 1989). This method implies that each de-
pendent variable is evaluated at its own grid. The variables in
the system are staggered in such a way that the locations of val-
ues and their derivatives are interlaced. In our case,vn andv⊥
must be located on interlaced space intervals (e.g.vn exists on
integer grid levels, whilev⊥ exists on half-integer grid levels).
Further details on the implementation of this technique can be
obtained from the authors.

Next, we show some solutions computed with the numer-
ical code modified with the implementation of the staggered
mesh. For the computation of the numerical solutions, a con-
figuration with δ = 6, H/L = 1 and an angle of inclination
θ = 30◦ has been chosen. Figure 3 shows the vertical depen-
dence ofv⊥ for three solutions that correspond to the same
Alfv én continuum mode computed with a different number of
mesh points. It can be clearly seen that an increase in the num-
ber of points in the vertical direction produces a narrower shape
of the eigenfunction around the position of the ideal singular
layer, as expected. When comparing these solutions to those
shown in Fig. 2, the improvement with respect to the solutions
obtained without the staggered mesh arrangement becomes ev-
ident. It can also be appreciated that whenBy , 0 the shape
of the eigenfunction around the singular layer differs form the
Dirac-δ function that appears whenBy = 0 (Arregui et al.
2001). In addition, it can be concluded that for the computa-
tion of Alfv én continuum modes a large number of points in
the singular direction is required, as expected.

4. Numerical results

In this section, numerical results obtained with the modified
code, i.e. using a staggered mesh, are presented. As has al-
ready been stated, Eqs. (11) and (12) form a set of two cou-
pled partial differential equations describing fast global and

Alfv én continuum modes. It is important to point out here that
first of all we are interested in studying the oscillatory proper-
ties of these modes under the influence of a longitudinal mag-
netic field component (By , 0) and longitudinal propagation
(ky , 0). The features of the two oscillatory modes are gov-
erned both by their mutual coupling, which is associated to the
interchange of properties between the modes, and by the val-
ues ofBy andky. Therefore, our plan is to start from the case
By = 0, ky = 0 (in which fast and Alfvén modes are decoupled)
and then to study the modification of the two modes when one
of these parameters, or both, is different from zero. One must
have in mind that forBy , 0, orky , 0 or both simultaneously,
fast and Alfvén modes are now coupled and so there are no
longer pure fast and pure Alfv´en solutions. If the frequencies of
fast modes do not lie in the Alfv´en continuum, the modes have
mixed properties but in most cases they are predominantly fast
or predominantly Alfvénic. In this case ordinary coupling oc-
curs (Sects. 4.1 and 4.2). When the frequencies of fast modes
lie inside the Alfvén continuum, resonant coupling takes place;
this is studied in Sect. 4.3.

4.1. Alfvén continuum modes

For By = 0 andky = 0, wave Eqs. (11) and (12) reduce to the
simple form

−ω
2

v2
A

vn =
∂2vn

∂x2
+
∂2vn

∂z2
, (22)

−ω
2

v2
A

v⊥ =
∂2v⊥
∂x2
· (23)

Equation (23) describes Alfv´en continuum modes, decoupled
from fast modes. Distribution theory (Tataronis et al. 1998)
yields a solution in terms of the delta functionδ(z − zA),
wherez = zA is the singular surface, multiplied by a function
of x. After imposing the boundary condition forv⊥, Eq. (15),
we obtain

v⊥ = C sin(kxx)δ(z− zA), (24)

with C and arbitrary constant,kx = nxπ/2L and nx an inte-
ger that gives the number of extrema ofv⊥ in the x-direction.
The frequency is given by

ω = kxvA(zA) =
nxπ

2L
vA(zA). (25)

4.1.1. Frequency

In this section the dependence of the Alfv´en continuum mode
frequency with the longitudinal component of the equilibrium
magnetic field and with the longitudinal wavenumber is shown.
From the full Eqs. (11) and (12) it is clear that the expression
for the Alfvén continuum mode frequency given by Eq. (25) is
not valid whenBy , 0 and/or ky , 0. Despite the absence of
pure Alfvén modes when coupling appears, in the following we
keep using this term because of the dominant Alfv´enic charac-
ter of the solutions considered in this section. The same applies
to fast modes in Sect. 4.2.
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Halberstadt & Goedbloed (1993) obtained a similar set of
equations in their study of the modes of oscillation in an in-
clined, straight magnetic field. Their procedure for deriving the
Alfv én continuum mode frequency consists of assuming that
Alfv én continuum modes are characterised by infinitely rapid
variations in the direction perpendicular to magnetic surfaces,
the z-direction in our equilibrium configuration. Hence, con-
tinuum modes must obey (Halberstadt & Goedbloed 1993) the
so-called Alfvén ordering

∂zvn � vn. (26)

By applying this ordering to Eq. (11) we get

∂vn

∂z
' −By

B
∂v⊥
∂x
+

Bx

B
ikyv⊥. (27)

Now, by inserting this expression into Eq. (12) leads to the fol-
lowing equation

−ω
2

v2
A

v⊥ =
B2

x

B2

∂2v⊥
∂x2
+ 2

BxBy

B2
iky
∂v⊥
∂x
− B2

y

B2
k2
yv⊥, (28)

which is the equation for Alfv´en continuum modes.
Equation (28) gives the behavior of the regular part of the solu-
tion in the singular magnetic surface and has to be solved under
the boundary conditionsv⊥ (x = −L) = v⊥ (x = L) = 0.

Now different cases can be considered. In the caseBy , 0,
ky = 0, Eq. (28) is transformed into

−ω
2

v2
A

v⊥ =
B2

x

B2

∂2v⊥
∂x2

, (29)

which after applying the boundary conditions leads to a si-
nusoidal variation of the regular part ofv⊥ (identical to that
in Eq. (24)) and to

ω = kx
Bx

B
vA(zA) =

nxπ

2L
cosθ vA(zA) (30)

for the frequencies of Alfv´en continuum modes in an inclined
field with ky = 0.

By comparing Eqs. (25) and (30) it can be seen that the
effect of a longitudinal magnetic field component is to decrease
the frequency of Alfvén continuum modes by a factorBx/B =
cosθ. This does not come as a surprise since the termkxBx/B
in Eq. (30) is simplyk||.

Equation (30) is an analytical approximation and our aim
here is to obtain numerical results by solving the full set of
coupled Eqs. (11) and (12). Figure 4a shows the evolution of
the frequency with the inclination angle for modes withnx =

1, 2, 3, wherenx gives the number of extrema in thex-direction,
as in the caseBy = 0. The agreement between the numerical
solution and the approximate formula (30) is perfect.

Next, we consider the influence of the longitudinal
wavenumber on the Alfv´en continuum mode frequencies.
For By = 0, ky , 0, Eq. (28) reduces to

−ω
2

v2
A

v⊥ =
∂2v⊥
∂x2
· (31)

Equation (31) is the same as Eq. (23) (for the caseBy = 0,
ky = 0), which tells us that the longitudinal wavenumber does

a)

b)

Fig. 4. Plot of the Alfvén continuum frequency as a function ofa)
the inclination angle in degrees forky = 0 andb) the longitudinal
wavenumber withBy = 0. Solid lines represent the analytical predic-
tions given bya) Eq. (30) andb) Eq. (25). These solutions correspond
to Alfv én continuum modes withnx = 1,2, 3 and a singular surface at
zA = 0.5L in a configuration withδ = 6 andH/L = 1. The computa-
tional mesh is made ofNx = 51 andNz = 401 points.

not affect the frequency of Alfv´en continuum modes in a purely
transverse magnetic field, so the frequency of Alfv´en contin-
uum modes withBy = 0, ky , 0 is given by Eq. (25). In addi-
tion, Eq. (31) also shows that the regular part ofv⊥ is sinusoidal
in x.

This analytical prediction is next checked by plotting the
frequency of the first three Alfv´en continuum modes (nx = 1,
2, 3) againstky (Fig. 4b). The numerical solutions show that
the frequency of these modes is almost independent of the lon-
gitudinal wavenumber, in good agreement with the previous
discussion leading to Eq. (31).

We finally study the caseBy , 0, ky , 0. The solution to
the differential equation Eq. (28) can be easily obtained after
imposing the boundary condition given by Eq. (15) and has the
following form,

v⊥(x, z= zA) = Ce−iβx sin
nxπ

2L
x, (32)
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a) b)

c) d)

Fig. 5.Spatial profile ofv⊥ at x/L = 0 for the Alfvén continuum mode withzA = 0.5L for different values ofBy andkyL, showing the change in
the singular part of the eigenfunction.a) θ = 0◦, kyL = 0, b) θ = 0◦, kyL = 5, c) θ = 10◦, kyL = 0 andd) θ = 10◦, kyL = 5. These solutions have
been computed using a mesh ofNx = 51 andNz = 401 points in thex- andz-directions in a straight field configuration withδ = 6 andH/L = 1.

with C an arbitrary constant andβ the so-called ballooning fac-
tor, which produces a modulation of the eigenfunction in the
magnetic surfaces when bothBy andky are different form zero,

β =
Byky
Bx
= tanθ ky. (33)

Equation (32) is similar to Eq. (41) in Halberstadt & Goedbloed
(1993). In addition, the frequency is given by Eq. (30) and so
the longitudinal wavenumber has no influence onω indepen-
dently of the angleθ. This fact has been checked numerically
to a high precision.

4.1.2. Spatial structure

The presence of a longitudinal magnetic field component
and/or a longitudinal wavenumber not only affects the fre-
quency of Alfvén continuum modes but also their spatial
structure.

For By = 0 andky = 0, Alfvén continuum modes computed
numerically with our finite difference code are characterised
by vn ' 0 in the whole computational domain andv⊥ ' 0
everywhere except on the singular surface (see Arregui et al.
2001). This is a consequence of the two-dimensional spatial
structure of Alfvén solutions, for which the perpendicular ve-
locity component is given by a regular part in thex-direction

and a singular part in the direction of the inhomogeneity in the
equilibrium, i.e. thez-direction. Here, we exclusively concen-
trate on the structure ofv⊥ since our calculations always show
that vn is negligible in comparison with the perpendicular ve-
locity component.

We first consider the singular part of Alfv´en continuum
modes and keepky = 0, while gradually increasing the angleθ
(Figs. 5c and 3). We see that the perpendicular velocity com-
ponent loses itsδ-function shape and shows the expected 1/s
profile with a delta contribution, in agreement with Goedbloed
(1983), Goossens & Poedts (1992). The previous is true for any
value of the magnetic field inclination angle,θ, although this
effect becomes more remarkable for larger values of this pa-
rameter. On the other hand, a similar behaviour ofv⊥ is found
when the equilibrium configuration is poloidal (θ = 0) andky is
increased (see Fig. 5b). In addition, the 1/s contribution in the
perpendicular velocity component is more noticeable now. We
finally turn our attention to the case of a configuration with in-
clined magnetic field and with longitudinal wave propagation
(Fig. 5d). A comparison of the shape ofv⊥ in this case with
the shape in previous cases is now difficult because the per-
turbed velocity is a complex variable and so its modulus has
been plotted. This means that the 1/s profile, which results in
positive and negative values ofv⊥ on both sides of the singular-
ity, is not so easy to appreciate, although the spatial variation
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Fig. 6. Non-singular spatial profile ofv⊥ for some Alfvén solutions
with a singular surface atzA = 0.5L. Continuous line:θ = 0◦,
kyL = 0; dashed line:θ = 10◦, kyL = 5; dash-dotted line:θ = 10◦,
kyL = 15. Circles represent the approximate analytical solution given
by Eqs. (32) and (33).

of the perpendicular velocity component in Fig. 5d can be well
fitted by a term proportional to|1/s|.

Next, the regular part of the perpendicular velocity com-
ponent is considered. Our computations show that, to a very
high precision, this part of the solution is sinusoidal inde-
pendently of the value ofky and By; this result is in good
agreement with the predictions obtained from the Alfv´en or-
dering in Sect. 4.1.1. Nevertheless, when both these parame-
ters are non-zero, the real and imaginary parts ofv⊥ display
a shorter-scale modulation along the resonant magnetic sur-
face (see Fig. 6 for Re(v⊥)). This behaviour is more evident
for greater values of the product ofBy andky and is also in
agreement with Eqs. (32) and (33), derived with the help of
the Alfvén ordering. For a more in-depth description of this is-
sue see Halberstadt & Goedbloed (1993) (and also Goedbloed
& Halberstadt 1994), who showed that the spatial structure of
Alfv én modes is affected by the so-called ballooning contri-
bution, which is a modulation of Alfv´en modes on different
magnetic surfaces.

We finish our study of Alfvén modes by studying the ve-
locity structure of one of these modes in an equilibrium with
longitudinal magnetic field and longitudinal propagation. The
moduli of the two velocity components (not shown) present the
above described regular part with a sinusoidal shape together
with a singular part with a 1/scontribution. Note that, accord-
ing to Eq. (32), the modulus ofv⊥ on the singular surface is
simplyC sinnxπx/2L and thus is free from the ballooning con-
tribution that gives rise to the modulations visible in Fig. 6.
The spatial distribution of the phases looks rather awkward,
but it must be stressed that these quantities are of interest only
near the resonant surface, where the oscillatory velocity is dif-
ferent from zero. Cuts ofφ⊥ andφn along a magnetic surface
near the singular layer show that both phases vary almost lin-
early with x (see Figs. 7a,b). The reason for this dependence
must be found in the complex exponential in Eq. (32), which
results inφ⊥ = −βx. A linear fit to Fig. 7a givesβ = 0.8806/L,

whereas substitutingθ = 10◦ andkyL = 5 in Eq. (33) yields
β = 0.8816/L. Once more an excellent agreement between
the numerical and analytical results is found. Furthermore, cuts
of φ⊥ across magnetic surfaces (Fig. 7c) display aπ phase jump
at the singular layer, which is reminiscent of the change of sign
of v⊥ caused by the 1/s term when eitherky or By are zero
(Figs. 5b,c). On the other hand,φn does not suffer that jump
and is quite smooth across the resonant surface (Fig. 7d).

4.2. Fast modes

Just like with Alfvén continuum modes, the presence of a
longitudinal magnetic field component and/or a longitudinal
wavenumber produces changes in the discrete, global fast
modes of the system. Arregui et al. (2001) showed that in a
straight, uniform magnetic field configuration withBy = 0
andky = 0 fast mode solutions are characterised byv⊥ = 0
andvn displaying a smooth spatial structure determined by the
numbersnx andnz of extrema in thex- andz-directions. This
number of extrema also determines the oscillatory frequency of
fast modes.

Such as has been previously stated, to distinguish between
the effect of mode coupling from the effects ofBy , 0 andky ,
0, it is necessary to consider fast modes whose frequency lies
outside the Alfvén continuum. For this reason, we plot together
the frequencies of these two MHD modes as a function of the
number of extrema along magnetic surfaces,nx (Fig. 8). Alfvén
continuum modes have frequencies ranging fromωmin toωmax,
which forδ > 2 are given by

ωminL
vA0

= kxL =
π

2
nx (34)

and
ωmaxL
vA0

=kxL exp

[
− (2− δ)

2
H
L

]
=
π

2
exp

[
− (2− δ)

2
H
L

]
nx. (35)

The above formulas have been calculated from the analytical
expression (25) and taking into account the assumed equilib-
rium Alfv én speed, Eq. (4). Figure 8 shows that there are fast
modes, e.g. thenx = nz = 1 solution, whose frequency lies in-
side the Alfvén continuum for the same value ofnx, whereas
other fast modes have frequencies that lie outside that contin-
uum (for example thenx = 1, nz > 2 or thenx = 2, nz > 4 so-
lutions). For this reason, two types of interaction between fast
and Alfvén modes are expected, depending on whether the fast
mode frequency is inside or outside the corresponding Alfv´en
continuum. We have found that the first kind of modes cou-
ple to Alfvén modes when eitherBy , 0 or ky , 0, while the
second kind only couple to Alfv´en modes when the equilib-
rium magnetic field has a longitudinal component. This mode
coupling can be easily detected by means of the presence of a
localised, non-zero perpendicular velocity component and a lo-
calised jump or singularity in the normal velocity component.

4.2.1. Frequency

We start by investigating the effect of ky on the frequency
of fast modes outside the Alfv´en continuum in a configura-
tion with θ = 0 (see Fig. 9a). The increase ofω with ky
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a) b)

c) d)

Fig. 7. a) andc) Cuts ofφ⊥ andb) andd) cuts ofφn alongx = constant andz = constant lines of an Alfv´en mode for the parameter values
θ = 10◦, kyL = 5 andH/L = 1. In a) andb) the cuts are on the resonant surface,zA = 0.5L, while in c) andd) the cuts are along thex = 0
direction. Circles ina) represent the phaseφ⊥ = −βx derived from the analytical expression (32), withβ given by Eq. (33).

observed in this figure is the behaviour expected because of
the property of fast modes being isotropic in nature. In a uni-
form and unbounded medium, this property results in the fast
mode frequency being proportional to the sum of squares of the
wavenumber components. To check whether this feature is pre-
served in the present bounded structure, the frequency squared
has been plotted as a function ofk2

y (Fig. 9b) and a fine confir-
mation of the linear relation betweenω2 andk2

y is obtained.

The above results correspond toBy = 0 and so one would
next consider an equilibrium withBy , 0. Nevertheless, the
magnetic field inclination, no matter how small, gives rise to a
coupling between the fast mode and Alfv´en continuum modes
with similar frequency. Then, this kind of solutions are investi-
gated in Sect. 4.3.

A final remark on the results plotted in Fig. 9 is in or-
der. While the abovementioned relation betweenω and ky
is not surprising in a uniform, unbounded plasma (in which
ω2 = v2

A

(
k2

x + k2
y + k2

z

)
holds for fast modes), it is really an

unexpected result in the present non-uniform, bounded config-
uration. Here, thez-dependence of the equilibrium variables is
such that the fast MHD eigensolutions do not show a sinusoidal
variation in thez-direction and, in addition, the Alfv´en speed
also changes withz, so an expression forω like the previous
one is meaningless. Despite all this, we see that the square of
the frequency is still a linear function ofk2

y .

4.2.2. Spatial structure

Next, the change in the spatial structure of fast modes out-
side the Alfvén continuum caused by propagation along the
longitudinal direction has been considered. Whenky is grad-
ually increased,vn keeps its overall shape whilev⊥ acquires a
larger amplitude, eventually exceeding that of the normal ve-
locity component (Fig. 10). In addition, the spatial structure of
these modes is smooth throughout the system and so they are
uncoupled from localised Alfv´en modes, since such a coupling
shows up as jumps or singularities invn and 1/s singularities
in v⊥ at certain magnetic surfaces. It must be noted that the
value ofky at which the amplitudes ofvn andv⊥ become equal
is different for different fast modes.

The obtained decrease in the amplitude ofvn with respect
to v⊥ can have important implications from the observational
point of view as fast modes could in principle be detected with
the help of Doppler shifts by means of longitudinal motions in
front view observations of coronal structures.

4.3. Coupled fast modes and Alfvén modes

4.3.1. Frequency

The frequencies of various fast modes that couple to Alfv´en so-
lutions (this coupling will be described in detail in Sect. 4.3.2)
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Fig. 8. Fast mode and Alfv´en continuum frequencies in a purely
poloidal magnetic field configuration (By = 0) withδ = 6 andH/L = 1
and no longitudinal propagation (ky = 0). For fast modes, the num-
ber of extrema of the eigenfunctionvn in the x-direction isnx. For
a fixednx and with increasing frequency, the number of extrema ofvn

in the vertical direction isnz = 1, 2, . . . Only fast modes withnz be-
tween 1 and 5 are displayed.

are plotted in Fig. 11. From Figs. 11b, c it is obvious that
the magnetic field orientation does not influence much the fast
modeω. On the other hand, and contrary to the results in
Sect. 4.2.1, the frequency of fast modes inside their own Alfv´en
continuum (like thenx = nz = 1 or the nx = 5, nz = 1
ones) is not affected much by the longitudinal wavenumber (see
Fig. 11a forBy = 0 and Fig. 11d forBy , 0).

Regarding the Alfv´en modes in Fig. 11, it must be men-
tioned that only those that couple to the fast modes have been
drawn. In addition, the fact of using a finite mesh to compute
the solutions implies that only Alfv´en modes whose resonant
surface corresponds to one of thez= constant lines of our com-
putational grid are recovered. This means that, for example, the
Alfv én modes in Fig. 11a are singular at the four different mag-
netic surfaces (from bottom to top)zA = 0.75L, zA = 0.766L,
zA = 0.783L andzA = 0.8L. Other solutions with singularities
at intermediate values ofz can only be obtained by changing
the grid spacing.

4.3.2. Spatial structure

We next investigate the influence on the spatial structure of
fast modes of coupling with Alfv´en continuum solutions. We
have mentioned that such a coupling takes place (a) for all fast
modes inside the Alfv´en continuum with the same structure
in the x-direction (i.e. with the same value ofnx) when either
ky , 0 or By , 0 and (b) for fast modes outside that continuum
with By , 0.

We first choose the fast mode withnx = 1 andnz = 1 as
representative of modes whose frequency falls into the limits
of the Alfvén continuum in Fig. 8 and look at the effect of lon-
gitudinal wave propagation. Even for very small values ofky,
the structure of these modes is such that the perpendicular

a)

b)

Fig. 9. a)Plot of the fast mode frequency as a function of the longitudi-
nal wavenumber,ky, for the four modes withnx = 1 andnz = 2,3, 4,5
(circles), the two modes withnx = 2 andnz = 4, 5 (diamonds) and
the mode withnx = 3 andnz = 5 (squares). These modes lie out-
side the Alfvén continua withnx = 1, nx = 2 andnx = 3, see Fig. 8.
b) Same as ina) showing the linear relation that exists betweenω2

andk2
y. The continuous lines correspond to the best linear fit to the nu-

merical values. Note that the frequency of fast modes depends more
strongly onnz than onnx. These solutions have been computed with a
mesh ofNx = Nz = 61 points.

velocity is much larger than the normal one and both func-
tions display clear signs of the Alfv´en mode to which the fast
mode is coupled (see Figs. 12a, b). The Alfv´en mode which
couples to the fast mode is selected, amongst thenx = 1 contin-
uum modes, as that whose frequency matches that of the global
mode, which from Eq. (25) implies that a particular magnetic
surface is selected and that the oscillatory velocity develops a
singularity there. In particular,vn contains aδ-function con-
tribution while v⊥ displays a 1/s contribution. In fact, the ef-
fect of mode coupling is so big that it is not possible to con-
sider this solution a proper fast mode, since now the velocity
is mostly confined to the vicinity of a magnetic surface and so
the distribution is not even nearly isotropic. Moreover, there are
two other modes (corresponding to the two Alfv´en modes with
highestω in Fig. 11a) with similar frequency to the previous
one and with almost the same spatial structure (one of them is
presented in Figs. 12c, d). Owing to theδ-function shape ofv⊥,
the similarity between these solutions is here interpreted as the
consequence of coupling between the Alfv´en modes and the
fast mode. Again, we are using the terms “fast” and “Alfv´en”
when dealing with these solutions because they originate from
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a) b)

Fig. 10. a)Normal velocity component andb) perpendicular velocity component of thenx = 1, nz = 2 fast mode forkyL = 1 in an equilibrium
with δ = 6 andH/L = 1.

a) b)

c) d)

Fig. 11.Alfv én mode (circles) and fast mode (diamonds and squares) frequencies as a function ofky or the inclination angle,θ. a) Fast mode
with nx = nz = 1 and the closest frequency Alfv´en solutions forBy = 0. b) Same asa) for ky = 0. c) Fast modes withnx = 1, nz = 2 (diamonds)
and withnx = 5, nz = 1 (squares) and the closest frequency Alfv´en solutions (ky = 0). d) Same asc) for θ = 5◦. The labels “F12” and “F51”
indicate the position of the two fast modes in this diagram, whereas the labels “Anx” describe the position of Alfv´en modes withnx extrema in
the x-direction. In all these plots the dotted lines represent the analytical approximation to the Alfv´en frequency, given by Eqs. (25) and (30).
Large deviations ofω from the analytical value are in general an indication of strong coupling to a fast mode. In addition, only those Alfv´en
modes that couple to the fast modes are displayed.

such modes, despite they do not show their typical properties.
In addition, to prove that none of these two modes is a proper
Alfv én solution, the density perturbation is plotted for both of

them in Fig. 13 and it is found that this variable takes finite
values, contrary to what is expected for an Alfv´en mode.
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a) b)

c) d)

Fig. 12.This figure displays the solutions coming from the coupling between thenx = nz = 1 fast mode and the Alfv´en continuum modes with
matching frequency andnx = 1 (the variation of the frequency of these modes withky is shown in Fig. 11a). The reason for the coupling of
the two waves is the non-zero longitudinal wavenumber (kyL = 1) together with the fact that the original fast mode is inside thenx = 1 Alfvén
continuum.a) Normal velocity component andb) perpendicular velocity component of the first mode.c) Normal andd) perpendicular velocity
components of the second coupled mode. The equilibrium parameters areθ = 0◦, δ = 6 andH/L = 1.

a) b)

Fig. 13.Density perturbation for the modes displayed ina) Figs. 12a, b andb) Figs. 12c, d.

One may wonder why the above mode coupling only in-
volves modes with the same parity aboutx = 0. From Eqs. (11)
and (12) withBy = 0 it is clear that opposite parities about
x = 0 in vn and v⊥ cannot couple together because those ex-
pressions contain second order derivatives with respect tox,
but no first order derivatives with respect to this coordinate. As
for the strength of the coupling, Fig. 11a shows that Alfv´en
mode frequencies are largely influenced by this effect, some-
how behaving as if the “fast” mode “makes room” by pushing
the “Alfv én” modes aside.

Now, the coupling of thenx = nz = 1 solution to Alfvén
modes caused by a non-zero longitudinal magnetic field com-
ponent is addressed. Figure 11b indicates that the coupling
must be rather mild since Alfv´en wave frequencies do not

change much withθ. This is well confirmed in Fig. 14, which
shows vn and v⊥ for the “fast” and “Alfvén” modes (once
more these terms only refer to the corresponding solutions
for ky = 0 and By = 0). The first mode (Figs. 14a, b) re-
tains some fast mode features, like a roughly isotropic nor-
mal velocity component that is larger than the perpendicular
one. Nevertheless,v⊥ displays some oscillations confined to
certain magnetic surfaces, characteristic of Alfv´en waves. The
second mode (Figs. 14c, d) is Alfv´enic in essence, but its nor-
mal velocity component is smooth and global, although pre-
senting a jump at the singular surface. The coupling now is
between an “odd fast mode” (i.e. with odd parity ofvn about
x = 0) and a few “even Alfv´en modes” (i.e. with even par-
ity of v⊥ aboutx = 0), just as indicated by Eqs. (11) and (12)
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a) b)

c) d)

Fig. 14.Solutions coming from the coupling between thenx = 1, nz = 1 fast mode and the Alfv´en continuum modes with matching frequency.
a) Normal velocity component andb) perpendicular velocity component of the first mode.c) Normal andd) perpendicular velocity components
of a second coupled mode. The main differences between the two modes are that the first one is associated to larger motions in the normal
direction and thatv⊥ is smoother across the various singular layers. These solutions correspond tokyL = 0 with θ = 5◦, δ = 6 andH/L = 1;
the variation of their frequency withθ is shown in Fig. 11b.

with ky = 0, in which derivatives with respect tox of vn andv⊥
are of opposite parity. The shape ofv⊥ in Fig. 14b evidences
the influence of two Alfvén solutions withnx = 2 andnx = 4.

Next, we investigate mode coupling due to the longitudinal
magnetic field for fast modes outside their own Alfv´en contin-
uum and choose thenx = 1, nz = 2 solution as a representa-
tive one. As soon asBy , 0, the perpendicular velocity stops
being zero and acquires values much larger than those of the
normal component (Figs. 15a, b). Now,vn is still a spatially
smooth function, but the coupling to an Alfv´en mode shows up
through a small jump at a particular magnetic surface (around
z/L = 0.8). In addition,v⊥ displays a structure characteristic of
Alfv én modes, but instead of displaying one singular surface,
there are a few of them easily visible. This is caused by the cou-
pling of the fast mode with thenx = 2, 4, 6, 8 Alfv én modes,
which in order to match the fast mode frequency have differ-
ent positions of the corresponding resonant surface. Moreover,
the largest amplitude ofv⊥ is achieved at the singular surface
wherevn has the above mentioned jump. Accompanying this
mode one finds several solutions with very similar frequency
and spatial dependence (one of them is plotted in Figs. 15c, d)
which again comes from the Alfv´en modes that couple to the
fast mode. It must be emphasised that the use of the terms “fast”
and “Alfvén” is not justified when referring to these modes
since they both present a mixture of properties of both kind
of waves.

The inclusion of longitudinal propagation does not change
much the above picture (see Fig. 16). A few coupled modes
exist with a frequency close to that of the original fast mode.
The only differences worth mentioning are a smaller velocity
amplitude in the perpendicular direction, a distortion in the
shape ofvn and the signature inv⊥ of Alfv én continuum modes
with both even and odd number of extrema in thex-direction
(oscillations withnx from 2 to 9 can be distinguished). Now,
Eqs. (11) and (12) tell us that there are no restrictions about the
parity ofvn andv⊥ when bothky andBy are different from zero.

5. Summary

In this paper, the study of Arregui et al. (2001) on linear
MHD waves for general force-free magnetic field configura-
tions is continued. In that paper, a numerical code was pre-
sented for the study of linear MHD waves in general sheared,
two-dimensional coronal magnetic structures including longi-
tudinal propagation of the modes of oscillation. Rather than ex-
citing waves by an initial perturbation or a continuous, periodic
forcing, we concentrate on the normal modes of the system.

As a first step in this kind of study, a very simple magnetic
configuration has been chosen consisting of a straight, inclined
and uniform magnetic field. It has become evident that our orig-
inal numerical code is not suitable for the study of fast and
Alfv én waves wheneverBy , 0 or ky , 0 because the eigen-
solutions display spurious oscillations. For this reason, the
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a) b)

c) d)

Fig. 15.Solutions coming from the coupling between thenx = 1, nz = 2 fast mode and the Alfv´en continuum modes with matching frequency.
a) Normal velocity component andb) perpendicular velocity component of the first mode.c) Normal andd) perpendicular velocity components
of a second coupled mode. The main differences between the two modes are that the first one is associated to larger motions in the normal
direction and thatv⊥ is smoother across the various singular layers. These solutions correspond tokyL = 0, θ = 5◦, δ = 6 andH/L = 1;
the variation of their frequency withky andθ are shown in Figs. 11c, d, respectively.

a) b)

c) d)

Fig. 16.Solutions coming from the coupling between thenx = 1, nz = 2 fast mode and the Alfv´en continuum modes with matching frequency.
a) Normal andb) perpendicular velocity components of the first mode.c) Normal andd) perpendicular velocity components of the second mode.
There are only minor differences between the two modes, like the slight distortion ofvn for small z in panelc). These solutions correspond
to kyL = 1 with θ = 5◦, δ = 6 andH/L = 1.



I. Arregui et al.: Coupling of fast and Alfv´en waves in a straight magnetic field 1143

numerical code has been modified in order to eliminate such
oscillations by means of a staggered mesh arrangement.

A remarkable feature of the code is that the two-
dimensional spatial distribution of fast and Alfv´en modes, to-
gether with the corresponding frequency, are obtained. In this
way, and regarding Alfv´en continuum modes, not only can the
regular part of the solution be obtained, but also a good repre-
sentation of the singular part. The code then proves to be a very
good tool for obtaining solutions with either a global, smooth
spatial structure or with singularities. Furthermore, an inspec-
tion of the frequencies of all the numerical solutions in this
work reveals that their imaginary part is zero within machine
precision. However, this does not mean that the imaginary part
does not exist since asymptotic analysis around the resonant
point in one-dimensional configurations has shown that the
eigenvalue is complex and that the discrete modes with their
frequencies in the Alfv´en continuum are damped (Goedbloed
1983; Vanlommel et al. 2002).

Concerning the properties of Alfv´en continuum modes, we
see that longitudinal wave propagation (ky , 0) does not affect
their eigenfrequencies. The inclusion ofBy , 0, however, has
the effect of decreasing that oscillatory frequency by a factor
Bx/B = cosθ, with θ the inclination angle, as a result of the in-
crease of the length of field lines by the same factor cosθ. Apart
from the oscillatory frequency, the spatial structure of Alfv´en
modes near the ideal singularity is also affected by the values of
bothBy andky. Non-zero values of these parameters change the
singularity from aδ function-type to a 1/s-type. Concerning
the regular part of the solution for Alfv´en continuum modes,
if only By or ky are non-zero, the spatial structure remains
unchanged with respect to the case in which both are zero.
However, when bothky , 0 andBy , 0, the velocity compo-
nents have non-zero real and imaginary parts and their regular
part shows the ballooning contribution described in Halberstadt
& Goedbloed (1993). Nevertheless, ifv⊥ andvn are considered
in terms of their modulus and phase, it is seen that the regular
part is again sinusoidal and that the phase changes linearly in
the singular layer.

As for fast modes, it has been shown that only those whose
frequency lies outside the corresponding Alfv´en continuum
spectrum forBy = 0 andky = 0 are decoupled from Alfv´en
waves when longitudinal propagation is included. Quite sur-
prisingly, the frequency of these fast modes varies linearly with
k2
y , just like in a homogeneous, unbounded plasma. Moreover,

the spatial structure of these fast modes is quite global and so
is not associated with particular field lines, but apart from the
normal velocity component they also display a perpendicular
component, which in some cases can be the dominant one. This
means that this kind of solution has motions both in the normal
and in the longitudinal direction.

All other fast modes (that is, those inside their own Alfv´en
continuum) couple to Alfv´en modes with the same frequency
when longitudinal propagation is included. Coupling between
the two type of solutions is also present for an inclined mag-
netic field. This coupling leads to modes with mixed fast and
Alfv én properties, such asδ-function or 1/ssingularities inv⊥
and Heaviside-like jumps or even 1/s behaviour invn (simi-
lar to that in time-dependent simulations by Tirry et al. 1997;

De Groof et al. 2002; De Groof & Goossens 2002). In addition,
the perpendicular velocity component is often much larger than
the normal one. Thus, when fast and Alfv´en mode coupling
takes place we end up with modes that, according to the spa-
tial properties of the velocity, may resemble Alfv´en continuum
waves. Nevertheless, these modes show some exclusive proper-
ties of fast modes, such as non-zero density perturbations and a
spatially global distribution ofvn, and so must not be confused
with Alfv én solutions.

From the observational point of view, the present results
point out that the identification of modes present in simple
magnetic configurations, such as the one in this work, is not
an easy task. One may then wonder what problems are to be
faced in the analysis of the oscillatory modes of real coronal
objects, in which structuring and curvature play an important
role.

Finally, we want to emphasise that the simple magnetic
configuration studied in this paper constitutes a first step in the
investigation of fast and Alfv´en waves in more complex coro-
nal structures, such as force-free, sheared coronal arcades.
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